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7 The Radon-Nikodym Theorem

Let (X, M, 1) be a measure space. One easy way to build another measure from p
is to take a measurable nonnegative function f and set

v(E) = /Ef(x) du(z) for all E € M

In this case, one usually writes dv = f du.

Now suppose that someone gives you two measures, p and v, on M. How can you
tell if dv = f du for some f? There is one obvious necessary condition. If dv = f dpu,
for some function f (even if you don’t know what it is), and if £ € M is a null set
for p (i.e. pu(E) =0), then

=0a.e.

WE) = [ f@)duta) = [ T du= [odu=0

This property is given a name.

Definition 7.1. Let v be a signed measure on (X, M) and p be a (positive) measure
on (X, M). Then v is said to be absolutely continuous with respect to u, denoted
v p,if

EeM, u(lE)=0 = v(E)=0

In this part of the course we prove the Radon-Nikodym theorem, which says that,
for o-finite measures, absolute continuity is also a sufficient condition for v to be of
the form dv = f du. Here is some prep.

Proposition 7.2. Let v be a finite signed measure (i.e. vy and v_ are both finite)
and p a (positive) measure on (X, M). Then

v <= Ye>030>0 such that E € M, u(E) <d = |[v(E)| <e

Proof.
Part 1: Reduction to the case that v is positive:

Use |v| to denote the measure vy +v_. Let X = PUN be a Hahn decomposition
(of Theorem 6.5) for v. So

vi(F)=v(ENP) v_(F)=—-v(ENN)
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For the left hand side of the statement of the theorem
< uw(ENP)+u(ENN)=0
—
y<<u<:>( W(E) =0 :>V(E):0>
— (u(E) —0 — v (E)=v_(E) = o)
— (u(E) —0 = |V|(E) = o)
= V< p

Call the statement on the right hand side of the theorem S,. That is, S, is
“Ve > 0 3§ > 0 such that £ € M, u(E) <d§ = [v(E)| < &”. We now show
that S, is true if and only if S, is true.
S, = <‘v’5 > 036 >0 such that £ € M, u(E) <d — |v(E)| < 5)
(just replaced € by §)
= (VE >030>0st. EeM, u(E)<é = [v(ENN),v(ENP) < g)
(since p(E) < ¢ implies u(E N N), u(ENP) <)
= <V€>035>Os.t. EeM, u(F)<j = |1/|(E)<5>
= Sy
and

S| = (Ve >0 30 > 0 such that E e M, p(E) <é = |v|(F) < a)

= <Ve>OEI(5>Osuch that E e M, pu(F) <d = |v(E)| <a>

(since [v(E)| < [v|(E))
= S,

Part 2: Proof of <= in the case that v is positive:
We are assuming that S, is true and have to prove that v < pu. Let E € M. Then

WE)=0 =% |[y(E)| <cforalle>0
= v(E)=0

so that v < p.
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Part 3: Proof of = in the case that v is positive:

We are assuming that v < pu and have to prove that S, is true. Assume that S,
is false. Then there is an € > 0 and, for every n € N, there is an E,, € M such
that u(E,) < 5 and v(E,) > e. Set

on
F = [j E, F= ﬁ F,
n==k k=1

Then
B <3S A2 2 s up) = tm (B = 0
- — 2n Qk k—oo

but
v(Fp) > v(By) > e "2 y(F) = lim v(F,) > ¢

k—o0

contradicting the assumption that v < pu.

]
Corollary 7.3. Let f € L'(u). Then
Ve >0 35 > 0 such that E € M, p(E) <d§ = / f(z) du(z)| < e
E
Proof. Apply Proposition 7.2 with v(E) = [, f(z) du(z).
]

THEOREM 7.4 (The Radon-Nikodym Theorem). Let v be a o-finite signed mea-
sure and p be a o-finite (positive) measure on (X, M). There exist unique o-finite
signed measures \, p on (X, M) such that

Al pL v=A+p

Moreover, there is an extended pi-integrable function f : X — R such that dp = f dpu.
Any two such functions are equal almost everywhere.

First, we have a preliminary

Lemma 7.5. Let p,v be finite (positive) measures on (X, M). Then either v L pu
or

de>0, E €M such that ;(E) >0 and v > ep on E

That is, p(E) > 0 and E is a positive set for v — .
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Proof. Let, for each n € N, X = P, UN,, be a Hahn decomposition for v — %,u. Let

P:GPn N:ﬁNn:PC
n=1

n=1

Then

For every n € N; N, is a negative set for v — %,u

=—> N is a negative set foru—%,u foralln € N
— v(N)—2u(N)<0foralln e N

— 0<vy(N) < Liu(N)forallneN

— v(N)=0

If u(P)=0, then v L p.
If u(P) > 0, then, by continuity from below, u(F,) > 0 for some n € N, and then
P, is a positive set for v — %,u.

