Elliptic Regularity

Let Q be an open subset of IR?. A measurable, locally square integrable function ¢

is said to be a weak solution of Laplace’s equation in € if

/ /Q o(F) An(F) dF = 0

for all C5° functions n that are supported in 2. The theorem that any weak solution of an
elliptic partial differential equation in  is C°° (technically, equal almost everywhere in 2
to a C*° function) is called elliptic regularity. In this course, we are interested in harmonic

functions in d = 2, so we now prove elliptic regularity for Laplace’s equation in d = 2.

Theorem. Let 0 be an open subset of IR®. Let ¢ be a measurable, locally square integrable
function that is a weak solution of Laplace’s equation in 2. Then ¢ is equal almost everywhere
m ) to a C*° function.

Motivation for proof: By way of motivation for the strategy that we’ll use to prove this
Theorem, I'll first outline a simple proof that any C? function ¢ that obeys Ay = 0 is in fact
C*°. Recall that, by the Cauchy integral formula, any analytic function, f(z), obeys

1
f(&) = %/ 15dz
|z—2'|=r
Parametrizing the circle |z — 2/| = r by z = 2/ + re??,
27

27 )
f(Z') = ﬁ/g JI(Z%?Q) ire'®dh = = ; (2 +re’?) do

This is called the “Mean—value Property”. It also holds for harmonic functions. That is, if
Ay = 0, then

27
o', y') = %/0 o((@',y") + r(cosf,sinb)) df

This is proven using Green’s Theorem, which is the same way that the Cauchy Integral

Theorem is proven. Now let g € C§°([0,00)) obey [ g(r)rdr = 5. Then
e, y') = /Ojir rg(r) 2mp(a’,y')
/dr r/ d0 g(r)o((2',y) + r(cos0, sin))
— [ dedy gl (@' ) + (2.0)
— [ deay o1’ = 2. = D ((.0)
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The right hand side is trivially C°° because all derivatives with respect to x’ or 3’ act on
g(||[(z" —z,y" —y)||), which is C*° because the length ||(z' —x,y’ —y)|| is C* in (2, y’) except

at ' —x =9y —y =0 and g(r) is C*> and vanishes for r in a neighbourhood of 0.

Proof: Every open set is a union of open disks. That ¢ is locally square integrable in 2
means that ¢ is square integrable on some neighbourhood of each point of €2. So we may
choose the disks so that ¢ is L? on each disk. Thus it suffices to consider 2’s that are open
disks. By translating and scaling, it suffices to consider the unit disk centred on the origin,
which we denote D, and we may assume that ¢ is L? on D.

We first construct the function that is going to play the role of g in the motivation
above. Let ¥ = (z,y). We shall exploit two properties of the function In ||r]|. The first is that

In ||F]| is defined and harmonic for all ¥ # 0. This is shown by the computation

dln |[F]| = 3dIn(a® 4 y°) = 2051

1‘2+y2
Aln||f]| =dxdn|r|| = d—?ﬁiﬁdy = 2(m2+y2)dm/\dy—((iag(f;;?gdy)/\(—ydm-l-mdy) =0 (P1)

The second property of In ||F|| that we shall use is the following. Let Cjs be the circle of

radius 0 centered on 0, oriented, as usual, in the counterclockwise direction. Then, for any
)

continuous function v (r)

Jim § v «din ¥ = 2m0(0) (P2)

To see this, parametrize Cs by F(t) = (x(t),y(t)) = 6(cost,sint) with 0 <t < 2r. When we

—ydz+xdy
2 +y2

=

evaluate the integral fCa P(F) * dln||r]| using this parametrization, *dIn||r| = is
replaced by
—y(t)z' (t)dt+x(t)y’ (t)dt _ dt
z(t)?+y(t)? -

so that, using the continuity of v,
27

51—%14- 7{&; P(F) xdIn||¥|| = 51—1}& ; Y(dcost,dsint)dt

27
= / lim ¢ (dcost,dsint)dt = 2mp(0)
o 0—0+

Now we use 5= In [|F|| to build the function that plays the role of g. Let 0 < & < 1
and let p be a C*° function on [0, c0) that obeys

p(r)=1 for 0 <r < % 1
0<pr)<i for 5 <r<e
p(r)=0 forr > ¢

[NJIOE
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Define
w(F) = 5=p([|IF]]) In |7

V(F) = {—(% + 5 )w(F) lirj’j_é 0
O(r) = // o(F) dz A dy

is defined and C*° for all r # 0.

is supported on ||]| <e.

Note that
o w(r)

r)

) = 5= In||F|| for 0 < ||F]| < § so that (% + giyz)w(f’) vanishes for 0 < ||r]| < §

r) is defined and C* on all of IR?.

r) is supported on ||7|| < e.

r

o w

!

(e]

€
-

o r
o \r
o ®(¥) is defined and C* on all of IR? since 7 is C* and ¢ is L' on D.

(r
(r
(
(r
(r

=/

The Theorem now follows from part b of the Lemma below, which implies that ¢(1") = ®(1")
for almost all ¥ with ||F|| <1 — 2e. |

More motivation: To motivate the choice of v above, I'll now show that if ¢ is harmonic,
that is, if ¢ is C? and obeys Ay = 0, then ®(¢') = (') for all |¥'| < 1 — e. First observe

that, since || < 1 —¢ and (1’ —F) vanishes for ||’ — || > ¢, v(f" —F) vanishes unless ¥ € D.

