Sobolev Background

These notes provide some background concerning Sobolev spaces that is used in
Uhlmann’s notes. Here  is a bounded open subset of IR" with C'*° boundary. We shall use
D® f(x) with a = (aq, - -+, a,) to denote the partial derivative %}1 e %gnf(a:). The order

of this partial dertivative is |a| = a3 + -+ - + .

Definition 1 (H*(f2), ¢ > 0, integer) Define, for each integer £ > 0, the norm ||fs.q (we

sometimes drop the € from the notation) by

2,= %" /Q D° f(2)[? dna

o<t

If

Then H((2) is the completion of C*°() under the norm || - ||¢.q.

Definition 2 (H*(09), £ > 0, integer) We want to define the space H*(9Q) in the same
way as we defined the space H*(Q), but for functions that are only defined on 9. To do so,
we need a measure on 9¢2. The easy way to create such a measure is to use local coordinates.
Of course we may need more than one coordinate patch to cover all of 9€). So we first use
a partition of unity to write f = ) f(,, with each f(,, supported in a single coordinate
patch. Then we write f(,, in local coordinates and proceed as in the last definition. Of
course this can give many different norms, through different choices of partition of unity and
local coordinates. But that doesn’t matter because they are all equivalent. That is, if | - ||

and || - ||” are two such norms, then there are constants ¢ and ¢ such that

LA < el 1A < IA

So a sequence of functions converges with respect to one of the norms if and only if it converges

with respect to the other.

Definition 3 (H'(Q2), t > 0, real) If ¢t happens to be an integer, we use the above definition.

Otherwise, write t = ¢ 4+ o with ¢ a nonnegative integer and 0 < o < 1. We define the norm

£l by 2
2 2 D® f(x)—D* d™xd™
20 = Ifla+ 3 [ [ |Papshiw ety

|a|=¢

Note that, for smooth f, the integrand

|D f(z)—D*f(y)|?
lz—y[2o+n

< t |m_y|2 — t 1
< cons W = Ccons W
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is locally integrable (since 20 +n — 2 < n) so the integral converges. Then H'(Q) is the
completion of C°°(Q) under the norm | -

You should think of H*(Q) as consisting of functions all of whose derivatives up
to order t (including “fractional order” derivatives) are L2. I will now try to provide some
motivation for this. The first observation to make is that, in the double integral over x,y,
only those points with x — y very small make any difference to the norm. In fact if, in the
definition of the norm, we were to restrict the integration to |z —y| > ¢ for some fixed £ > 0,
then

2
+ E D f(x)—D* d" zd™

, r—y|° [z—y|™
|a|=¢ lz—yl|=e

2|D‘“f(:r)| +2|i7“f(y)l2 4 zd™y

a| =/ |; yye|s>25 m Y

—WflEa+ S o f [ ARy
|a| =/ |lz—y|>e

<Wla+ X4 [ Dr@Pds [
lov|=¢ |z|>e

< Cl7l2a

for some constant C', because the integral f| >e Wd z converges. The second observation
is that it is possible to rewrite the integral in a more transparent form in the special case
that Q = IR". Making the change of variables y = x + z,

foo

D° f(x)—D° f(y) |* d"wd"y
lx—yl° lz—y[™

— [@epg [@a 1D @) - D+ o)
= [ g @ ) - ke )P

Here we have used:

(a) The L? norm of a function is the same as the L? norm of its Fourier transform.
(Actually there may be some factors of 27 that come in here, depending on your
Fourier transform conventions. I shall consistently omit all unimportant factors of
27 that arise from Fourier transform operations.)

