An Elliptic Function — The Weierstrass Function

Definition W.1 An elliptic function f(z) is a non constant meromorphic function on C
that is doubly periodic. That is, there are two nonzero complex numbers wy, ws whose ratio
is not real, such that f(z +w;i) = f(z) and f(z +w2) = f(2).

Fix two real numbers 3,y > 0. The Weierstrass function with primitive periods -
and ¢f is the function p : C — C defined by

@(Z)Zzig'i‘ > ﬁ—i

, w?
wENZDBiBZ
w#0

It is an important example of an elliptic function. Its elementary properties are given in

Problem W.1 Prove that
a) For each fixed z € C\ (YZ®iSZ), the series Zwe'yZ;Bi,BZ ﬁ — -1 converges absolutely.
wH#0

w?
The convergence is uniform on compact subsets of C\ (vZ @ ifZ).

b) e(z) is analytic on C\ (vZ ® iSZ).

¢) p(z+ () =p(z) for all ( € vZ ®iBZ.

d) p(=2) = p(2).

e) p(z) =p(z) for all C\ (VZ & iSZ).

f) p(z) and ga(x-i—zg) are real for all € IR and p(iy) and p(iy + 3) are real for all y € IR.

The following Lemma is one of the main properties of elliptic functions. It proves
that an elliptic function takes each value the same number of times and that number is just
the sum of the degrees of its poles.

Theorem W.2 Let f(z) be an elliptic function with periods wy, wy. Set Q = w1 Z + woZ.

Suppose that f(z) has poles of orderny, -+, ng at p1+Q, -+, pp+Q and is analytic elsewhere.
Let ¢ be any complex number. Suppose that f(z) — ¢ has zeroes of order my, ---, my, at(Y)
214+ Q, -,z + Q and is nonzero elsewhere. Then
h k
D mi=)
i=1 i=1

Proof: The function fJ(C;()Z—)c is meromorphic, has a simple pole with residue —n; at p; + €2,
for 1 < j <k, a simple pole with residue m; at z; + €2, for 1 < i < h and no other poles.

W) Of course, p; — p;j ¢ Q and z; — z; ¢ Q for all i # j.
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For each complex number ¢, let C¢ be the contour which consists of the four line
segments from ¢ to ( + wy to { + wy + wa to ¢ + we and back to ¢. Pick a ¢ so that f(2)
has no pole on C¢ and does not take the value ¢ on C¢. This is always possible because any
non constant meromorphic function only has finitely many poles in any compact region and
takes the value ¢ at only finitely many points in any compact region. Then, integrating by

residues,
h

/ k
f(z_) dz::|:27ri[§ m; — Y ng
c f(z)—c ~
< =

i=1

with a plus sign if C¢ is positively oriented and a negative sign otherwise. On the other hand,
by periodicity,

() O ) P etws) R O R T
z . z) Z4wso z4wi) z
/C'c FG)edz = /< [f(Z)—c f(z+w2)—c}dz+ /< [f(z+w1)—c 7 oe | 4%

=0

Corollary W.3 ©(2) = p(2') if and only if z — 2 € YZ B iBZ or z+ 2’ € vZ ®iPZ. If
2 ¢ VL ®iPZ but 2z € YZ S iPZ, o' (z) = 0.

Proof: That
z2—2 €EVZDIBL = p(2) = p(2) 2+ 2 €EVELDIBL = p(2) = p(2)

is an immediate consequence of Problem W.1, parts (c) and (d).

The Weierstrass function o has a pole of order two at each point of yZ ®i6Z and is
analytic elsewhere, so the Zle ng of Theorem W.2 is two. Set ¢ = p(2’) and Q = vZ & ifZ.
Then p — ¢ has a zero at 2/ + Q and at —z' + Q. If 2/ — (=2') = 22’ ¢ Q, then by Theorem
W.2, these zeroes must be simple and there are no others. Furthermore, 2z’ cannot be in €,
because p has a pole at each point of €.

Assume that 2z’ ¢ Q but 22’ € Q. This is the only remaining possibility. By Problem
W.1, p is even and periodic with respect to 2. Consequently its derivative is odd and periodic
with respect to €2, so that

O () = =/ (=2) = = (=" +22) = /() = ¢'(¢) =0

Thus p — ¢ has a zero of order at least two at each point of 2z’ + Q. By Theorem W.2, these
zeroes must be exactly double and there are no others. [ |

@ Joel Feldman. 2009. All rights reserved. November 26, 2009 An Elliptic Function — Weierstrass Function 2



Define
o)== [[ (1-g)eFtis

wWENZDIBZ
w#0
and
_dk) _1 1 1 z
(D=%F =3+ D). =mtota
wENZDiBZ
wH#0
Problem W.2 Let a1, as, as, --- be a sequence of nonzero complex numbers. The infinite

fee) . . . . N . . .
product [["~; ay is said to converge 1]511mN_>00 [[,—; an exists and is nonzero. In this case,
o0 . .
[1,—; an is defined to be limy_,o0 [[,,_; @n.

a) Prove that, if [[°7, a,, converges, then lim,,_,o a, = 1.

o0
b) Suppose that > |a, — 1| < co. Prove that [[ -, a, converges. Prove that if 7 is any

n=1

permutation of 1,2,3,---, then [[7” | ar(,) also converges and [[;"; ar@n) = [,

n=1 n-

Problem W.3 Prove that

a) )(1 — 2)e*t2% — 1| < 3¢3/2|2|3 for all complex numbers z with |z| < 1.

