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Abstract: A self contained analysis demonstrates that the sum of all particle-hole ladder
contributions for a two dimensional, weakly coupled fermion gas with a strictly convex
Fermi curve at temperature zero is bounded. This is used in our construction of two
dimensional Fermi liquids.
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I. Introduction

This article is one of a series, starting with [FKTf1], that provides a construction of a
class of two dimensional Fermi liquids. The concept of a Fermi liquid was introduced by
L.D. Landau in [L1, L2, L3] and has become the generally accepted explanation for the
success of the independent electron approximation. The phenomenological implications
of Fermi liquid theory are derived from the structure of the single particle density ny and
Landau’s quasiparticle interaction and forward scattering amplitude. The single particle
density is constructed as a relatively straightforward limit of the one particle Green’s
function. The quasiparticle interaction and forward scattering amplitude, by contrast,
are defined through two different limits of the transfer momentum flowing through the
particle/hole channel of the two particle Green’s function. This subtlety arises because
the two particle Green’s function is bounded but not continuous at transfer momentum
ZEero.

In [FKTr2] we showed that the leading contributions to the two particle Green’s
function are the, so-called, ladders. In this paper we extract sufficiently detailed infor-
mation about particle/hole ladders to demonstrate the existence of the limits defining the
quasiparticle interaction and forward scattering amplitude. In fact, in our construction
of the full models, we are forced to this level of detail to formulate hypotheses on the
sequence of effective interactions (see [FKTr2, Defs. IX.1 and IX.2]) that enable us to
make an inductive construction. In other words, we would not be able to construct any
of the Green’s functions without the present fine analysis of the particle/hole channel.
The control of the particle hole channel is in some ways the most subtle part of the argu-
ment in the construction of a Fermi liquid in that it results from a cancellation involving
essentially all scales. Roughly speaking, it is like picking up the singularity of a Fourier
series from its partial trigonometric sums.

Philip Anderson [A1, A2] suggested that, because of an instability arising from the
particle/hole channel, two dimensional Fermi gases should exhibit behavior similar to
a one dimensional Luttinger liquid, with the single particle density ny having a vertical
tangent at the Fermi surface rather than a jump discontinuity. In this series of papers, we
show that this is not the case for the class of models considered here.

Formally, the amputated four—point Green’s function, G4((p1.01),(p2.02),(p3,03),(p4,04))
with incoming particles of momenta pi, p4 € R x R and spins o1, 04 € {4, |} and
outgoing particles of momenta p», p3 and spins o2, 03, can be written as a sum of
values of Feynman diagrams with four external legs. The propagator of these diagrams
is C(k) = m, where k = (ko, k) € R x R? and the dispersion relation e(k)
(into which the chemical potential has been absorbed) characterizes the independent
fermion approximation. The interaction of the model determines the diagram vertices,
V ((k1,01),(ka,02),(k3,03),(ka,04)), kK1 +ka = ko + k3. Here, the incoming momenta are k1, k4
and the outgoing momenta are ks, k3.
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1. Ladders in Momentum Space. The most important contributions to this four—point
function are ladders. The contribution of the particle-hole ladder with ¢ 4+ 1 rungs

(p1,01) —>—u 7N — —-— RS ——(p3,03)

(p2, 00)—=— N~ —_ - S —<—(p4,04)

is

dd+lk1 dd+1kZ
Z (zn—)a“rl e Q2m)d+H]
T, 1 7, ZE{T 1}

X V((Pl,al),(pz,tfz),(m%-kl,71,1),(p2+k1,Tl.z))C(P1+k1)C(P2+k1)
X V((pr+ki.t1,0).(patkit12)) =+ - V(o L(prtke.te, ). (p2+ke.1e.2))
X C(p1+ke) C(pat+ke) V ((pr+ke,te, 1), (p2+he,Te.2),(p3,03), (pa,04)) -

The contribution of the particle—particle ladder with £ + 1 rungs

(p1, o) A~ >—(p2,072)

(P4, 04)>= ~— ~>—  >—(p3,03)
is

Z dd+lk o dd+lkZ
(2n)d+l (ZJT)d'H
i, 1.7, 26 T H
i=1,-

X V((I’lﬂl)»(l’l‘f‘kl»Tl.l)»([M—kl»Tl.z)s(lht,mt))c(ﬁl+kl)C(l74—kl)
X V((pr+ki, 1,0, (pa—ki,712)) =+ V(oo [ (prthe,Te.1), (pa—ke,Te,2), )
X C(p1+ke) C(pa—ke) V ((pr1+ke,te,1),(p2,02),(p3,03), (pa—ke,7¢.2)) -

Ladders with two rungs are called bubbles. The values of the bubbles with dispersion re-

lation e(k) = g‘,ll — p and interaction V ((p1,01),(p2.02),(p3,03),(pa,04)) = )»(8(,1,02863704 -
81,03 8,,2,(,4) are well-known for d = 2,3 [FHN]. The particle—particle bubble has a
logarithmic singularity [FKST, Prop. II.1b] at transfer momentum p; + p4 = 0 which
is responsible for the formation of Cooper pairs and the onset of superconductivity. This
singularity persists in models having dispersion relations that are symmetric about the
origin, i.e. e(k) = e(—k). On the other hand, if e(k) is strongly asymmetric in the sense
of Definition I.10 of [FKTf1] then the particle—particle bubble remains continuous and,
in particular, bounded [FKLT1, p. 297].
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For the particle-hole bubble with d = 2 and e(k) = ‘k‘ — W,
&k 1 1
/ Gy Cletp1) Clhk+ po) = /R3 @n)? o T/ —e KT/ [Ro—10/D—ek—E/2)
-+ 2an Re,/ItR(t2—4k2)—4m3—miolt)®  if 1o, |t] % O or [t| > 2kp
=4-2Z if io=0and 0 < |t| < 2kp ,

2
0 iftg £0andt =0

where t = p; — pp is the transfer momentum, kr = +/2mu is the radius of the
Fermi surface and /" is the square root with nonnegative real part and cut along the
negative real axis. See, for example, [FHN, (2.22) or FKST, Prop. Il.1a]. This is C*

n{reRx R? |t # Oor|t| > 2kr }, is Holder continuous of degree 1 in a
neighbourhood of any ¢ with fp = 0, 0 < |t| < 2kF and is Holder continuous of degree
% in a neighbourhood of any ¢ with g = 0, |t| = 2kF, but cannot be continuously
extended to r = 0. However its restriction to 79 = 0 does have a C* extension at the
point t = 0. The discontinuity at # = 0 persists for general, even strongly asymmetric,
e(Kk). For this reason, bounds on particle—hole ladders in position space are not straight-
forward.

That the restriction of the particle-hole bubble to fyp = 0 does have a C* extension
for a large class of smooth dispersion relations may be seen by the following argument,
which was shown to us by Manfred Salmhofer [S]. A generalization of this argument is
used in Proposition II1.27.

Lemma L.1. Choose a “scale parameter” M > 1 and a function v € C§° ([%, 2M ])
that takes values in [0, 1], is identically 1 on [% M], is monotone on [ﬁ %] nd
[M, 2M], and obeys

o0

Z (M%) L1

for 0 < x < 1. Set vO 07 (ko) = Zz v(M?'k3) and let u(k,t) be a bounded C*

function with compact support in k and bounded derlvatlves Let e(K) be a C* function

that obeys Ikllim e(k) = 4-00. Assume that the gradient of e(K) does not vanish on the
—00

Fermi surface F = { k € R? | e(k)=0 } Then

B(t) = lim

J—>00

is C* for t in a neighbourhood of 0.

/ " v ko k, 1)
liko — e(K)]1[iko — e(k + D)]

Proof. Write
(0,1 0.1
_ vy ' (ko)u(k,t) vy 7 (ko)u(k,t) 1 1
Bj(t) = /dk [ikofg(k)J[ikofe(kth)J /dk ?(k) e(k+0) [ikofe(k) - ikofe(k+t):|
[0./1 1
_ vy ' (ko)u(k,t) d I (ko)u(k,t)
—fdk e(K)—e(k+0) _/0 ds 45 T EKEs) E(ktv) /dkf zk E(kts)z’

Ek,t, s) =sek)+ (1 —s)e(k+t).

QU

where
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Make, for each fixed s and ko, the change of variables from k to E and d — 1 variables
0 on F. Denote by J(E, t, 6, s) the Jacobian of this change of variables and set
flko. E.6.t,5) = u((ko. K(E.6.t,5),t)J(E.0,t,5).

Because u has compact support in k, f vanishes unless |E| < &, for some finite £. Thus

_ (ko)f(ko E.0t S)
Bj(t) = / ds/ dG/ dkO/ dE 0l

Set
B} (t) _/ ds/d@/dko/ dE ”<"$;§<kg]2"”)
Sinee v ko) f ko, E0.t.5) i (ko) £(ko.0.6.8.5) |E|
R h—EF ]‘ = CoSty z

is integrable on R x [-&, £], lim B;(t) — B;. (t) exists and is C* by the Lebesgue
Jj—>00

dominated convergence theorem. So it suffices to consider
(ko) f (ko,0,6,1.5)
B(t) = —25/ ds / de / dko °k2+5°2 .

o w9 (ko) £ (ko 0,0, ,5)
k3+E2

Since

< const

1
@ 242
isintegrable on R, lim B} (t) exists and is C*° by the Lebesgue dominated convergence
J—>00

theorem. 0O

2. Scales and Sectors. In this paper, we derive position space bounds for generalized
particle-hole ladders in two space dimensions as they arise in a multiscale analysis.
The main result is Theorem 1.20, which is used in [FKTf2], under the name Theorem
D.2, to help construct a Fermi liquid. We assume that the dispersion relation e(k) is
C’et3 for some re > 6, that its gradient does not vanish on the Fermi curve F = { k e
R? | e(k) =0 } and that the Fermi curve is nonempty, connected, compact and strictly
convex (meaning that its curvature does not vanish anywhere). We also fix the number
ro > 6 of derivatives in kg that we wish to control.
We introduce scales as in [FKTf1, Def. 1.2] and [FKTo2, §VIII]:

Definition I.2. i) For j > 1, the j scale function on R x R? is defined as
VD (k) = v (sz' (k3 + e(k)2)> ,

where v is the function of (I.1). It may be constructed by choosing a function ¢ €
C(‘)>O ((—2, 2)) that is identically one on[—1, 1] and setting v(x) = ¢ (x/M)—¢@(Mx)
for x > 0 and zero otherwise. By construction, v\/) is identically one on

(k= (oK) e Rx B2 | /2 L < Jiko — e(l)| = VM ).
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The support of v is called the j™ shell. By construction, it is contained in

{keRxR2|ﬁ#guko—e(kng\/znx[# ).
The momentum k is said to be of scale j if k lies in the j™ shell.
ii) For j > 1, set ‘ _
U(Z])(k) =y V(l)(k)
i>j
forlikg—e(k)| > 0and v= (k) = 1 for|iko—e(k)| = 0. Equivalently, v'=/) (k) =
<,0(M2f—1 (k(z) + e(k)z)). By construction, v=9) is identically 1 on

[k eR xR | ik — e(k)| < VM ).

The support of vZ7) is called the j™ neighbourhood of the Fermi surface. By
construction, it is contained in

[k eR xR ik — e(k)| < v2M L ).

The support of go(M 2j ’2(k8 + e(k)z)) is called the j™ extended neighbourhood. It
is contained in
{keR xR ||iko —e(k)| < V2M35 }.

To estimate functions in position space and still make use of conservation of momen-
tum, we use sectorization. See [FKTf1, Ex. A.1]. The following definition is also made
in [FKTf2, §VI] and [FKTo3, §XII].

Definition 1.3 (Sectors and sectorizations).

i) Let I be an interval on the Fermi surface F and j > 1. Then
s = { kin the j™ neighbourhood | mp(k) e}

is called a sector of length |I| at scale j. Here k +— mp(k) is a projection on the
Fermi surface. Two different sectors s and s’ are called neighbours if s' N's # @.
ii) A sectorization of length | at scale j is a set X of sectors of length | at scale j that
obeys
— the set X of sectors covers the Fermi surface
— each sector in X has precisely two neighbours in X, one to its left and one to its
right
— ifs, s’ € X are neighbours then 1_16[ <lsNnsNF|< %[.
Observe that there are at most 2 length(F) /[ sectors in X.

In the renormalization group map of [FKTf1] and [FKTo3], we integrate over fields
whose arguments (x, o, s) lie in B¥ x X, where BY = (R x R2) x {1, |} is the set of all
“(positions, spins)”. On the other hand, we are interested in the dependence of the two and
four—point functions on external momenta. To distinguish between the set of all positions
and the set of all momenta, we denote by M = R x R?, the set of all possible momenta.
The set of all possible positions shall still be denoted R x R?. Thus the external variables
(k,o) liein B® = M x {1, }. Intotal, legs of four-legged kernels may lie in the disjoint

union 2)% = BYU(B? x ¥) for some sectorization X. The four—legged kernels over @%
that we consider here arise in [FKTf2, §VII] as particle-hole reductions (as in Def. VIL.4
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of [FKTf2]) of four—legged kernels on Xy = By (B x X) where B = B x {0, 1}
and B = BY x {0, 1} and {0, 1} is the set of creation/annihilation indices. Particle—hole
reduction sets the creation/annihilation index to zero for legs number one and four and
to one for legs number two and three. To simplify the notation in this paper, we shall
eliminate the spin variables so that the legs lie in

Vs = MU(R x R?) x ).

Sometimes a four-legged kernel will have different sectorizations ¥, ¥’ on its two left
hand legs and on its two right hand legs. Therefore, we introduce the space

4 2 2
QJ(E,)E' =Dz x Dy

Since 2 is the disjoint union of M and (R x R?) x X, the space @g)z, is the disjoint

union

4
@(E?E/ = ) iz xis xVisx x Viyx 1.2)

i1,i2,i3,i4€{0,1}

where Yoy =Mand Q) x = (R x Rz) x 2. If f is a function on 2)%)2,, we denote
by f|(i1,... i) its restriction t0 2);; = X Dir, v X Y5, X P, v under the identification
(1.2).