(b) The Fourier transform of gx—mg(aj) is ik, g(k) so that the Fourier transform of
D f(z) is i1k f (k) where k® = k- - k&n,

(c) the Fourier transform (with respect to x) of the translate g(z + z) is e?**§(k).
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Now exchange the order of integration

@ « 2 mn n ~ .
/ / D f(li)—_y?’ f(y)’ ilmfikg :/dnk ‘kaf(]{?)‘Q/an|Z|2},+n|1—elk'Z‘Q

and, for each k, make the change of variables z = |k|"'Rw where R is a rotation matrix

chosen so that k = |k|Ré; with é; a unit vector along the first coordinate axis. This gives

Juo

2
d"zd™y
lz—y[™

D f(x)—D f(y)
|[z—yl®

_ /dnk‘ |]€af(k)|2|]€|_n+20+n/dnw|w|210+n|1 _eiél.w 2
k|7 fl172

Note that the constant c,, = fd”ww%ﬂ\l — eiél'w\z is finite because the integrand is

bounded by W%Jrn for large |w| and by Wfﬁ,% for small |w|. Fourier transforming converts

differentiation with respect to x into multiplication by k and it converts our difference quotient
into a factor of |k|?. So it acts like a fractional derivative.

Definition 4 (H!(99Q), t > 0, real) Again introduce a partition of unity and local coordi-
nates into a definition like the last one.

Definition 5 (H}(Q2), t > 0, real) This space is the closure of C5°(€2) in the norm || -

Q-

Example 6 Consider n =1, Q = (0,1). Start with f € C§°(€2). Since f is supported in 2,
we can think of it as being defined on all IR, taking value zero everywhere except in (0, 1).
In particular f)(0) = 0. So

FD(@)| = |£9(z) — 9 (0)| = ‘/m g dt}
= ‘/ X[o, ] f(]+1) dt‘
= {/ X[o, 1’]( dt V2 / }f(y+1) } dt]1/2
1/2

:\/5 /0 \f(”l)(t)f dt]
< V| fl

provided ¢t > j + 1. Now suppose that f € H(Q). It is a limit, in H'(Q), of functions
fo € C§°(2). We can always choose the sequence so that || f¢||: < 2| f]|+ for every ¢. Thus, if
j<t=1,1f (J) ()| < V|| felle < 2/ f|; for all £ and all 0 < z < 1. So all of the first ¢ — 1
derivatives of every f € H{(f2) vanish on the boundary of €.
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Theorem 7 Lett > % Define the restriction map

r:C®(Q) — C>(00)
u— u [ 08

There exists a unique map
R: HY(Q) — H™Y2(0Q)

and constants C,C" such that
(i) R extends r. That is, Ru = ru for all u in the domain, C>(Q), of 7.
(ii) R is bounded. That is, || Rulls—1 /2,00 < Cllul/s,o-
(11i) R is surjective (onto).
¢ .
(iv) R has kernel { gg((?l)) N HHQ) gz § }
(v) For each f € H'=Y2(0Q), there is a u € H'(Q) such that

Ru=f and |w

1,2 < C'flli=1/2,00

That is, R has a bounded right inverse.

We shall not give a complete proof. It can be found in Adam’s Book. See Theorem
7.53. But we shall try to motivate most of it and give detailed proofs for parts of it. The
first part of the proof is to show that r is bounded. Once this is done, we can extend r by
continuity to all of H*(Q) (since the domain of r is dense in H*(2)) and call the result R.
Parts (i) and (ii) of the Theorem and also the uniqueness of R are then automatic. Since r
vanishes on C§°(Q2), which is dense in H(Q), the boundedness of r will also imply that the
kernel of R contains H{(£2). This is part, but not all, of (iv). While we are on the subject of
(iv), note that, when ¢ is large, many derivatives of any f € H{(2) must vanish on 9Q. On
the other hand, to be in the kernel of R only f itself — not its derivatives — must vanish on
0. That’s why the kernel is H}(Q) N H'(Q) rather than H{(Q) when ¢ > 1. We shall not
discuss (iv) further. For a readable proof in the special case of H'(Q2), see Theorem 2 in §5.5
of Evans’ book.