Thus
O(r) = // (t' = T) p(F) dz A dy // (' — ) o(F) dz A dy
IR2
= // Y(=F) p(F+ 1) dz Ndy = // Y(F) p(F+ ') dz A dy
R? R?
since v is even. We are now going to substitute in (for ¥ # 0) y(r) = —(% + giyz)w(f’)

and integrate by parts a couple of times. To treat the singularity in w at ¥ = 0 carefully, we
eliminate 0 from the domain of integration. Since v and ¢ are both continuous at ¥ = 0 and
since y(r) vanishes unless ||F|| <e < 1,

(1) —hm// -|—r)da:/\dy—hm// +7) dx A dy
6—0 r||>6 Ds
_ lim—// o(F + ) Aw(F)
6—0 Ds

where Ds = { T € R? } 6 < ||F] <1} is the unit disk with the disk of radius § removed. By
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Cs
0 Ds

Green’s formula (number 6 on our list of integration formulae)

//D;U(F)ASO(F-I- ') — //D;P(F‘-l- ) Aw(r) = /6D5w(f) s do(T + 1) —/ O(F + ) % dw(T)

6Ds

The first term on the left hand side vanishes because ¢ is harmonic. The boundary dDs =
C1 — Cs. The minus sign is there because the inside part of the boundary of § D is oriented in
the opposite direction to Cs. The outer, C7, part of the boundary integrals are zero because

w(F) vanishes for all ||F|| > e. Furthermore, if § < £, w(F) = 5= log ||F|| on the inner part, Cs,
of the boundary. So

P(r) = lir%%j{ o(f+1") xdlog ||T| — gl_r%%% log ||F|| * de(F + )
C Cs

6o—
5

The first term on the right hand side is exactly ¢(r’) by the delta function like property
(P2). The second term on the right hand side vanishes. To see this, parametrize Cs

by F(0) = (x(0),y(0)) = d(cosf,sinf) and observe that, because ¢ is C?, *dp(F+ ') =

dx
—Py a6

function, times 6 df. Consequently, the second term on the right hand side is bounded in

dd + o, %d@ = @y, 0sinfdb + ¢, d cosfdb is some continous, and hence bounded

magnitude by a constant times

27
lim A/ log & 5.9 = lim & (log 8)(2) = 0
0

550 2™

Hence (1) = ¢(r") for all ||| < 1 —e. In particular ¢(17) is C for all ||I’|| < 1 —e. Since
e > 0 is arbitrary, ¢(r’) is C> for all ||| < 1. This ends “More motivation”.

We now need to consider functions of both ¥ and . We use d’ and A’ to denote

the operators d and A acting on functions of . For example

df(z,y,2y) = 5Lz, y, 2", y) do + G (29,2, 0) dy
df(x,y,2,y) = 55 (e, g2 y) da’ + 55 (x,y,2", ) dyf
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Lemma. Let u(r) be C* and supported in ||F|| < 1 — 2e. Define

n(r’) = // (f— 1) u(r) dz A dy
then

a) An(t) = {pu(@) — [[Hv(F =) p(F) deAdy}da’ Ady’
b)ﬂDu @(F) — O(F)] dz ANdy =0

Remark. Let B1_o, = { e R? } I7|| < 1—2¢ } Since C§°(B1_2.) is dense in L?(Bj_».) and
() — ®(F) is in L?(B1_2.), part (b) has the consequence that ﬂBl,zg |o(T) —@(F)}Q dxdy =0
and hence that ¢(r) — ®(r) = 0 almost everywhere on By_g.. Since € > 0 is arbitrary, this

completes the proof of the Theorem.

Proof: b) We first prove part (b) assuming part (a). Since u(r) vanishes unless |f| < 1 —2¢
and w(r’ — r) vanishes unless ||t/ — F|| < ¢, n(1") vanishes unless ||I’|| < 1 —e. Furthermore,

as wis L' and p is C* and supported in D,

n(r') = // (r—7) dx/\dy—// +7) dx Ady
R2 R?

is also C* and hence is in C§°(D). Our main assumpion is that ¢ is a weak solution of

Laplace’s equation in D. Hence

0= [ ¢l e
// f” // (f—1)p dw/\dy}dm A dy’
://DM(F’ // da:/\dy}dx A dy'

We made the change of variables ¥ <> r’ in the second term. The right hand side is exactly
Ty () [ (F) — B(F)] da A dy.

a) Since p is supported in D,

n(F) = // (F— ) )da:Ady_// W(F) p(E + ) d A dy
R2 R?

In the integrand, p is a function of ¥+ ¥’ only, so

A'n(r) = da’ AN dy // ax/2+a/2)“(F+Fl> dz A dy

=dz' Ndy // w(T) (%-l—%),u(f’-i—f‘") dx A dy

—d:)s/\dy// (F) Ap(F + )
IR2
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We now integrate by parts twice (apply Green’s formula) twice, being careful about the
singularity of w at the origin. Since w is supported in D and is in L'(D) and p is C*°,

f = ] s

By Green’s formula,

Il WOB(E+T) - Il B+ ) B() = / |l () — / | E) ()

Again, the boundary dDs = C; — Cs and the outer, C;, part of the boundary integrals are
zero because w(r) vanishes for all ||F|| > €. And the Cs part of the first boundary integral
again tends to zero with & because, if § < £, w(F) = 5= log ||| on Cs, both first derivatives

of p are bounded, say by K, and the circumference of Cs is 276 so that

‘f (F) * du(¥ + 1)
Cs

On Ds, Aw(r) = —v(r)dz A dy, so that

//Isz<F)AM(F+F/):51—i>I(I)1+ Céu(?‘—i—r)*dw _51—1>%l+//1)5 ¥+ 1')y(F) de A dy

= p(r) — lim // r+70)y(f)de Ady by (P2)
Ds

6—0+

// ) da A dy
) [[ wte e is e
—//R u(E)Y(E — ) do A dy
// (F — #)u(E) da A dy

since v and p are supported in D. [ |

< (5= 1né)(2K)(276)
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