Definition I.4 (Translation invariance). Let ¥ and ¥’ be sectorizations.

i)Lety € Px and t € R x R%. We set

[« ify=keM
= (x+1,s) ify:(x,s)e(Rsz)xE'

ii) Letiy, -+ ,is € {0, 1}. A function f onDi; v X Dir,x X Dy, x X Yy, > is called
translation invariant, if for all t € R x Rz,

—br <y
FTive Ty = (T ¢ ) fGn o),

I<pu<4
in=0
where
0 i =1,4
P (13)
L if n=2,3
and < k, x >_= —koxo + Kki1x1 + koxy. This choice of b, reflects our image of f

as a particle-hole kernel, with first and fourth, resp. second and third, arguments
being creation, resp. annihilation, arguments.

. 4 . .o Lo . Lo .
iii) A function f on @(Z)E’ is translation invariant lff|(l'1 i B8 translation invari-

ant for all iy, --- ,is € {0, 1}. A function f on (2]%)4 is translation invariant if
F(C.01).(-.02).(+,03).(- .00)) IS translation invariant for all o1, - - - , 04 € {1, | }.
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Definition 1.5 (Fourier transform). Let 3, 3’ be sectorizations. Set Q) x = M x Z.

i) Letiy,---,ig €{0,1,2} and 1 < u < 4 such that i, = 1. The Fourier transform
of afunction f on i, s X Vip,x X Vs, v X Vi, 5 with respect to the w variable
is the function on %»2 X 2),5,2 X %g,z/ X 2),-5,2/ with

g i ifvFEL
T2 ifv=u

defined by
b
(D O yue 1. (k) V1 . v4) =/€l( Do <kx>— (1 1 )yt ya) A

ii) Let iy, --- ,is € {0, 1} with i, =1 for at least one 1 < u < 4. The total Fourier

transform fofa translation invariant function f on;, v XD, v X Vs, v X Dy, s
is defined by

FOL y2, y3, y) Q)38 — ko — k3 + ka) = ( [[P4 f)(y1, Y2, ¥3, Y4),
I<pu<4
iM:I

where y,, = k, when i, = 0and y, = (ky,s,) when i, = L f is defined on

the set of all (y1, y2,y3,¥4) € Doiy,x X DVoiy, s X Dais, > X Daiy. s for which
ki — ko = k3 — ky.

Definition 1.6 (Sectorized functions). Let = and X’ be sectorizations.

i) Let i1, --- ,is € {0, 1}. A translation invariant function f on ;v X i, 5 X
Dis.xr x Yy, x is sectorized if, for each 1 < p < 4 with i, = 1, the total Fourier
transform f(yl,m Vu—1,k.8),yut1,-,ya) vanishes unless k is in the jth extended neigh-
bourhood and g (k) € s.

ii) A translation invariant function f on 29(24)2’ is sectorized if f | (1o id) is sectorized
. . L . A .
foralliy,--- ,is € {0, 1}. A translation invariant function f on (2]%) is sectorized
if f((-,01),(-,02),(-,03),(-,04)) is sectorized for all oy, --- ,04 € {1, }}.

Remark 1.7. If f is a function in the space ]}4,2 of Def. XIV.6 of [FKTf2] (or
Def. XVI1.7.iii of [FKTo3]), then its particle-hole reduction is a sectorized function

on (@%)4.

3. Particle—Hole Ladders.

Definition 1.8. i) A (spin independent) propagator is a translation invariant function
on (R X Rz)z. If A(x, x') is a propagator; then its transpose is A’ (x, x') = A(x', x).
ii) A (spin independent) bubble propagator is a translation invariant function on (R X

R2)4. If A and B are propagators, we define the bubble propagator

A ® B(xy, x2, x3, x4) = A(x1, x3)B(x2, x4).
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We set

C(A,B)=(A+B)®(A+B)—B®B'
—AQA" + AQB' + B®A'

A A B
. o n o " o
~— ~— ~—
A B A

iii) Let ©, ', ¥ be sectorizations, P be a bubble propagator and F be a function on

2 ; .
Dixr X Vi, v x (R x R?)". If K is a function on Ps x Pz X D1y xDi,s,
we set

(K o P)(iyasxzxa) = dxidxy K (y1,y2,(x],57),(x5.s5)) P (x].x}:x3,x4).

s5],55€%’
If K is a functionon Y15 x P1,x X Vi, x> X Yy, 50, we set, when iy, iz, i3, i4 are

not all 0,

(F o K)(y1.y2.y3.74) = Z dxidxy F(y1,y2ix1,52) K ((x1.51),(x2,52),53.54) s

51,52€%
and when iy, i3,i3,i4 = 0,
(F o K)(ky,ka,k3,ka) 2m)38 (ki —ky—k3+ks)

= Z dxidxy F (ki kosx1,x20) K ((en,s1), (62,52) k3, ka) -
S1,52€%

Observe that K e P is a function on 2)22 x (R x R?)? and F e K is a function on
@(24)2/. If K' is a function on (@%)4 and F' is a function on (2)%)2 x (BY)? we set
(K" @ P)((-.01).(-,02),(-,09),(-.0o0) = K'((-,01).(-,02).(-,03).(- ,04)) ® P

and

(F' o K')((-,00.(-,00), (-0, (-oon) = 2 F'((-.00.(-,02),(- 7). (-, 1))
T, 2€{t, 1}

oK' ((-.11).(-.12).(-.03).(-.00)).
iv)Let£ > 1. Let, for1 <i <{+41, » @, 2O pe sectorizations and K; a function
on nggi) <) Furthermore, let Py, - - - , Py be bubble propagators. The ladder with
rungs Ki, -+, Koy1 and bubble propagators Py, - - - , Py is defined to be

KiePileKroePre---0eK;ePreKpyg.

If X is a sectorization and K{ el KQH are functions on (@%)4, the ladder with
rungs K, - -+, K;H_l and bubble propagators Py, - - - , Py is defined to be

KioPloKéono---oKéoPgoK;H_l.
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Remark 1.9. We typically use C(A, B) with A being the part, v/) (k)C (k), of the propa-
gator, C(k), having momentum in the j th shell and B being the part, vEIHD (k) C (k), of
the propagator having momentum in the (j + 1)* neighbourhood. The bubble propagator
C(A, B) always contains at least one “hard line” A and may or may not contain one “soft
line” B. The latter are created by Wick ordering. See [FKTf1, §II, Subsect. 9].

Remark 1.10. If F, F> are functions on (I):)4 and A, B are propagators over 5 in the
sense of Def. VII.1.i of [FKTf2], then the particle-hole reduction of F| e C(A, B) e F;
(with the C(A, B) of Def. VIL.1.i of [FKTf2]) is equal to

h
—F{" e C(A(C1.¢:0), B((-1D.(-0))) ® F}
(with the C of Def. 1.8) since B((x,0,0),(x",0",1)) = —B((-1),(-0))! ((x,0),(x',0")).

4. Norms. In the momentum space variables, we take suprema of the function and its
derivatives. In the position space variables, we will apply the L'—L> norm of Def. .11,
below, to the function and to the function multiplied by various coordinate differences.

Definition 1.11. Let f be a function on (]R X Rz)". Its L'—L> norm is

e = max - swp [ T] g 7Gxl
l<jo<n x,'OERX]RZ j—l:l,n
' j#io
Multiple derivatives are labeled by a multiindex § = (8¢, 81, 82) € Ny x N2 For sucha
multiindex, we set |8| = 8o+81 482, 8! = 80! 81! 82! and x® = x‘soxl xzzforx e RxR2

Definition I.12. Let X be a sectorization and A a function on ((R x R2) x E) .Fora
multiindex § € Ng x N%, we define
|A|1 s = Max max |||(x — y)‘S A((x, s1), (v, sz))|||1,oo.

i=1,2 s;eX
S3_;i€EX

Variables for four—point functions may be momenta or position/sector pairs. There-
fore we introduce differential-decay operators that differentiate momentum space vari-
ables and multiply position space variables by coordinate differences. We again use the
identification

4
2)(2,)2/ = U iz X Vinx X Vs X Vigs
i1,i2,i3,i4€{0,1}
of (1.2).

Definition I.13 (Differential-decay operators). Let ¥ and X' be sectorizations, § =
(80, 81, 82) € Ny x N% a multiindex and w, i’ € {1,2,3,4} with u # 1.

i) Letiy, - ,ig € {0, 1} and f be a function on Y;; v x Vir,x X Viy, v x Dy, >
Ifi,, = 0, multiplication by the 8™ power of the position variable dual to ky (see
Def. 1.5) is implemented by

‘61

D¢ £¢(. .. Co) = ()32 (1 ybuldl 18] 8%
Al ) =(=1 (=1 3k003k13k52

ACE ).
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In general, set

(Di - ny)f ifiy =iy =0
Db f= (Di_x,i/)f ifip =00 =1 '
Ll (xp =D%)f ifiu=1,iy=0
(=20 i =i =1

Here, when i,, = 1, the u™ argument of f is (x,, s,.)-

.. . . 4
ii) If f is a function on QJ(E,)E” then (Di:u’f)|(i1,---,i4) = Dz;u’(f|(i1,---,i4)) Sfor all
ilv"' 7i4€{071}'

Definition I.14. Let 3, ¥/ be sectorizations.

i) Letiy, - ,ig € {0, 1} and f be a function on Y;; v X Vi, x X Viy, v X Dy, 5
For multiindices &8, 6:, 6 € Ny X N%, we define

51,8¢,8 LI, 5
|f|§:12°, Y = max max sup  max |||D11,2D M ,D3'.4f|||1 .
s spex spex’ kpeM n=1,2 5 22728 5 , 00
v=12 v=3.4 v=1,23,4 W=34
with iv=1 " with ip=1  win l"])V:O
Here, the vt argument of f is k, when i, = 0 and (x,, s,) when i, = 1. The

Il - lll1,00 of Def. 111 is applied to all spatial arguments ofD‘i';sz;M,Dgr;4 f.

ii) If f is a function on @(24)2,, we define

(81,8¢,6r) __ (81,6¢,6r)
S = D |l inles ™

i1,i2,i3,i4€{0,1}

In this definition, the system (4j, d¢, 8;) of multiindices indicates, roughly speaking,
that one takes &) derivatives with respect to the momentum flowing between the two left
legs, 8, derivatives with respect to the momentum flowing between the two right legs and
8 derivatives with respect to momenta flowing from the left hand side to the right-hand
side.

In [FKTf1, FKTf2, FKTf3] and [FKTol, FKTo2, FKTo3, FKTo4], we combine the
norms of all derivatives of a function in a formal power series. We denote by 913 the
set of all formal power series X = > X5t in the variables 1 = (tg, t1, ) with

8eNoxN3
coefficients X5 € R4 U {00}. See Def. V.2 of [FKTf2] or Def. I1.4 of [FKTol].
A quantity in 913 characteristic of the power counting for derivatives in scale j is

=y MPAL 3 oor (14)

31ty <re 31 +dp>re
[8pl=ro or [8g|>rq

Definition 1.15. Let X be a sectorization.

i) For a function A on ((R x R2) x 2)2, we define

1 § $
Als= D> #lAlz.
8eNgxN2
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it) For a function f on 9% = (24)2, we define
1 (81,50,&)) §
= =5 max t°.
|f|2 Z 8!(81+80+8r=8|f|2’2
8eNgxN2

iii) For a function f on (@%)4, we define

[flg = Z [f (¢ o0.(,02).(-,03).(-.on) | -
o1, ,04€{1, |}

The following lemma, whose proof follows immediately from the various definitions
and Lemma D.2.ii of [FKTo3], compares these norms with the norms of Def. V1.6 of
[FKTf2].

Lemma 1.16. Let X be a sectorization.

i) Let f be a sectorized, translation invariant function on (@%) and Vpn(f) its

particle—hole value as in Def. VIL.4 of [FKTf2]. Let ||g~2 be the norm of Def. XIII.12
of [FKTf3] (or Def. XVI1.4 of [FKTo3]). Then there is a constant const, that depends
only on ro and r, such that

|Vph(f)|;’2 < const | f|x + Z 0o’

81 +0p>r
or 80>r(

ii) Let g be a function in the space .7}4,2 of Def. XIV.6 of [FKTf2] (or Def. XVI.7.iii
of [FKTo3]) and gP" its particle—hole reduction as in Def. VIL.4 of [FKTf2]. Then
there is a universal const such that

|gph|2 < const |g|;’2.

5. The Propagators. The propagators we use in the multiscale analysis of [FKTfI,
FKTf2, FKTf3] are of the form

vED (k)

(k) = — vV ®) =D (k) =
CP (k) = o0 CEP () = Fo—e ) —v(®)

iko—e(k)—v(k)

with functions v (k) satisfying |v(k)| < %|lk0 — e(Kk)|. Their Fourier transforms are

Cc(x,y) = / Ll prkamyz=cD) CED(x, y)= / Lk prehmyz= 2D k),

. 3 _ . . 3 _ .
CS”(y) — / %e ’<k’y>‘Cl()j)(k) CF’)(y) — / (;1;;3 e ’<k’y>—C£Z/)(k).
The function v (k) will be the sum of Fourier transforms of sectorized, translation invari-

2
ant functions p((x, s), (x,s)) on ((R x R?) x E) for various sectorizations ¥. The
Fourier transform of such a function is defined as

pk) = Z /d3x e <FF= = p(0.5),(x.5)).

s,8'€X
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6. Resectorization. We now fix % <N < % and set [; = ﬁ Furthermore, we select,

for each j > 1, a sectorization ¥; of length [; at scale j and a partition of unity

{ Xs | s € X } of the jth neighbourhood which fulfills Lemma XII.3 of [FKTo3] with
Y = X;. The Fourier transform of y; is

~ _ —1<k,x>_ 43k
Xs(x)—/e Xs(k)m-
Definition .17 (Resectorization). Let j, j', ji, j[, jr. jl > 1.