To get a first look at why r is bounded, we prove that r is bounded from (smooth
functions in) H(Q) to H°(0Q) = L?(0R). That is |rullo.oa < Cllull1.o. When t = 1 we
really want the stronger result that |[rull;/200 < C|lull1,o. — i.e. that, in restricting to the

boundary, we only loose half a derivative. We’ll discuss that after proving

Lemma 8 There is a constant C' (depending only on Q) such that, for all u € C*°(2),

lrullo,00 < Cllull1,0
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Proof: We may assume that u is real valued.

Step 1. Let z* € 9. Assume that 9 is flat and lying in z,, = 0 near z*. Let B C B be
concentric balls centred on z* with BN o2 C {z,, =0} and BNQ =BnN{z, >0} = B,.

Q
o

&

Let ¢ € C5°(B) obey ¢ > 0 and ¢ | B = 1. Denote z’ = (z1,---,2,_1) € R" = {z,, = 0}.

Then
/ (ru)2 dn_ll” S/ Cu2 dn_ll”
oQNB BN {z,=0}

Now use that for D, f(x',x,) de,, = f(2',r) — f(2',0) = —f(2/,0) if f(2',7) =0, to give

/ (ru)? d" e’ < —/ D, (¢u?) d"x
oQNB B+
- _/ [’ D¢ +2¢uDpu] d'x
B+

IA

%C’/Q [u® + |uDyul|] d"z where C' = 2(1 + sup | D,,(|)

IN

%C[HUH%%Q) + llull L2(0) 1 Dnull 2]
< C’[HUHQLQ(Q) + HDnuHiz(Q)] since ab < 1a? 4 1b?
< Cllu

2
1,0

Step 2. If z* € 00 but 002 is not flat and oriented correctly near z*, make a change of
variables to straighten it out and reorient it. Since 0f2 is smooth, the Jacobean is bounded

and so just changes the value of the constant C of step 1.

Step 3. Since 0f2 is compact, we can cover it by finitely many B’sasin step 1. This completes
the proof.
|

The next Lemma illustrates the loss of only one half of a derivative as well as the

requirement that ¢ > % in part (ii) of Theorem 7. In the illustration, we replace €2 by

IR™ and 99 by {z, = 0}, which we identify with IR"™'. As in the last proof, we write

x' = (.’131, to 7xn—1)~

Lemma 9 Define r: C°(IR™) — Cg°(R™™ 1) by
(ru)(z") = u(z’,0)
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Ift > %, then there is a constant C (depending only on n and t) such that
lrull;—1 mo-1 < Cllulle, g

for all uw € Cg°(IR"™).

Proof: 1If k € R", write k = (k’,k,) with ¥’ = (k1,---,kn—1). In terms of the Fourier

transform of u, the (square of the) norm of u is

e = [ Duclilat) 'k
where, using [t] to denote the integer part of ¢,
120 if t = [t]
= D K+ cmw Y ale k2 ifo=t—1[t] >0

|| <[t]

Since D, 4(k) is bounded above and below by constants (depending on n and t) times (1+&?2)?,
we may redefine ||ul|;, g~ to be the equivalent norm

e = | / (1+ k%) [a(k)[2 d" k] i

Similarly, we may redefine ||rul|,_1 gn-1 to be the equivalent norm

. 1 k/2 t—% - k’/ 2 dn_lk, 1/2
Irull— s = | [ (14 K2)0 3 (e |
The definition of the Fourier transform gives
/Z’f’ “ru) (k) &K = (r )(x'):u(x’,O):/eik"x’a(k;’,kn) A"k dk,,

so that

(Fa) (k) = / Ak, k) db,

Thus, by Cauchy—Schwarz,

< ) /a(k', ko) (L4 K2+ 12) 2 (1 4+ 12+ 82) 77
[/w dkn /\ﬁ(k/,kn)\z (1+ K2+ k2) dkn]

|:(1+k/21)t71/2 /(1+p2)t /}U k’ k‘ 1 + ]{3/2 + ]{32) dkn:|
where k, = pv1+ k"