22

b) For each fixed z € C\ (vZ & ifZ), the infinite product anezie%iﬁz (1-2) e5T33
converges. The convergence is uniform on compact subsets of C \ (vZ @ iBZ).

¢) o(z) is analytic on C.

d) o(—2) = —0(2).

|

Problem W.4 Prove that
a) For each fixed z € C\(yZ®ifZ), the series ) werzginz L+ 14 % converges absolutely.
wH#0

The convergence is uniform on compact subsets of C\ (vZ & ifZ).
b) ((z) is analytic on C\ (WZ ® iSZ).
c) '(2) = —p(2).

d) ¢(=2) = =C(2).
e) Z
f)

((z) = ¢(2).
((z) is real for all z € IR and ((iy) is pure imaginary for all y € IR.

Lemma W.4 There are constants n1 € R and 12 € iR satisfying

miB — ey = 2mi

such that
C(z+7) =¢(2) +m C(z+1iB) = ((2) +n2
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Proof: Forall we~Z & 1874,

4 ¢z +w) = C(2)]

p(2) —p(z +w) =0

Hence there exist constants C,, w € vZ @ iZ such that

((z+w)=((2) + Cy

As % solves the differential equation

d O'(z—l—w) o’ (z4+w) U(z—l—w)a (2) _ o(z4w) o(z4w)

dz  o(z) o(z) 02(z) [C(Z + w) B C(Z)] o(z) =Cu o(z)
there exist constants D,,, w € yZ & iSZ such that

o(z4w) _ Cyoz
SO D,e
By Problem W.3.d, if § ¢ vZ © iBZ, o0(w/2) # 0 and
1= oWw/2) _ o(ztw) _ —Cuw/2
L= o(—w/2) = o(2) }z:—w/Q = Dye

so that D, = —e“«%/2. Set n; = C,, = ¢(2)-<¢(-2) andne =Cip = C(zg) —C(—i%) € iR.
By Problem W.4.f, n; € R and 7y € iIR. Then D, = —e™7/2, D;5

= —¢2P/2 g0 that

C(z+7)=¢(2) +m C(z+1i8) = ((2) +m2

o(z47) = —o(z) en+3) o(z+iB) = —o(z) ez

It remains only to prove that n118 —n9y = 2me. Let C be the contour in C consisting
of the four line segments from —2 — 2ﬁ to 3 — zﬁ to 3 +i5

; to—l—i—z and back to —%—iﬁ
Then

;
3-i% —3+is
@=L -cerima- [ T T~

/_%_ig [_Uz]dz—/_girg[_m]dz

—n2y + 113

[N/
[Nk

Inside C', ((z) has only one simple pole with residue 1, so

/CC(Z) dz = 2mi

as desired. [ ]
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Problem W.5 Set

Prove that

a) k(=z) = —k(2).

b) k(z) = —k(2).

c) k(z+7) =k(z) and k(z + i) = k(z) — <.

d) k(iy) and k(iy + ) are real for all y € IR.

e) k(x) is pure imaginary and k(z +i5 ) has real part 7 for all z € R.
Lemma W.5

p(u+v) + p(u) + p(v) = [¢(u+v) - ¢(u) - ((v)]?

for all u,v € C such that none of u, v, u+ v are in YZ ® ifZ.
Proof: Fix any v e C\ (yZ @ iSZ) and set

Fu) = pu+v) + pu) + p(v) = [C(u+v) = ((u) = ()]

Then f(u) is analytic except at u € YZ @ ifZ and u € —v + yZ @ ifZ. 1 claim that f(u)
has an analytic extension to all of C. Set

9(u) = p(u+v) + p(v)
h(u) = ((u+v) = ((v)

1 1
r(u) = Z (u—w)z_ﬁ

wENZDiBZ
w#0

sw)= D, Aptitd

WENZBiIBZ
wH#0

All are analytic for u in a neighbourhood of 0 and h(0) = s(0) = 0. Furthermore

flu) = & +r(u) + g(u) — [A(u) — £ — s(u))”

X (W.1)
= 7(u) + g(u) — [h(u) = s(u)]” + 2[h(u) — s(u)]

Because h(0) —s(0) = 0, 2 [h(u) — s(u)] has an analytic extension to a neighbourhood of zero.
Consequently, f(u) has an analytic extension to a neighbourhood of zero. The other points of
YL @ iSZ and —v +yZ @ iSZ are dealt with similarly. Thus f(u) has an analytic extension
to all of C. This analytic extension is periodic with respect to vZ & i8Z and consequently is
bounded on C. But any function which is analytic and bounded on € must be constant. We
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may determine that constant by setting u = 0, or rather taking the limit as w — 0, in (W.1).
As r(0) = h(0) = s(0) = s'(0) =0,
. 2
lim f(u) = 7(0) + g(0) — [1(0) = s(0)]" + 2[A'(0) — 5(0)]
= 2p(v) +2¢(v) =0

So, for all allowed v,

p(u+v) + p(u) + p(v) — [C(u+v) = ¢(u) - ¢(v)]?

is independent of u and in fact takes the value zero. [ |

For more information on elliptic functions in general and the Weierstrass function in partic-
ular, see
K. Chandasekharan, Elliptic Functions, Springer—Verlag, 1985.
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