2
i) Let p be a sectorized, translation invariant function on ((]R X Rz) X X j) . Then,
for j' # j, the j'—resectorization of p is

pry (. ) = 3 / dx;dxg Ky (er—xp) PUGE59.05.59) Rsn (1 —22).

oo .
§1,55€%;

It is a sectorized, translation invariant function on ((R X R2) X X j/>2. Ifj=j,
we set ps, = P.

ii) Letiy, --- ,ia € {0, 1} and f be a function on @;l,gh X Din. s it X Vis, £ je X Vin,
that is sectorized and translation invariant. Then the (j], jl)—resectorization of f is
the sectorized, translation invariant function on %), 3y X Diy.xji X Vis,zjt %Dy, xj;
defined by

Izi3, Grvrysy) = > > I1 (dX,’L Xs,, ((=1)m (xu—X,’))) GRS IR
! x;LeEjl Suesj nes
ne{l,2)ns ne{3,4iNS

where
{1’27 3’4} l:f.]], ;é‘]h ‘]I{#Jr
. {1,2} i il # hs Ji = J
S={uliy=1}n 64 l.f.l/_‘ Lo
, A =g Jr £

and y, = yy for i ¢ S and, for p € S,

Y= s su) Yy = (x,8,).

i) If f is a sectorized, translation invariant function on @(24]) s, then
1>~

_ L S

(fzj{'2f4) in = (il,m,i4))>:jl,,zjr,f0’"“”11’ e € {0 L Iy = e =7

we set f;;j, = fgj,j;j,.
iv) If f is a sectorized, translation invariant function on (2) %j)4, then
I35, (Lo, (02),(,09),(on) = (f((-,al),(-,oz),(~,os),<~,a4>)>

DY

foralloy,--- ,04 € {1, )}
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Remark 1.18. Let K and H be sectorized translation invariant functions on Qj(éi) 5. and

10
g’_)r 5 respectively. Let P be a bubble propagator. If the Fourier transform

4 4

—_(—1\]

/ [T dx, [T e V"Rt Pxy, x, 23, )
n=1 n=1

of P is supported on the max{j{, i} neighbourhood, then

[K.POH] =K}:./,Z/./.P.HE-/,EI-/'
i Ut Iy Jr

20
h

7. Compound Particle—Hole Ladders. Define, for any set Z and any function K on 24,
the flipped function

K/ (21,22, 23, 24) = =K (21, 23, 22, 24). (L5)

Definition I.19. Ler F = (F @ FO .. ) be a sequence of sectorized, translation
invariant functions F® on (@%)4 and v(k) a function on Ml such that |v(k)| < %|1k0 —
e(k)|. We define, recursively on 0 < j < 00, the compound particle—hole (or wrong
way) ladders up to scale j, denoted by L) = £,()j)(F), as

£ =o,

It = £ +3 (F+d) + L7 ecW e c 0 (F4 £y + 7)),

where F = Z{=2 Fg/) and the £ term has £ bubble propagators C)) :C(Cl(,j) , C,SEJ-H)).
Observe that LV = L®) = 0.

Theorem 1.20. For every ¢ > 0 there are constants po, const ' such that the following
holds. Let F = (F @ FO ... ) be a sequence of sectorized, translation invariant spin

independent* functions F¥ on (2)%,)4 and p = (p@, p®,--.) be a sequence of

. 2
sectorized, translation invariant functions p\¥) on ((R X Rz) X E,-) . Assume that there

is p < po such that fori > 2,

IFOly, < Loci, PPls, < 2, pP0.k) =0.

Set v(k) = 372, p (k). Then forall j > 1,
|£,(,j+1)(f?)|2_ < const p* ¢;.
J

' Throughout this paper we use “const” to denote unimportant constants that depend only on the
dispersion relation e(k) and the scale parameter M. In particular, they do not depend on the scale j.
2 “Spin independence” is formally defined in Def. I1.6.
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Remark 1.21. Theorem 1.20 and Theorem D.2 of [FKTf3] are equivalent. If one replaces
the functions F @ of Theorem D.2 of [FKTf3] by 24 times their particle—hole reductions,
then, by Cor. D.7 of [FKTf3] and Remark 1.10, the concepts of compound ladders of
Def. 1.19 and Def. D.1 of [FKTf3] coincide. Hence Theorem 1.20 and Theorem D.2 of
[FKTf3] are equivalent by Lemma 1.16.

Theorem 1.20 will be proven following Cor. I1.24. The core of the proof consists of
bounds on two types of ladder fragments, that look like

e — > Gl \
-
G H ( ) )7
e ~—— —~—~ ~~
—-= Gy

and are called particle-hole bubbles and double bubbles, and a combinatorial result,
Cor. II.12, that enables one to express general ladders in terms of these fragments. The
most subtle part of the bound, Theorem II.19, on particle-hole bubbles is a generalization
of Lemma I.1. The bound, Theorem I1.20, on double bubbles also exploits “volume
improvement due to overlapping loops”. A simple introduction to this phenomenon is
provided at the beginning of §IV.

Ladders with external momenta have an infrared limit that behaves much like the
model bubble of Lemma I.1.

Theorem 1.22. Under the hypotheses of Theorem 1.20, the limit

£(q7 q/, 1,01, 04) = hm LS)])(F)LI in,i3 i4:O((4+%’01),(q—%’62),(q/+%,03),(ql—%v54))
j—oo 12,13

exists for transfer momentum t # 0 and is continuous in (q, q’, t) for t # 0. The re-
strictions tot = 0 and to ty = 0, namely, £(q, q', (19, 0), o1, - - - 04) and £(q, q’, (0, t),
o1, - - - 04), have continuous extensions tot = 0.

This Theorem is proven following Lemma II1.29. Notation tables are provided at the
end of the paper.

II. Reduction to Bubble Estimates

For the rest of the paper, we fix a sequence F = (F @ FO .. +) of sectorized,
translation invariant, spin independent functions F¥) on (Qj%if and a sequence p =

. 2
(p®, p®, -+ ) of sectorized, translation invariant functions p¥ on ((R x R?) x 2,-)

as in Theorem 1.20, and we set v(k) = > 7o, p¥) (k). Denote LUTD = £V (F) and
define the particle—hole bubble propagator of scale j by

cY) = C(Cl(]j), Cl()zj+1)) — Z Cz()il) ® Cl()iZ)t.
Ail.izzl
min(iy,ip)=j

In Def. .19 of compound particle—hole ladders, every bubble propagator C/) has a hard
line of a single specified scale, j. With this description of ladders, one cannot exploit
the cancelation between scales illustrated in Lemma I.1. In Prop. 11.3, we express the
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sum of all compound particle-hole ladders using particle-hole ladders whose bubble
propagators

J2
clni2l — Z cV) = cEiv @ czivt _ czpth o czntht
v v v v
J=h
have an interval of hard line scales blocked together. This then allows us to factor the
ladder into individual bubbles and double bubbles that can be estimated separately.
See Theorems II.19 and I1.20. In the course of the reduction, we analyse the possible

distribution of spins so that the bubble and double bubble estimates can be formulated
in a spin independent way.

1. Combinatorial Structure of Compound Ladders. In this section, we use the following

Convention IL.1. Let K and K’ be functions on (2] s j)4 and (QJE/’/)‘" respectively. Then
' 4
} + K/E on (mzmax(j,j’)) . The

same convention is used when K and K' are functions on (@%1)4 and (@% _,)4.
J

the notation K + K’ denotes the function K,

max{j, max{j, "}

Definition IL2. We define, recursively on 0 < j < o0, sectorized, translation invariant,
spin independent functions LY) | on (Q-ﬁ):j,l)“ by

LO 1O 1@
o
LUh =" Z’ [(F<i.>+L<n>f),Cm).....Cun.(pam)+L<fe+1>f)]

=1 i1,sipg4122
J1se=0

J

where the sum " imposes the constraints
max{ji, -+, je} =Jj im <min{j,—1, ju} forall 1 <m <€+ 1.

Whenm = 1, min{j,,—1, jm} = j1 and when m = £ + 1, min{j,—1, jm} = Jjo,

3 /_)_\ /+\ ———
FU4p G f cUn Fl2) iy () f o o o clo Flet)4p et D) f
———— —_— — —_— — —_—
Observe that LY depends only on the components F® ...  FU=D of F.
Proposition I1.3.
Jj+1

i) LUTD = ZLQ’
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J
ii) r£U+h — i Z I:(F(i') + L(il)f) o Clmaxtiniz},jl o (F(iz) + L(iz)f)

=1 iy, ,ig+1=2

o Clmax{ie,ict1},j (F(lz+1) + LG+ f)]

Zj
| i N |
iii) LVTD = (ZF%’) +cd! +£‘2’j) oCD e (Zng) + ! +£(/+1>).

i=2 i=2
To prove Proposition I1.3, we define
j+1

L£UTD — E Lg).
j
i=0

and verify, in Lemmas I1.4 and II.5, parts (ii) and (iii) of the proposition, but with L£®
replaced by £®). Then we prove that L&) = £®,

Lemma I1.4.

0 J
LU+D — Z Z [(Fo.) + LD T o clmaxtini2)i] o (F2) 4 (2 1)
=1 iy, ,ig41=2
. o Clmaxlivica}j] o (plies) 4 L(iz+|)f)]
J

Proof.

min{ jm—1, jm}

FU+D — Z Z 3 [(Fm) + LN S) o CUD o (FG 4[]

=1 =0 in=2
]1 ‘M 157};75[4»1

0 U o (Flits) 4 L(iz+1)f)]

Zj
=> X > [(F(n) + L0 F) o CUD o (F) 4 102 1)
=1 iy, ,igp1=2 jm:mlax(imz‘m+l)

...C(jz).(F(ie+1)+L(ie+1)f)] O

zj
Lemma ILS.
. / ) ~( 3 ~( . / . ~f ~y .
i LUHD = (ZF(') EPT 4 20) 0 cD o (YoFD + 297 4 297D,
i=2

i=

2
i > . ¢ ] . _ _r
i) LU+ = Z[ ZF(:) vED +£(])) ,Cm} . (ZFSJ) + L9 +£(z]j>-

=1 i=2
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Proof. 1)

min{ jm—1, jm}

LU+ — i Ze: Z 3 [(Fm) + LS el

=1 =1 im=2
i1 jl, 1</ 1 l<m<t+1

./'[/=j

o (F12 4 L@ F) g Clit) o (Flite) +L(ie+1)f)]

J
— — ~ — — ~
= I p eee lp Lyl oo eyl .
S~~~ S~ g \,(/ S~ -
J1 Je=Jj Jr+i

Splitting up the sum according to whether £’ =1, 1 < £/ < £ or £’ = £, we have

J J
1 O 4 1©7) D, O
LY >=[§ (Fy, + Ly, } Ve [E (Fy, + Ly, )}
i=2

i=2
o0 j mln{]m 1, Jm . .
523 TR e
=2 j1..je=0 =2 2<1m—£2+1
=i =m=

.|:(F(iz) + L(iz)f) 02 o... 000 o (F(iul) + L(iz+1)f)i|
X

0o £—1 j—1
R M D S N
(=3 ¢=2 e —0. i1-"~~(,.i[/22_)
im <min{jy, _1,jm

for _m=l:m =1
Lpr=Jjpr_q

oC(fl)...(F(ie/)+L(izf).f'):| o)
Zj

J
X[ ) S (Rl 4 100
Jo 4155 Je=0 igqoriipy122
im=<min{jy, _1.jm}
for m=0/42,- £+1
1=t

oCUvr+D ... (F(il-H) + 1,Ger1) f)]

Zj

—1 min{jp_1,jm} J

1530 Db Sl ol [(LRNTI

=2 ji1,,je—1=0 im=2 i=2

l<m<t

(G ... cle-1) o (R0 4 o) f () o (FO 41O
oC cle1) o (FU0 + L )} oCV e (Fy +Ly")

xj



Particle-Hole Ladders 19

J J
_ O 4 101 ]ect) (i) (l)f
_[Z(sz—i—LZ } C [ZF + L }

i=2 i=2

J
[Z F(z) L(z)f ]oC(/) o fUD
i=2

J
+£~<EJ; o CU) ¢ fUTD /3(2’3 o) o [Z F(z)+L(l)f }
’ i=2
d () W A : @ s
i A A j ! ¢ FG+L
:|:§sz+£zjj +£ij:|.c(/).|:§}?):j+£2]j + LU+ )].
i= 1=

ii) Substituting LU+D = E(E/]) + LU*D into part (i) gives

J J
LU = (M FD + 297 + £)) e o (YR + 297 + £))
i=2 i=2
I L , .
+(ZF§3 +ﬁ(zj,?f +£(ij)) o) o LUFD.
i=2
Now just iterate. O

Proof of Proposition I1.3. By Lemma I1.5.1i,

FUHD _ FO) 4 [ GHD
L
. ) . . . . e s
=LY+ Y (F+ LY+ L0 ) eCW a0V o (F+ LY + L)),
’ (=1 ’ !

where F = Y F and the £ term has ¢ bubble propagators /). Thus £ obeys the
i=2 "'y, propag y

same initial condition and recursion relation as that defining L) in Def. 1.19. Therefore,
they are equal. Hence the proposition follows from Lemma 1.4 and Lemma IL.5.i. O

2. Spin Independence. The following discussion shows how spin independent functions
on (2)%)4 are related to functions on i})é.

Definition I1.6 (Spin independence). Let 3| and 3, be sets and let f be a function on
(31 x {1, 41)7 x (3r x {1, 4))°. Set, for each A € SU(2),

FACon. L Cow) = Z F(Cm) e () Ay oy Aryoy Ary o3 Ary o

f is called (particle—hole) spin independent if f = f* forall A € SU(2).

Remark I1.7. Let F be a four—legged kernel on Xx. If F is spin independent in the sense
of Def. B.1.S of [FKTo2], then its particle-hole reduction is spin independent in the
sense of Def. II.6.
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Lemma I1.8 (Charge spin representation). Let 3) and 3, be sets and let f be a spin
independent function on (31 x {1, ¢})2 X (3r x {1, ¢})2. Then, there are functions fc
and fs on 312 X 3r2 such that

f (1, 01), (22, 02), (23, 03), (24, 04))
= %fC(Zlv 22,23, Z4)801,02803,(74
+fS(le 22,23, Z4)[801,0380'2,(74 - %80'1,02803,0'4]-
Proof. The statement is essentially [N, (1-7)]. The proof is outlined in [N] between
(3-40) and (3—41). For the readers’ convenience, we include a detailed proof.