[

Proof of Theorem 17.4.
Part 1: A little motivation in the case that p, v are finite and positive:

We want to guess a function f so that, if we set dp = fdu, then A = v — p is
mutually singular with respect to p. So let’s suppose that we already know that

v=A+p dp= fdu Al p
X=LUM LNM=70 AM) =0 u(L) =0

for some (unknown) A, p, L, M, and see what conditions (that do not mention A,

p, L, M — which we do not yet know) f has to obey.
o Since v is positive and A(E) = AM(ENL)=v(ENL) >0,

I/(E):)\(E)—i-/Efd,uZ/Efd,u for all E € M

and we’ll use
F = {gp : X — [0, 00], measurable ‘ Jppdu <v(E)VE € /\/l}

as the set of possible candidates for the function f.
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o Think of v(X), AM(X) = v(L) and p(X) = v(M) as being the “mass” of X, L
and M, respectively. We will try to pick f to be the candidate ¢ € F which
puts as much mass, [, ¢ dp, as possible into p(X). The remaining mass, which
cannot be put into p(X) because it is not in M, will go into A(X), i.e. into L.

Part 2: Proof of existence in the case that u, v are finite and positive:
The set F of candidates for the function f has the properties
o F#(since p=0¢€ F
o if p,1 € F, then ¢ = max{p, ¢} € F since, writing A = {z € X|p(z) > ¥(z)},

/Cduzf pdp+ Y du
E ANE E\A
<v(ANE)+v(E\A) =v(E)

Set
a:sup{fXgodu‘goef} <v(X) < oo
and choose {wn}neN C F such that lim,,_, fX Yndi = a. Then set
gn(w) = max{er (), on(@)} - f(7) = sup gn(2)

Then
o g, € F,foralln eN
o gn(x) increases to f(x), as n — oo, for all € X and

oa> [ygndu> [y pndu ™3 a
which forces

n—oo

lim gndp = a
X

By the monotone convergence theorem

[ rau= 1 [ g.dn<up)
E n—o0 E

So
ferF /fdu:a<oo 0< f<ooae.
X
Now we set
dp=fdu A=v—p
Then
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@)

v=A+p

o p <K p, pis positive

A is positive, since f € F so that p(E) = [, fdu < v(E) for all E € M

ALp
Proof: 1f not, then by the preliminary Lemma 7.5, there is an ¢ > 0 and
an Fy € M with u(Ey) > 0 and A > ep on Ey. Set dp’ = expg, du. Then
P <A=v—p,orp+p <v. Thatis

@)

o

(f +exm)du <dv = f+exg, € F and

/ (f + ex) di = a + ep(Eo) > a
X

which contradicts the definition of a.
Part 3: Proof of uniqueness in the case that u, v are finite and positive:
Suppose that

v=A+p dp=fdu X =EUF ENF =0 ulE)=0 XF)
v=N+tg df=fdu X=EUF EnF=0 ulE)=0 N(F)

0
0

We want to show that A=), p=p' and f = " a.e.. We have A — X = p/ —p and
FNE'

—
o A=XN L pusince u(EUE')=0and (A= X)(G)=0forall G C (EUE")".
op—p=(f-Ndp<p
which implies that, for all S € M,
A=X)S)=(A=XN)(SN(EUE")
— (= (SN (EUE))
=0  since u(SN(EUE")) =0
— (/—p)(8) =0

which implies that A = X and that p = p/. Finally, to show that f'— f = 0 a.e., set,
foreachn € N, P, = { x| f'(z) > f(z)+Yn } and N,, = { z | f(z) > f'(z)+/n }.
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Then

>1/n

(0 =p)(P) =0 = ; (f' =) du=0 = p(P,)=0
! <-1/n
(r = p)(N,) =0 = N(f/_f)dNZO:N(Nn):O

Part 4: Proof in the case that u, v are o-finite and positive:

Write
X = G E,, with the E,,’s disjoint and each p(FE,,) < 0o
m=1
X = O F,  with the F,’s disjoint and each v(F},) < oo
n=1
Then

X = D E.,.NE,

m,n=1

with the E,, N F,’s all disjoint and each u(E,, N F,),v(E, N F,) < co. Set, for
each m,n € N,

Umn(A) = p(ANE,NEF,)
Umn(A) =v(ANE,NF,)

By the previous step, we have
de,n = d>\m,n + fm,n d,“/m,n with )\m,n 1 Hm.n

It now suffices to set

)\: Z )\mm f: Z fm,n XEmﬂFn

m,n=1 m,n=1
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Part J: Proof in the general case:
Just apply the previous case separately to v, and v_.

Remark 7.6.

Here is some notation and terminology.

(a) The decomposition v = A + p with A L g and p < pu is called the Lebesgue
decomposition of v with respect to pu.

(b) If v < p, then dv = f du for some f. The is called the Radon-Nikodym theorem

and we write f = Z—Z.
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