IA

~ T / [k k)| (14 K2 4 K2)" dhy
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where the constant ¢ =

i (l—k#)t dp depends only on t and is finite because t > % Hence

Irallf_y mo-s = /(1 L2 a2 dn

With a little more work, Lemma 9 can be plugged into step 1 of the proof of Lemma
This
completes our discussion of parts (i) and (ii) of Theorem 7. We now discuss part (v), which
implies part (iii). Part (v) says that, each f € H*'/2(9Q) can be extended to a u € H'(Q)
in a bounded way. To illustrate why, we again replace {2 by R" and 02 by {z,, = 0}. We

8 to give the boundednedness of r required for the proof of part (ii) of Theorem 7.

(1+ &2+ k2)" dk

<c/‘uk'

= cllulltmn

use the same notation as in the last Lemma.

Lemma 10 Let t >

each f € H*V/2(R"™') there is an F € H'(IR™) obeying F(z',0) =

%. Then there is a constant C' (depending only on n and t) such that for

f(x') and

1FNE e < CIFIE ) o

Proof: Asin Lemma 9, we use the norms

[l mn = [/(1 + k)| E (k)2 d"k]1/2

1

s = o sr e o)

in place of the originally defined (equivalent) norms [|F[|¢,mn, || fll¢—2 mgn—1- Try

To satisfy F'(2/,0) =

/ Bk k) dhn = F(K)

~ ~ l—l—k/Z "
F(k' k) = f(k/)AW

f(x"), we need

14+E'2)H
(1—(|-k/2+k)32)” dk:

A(l‘i‘klz)u V+1/2/ (1—}—172)_1/ dp

@ Joel Feldman. 2002. All rights reserved.



where we made the change of variables k,, = pv/1 + k2. The requirement F(z’,0) = f(2') is

-1
satisfied if we choose v > % (so that the integral converges), u = V—% and A = [f m} .
With those choices

1Pl = [+ )PP dk
= A /(1 + k) e | F (R K sy,
= 2] [ e dp] [0 KPR O @
= A? / W dp: ||f||§u—|—t—2u—|—1/2

— 22 [ o 8] 11

so it suffices to choose v large enough that 2v — ¢ > % and v > % [ |

Theorem 10 There is a constant C' such that for all u € H(Q)

n 1/2
lullzz@) < € IDulZaq) + I Rull3zon) )

=1

Proof: By Theorem 7 and the denseness of C°°(Q) in H!(Q), it is sufficient to consider

u e C=(Q).

Step 1. Let x* € 0§2. Assume that 0f) is flat and lying in x,, = 0 near x*. Let D be any open
neighbourhood of z* in 92 N {z,, = 0} and let I C IR be any interval such that D x I C Q.
Denote ' = (x1,---,2pn_1) € R" ' = {z,, = 0}. Then, by the fundamental theorem of

calculus and Cauchy—Schwarz,

/ lu(a’, ) — u(a’,0) ‘2 d" 12’ d,
DxI

Tn 2
:/ d”_lx'/dxn / Dnu(x’,t)dt‘
D I 0
S/ d”_lx'/dxn |:L'n|/|Dnu(a:',t)|2dt
D I I

Sc/ d”_lx'/|Dnu(x',t)|2dt
D I
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Hence
/ ‘u(a:)‘z d"z = / lu(a’, zn) — u(2’,0) + u(2’, O)‘2 d" 2 dx,
DxI DxI

S 2/ ‘u(fﬂ/,xn) o u<$/,o)‘2 dn—laj/ daj‘n + 2/ ‘u(ml,o)‘2 dn—lx/ dfl:n
Dx1I Dx1I

n 2 N2 gn—1_1
SQC/DXICZ x |Dypu(z)| +2|I|/D}(Ru)(a:)} "z

Step 2. Patch together pieces and straighten out edges to give the desired bound. [ |
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