The z’s play no role, so we suppress them. Then the function f (o1, 02, 03, 04) can
be viewed as an element of C!0 = C2 @ C2Q C2 @ C2and My : f — fAisa
linear map on C'®. The map A > My is a representation of SU(2) on C!6. Denote by
Sy the standard (2n + 1) dimensional “spin n” irreducible representation of SU (2). In
particular, the identity representation A — A is S1,2. Since the representation A — A
is unitarily equivalent to Sj/, the representation A +— M, is unitarily equivalent to
S12® 812 ® S12® S172 = (S0 @ S1) ® (So @ S1) = 280 @ 351 @ 2. Thus the
dimension of the subspace { f € C!¢| f = fA VA € SU(2) } is exactly two. Since

f(al 02,03, 04) - 8(71 (7280'; o4 and f(al 02,03, 04) = 80’1 0380'2 o4 1501 0'25(73 oy arc
two independent elements of that subspace, every f € C!6 obeylng f = fA for all
A € SU(2) is a linear combination of 84, ,5,003,0, aNd 85,63807,04 2501 02003,04- O

Remark 11.9.

Je=FCoD Gt Gt Gad) + (G G, Gabl L)
= (G- CoDCoD D)+ (G D GG G D),
fS:f((ﬂT)v(7‘1’)’(71\)7(7‘1/)):](‘((7¢)7(7T)7(’*L)7(71\))

Lemma IL10. If K is a spin independent function on (3 x {1, | )?*, then
(k') = 3(Kc+3Ks) . (K')s = 3(Ke - Ks)'.
where K7 is the flipped function of (I.5).

Proof.

K7 ((z1,01), (22, 02). (z3. 03), (24, 04))
= —K((z1,01). (3, 03), (22, 02), (24, 04))
= —1Kc (21, 23, 22, 24)801,03000,00 — K5(21, 23, 22, 24)
X [861.03803.00 = 3801.0380,04]
= K{ (21, 22. 23, 24)8ay.0r80y.04 + (KL — K{) (@1, 22 23 20801, 03802.0
= HKL +3KY) @1 22. 23, 24)801.0003.0

+%(K£ - Kf)(m,zz, 13, 24)[301,a3302,a4 - %501,02503,04]- =
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Lemma IL.11. If H' and K’ are spin independent functions on (2)%)4 and P is a bubble
propagator; then

(HePeK)c=H.oPoK, (HeoPoK')s=H;oPoKg.
Proof. This lemma follows directly from Remark I1.9. O

Parts (ii) and (iii) of Prop.'II.3, Lemma IL 10 apd Lemma II.11 give a coupled system of
recursion relations for C(Cj), C(SJ ), L(CJ) and L(SJ ).

Corollary IL.12.

L(/+1) Z Z [(Féil) + %Lgl)f + %Lg’l)f) o CImaxfiniz}.jl o

=1 11 lg+|—2

.. .C[max{ig,i(+|},j] ° (ng+l) + %Lg£+l)f + %L(Sll+l)f):| ,

Xj

L(/H) Z Z I:(Féil) + %Lg])f _ %Lgl)f) o CImax{it.iz}.j] o
=1 iy, ,igy1=2
.. o CImax{icict1},j] o (F;iHl) + %L(C{M—I)f . %Lng)f)]Ei'

ii) L(1+1) (Z él)z + 1£(j)f + 3£(J)f +£(cj)z,> o C)
(ZF(Z %‘C(C{)f 3£(])f +L(J+l))

G+D _ (@) (/)f W\ f () j
Lg _<ZFSE +2L¢ £52.1+£52./).C(])
i=2

J
(ZF(Z) %ﬁg)f IE(])f +£(j+1))
i=2

Theorem 1.20 will be proven by bounding each term on the right-hand side of
Cor. I1.12.i. Each such term is a particle-hole ladder of the form

(G(il) + K(il)f) o Cmaxlinio).jl o .. o clmax{ic.ic+1}.j]1 o (G(ilJrl) + K(iIZJrl)f)’

where G is either Fg )or F S(i) and K@ is a linear combination of Lg) and Lg). This
ladder has rungs (G'") + K@) /) which are connected by particle-hole propagators

Cl-71, The induction step will consist in adding an additional rung to the left of the
ladder. More precisely, we will prove a bound on

(G + K F) o Clii) o

with H = (G(iz) + K@) f) oCImax{iz,iz},jlg. ..o (G(ié+l) + K et f) , assuming bounds
on H. The expression
G o Cliil ¢ 1
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is a particle-hole bubble

~ — -
G H
— ~ —

We will derive the necessary bounds on general particle-hole bubbles in Theorem
I1.19. By Corollary II.12.ii,

K/ ocliil o H = (Ggil) o=l o Gg'))f oCliil o H,

. . i1 i1 _ 4 .
with GY) and Gg) linear combinations of Y F®, 3 Fék), K(C'_l), Eg_l), E(C’_l)f,

k=2 k=2
£y 29 29 1t is a double bubble
> G
S -
{ } o
N
—- Gy

Bounds on double bubbles will be obtained in Theorem I1.20.

3. Scaled Norms. In the induction procedure outlined above the various ladders natu-
rally have different sectorization scales at their left and right hand ends. This was the
motivation for Def. 1.14.

Convention I1.13. Introduce, for scales £, r, the short hand notation
4)
me’r = @E({,Er .

Definition I1.14. For a function f on )¢, and multiindices &, 8¢, 8; € Ng X N2, set

(81,6¢.6r) 1 (81,6¢.6r)
”f”Lr o = MZlS]l-H«SC\max(l,r)-%—r\ﬁr\ |f|26’2cr ’ )
[81,8¢,8:] (81,8¢-81)
|12 = max £,
5I§51
St<bc
5;§5r
(alsa(:s‘sl") 7 — = 7
The norm | - s, was defined in Def. L14. If { =r = j, set
[[s1 (31,6¢,0r)
Y= max e,
81.8c.8r €N x N ’
§1+8c+8r <8

Set
A={8eNygxN} |8 <ro, Si+8<r.}, (L)
A={5=(106,8) € (NoxN2) | 8+ +8 €A, '

where 7, 4 3 is the degree of differentiability of the dispersion relation e(k) and ry is the
number of kg derivatives that we wish to control. The numbers r, and ro also determine



Particle-Hole Ladders 23

the number of finite coefficients in the formal power series ¢; of (I.4). The following
remark relates the formal power series norms of Def. 1.15.ii to the norms of Def. II.14.

Remark I1.15. There is a constant const, depending only on r, and ry such that the fol-
lowing holds. Let f be a sectorized, translation invariant function on Qj%j.

i
115, < [ max1£1P1] ¢;

ii) If there is a number y such that | f |2,- < y¢j, then

|f|[][-8]] < consty forall § € A.

Thus to prove Theorem 1.20, it suffices to prove that

(+D, 181 2 G+ 181 2
max | L 4 < const max | L 4 < const p~.
ax | C |j = 1Y ax | S |j = 1Y

Definition I1.16 (Norms and resectorization). Let £, ¢', r,¥’ > 0. For a sectorized,
. . . . .o g s 3
translation invariant, function f on )y ,» and multiindices § € (No X N(z)) , set

S [8]
|f|” |z

Ifﬁ:r:jandéeNoxN%,set

181 [81,8¢,8:1
18T = max et
61,8C,SI-ENO><N
§148c+8r <8

As in Prop. XIX.4 of [FKTo4], one proves the following lemma, which gives the

effect of changing the scale indices on the norm | - |EZ‘S],

LemmaIL17. Let £ > ¢’ > 1l andr > r' > 1. Let f be a sectorized, translation
invariant, function on Yy, and let 5 = (81, 8¢, 6r) € A. Then

1

IA

[6 6 ,0] [0,8¢,6r] [0,6¢,0]
const{M Mr r’|f|f’ /+MK {/|f| 1, +M’ ,/|f|g/ / T +|f|g/’r;‘ }

5
10

IA

const|f|[, e
The constant const depends only on A.

Proof. Let f be a function on @il,zw X @iz’ze, X Dz zr X @M,gr,. We consider the
case iy =ip =i3 =i4 = 1l and £’ < £, v’ < r. The other cases are similar, but easier.
Recall from Def. 1.17 that,

Sx0, 2, (Gras1), (62,52), (x3,53), (¥4.54))

4
)IEEDD H(dx; XSU(<—1>bv<xu—xc>)) J (5. (co55). (5.59). (xf53))

s,/,eZ({/ s,’)e):r/ v=1
ve{l,2} ve{3,4}
First observe that, for any fixed s1, - - - , 54, there are at most 3% choices of (si, cee, sj‘)

for which the integral | ]—[ﬁz 1 (dx Ks, (¢ ) f () fails to vanish identically, because
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f is sectorized and ¢’ < £,r" < r. So it suffices to consider any fixed s/, - - - , 5. Hence

by Leibniz’s Rule (Lemma I1.21), || fx, =, ||(5]’5°"Sr is bounded by a constant, which
depends only on A, times the maximum of

1
A1 BB Tmax(E.r) 13| 1_[ de/ I (dxﬁ

v=1

— x)P R, (1 (xv—x;))|)

A N
X Dl;lzDMC;M/D3;4f((x; ,s{),(xé,sé),(xé,sé),(xi,si))|

4
~ (1,00, 0r)
M@\slmsdnlmx(@.r)+r\3r\ ( Hl ”x\{}v Xsy (xv)||L|)|f|>$,fx)Sjr
V=

M el +Hloc| max(€/ ')+ ||

4
= T e T T ] ( 1_[1 < %s, (xv)”Ll)”f’ g,achr)
V=

over Xi,s1,--- 84,8, ,s,and u € {1,2}, u' € {3,4} and o, ac, oty and
ﬂv:ﬂv,l+ﬂv,c+,3u,ra v=1,---,4
obeying

/31,1 + o+ ,82,1 =4, ,Bu,c + e + ﬂu.’,c = bc, /33,r + oy + ,34,r =6y,
Bir=PBr=B1=P1=PH.c=0 forvzpu,u.

In particular
€181] + |8cI max (€, r) +r|é| = Llag + B1 + B2l + lac| max(€, r) + rlor + B3 + Bal.

By Lemma XII.3 of [FKTo3],

MBIEify e {1,2)

e o s = comi Vs 0 ¢ 5

(IL.2)

so that

! ! /
M leq|+lac| max(€r)+r"|ar| 1—[ ”.X'Bv N (.X )”
OB 1oc [ max(C.r)+r1or] v Xsy X) |1

M ‘allﬂwlmm‘f’ "Hr ool pgCB1+B2l+r B3+l
M 181 1+18c| max(€,r)+r|or|

1
M(Z—Z’)loq |+ —r")|ar|

A

const

IA

const

and

(31,8¢.6r) 1 (a1, 0c,0r)
(551> [ e = const MAX TPl ¢l f] .5
ac=<dc
or <3¢

and the lemma follows. O
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4. Bubble and Double Bubble Bounds. We now formulate the bounds on bubbles and
double bubbles that form the core of the proof of Theorem I1.20.

Definition I1.18. Leti < j. Then

[i.j 1
cliil = el 4 clil 4 el

ot

where

Ct[(l)sp]] — Z ngl'[) ® Csib)t,
isit<j

ip>j

clil — Z clin @ clint,

mid
i<it<j
i<ip<j

[i,/] i i
i = Y el g e,

ir>]
i<ip<j

Theorem I1.19 (Bubble bound). Ler 1 < i, < j and 8,6: € A. Let g and h be
sectorized, translation invariant functions on 9)¢; and Q); ;j respectively. Then
a)

|g oCliil h|%ﬁo’8‘] < const i max ‘g| Oar]| | Lo, 0. sr].

ar, a]ENOXNz
Jee -+ | <3
b) Forany B € A,
7 | & oDﬂ ct[(’)pl h“(51 08 _ onst ”g”(& 0,0) ”h”(omr ’
51.0.6,) 0.0) 1, 11(0.0.5,)
s | o DAL o BP0 < const [ g] &0 ]

’

i o Clid! o B0 < const 1 — i+ 11 50 ] 0

mid
and for any B € A with |B| = 1 and (u, ') = (1, 3), (2, 4),
C[lﬁj] h” (31,0,6r)

(41.0.0) (0,0.6r)
wCmid e Al

ﬁ”goD <const”g|

This theorem is proven in §III.

Theorem I1.20 (Double bubble bound). Let 1 < ¢ < i < j, v € Ny x Né and
81, 8: € A. Let g1, g2 and h be sectorized, translation invariant functions on g ¢, Ve.e
and 9); j respectively. Let D be either

o
D (1, X2, 53, X4) = 5 Y DY CL (x1, x3)CY™ (x4, x2)

or
o
DY (1 x2. 33, x8) = b > CI(xp, x3)DY,, S (x4, x2).

m=0+1
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a)Ifv+ 68 +a e Aforall |a| <3, then

. s+
< const i /Iy max g1 El %upl
2

aup,adn.aleNoxNO
leeup [+lorp |+1e | <3
}[[Sl'f‘adn]] h [01,0,6:]
i,j

(g1 Do go)! oCli-/l e h|£8;0’5r]

x |g2
b) If v+ 61 € A, then for any B € A,

W”(gl ODng)f .Dﬁ Ct[(l)p/] h||(5105r

<C0“St\/a|g1 0510]| [0510]“]1”(006r7

W”(gui).gz)f.l)ﬁ Ct[)lot] hH(&OS,

< const\/a‘gl (0,41, 0]|g ‘[051 0]”h”(008r .
¢)Ifv+ 8 € A, then

”(gl eDeg) o CliJ] h||(81 .0.8:)

mid
[0 81,0

<COnSt|]—l-|—1|\/E|g1 |[081 ”hH(006r

|22

’

and for any B € A with |B| > 1 and (u, /') = (1, 3), (2, 4),

W”(gIODng)f.DﬁMCI[IIH(Jj h”(6108r

<constf|gl (0,41, 01| [05] 0'||h||(00‘3’,

This theorem is proven in §IV.

Remark. Observe that

[4 ] ()
C( )= Z)O up DO dn*

We use Leibniz’s rule to convert Theorems I1.19 and I1.20 into bounds on derivatives
of geCli-/le i and (g1 ¢ C'O e g5)/ @ Cli"/1 & I with respect to transfer momenta. These
bounds are stated in Corollaries 11.22, 11.23 and 11.24, below.

Lemma I1.21 (Leibniz’s Rule). Let £1, 1, £2,r2 > 1, P be a bubble propagator and
K1, K3 be sectorized, translation invariant functions on )¢, r, and )y, r,, respectively.
Let v € {1,2}, u',v € {3,4} and § € Ny x Ng. Then,

D), (KiePeKy)= Y (ﬁl,gzﬁz)(Dv K)o (Df‘2 P)e (DM K2,
B1.B2.B3eNgxNG
B1+Br+B3=4
) _ S!
Here (4 4, 5.) = mp T

Proof. The proof is trivial. O

Corollary I1.22. Let 1 < ¢ < i < j and §1,68¢,8; € A. Let g and h be sectorized,
translation invariant functions on Qg ¢ and ); ; respectively.
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a)

”g.ct[(l)p] h”(‘Sl R <const|g|[(Sl o 0]|h|[0 +de.0r]

El

||g o Cll[)l()tj h “(61,6&5:‘) < const |g|[5] ,8¢,0] |h|[0 ,8¢,6r] '

b) For u € {1,2} and 1/ € {3, 4},

i,jl 3¢ B B2 Hli,jl B3
D (g 'led ° h) Z (,31 B2, ﬁg)D I3g 'D123Cm1d 'leu’h’
B1.2.B3€Ng XN
B1+Br+B3=dc

and, for all By + B + B3 = &,

mid

D« D« D a5

G-+ O =
= #&El) . +a1|<3 | |[51 JB1, (¥r]|h|[0l1', 3,01 ] =0
el IS s %0

Proof. a) We consider the case of top. By Leibniz,

e [i,j1 _ B ﬁz [i,/] B3
DM;M,(g oCtop ° h) = Z (ﬁu,ﬁz ,33)D 38 o D Ctop D];M/h.
B1.2.B3eNg XN
B1+Br+B3=dc

The desired inequality follows by the triangle inequality, Theorem II.19b and Lemma
11.17, with Dﬂ13g in place of g and D"% ,h in place of h.

b) The first statement is again Leibniz’s Rule By the first statement of Theorem II.19.c,
with Dﬁ‘;3 g in place of g and Df fﬂ,h in place of #,

W ||Dﬁl3g oCliily D‘sz h || (81,0,8r)
< cont =42 ] 57, 40
< const 485 |1 0 D 0
< const Lt M o | “hﬂl’O)M\ﬁm %] (0.83.6)
< const W&rlo Hg“ (61.1,0) | ” (0.83,80)

For the second inequality, we used the variant

”Dﬂl ” (61 o0 = M\SWK

5 o1 (10,0,0]
|D Du3 0,0

|D51 Dﬂl [0 0,0]

const

IA

Ml‘sl"Z = const ||D 3g” (41,0,0)
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of Lemma II.17. The proof of the second case is similar, but with

”g.cllli’ié].huzflj’o’sr)S‘g.c[lj ‘810& —i—\goctlé’p]] h‘[aloar
Hg'Cbl J] ’[Slosr
< const i max |g‘510"‘r ’h‘mOSr

ar,aleNoxN%
orr | +-lo |<3

(by Theorem I1.19.a,b) used in place of the first statement of Theorem II.19.c. The
proof of the third case is again similar, but with the second statement of Theorem
I1.19.c used in place of the first statement of Theorem I1.19.c. O

Corollary I1.23. Let 1 < € <i < jand 8,6, 6r € A. Let g1, g2 and h be sectorized,
translation invariant functions on Qg ¢, Ve¢ and ; ; respectively. Let u € {1, 2},
u' € {3,4} and

g=(g1eCY gyl
a) If 61 + 6c € A, then
||g .Ct[(l)p/] h” (51,6(;,8; < Const\/g |g |H81+5cﬂ |[[6]+8c h| [0,6¢,6r] ,
”g ° C]Elot] h” (51>8L>8r < Const\/a |g1 [&1+3c1 |H81+5<. h| 0 dc,0r]

b)Let By + B2+ B3 = 6c. If 81 + B1 € A, then

|Df! g e D2 ClIl o D hH“‘”‘

n;3 mid
‘[[31+/31]]’ [81+p11 H H (0.83.5) ifBr=0

M\Scu

__const f (J—i+ 1)‘g
- M\ﬂll(J 0 |g1 [[8|+/31]]|g |[[81+f31]]||h||(0 ,B3,3r) if B 0

If o =0and 81 + B1 + o € A forall |a| < 3, then

/32 [i, /] (81,0,8r)
M|5c|1 ||D 3g ¢ D led h“
const  : [&1+B1+oaypll [61+pB1+adnll |, |lo1.B3,6:]
= yBG-o t \/Q max - |gl|( |g2 ¢ h ij .

aup,dn @ €N xNj
leup | +largp [ +leq <3

Proof. a) We consider the case of top. By Leibniz,

D (¢ 0 Ol o)

_ B ©) ﬂ [i,7] B3
- Z (ﬁl B2, /33)D 13(g1 oC .gZ)f D ; Ctop Dljﬂ’h’

B1.82.B3€Ng x NG
B1+P2+B3=dc

DY (geCly/ o h)

_ B (4 ﬁ [i,/] B3
= Z (ﬂ1 5 ﬂz)D (g1 e C¥ e g7)/ o DI 1Cio leﬂ,h.

B1.B2.B3 €Ny x NG
B1+P2+B3=dc
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Substitute C© = ’D(()Zl)]p + D(()K()in. We consider the case of up. Then

[4
D,f;l?’(g1 ° D( )

S ® 82)7 @ DIECET e DY i

top

' g
= (Df;lzgl ° D((),l)lp ° gz)f ° D?gct[épj] ° Df?ﬂ,h,

£
DI (g1 ¢ Dy,

Oyup b g2)f L] D/i23c[l’j] o Dﬁ3

top L h

B @)
= (D3;]2(g1 b DO,up

¢ ¢
=DID MG D) (DEer e D,

¥1 ,yz,y3€N0><N(%
y1+r2+y3=p1

oD% 0) o DICl e DY i

e5)) o DIl e D

The MI}S T || . ||§51.’ 939 horm of each term is bounded by Theorem II1.20.b.
c \J
b) As above, we must estimate the m ” . Hf'j’o’a') norm of terms like
. Y
(Dllg;lzgl * D((),l)lp ° 82)f * Dllg;ZSCr[llﬁ(Ji] * Df;z,yh
and

(D + Dy + D)« DChl oD,

with y1 + 2 +y3 = Bi1. This is done using Theorem IL.20. (In the last case, we write
il = cit ~ il _ gl o
CorollaryI1.24. Let 1 < ¢ <i < j, 1 <r < jandd),0bc 6 € A. Let n € {1, 2}
and W' € {3,4). Let h be a sectorized, translation invariant function on 9); , and let
h = hzi,E_,‘ be its resectorization as in Def. 1.17.i.

a) Let g be a sectorized, translation invariant function on ) ;. Then

1 [i,/] 8¢ 71 (81,0,6;)
———geC  eD’ .k ; < const max
M5l ” mid o5 ”Z,j ozr,oqENoxN%
leer [+leg | <3
[61,0,0] ( j—i+1 [0,6¢,6¢] . [04,0,0]
x |g i M |h|i,r +1 |h|i,r :

b) Let g1 and g» be sectorized, translation invariant functions on e . If 5| + @ € A
forall |a| < 3, then

(31,0,6r)
0

1 () f [i,j1 S g
amer || (g1 0C™ e g2)) oCriy e Dk I
< const+/[g max

aup.adn,aleNoxN%
lep |+lotgiy | +ley 1 <3

|251+C‘up]] |g2|[[51+adn]] (j—i—i—l |h|l[0,5c,5r] e |hil[a1,0,0]>.

x |gl 14 Mi—t i,r i,r
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Proof. We prove part a. First suppose that 4 is a function on QJZE[ X ((R x R?) x Zr)z.
Then, for s3, 54 € X,

W(e o Cos, Coso) = he (7 ® 7).

We have

|(al 10,61
MJ(\s_cmar\)

g.c};;;g].D ] ’”.DSC D‘S'h||(3‘00).

mid

i
M lgeC

Apply Leibniz to fo,ﬂ/Dgf; 4(h o (Xs; ® )2;4)), yielding a sum of terms of the form
DfL D« DI PDE iy 8 1)
with 81 + B>+ B3 = 8. and y1 + y2 + y3 = &;. If B1 + y1 = 0 we apply Theorem I1.19a
and otherwise we apply Theorem II.19¢. The lemma follows from
N 0,0
b o DEF DL Gy @ 72,) [0

< M](|6C h|[-0t19050]

0,0,0
“D/L v D)3/14h . D'B2+V2Dﬁ3+)/3()(s3 ® XS4))| ( )

< MJ(|ﬂ2+V2+/33+V3\)M\/31|l+IV1|r|h [0.5¢,8¢]
< I (Ol =0) gy | 100 5] Brtnl =1,

which is proven in the same way as Lemma II.17 and, in particular, uses (II.2) with
r = j.If one of the third or fourth arguments of 4 lie in momentum space, M, the
argument is similar, except that the corresponding Xy, or Xy, is omitted. The proof of
part b is similar with Theorem II.20 used in place of Theorem I1.19. O

Proof of Theorem 1.20 (assuming Theorems I1.19 and 11.20). Let § € A. By the hypoth-
esis of the theorem and Remark II.15.1i, there is a constant ¢z such that

(i),[81 (1) I8
max | F- max | Fg 1.3
max |Fe’l; < ofp max | F“l; < h- (L3)
We prove by induction on j that
(&) ls1 2 ()81 2 . .
Ianeanlﬁc ;=) <ccp’, IglEaAX|£S ;=) <ccp foralli < j, (I1.4)

with a constant ¢, independent of j. See Remark II.15. By construction L@ = £ =
£ = 0. Now assume that (I.4) holds for some j > 2. We prove that

(+D 81 2
max | L A< . I1.5
max | £§ V[ < ez p (IL5)
The bound on EgH) is similar.

For i < j we have, by Corollary II.12.ii,

L(z) G(’ 1) C(i_l)OGg_zl) L(z) G(z 1) C(i_l).Gggl)
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with

Gg—ll) ZF(I IL(I l)f + 3£(1—l)f +L-(l 1)
i'=2
i—1

G(t—l) Zng + E(l 1)f + 3£(l—1) f —}-C(l),

-1’

i'=2
i—1
-1 _ () L pG=Df _ 1p0- 1)f (*1)
G.Sf,l - Z FSIE,',1 + E['C X ‘c + ‘C :
=2

@i-1) @i i f 1 p(i=1) f (i)
Gs, ZFSE +3 ﬁczi_l —3Lsx ) +Lg -
=2

The hypotheses (II.3) on F and the induction hypotheses (II.4) imply, via Lemma I1.17,
that, when p is small enough and M? is large enough,

—1)|l81 (i—1) 3]
ranean]G i ScEp max|G i ScEp (IL.6)

fori <j,v=1,2.
Remark 11.25. Fori < j,

(l)|[[5]]
i—

| < const clzp,o2 %nax |L(i)|l[.[i]]

max |L | < const c%pz,

SeA

where const is (2 4+ 37012¢) times the constant of Cor. I1.22.
Proof. We prove the remark for Lg). Fix (61, 8¢, 6r) € A. Decomposing

C[l 1,i—1] (C[l 1,i— +C[i—1,i—1]) C[l 1,i—1]

top bot mid

and applying Cor. I1.22, parts a and b respectively, with ¢, i, j all replaced by i — 1, we
have
|G(i_1).c[l—ll 1] G(l 1)|l[5_115016r1

[81.8¢,0] G(ifl) [0.8¢,8:]

< const (14 1) + 3/ ‘)|G(171) i—1.i—119¢c2 li—1i-1

< const (2 4 30 )2 p?. O

Set, foreachi > 1,
o0 = i% max [V, g7 ).
and ‘
KO = F{) 4 1LOf — 119

Then, by Cor. I1.12.,

00 J
£(S]+l) — Z Z [K(il).C[maX{il,iz}ﬂj].K(iz)., . ,.C[max{i(vi(+l}~j].K(i(+1):|

=1 iy, ,ig41=2

We put the main estimates required to complete the proof of Theorem .20 in O
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Lemma I1.26. Let £ > 1 and iy, -+ ,ig+1 < j.
a) For|a| <3and§ € A,

. L . . ,0,6 .
K@D g cmax{iniz},jl g g(@2) o ... o glie+1) F“(') ] < const! (CF/O)E—H ZKI_T] i,
1,

b) For (81,0,8;) € A,

‘K(ll) o Clmaxlinin)jl g g(i2) o ... o flit+1) [61,0,8]

JiJ
< const (c;:,o)u_lt)i2 -+ vj, min {v;, v;,, }.

c)ForO0#£68 e A ue{l,2}andu’ € (3,4}, there are sectorized, translation invariant
functions k', k" on Q);, j such that

s (Y] [max{i1,i2},j1 o ... Gie+1) — "
MﬂalD [(K oC l o e KT )2,-1,2,-] =k +k
and, for all || <3 and all y withy + 6§ € A,
,0, £+1
|k’ l[(lxj "1 < const! (crp) l‘;—T‘ 0, - 04,
‘k// l[?;) 7] < JMj11+l1 const (cF,o)Hl 725} Dj, - D,

d) For (81, 8¢, 8;) € A with |6c] > 1,

‘K([l) o Clmaxtinin)jl o ... o g lic+1) [81,6¢,6¢]

JiJ
¢ +1 .
< const (ch) v, -+ - b;, min {Uil, Vi }
Set i = max{iy, i} and write, for (a1, ac, o;) € A and Qup, Adn € A,
. . F(il) [, e, r ] ﬁ G(ll_l) [[O[up]] G(ll_l) [leeanl
q(ay, o, Oy Qyp, Qdn) = 1 | Ry |i1 i +iyli—1 \ | i—1 | i—1

+|G(ll_1) |[[0¢up]] |G(ll_l) l[[:xjnl]]:l

By (IL.3) and (IL6),

q (a1, ac, or; dyp, odn) < 'Mg,l +i2¢302/li—1 < 2cppoj, 2 7 (I1.7)
for p sufficiently small. The proof of Lemma I1.26 follows

Lemma IL.27. Let 1 < iy,ip <i < j, 1 <r < jand?é,b:, 6 € A. Let n € {1,2}
and ' € {3,4} and loc € {top, bot, mid}. If loc € {top, mid}, set (v,v") = (1, 3). If
loc = bot, set (v, v') = (2, 4). Let H be a sectorized, translation invariant function on

@iz,r-
a) Let B> + B3 = 8 with B> # 0 and either |6)| < 3,5+ 6 € Aoré+6+8 € A. Then

W‘K(ll) Dﬁz ClJJ.Dﬂw Hs. 5 [61,0,6:]

loc iy i liy, j
[0, /33 o]

< const q(5.0.0:8.8) |H Py
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b) Let |61] <3 and $§ + 6; € A. Then

(i1) [i, /] 5 [61,0,6:]
M/|5||Kl1 .CO .D 22* ili,j
0,8,8:] ,0,0
< const max q (81,0, aup+0tan: 81+t 1 +alan) (|H|52 ; + |H|£Z{l] ])
aup,adn,aleNoxN% ’
Jotup |+lergn [+l | <3
c)Let By + B2+ B3 =8 and By + 61, 8, 8¢ € A. Then
1 Bl - (i1) /52 [i,j] /33 [61,0,6¢]
M 181 |D K D Cloc D i2 jliy, j

[0,83,6:]
< const m 6](51,/31 0; 51+f3|,51+/31) }H ;33 .

Proof. Subbing in the definition of K V) and applying Lemma II.17,

[61,0,8:]

B g (i) ,32 [i,/] B3
D) 3K e D2 Ciol" e DY Hy, x|/

loc 1w in»
[81,0,61

i.J
+ const |Dﬂl (G(ll_l) ° C(i|—1) ° G(ll—l))f ° DﬂZ Cll 21 Dﬂ3 /HZ,' s |£51’0a6r]

oc

Br () /32 [i,/] B3
S}DM;3FS1 e D7, Cy D, Hs “E|

1—LJj

We were able to replace Hy,  5; by Hy, x; without changing the e products because

i >ipand CloC is supported in the i™ neighbourhood.
a) By Cor. 11.22.b with 8; = 0 and 6. = & (and, when loc = top, bot, Theorem I1.19.b
with h = =D Hy, 5)
(i) g b2 plij] B (61,08 (i1) |[81.0,01 77[0.83.5]
Mjw |Fg" Dvgzv/cloc ° DI?M/HE,-,E]- |i1,j < const | Fy" | |H|i2,j )
provided 61, 6;,6 € A.ForT =C, S,
(l (i1=1) (i(1=Dyf P2 olijl g pf [61,0,8:1
M/w ‘( eV e Gyl ) e DE Cll e Dl?u’Hzi’Ej i1—1,j

< COHStm ’G(” 1) ilfi]]l‘G(llfl) EIISL]]I H g)’,fs,ﬁr]
by Cor. I1.23.b with £ = i — 1, f; = 0 and 8. = & (and Theorem I1.20.b when

loc = top, bot), provided &, é;, § € A.
b) By Cor. I1.24.a with § = 6, £ = i; and r = j (and Cor. I1.22.a when loc = top, bot)

(1) iJ] 8 [81,0,5:]
MBI |F Cloc .D i X i1,
<const  max |F(”)|810°‘r (12 il [,

ay,areNy XNO
ey +ler[<3
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provided 61, 6;,8 € A.ForT = C, S,

(!1—1) @i1—1) (l1 DyS [i,/] 8 [61,0,6¢]

Mﬂs\ |( oC'"" oGy ) *Cipc @ Di.  Hs, 5, i—1,j
(i1—1) |[&1+eaupll
<consty/l;; -1 max \GT’l |i1—1 P

aup.dn . €No XN%
loeup [+l [+leg <3

X |G¥};1)|E51+adnﬂ(|H [0,5' ] +i |H [en,0, 0])

i1—1 2,] i2,]
by Cor. I1.24.b with §. = § and £ = i1 — 1 (and Cor. 11.23.a when loc = top, bot)
provided & + @ € A for all |o| < 3 (which is certainly the case when |§;| < 3) and

8,0 € A.
¢) By Cor. I1.22.b, with . = § (and Theorem IL19.b with 8 = B, g = —1

MR
Dﬁ‘;3F§'l) and h = M/m3|D/f3/L Hs, 5, when loc = top, bot)
ﬁl (@i1) B2 plinjl B3 [61,0,6;]
M/\B\ D 3 Fg Dv »Cloc Dl;u/HEi,Zj i
j—i+1 (i) |[61,81.,0] [0,83,6:]
< conSt ~ iy |F |i1 |H g
provided 61, 6;,8 € A.ForT = C, S,
1 Bi (i1—=1) (i1—1) (il—l) 52 [i,j] B3 [61,0,6¢]
M |D ; (G o C"'" Ve Gy ) *D,"Cloc Dl;u’Hzi»Ej i—1,j
(i1— 1) [814+B11 (11 1) |[8+p11 [0,83.,4:]
= const MW(; n)v 11—1|G |11 1 |G |11 1 |H|i2,j

by Cor. I1.23.b with §. = 6 and £ = i1 — 1 (and Theorem II.20.b when loc = top, bot
— the Dﬁ‘,3 is treated as in the proof of Cor. I1.23.a) provided §; + 81,6, 6 € A. O

Proof of Lemma 11.26. The proof is by induction on £. We begin the induction at £ = 1.
Observe that, by (I1.3), Remark I1.25 and Lemma I1.17,

max |K 2|1V < cp (IL.8)
SeEA

for all § € A, if p is sufficiently small.
a) By Lemma I1.27.b, with § = 0, §; = « and §; = §, (IL.7), (I.8) and Lemma II.17,

K ) oCl[l 1 o g (i2) [.0.8]
i1,j

i) ([0.0,8] [¢1,0,0]
<const  max q(a,o,aup+adn;aﬂupsamdn)[|K(zz)|l_ + |K(12)| ]
aup,adn.aleNoxN(z) 2
\aup|+\adn\+|l¥1\<3

< consthp Vi, H

for all of loc = mid, top, bot. Observe that o + ayp + aan + @1 € A, since, by
hypothesis, re, rg > 6.
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b) By symmetry, we may assume, without loss of generality thati; > i>. Thenv;, - - - v;,
min {v;, , v;,,,} reduces to v;,. By Lemma I.17, Lemma I1.27.c, with | = B =
B3 =0, (1.7), (IL.8) and part a of this lemma with £ = 1,

(K@ o cl o 1010:0]

JsJ

[61,0,6; [0,0.5]

const | 1) g o] ¢ K2 V| const ‘Kon o Cliil ¢ g0

IA

i,j

] + const ‘K(“) o CliJl o g (12)

1]

ConstU=IED ¢ (5,0,0:81,8) | K ) |,[

[0,0,6:1
Mjfi ..

IA

0,0,6;
2

ij
< const c%;,o2 v, i—f < const c%v,o2 [
: li,j1 — plijl [i,/] [i,j1 -

c) Substitute C*/!' = Ci5" + C iy’ + G into

top

D’ /[(K(m oCliil o K@) ] _ D;SHL/I:K(il) oCliil g K1) ]

el i X igs&j
and apply Leibniz’s rule (Lemma II.21) using the routing which gives Df %Ct[(i)i,j],

D?%CI[:;;(Q] and Dg;C&;tj 1. We define k' to be ﬁ times the sum of all resulting
1

terms having no derivatives acting on K @ and k” to be v times the sum of all
terms having at least one derivative acting on K @1, Fix any o, o’ and y, '’ obeying,
| <3,y +decAanda’ +y +68 € A. We show

.0, i
|k’ 1[‘11] vl < constcfv,o2 0;, ;—f,
' I1.9
|k// 0,0,v1 _ const ¢ 4=itL 24 i (I1.9)
g = Fop-n PP
and
/’0’ I /’O7 ’ .
50T B0 < comst e p? v, 2. (IL.10)

Let loc € {mid, top, bot}. If loc € {top, mid}, set (v, v") = (1, 3). If loc = bot, set

(v, V") = (2, 4). The contributions to k’ and k" coming from cli-J]

loc Aare

loc

fo_ 5\ ) o B2 plid] 3B ()
Koo = 50m D (pr.p,) K 0 D1 C * Dy K5, 5

B2.B3€Ng xNg

Ba+B3=8
oo 1 ) B g (i1) B2 pli,jl B3 (i2)
e =g 2o (ppmp)DuisK " @ DGl @ DY K 5
B1.B2.B3 €N xNG
Bi+Br+p3=4
1B11>0

We first bound kl’oc. Fix B2 + B3 = 4. First consider B, # 0. Let (&1, 6;) = («, y) or
(@', ). By Lemma I1.27.a,

. - : [61,0,6;]
1 (i1) B2 pli.jl B3 (i2)
— | K1 QDV;V,C .Dl;u’Kziz»Ej

[0,83,6¢]
Milsl loc i

_ < const ¢ (5,0,0:,8)| K 2],

i1,j
i

< const C2F,<)2k1,-l e
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Next consider 8, = 0. By Lemma I1.27.b, with §] = « and é; = y,

; [@,0,y]
B2 plisjl /33 (i2)
MJ\E\ K@ .Dv »Cloc - @D K>:2 Ziliy
; [@.,0,¥]
@) '/] (i2)
MJW K™ o (il 0 DY, /Kz,-z,zj i,j

; 0,8, 0,0]
< const max q(a,o,aup+adn;a+aup,a+adn)[\K(zz) |:[ 7] + |K(zz)| [, ]
aup.adn,aIENoxN% 2

locup [+t dn |+\a1|<3

< consthp v, # 7

and
| KO 0 D2l -D'f;f ;'f;z o
< const ﬁ ‘K(il) C[l 1 ’K)(:ilzz),z l[:):(;,y ]
+const —— M! = M/W K@ .C i J] .Dg K)(:llzz),z l[tlx’/],‘O,)/’]
ottt 2

[0,8,']

i+1 y
+const £=3L q(a 0,00/ ,cx )|K(12)|12’

M/ i]
=< consth,o v;, # R

In the first step we applied Lemma II.17. In the second, we applied Lemma I1.27.c
with 81 = B2 = 0, B3 = 8, 8| = &’ and §; = y’. In the third step we applied the
conclusion of the last estimate and Lemma II.17.

To bound |k” | with 81 + & + 8 € A observe that, by Lemma I1.27.c, for

31
loc| 1,J

311/31+/32+,33—5With/31 # 0,

; [61,0,6:]
131 i) o B plisjl /33 (i2)
MJ\S\ D K " Dv v/cloc D KE 2 i, j
[0,83,6;
< const mq(& B1,0;61+B1, 81+ﬂ1)|K(l2)|12 f3 ]

ii+1 2 02p: &
< const £ e CEP O P

Setting (81, 8;) = (0, ), we get the k" estimate of (I1.9). Setting (81, §;) = (&', ')
and using Lemma I1.17, we get the k"’ estimate of (I1.10).
When ¢ = 1, part c follows from (IL.9).
d) Again, we may assume, without loss of generality that i{ > i>. By part ¢ and (II.10),

[61,0,6¢] |k/ [61,0,61

| [61,0,8,1
JsJ J2J

+ |k//

M/\Sd

5 (i) - plisj] (i2) ]
D [K o(C 'KE,-Z,E_,

IA

const cF,o v;,.

This finishes the case £ = 1.
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Induction step. We assume that the lemma holds for £ — 1. Write
KD o Cli/]l ¢ KU02) o ... ¢ Klit+) — k(i) o lii] o F

with
H = K@) o clmax{iz,iz},jl o ... o glie+1)

Set
G = const! ™! (c;:,o)‘Z 0, 00,

The induction hypothesis applies to H. So, for all |o| <3 and § € A,

|H [2,0,4] < gl l(+1
i2,] - i
Furthermore, for each 0 £ 8 € A, u € {1,2} and i’ € {3, 4}, there is a decomposition

oD Hy, x; = i, o+ b

Mildl 5 NTS u,
with, for all |¢| < 3 and all y withy + 4§ € A,
,0,y] igg1
|h5uu|lzj SmT’
Vi [0,0,y] Jj—iz+1 [
S»M,M’|iz,j = i Y i
In particular,
|H |00 < pgpita
lz,j 1)

for 8. + &, € A.
a) By Lemma I1.27.b, with § = 0, §| = « and é; = 4, (II.7) and Lemma I1.17,

K0 ¢ cliil ¢ g% - , [e,0.3]
. eH|  <const max g (e.0.cup+aanietou.aten) | HI;
i,J aup. gy €Ng xNj

loup [+lorgn [+ [<3

< constcrp vj, 2y “‘+‘ < constcpp v;, T ’“:‘

b) Again, we may assume, without loss of generality that iy > iy11. Then the factor

constt (cF,o)”ltJi2 -+ b;, min {U,-l, t’ie+1} in the right-hand side of the statement

reduces to const cr p v;,*0. The remainder of the proof is virtually identical to that
for ¢ = 1.

¢) Substitute Cl-J1 = C i ]] CI[TIHZI + Cl[)i(;tj] into

D’ /[(Km) oCliil o )

. ] — DZ;M[K(“) o Clisil o Hz,-z,z,-]

i)

and apply Leibniz’s rule (Lemma II.21) using the routing which gives Dﬁ 2 Ct[(l)pj ],
Dﬂ 2 CI[I’ué] nd Dﬂ y Clglotj 1. We define k' to be W times the sum of all resulting

terms having no derlvatlves acting on K @) and k” to be ; times the sum of all

M/IB
terms having at least one derivative acting on K 1), Fix any o, o’ and y, '’ obeying,
| <3,y +3d ¢ Aanda’+y’+8 € A. We show

. fet1
|k | < constcrpv;, U T

11]
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[0’0’ ] L. +1 .
’k//|il’j Y1 < constcp ]Mj-l_,»l Ja Q]l[l—Jlrl (IL.11)

and
W[ 07T k|07 < consterp o, L (IL.12)

1]

Let loc € {mid, top, bot}. If loc € {top, mid}, set (v, v") = (1, 3). If loc = bot, set

(v, V') = (2, 4). The contributions to k¥ and k” coming from Cl[(l)cj are

ro_ 1 ) i B2 plisjl B3
Kioe = MIBT Z (/32»/‘53)1((”) ° Dv;v/cloc ° Dl;M’HE"Z'E/"

B2-B3eNg x NG
Brt+B3=d

1 B (i) /3 [i.j] ﬁ
kloc — Ml Z (ﬂl B2, ﬁ3)D LK D 2 Cloc .D ; HZ 2

lzs
B1.82.B3€Ngx NG
B1+Pr+B3=8
1B11>0

We first bound k. Fix 8 4+ B3 = 8. First consider 8, # 0. Let (81, &;) = («, ¥) or
(@', y’). By Lemma I1.27.a,

. . [61,0,5:]
K(ll).Df_zv/C[l-,J].Dﬁz Hs. o b

[0.53.61]
o i < const q(5.0.0:8.8) | H |, ;7

o7 .
M i, j

< constcrp v;, Loy '“‘

< constcrp v, U "i—Y'

Next consider 8, = 0. By (IL.7),

i i j :0,v1
1 () g2 plisl g b3 lo
mIPl ‘K VoD, Coc ¢ Dy M, 3 in.J
i i [0,0,71]
= 1 (i1) o (lisJ] 8
oMb ‘K Vel oDy Hy, 3 inj
[,0,71] [2,0,]
< K(”)QCD e ‘K(H).C’l] /‘
_) (Slull’j 1 61“1'1]'
0,
<comst  max q(a0.auptamiatamp.atom) |y, ‘1[2”1 "

aup,adn‘mleNOXN(z)
locup [+legp [+le <3

[0,0,y]
i2,]

+const g («,0,0;a,0) (j — i + 1)|h3 | M}

41

<constcrp v;; U i

’

since WM < const. The term with A§ , , was bounded using Lemma I1.27.b

with § = 0. The term with Aj | L Was bounded usmg Lemma I1.27.c with 81 = B, =
B3 = 0. Again, with 8, =0,
[e,0.7"] iet1

HEiZ,Ej o < constcrp v;, %T,
JsJ

LK@ oDl o pfs

loc L

as in the proof of part (c) when £ = 1.
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loc ] with §; + 6 + 8 € A as for £ = 1. Observe that, by Lemma
I1.27.c, for all 81 + B2 + B3 = § with 1 # 0,

We bound |k” ‘I[?{,Q,ér

. - [61,0,5:1
1 B1 (i1) B2 ~li,j] B3
M Du;3K .DI,SCloc 'Dl;MfHZiQ,Ej i
j—i+1 [0,B3,8:]
= const WQ(&%,0;51+ﬁ|,51+ﬁ|)|H|[2“/ '

J=ii+1
M1
Setting (81, 8;) = (0, y), we get the k” estimate of (IL.11). Setting (8}, §;) = (¢/, y') and
using Lemma I1.17, we get the k” estimate of (I1.12).

d) Part (d) follows from part (c) and (I.12) asinthecase £ = 1. O

Completion of the proof of Theorem 1.20. We prove (IL.5). Let § = (61, 8¢, &) € A. By
parts b) and d) of the lemma above, for £ > 1,

< const

CFpP Y, Y LAl

i

(5]
JsJ

< const’ (crp)™ v, -+ - v;, min {0i, 0i,, )
Therefore, by Cor. I1.12.1,

‘K(m o Cmax{in.i2)j] g g(2) o ... ¢ g lit+1)

G+n|ll _ & / ¢ e+1 ~
™ <> Y const’ (cpp) ™ by, -+ v;, min {v;, v, )
JoJ =1 iy, igp1=2
2 2 & -1
<constcypp” D ((consth,o) -y n,-2~--n,-{)
(=1

ip,,ig=2

><< %o: min{Uil,t’iHl})

i1,i041=2

Z i, + Z Uiz+1)

o0
< constc%,-,o2 > (const ch)K*I(
(=1 11=i041 11 <ig41

o
< constc%p,o2 @i — Dy < constczF/o2 = crp?,
i=2

when p is small enough. This concludes the induction step in the proof of Theorem 1.20.
]

5. The Infrared Limit. We now turn to the proof of Theorem 1.22, which asserts that
compound particle hole ladders have infrared limits. Define, for each j > 2, ¢ > 1 and
iy, -+ ,1g41 > 2, the function

() . w3 4
£5,il,"'ai£+l M7 x (1)) = C
by
)
££,i1,~-,ig+1

— [(F(il) + L f) o CImax{iniz}.j1 o (F(iz) + L(iz)f) o CImax{i¢ie+1}, 71

(q,q',t,01,-04)

oo (FleD 4 L“””f)] o (@500 5.0.4"+5.09). (6~ o0)-

i1,02,13,i4=
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By Prop. IL.3.ii,

£+

o (@t5oD.(g—5.02),(q"+5,03).(4'— 5 .04)
i1,i2,i3,i4=0

oy ()
=2 2 S @dnon o,

=1 iy, ,igy1=2

Lemma I1.28.
Z Z Sup Sup ‘Sé{i)l,-u’i({_*_|(q1 q/v tvals . 04)) < 0Q.
=1 iy, ,ig41=2 jzmax{iy,,ig+1} ¢.9'.1eM

gie{t i}

Proof. By Lemma I1.26.ii, with §; = §; = 0, and the analogous bound for Egﬂ)

b}

() / ¢ e+ . N
sup 2“15.“ oo (g,q',t,01,---04)| < const (cF,o) Dj, - - - bj, MIn {011, Vi }
q.q' teM
oj et}

uniformly in j. Hence, as in the final part of the proof of Theorem 1.20,

00 00
) ’
Z Z i SHp ‘SZJI»"' et (q.q. 1,01, 04)
: 5 j=max{iy,-,i g’ teM
e=1 g, iy =2/ (UBSRERY, T

o0 o0
< constcfv,o2 > ((consthp)Z IZ Uig"'%)( > min{nil,niw})

=1 g, ,ip=2 i1,ig41=2

< const ¢3.p” Z(consthp)l_l( oo+ Y "im)

6— i1 =141 i <ig41

<consth,o2 Z(l— Do < oo,
i=2

when p is small enough. 0O

Lemma I1.29. Fort # 0, the limit
Ef,il,ﬂ',i(+] (‘Z» qlvtao—la "'0—4) llm '22]1)1 IHI(‘I, q/atao—la .0.4)

exists. The limit is continuous in (q, q’, t) fort # 0. The restrictions tot = 0 and to ty =

0, namely, £¢;, ... 1,11 (@, q, (t0,0), 01, ---04) and Ly i, ... iy, (g, 9, (0, 1), 01, - - - 04),
have continuous extensions tot = Q.

Proof. Tt suffices to consider separately the spin and charge parts, in the sense of Lemma
L8,0f &) i (q.q.1.01,--05). Wedenotethem £, ; . (q.q'. 1) with X =

»1e+1 50 Lo4]
S, C. The existence and continuity of the limits when ¢ # 0 shall be proven in Lemma
111.29.

Recall that the bubble propagator CI-/1 has momentum space kernel

li, /] v<>”(p>v<>'><k> v(>'+”(p>v<>'+‘><k>
CHp. k) = [ipo—¢ (D) Tiko—¢ (R
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where ¢/ (k) = e(k) — v(k). Define the model particle-hole bubble propagators

o _ vEEED©)[1-v; (e()v) (e(k)]
Aij (P k) = — Gt —e®l (IL13)
Bii(p.k) = VED (p)vED ()[1—v; (po)v; (ko)]

1Lj\P>K) = po—¢ (PIiko—®1

where
o
vj(w) = Z v(Mz’"a)z)
m=j

with v being the single scale cutoff introduced in Def. 1.2. Let
AL i i@ 0 10) = [KY @ Amangicy i 0 K3 @+ @ Amaisin)
'K§(i])]i1,iz,ig,m:o(‘1+5"1*%"1/+%"1/*%)}t=0
and
BY) . . i @4 = (K" © Braxiippr.in).j o K§ o

() / /
*Bnaxi.ir).; ® Ky’ ]11,i2,53,,’4:o(4+%"1—%»q +5.4 —%)|;O:()’
where K)((i) is Féi) + %Lg)zf_.— %L(S’)E{ when X = § and Fg) + %Lg)zjj + %Lg)z{ when
X = C. By Cor. II1.31 the differences

) ’ ) ’
EX,K,iI,"-,iul (4.9, (10,0)) — AXZ,iHl,'“,il (4.4 1)
and ) ()
J / J I
Exj,il,... gt (g.9,(0,¢t) — BXK,iuhm,il g.q9,9

both converge to zero for all # # 0. The bounds on the |K gm)lim
II1.31 are provided by (IL.8) with § = 0.
()
B

That lim AY) (¢.9'.10) and lim By,. . (q,q,t)existand are con-
j—00 j—00 ALt le4]

’s required by Cor.

sim

XUy, ,ig41

tinuous at¢# = 0 is proven using Lemma B.3 inductively on ¢, with I/ = F, the full Fermi
surface. For the induction step from £ — 1 to £, set z = (g, ¢’) and use

itk t0,2) = Ky g+ 5.0 = 5kt 5.k = Doy
w vED (k + t)V(Zi)(k)Aéj_)l,il,w,i(z (k.q', 10),

vk t.2) = Ky V@ + 5.0 = 5k + 5k = g
x vED ke + WERBL, kg ),

nj(w) = vi—1(@][1 —v;)?],

i = max{igy1, e}

Also fix some 0 < R” < 8, and use R = R’ + %(N— N’y and 8 = R" + zzlﬁ(ﬁ—&”).
O
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Proof of Theorem 1.22. By the Lebesgue dominated convergence theorem and the uni-

form bounds of Lemma II.28, the existence of the limit lim and its continuity for
J—>00

t # 0, as well as the existence and continuity of the limits lim lim and lim lim

tp—0 j—o00 t—0 j—>o00

applied to LU+  ((g+hon.(g=5.00).(q'+5.03),(¢'~ 5 04)) follow from the corre-
i1,i2,i3,i4=

sponding properties of £éji)| i (q.q',t,01,---04), for £ > 1and iy, --- 111 > 2.

These were proven in Lemma I1.29. O

II1. Bubbles

The bulk of this section is devoted to the proof of Theorem II.19. Parts b and c, refor-
mulated as Theorem II1.9, are relatively easy to prove. To do so, we fully decompose

J
cli-jl — Z Z Cl()ml) ® Cl(sz)t’ (II1.1)
=i myp.mpeN
" lmin(lml,zmez)gm

and bound each term naively to achieve ordinary power counting. The factor j — i +

J

I = > 1 in the first statement of part ¢ is a reflection of the marginality of four—
m=i

legged diagrams in naive power counting. When power counting bubbles with propagator

. j J )
Dﬁ’M,C[’J], |B] > 1, the sum )_ 1 is replaced by Z_M“S‘m < const M!PlJ/ which is

m=i m=i

L on the left hand sides of parts b and c. In the 8 = 0

cancelled by the factors ik

J
statement of part b, naive power counting gives Y, > M —@=i) < const.
iy=iip>j

The proof of Theorem II.19a, which follows Theorem III.15, relies on two distinct
phenomena, volume improvement for large transfer momentum and a sign cancellation
in momentum space for small transfer momentum. The mechanism underlying the sign
cancellation has been illustrated in the model Lemma 1.1 and is fully implemented in
Theorem III.15.

We now sketch the idea behind volume improvement. To unravel the sector sums of
the e product of Definition 1.8, we define, for any translation invariant functions K on
9% x (R x R?), K’ on (R x R?) x Y%, and bubble propagator P,

K o P(y1,y2,x3,x4) = /dxldxz K(y1, y2, x1, x2) P(x1, X2, X3, X4),

PoK'(x1,x2,y3, ya) = [dx3dx4 P(x1, x2, x3, x4)K'(x3, X4, y3, y4).

If at least one of yi, y2, y3, yaisin (R x R?) x T or (R x R?) x ¥/,

K o K'(y1, y2, 3, y4) = /dmdm K (y1, y2, x1, x2)K'(x1, x2, y3, y4).
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On the other hand, if all of k1, k2, k3, k4 are in M, K o K'(ky, k2, k3, k4) is determined
by

K o K'(ky, ko, k3, ks) (2m)*8 (ki — ko — k3 + ka)
=/dX1dX2 K (k1 ka, x1, x2) K'(x1, x2, k3, ka)

or equivalently, by

x3-n=0

K o K'(ki, ka, k3, ka) = /dxn K (ky, kz, x1, x2) K'(x1, x2, k3, ka) |

for n € {1, 2}. Then, for the functions g and /4 of the theorem,

(g0 C" o h)(y1.32.5.4)
= Z 8 (. y2. (- un), (- ,u2)) © CHIY o B((- 010, (- v2),v3,34). (I11.2)

uy,un€L;
V1,0 €L

Consider the case in which all external arguments y, - - - , y4 are momenta ky, - - - , k4.
Then

(g0 Cl o h)(kikoks k) = (27‘1—)3/d3pd3k D Sk pth) gk ko (poa). ()

up,up€L;
v,V €L

xCUI(p, k) h((poon). (kv s ), (I1.3)

where

J
cilpy=3" ) C"mC K.
m=i my.,myeNy

min{m,myp}=m

In order for Cl»/1(p, k) to be nonzero, one must have p and k in the i neighbourhood.

In particular, p and k must lie within a distance C(z)vlﬂ of the Fermi curve F. Furthermore,

i

by conservation of momentum at the vertex g, the “transfer momentum”
t=ki —k

is equal to p — k. Thus, the set of pairs (p, k) for which the integrand of (IIL.3) does not
vanish is contained in

[ (k, p) € (suppCEN)* | p—k =1},
For each fixed large t, the volume of
{pesuppC=) |p—tesuppC=) } =suppC=) N (t+suppC=))  (IIL4)

is very small compared to the volume of supp C =%, as the following figure illustrates.
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F+t

In naive power counting, the volume of the set (III.4) is bounded by the volume of
supp CZ9, yielding a relatively loose bound. There is a similar volume improvement,
when, for example, the external arguments y; = (x1, s1) and y» = (x2, s2) lie (R X
Rz) x % and the sectors s; and s, are widely separated. For a more detailed discussion
of this volume improvement in perturbation theory see [FKLT2].

A critical factor in determining the size of the L'~L% norm (in position space) of
the bubble

~ — —
8 h
— ~— —~——

are the decay rates of its various components. We have arranged that the kernels, g and
h, have very high decay rates and can be thought of as local objects. Consequently the
overall decay rate of the bubble is determined by the higher of the decay rates of the two
lines. That is, the lower of the scales of the two lines. As a result, we can control at once
all contributions to the bubble with the higher scale running all the way from the lower
scale to infinity.

We now give a somewhat more detailed technical outline of the contents of this
section. By sector counting and relatively simple propagator estimates, the volume im-
provement effect can be implemented for all summands

cm — Z Cl(,ml) ® Cl()mZ)t

my,myeNq
min{m,my}=m

of (II.1) for which # is small compared to the transfer momentum. Sector counting
is made precise in Remark II1.12.ii and Lemma C.2. The basic propagator estimates
are stated in Appendix A and are adapted to the present situation in Lemma III.14.
Lemma III.11 shows how one can combine sector counting and propagator estimates on
quantities like g @ C'™ e h. The resulting estimates turn out to be summable over those
m’s for which ﬁ is smaller than the transfer momentum. This is used to prove parts
(b) and (c) of Theorem II.19 (which are reformulated as Theorem III.9) and to reduce
the statement of part (a) of Theorem II.19 to the situation of transfer momentum smaller

than [;.
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The situation of small transfer momentum is treated in Theorem III.15. To estimate
g oCl-/1 e h when the transfer momentum is small compared to [}, we replace C'+/! with
a model bubble propagator M with a factorized cutoff similar to that of Lemma I.1. In
Prop. II1.27, we use a position space bound on M (which is proven in Appendix B) to
estimate g @ M e /1. Propositions I11.19, II1.22 and II1.24 use sector counting and simple
propagator estimates as above to bound g e (Cl"/1 — M) e .

The results Lemma II1.28 through Corollary III1.31, of the final two subsections, are
used in the proof, in Lemma II.29, of the existence and continuity properties of the
infrared limit of ladders.

Before we implement the program outlined above, we introduce some notation, prove
some utility lemmata and reformulate Theorem II.19 in terms of the new notation.

Let

9 = M U(R x R?)
be the disjoint union of the set, M, of all possible momenta and the set, R x R2, of all
possible positions. We consider ) as the special case of the space )y, of the introduction,
with the set of sectors ¥ = X, where ¥( contains only a single element, namely all
momentum space, M. In particular, as in (1.2), 934 is the disjoint union

4
Y= L i xDi x Vis x Vi,
i1,i2,i3,i4€{0,1}

where 9o = M and §); = R x R?. For a translation invariant function f on )%, we
define

1 £1(0,0,0
A= 1715, %
. (0,0,0)
using the norm | - |5’ of Def. I.14. Concretely,
=32 swp 1l
i1,i2,i3,i4€{0,1} 21334
with iy =0
Here, the v argument of f is k, when i, = 0 and x, wheni, = 1. The ||| - [||1,00 norm

of Def. I.11 is applied to all spatial arguments of f|(l.1 e ia)

Definition III.1. We define the bubble operator norm of any translation invariant bubble
propagator P(x1, X2, X3, X4) by

G o P o H|

| P lbubble = Sup —————,
.z GIIHIHI

where the sup is over nonzero, translation invariant functions on )*.

This is much like the definition of the norm of a linear operator on L? (R"). We now
show that this bubble norm can be bounded by a norm that is reminiscent of the L' — L™
norm on the kernel of an integral operator on L? (R").

Lemma IIL.2. Let P be a translation invariant bubble propagator. Then

| Pllbubble < min{ min sup /dyn sup | P(x1, x2, ¥1, y2)l,

n=1,2x; x, Ya

min Sup/danUPIP(M,XLY1,y2)|},
n=12yy, Xii

wheren =2ifn=1andn =1ifn = 2.



46 J. Feldman, H. Knorrer, E. Trubowitz

Proof. Let cp be the right hand side of the claim. We must prove that
IIG o PoHIl<cp IGINIAII

for all translation invariant functions, G, H on 2)4. It suffices to consider G and H
obeying
G= Gi(il,iz,l,l)’ H = Hi(l,l,ig,i;;)

for some iy, io, i3, is € {0, 1}.
First consider the case i1 = iy = i3 = i4 = 0. By definition,

G o P oHki, ks, ks, k)
< /d3x2 Py dPys |G (k1. k2, 0. x2)] PO, x2, y1, v |H (1. v, ks, k)|

= Gl Sup/dyl dyz [P (0, x2, y1, y2)| [H(y1, y2, k3, ka)|

X2

<Gl Sup/dyn [SUPIP(O,XL)/LM)I]/dYﬁ |H(y1, y2, k3, ka)|
X2 Y

< G IA] SUP/dyn sup | P (0, x2, y1, y2)I. IL5)
X2 Y

The other bound is achieved in a similar fashion, starting from

|G o P o H(ki,ka, k3, ka)|
< [d% d*xa d’yy |G k1, k2, x1, x2)| | P(x1, x2, 0, ¥2)| |H(0, y2, k3, ka)|.

Now consider the case in which at least one of i1, i2, i3, i4 is one. Pick any £ €
{1,2, 3,4} with i; = 1. Then, by translation invariance,

sup  sup / 1T dw |GoPoH(y1,y2,y3,y4)|

ye yveM v=1,2,3.4
v=1,2,3,4 with iy=1
with iy=0 and v#L
<sup sup [Tdyw  [1dx|GOi,y2, x1, x2) P(x1, x2, %3, X4) H (x3, X4, ¥3, ya) |
Ye o oyweM Jwv=1234  v=1,2,3,4

v=1,2,3,4 with iy=1
with ipy=0 and v#{

= sup ITdyw Ildxy |G(Y17yz,xl,xz)P(xl,xz,xs,x4)H(x3,x4,y3,y4)\w=0
yveM v=1,2,3,4 v=1,2,3,4 :
v=1,2,3,4 with iy=1
with ipy=0 and v#¢{
= sup [Tdyw [ldx |GG, y2.0,x2)P(O, xz,)€3,)€4)H(X3,)64,y3,y4)}yl=,xl
ypeM v=1,2,3,4 v=1,2,3,4
v=1,2,3,4 with ip=1
with ip=0 and v¢
= sup [Tdyy Tldx |GO1.y2.0,x2)P(0, x2, x3, x4)H (x3, x4, 3, y4)|
weM Jv=1,234 v=234
v=1,2,3,4 with iy=1
with iy=0
<Gl sup sup [ [dys T[] dxy|P(O,x2,x3, x4)H(x3, x4, y3, y4)|
yweM  x2 v=3,4 v=3,4
v=34 with ipy=1
with iy =0
<Gl  sup Sup/dx3 dxg [P0, x2,x3,x4)| | T1dyy |H(x3, x4, 3, y4)|. (I1L.6)
yyeM  x2 v=3,4
v=3,4 with ip=1

with iy=0
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For the second equality, we made the change of variables y, — y, +x1, foreach v # £
with i, = 1 and the change of variables x,, — x, +x1, foreachv = 2, 3, 4, and then used
translation invariance of the three kernels. This replaces “y, = 0” by “y, = —x1”. For
the third equality, we made the change of variables x; — —y,. Now we may continue
asinthecaseij =ip =i3=i4=0. O

Our bubble propagators are typically of the form P = A ® B! with translation
invariant propagators A and B. If A is atranslation invariant propagator, we write A (y—x)

in place of A(x, y). With this convention the L 1_1% norm of Definition .11 reduces to
the L' norm |A[l.1 = [|A(y)| dy.If P = A ® B', then

X1~ ~ )1

Py, x2, y1,52) = At —x1)Bxa —y2) = v

and, by Lemma I11.2,
I P llbubble < min {[[AllzlBliz1, |Al LI Bz} (IIL7)

Given any function W (p, k) on M2, we associate to it the particle—hole bubble propagator

a3 3 _ —
Wrtoxn102) = [ 2k ok Wip kel g

— / (51;;3 (121:;3 W(k +1, k)ez<k,x|7y1+y27x2>_ez<t,x17y1>_
(IIL.8)

p
—

\];_/

Here k is the loop momentum and t = p — k is the transfer momentum.

Motivated by the introduction to this section, we often treat small and large transfer
momenta differently. To isolate a specific set of transfer momenta, we use a function
R(t) on M that is supported there.

Definition IIL.3. Forany function W (x1, x2, y1, ¥2) and any function R(t), with Fourier

transform Ié(z), we set

Wr(x1, x2, y1, ¥2) = /dZ W (x1, X2, y1 — 2, y2 — 2) R(2).

If W(x1, x2, ¥1, ¥2) is associated with W (p, k) as in (IIL.8), then Wg(x1, X2, Y1, Y2) is
associated with

Wgr(p, k) = W(p,k)R(p — k).

Lemma IIL.4. Let A and B be translation invariant propagators and R(t) a function
on M. Then

I(A ® B )Rllbubble < RGO 1 min {[|ACO) Lo | B 1, A1 1B L}
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Proof. By Def. 111.3,

(A® BYR(x1, 2, y1, y2) = fdz Ay = x1 = B2 — 2+ 2) R(2).

By Lemma III.2,

(A ® B")Rlbubble < Jmin - sup

X1,X2

/dyn sup [(A ® B ) g(x1, x2, y1, y2)|.
Vi
We treat n = 1. The other case is similar.

sup fdyl sup [(A ® B")g(x1, x2, y1, y2)|

X1,X2 y2

< /dyl sup/dz |A(y1 —2)B(—y2 — 2)R(2)|
»

< 1B f dy1 dz |A(y — DRE)|

— 1Bl A© I IR O

Remark II1.5. Define, for any function R(x), the bubble operator

Or(x1,x2, y1,y2) = R(y1 — x1)8(x2 — y2 + y1 — x1).
Then, for any bubble propagator W,
Wo Or = Wg.

1

Replacing g by D‘i"zg and & by WD?{ 4B in Theorem I1.19 reduces consid-

MUl
eration of the norm | gel Uil g h |E,5']TO’8T] toa | . |20’j0’0] norm. Therefore, we introduce
the short hand notation
Definition I11.6. For f a function on ), ;., set
. [0,0,0]
‘f‘ilsir - ’f‘ilsir ’

With the reduction to §; = 8, = 0, indicated above, Theorem I1.19 becomes bounds

onthe | - | ,.; morm of quantities like g o Cli-j1 o h. For the rest of this section, we

fix £ > 1 and consider, more generally, | - | ¢, DOrms with r > j. The | . | ¢, horm
of a function f is obtained by fixing all argunients that lie in M and the sectors of all
arguments that lie in (R x R?) x X or (R x R?) x %, and taking the || - |[l1,00 of the
result. The transfer momentum ¢ is determined by the momenta and sectors of the last
two arguments of f. This motivates the following

Definition II1.7.

i) Let R, = MLUX, be the disjoint union of the set M of external momenta and the set
Y, of sectors of scale r.
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i) Let k1, ko € Ry. The subset k1 — kp of Ml is defined by

{k1 — K2} ifKky, ko € M
ke — {Iq—kz|k2€l(2} ifki e M,kp € Iy
! 2= {kl—K2|k1€K1} ifk1 € X ko €M

{kl—k2|k1 EK[,szKQ} l'le,IQEE,
iii) Let f be a function on Q¢ » and k1, k2 € Ry. Then

max su o (31.y2.61.%2)
i1,ir€{0,1} fﬁi‘fl i,?,ie,,g:ﬂo |||f|(l1,zz,0,0) V15Y2,K1,K2 |||1’00

ifkl,kp €M

max su - (y1.v2.k1, (x4.,k2))
i T T8 2 Wl ol

if/qu,KzeE,

max sup | £ i, 100Gl o

i1.0 SVEXY o eM
i1,ip€{0,1} i iU:lifviv:O

11y e

iflqEE,,IQEM

max  sup ||| f|.; ; (71,72, (x3.K1), (x4,K2))
i1.ire(0.1} SvEZe .,WEM||| |(11112,1,1) |||1,oo
if iv=1if j,=0

ifki, k2 € Xy

Here, we use the decomposition of (1.2) and, forv = 1,2, y, = k, ifi, = 0 and
w = (xy, 8v) ifiy = 1.

Remark 111.8. For a function f on 9y ,,

54! su + su + su + su }
7oy =4 500 1 hiyse 30 Ul + 500 17+ 50 [,
o EXy kyeM
We now state the reformulation of parts (b) and (c) of Theorem II.19. Recall the decom-

position
[i,j1 _ pliJ] i, jl [i,]1
Cl=Ciop +Cria + Coos

of the particle—hole bubble propagator Cl»/1 with

C[i’j]z Z C]Sit)@cl()ib)t’ Cl[rl;lcll]: Z C](fz)@cl()ib)l, C}E’(;t!]: Z C,Si’>®C,Sib)t,

top
isit<j i<it<j it>]
ip>Jj i<ip<j isip=j

and recall from (II.1) that
A=]8eNgx N |8 <ro 81 +8& <re},

where r, + 3 is the degree of differentiability of the dispersion relation e(k) and rg is
the number of k( derivatives that we wish to control. The following theorem collects
together a number of bounds that can be proven by relatively simple power counting
arguments, without exploiting cancellations between scales. These will suffice to prove
parts (b) and (c) of Theorem II.19.
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Theorem IIL.9. Let 1 <i < j <rand{ > 1andlet g and h be sectorized, translation
invariant functions on )¢ ; and ); , respectively. Let k1, ko € &j.

i) Forany B € A,

ﬁ”g ° D/f,3c[i’j] ° h”/q = const |g|e,i |h|i,r’

tOP ) K —
ﬁ ”g i D2ﬂ,4clgl(;tl] b h”lq,l(z = const |g|£,i |h|i,r'
ii)
o Cid @ 1, , < constlj =i+ 11 [g], |1l

and forany B € A with |B| > 1 and (i, ') = (1, 3), (2, 4),

g oD’ /C[i’j] ° h”

,p’ mid = const }g|€,i }h|i,r'

M|5|] K1,K2

The constant const depends on e(K), M and A, but notoni,t, j,r, g, h, k1 or k.

The proof of Theorem III.9 follows Lemma II1.14.

Proof of Theorem I1.19b,c (assuming Theorem II1.9). As pointed out above, we may
assume without loss of generality that §; = §; = 0. Then parts (b) and (c) of Theorem
I1.19 follow directly from Remark III.8 and parts (i) and (ii) of Theorem III.9, with
r = j, respectively. O

We shall decompose bubble propagators W = Y7 _. > L5265 Wy(lm 32 with m being
the smaller of the scales of the two lines of the bubble propagator and s1, 57 being sectors
on the two lines. The following lemma provides an estimate on the norm of W, with
some external momenta specified, using a term—by—term bound on this expansion.

Definition II1.10. For any subset d C M, let R(d) be the set of all functions R(t) that
are identically one on d.

Lemma IIL11. Let | <i < jand{,r > 1. Let k1, k» € R, and g and h be sectorized,
translation invariant functions on Q)¢ ; and 2); , respectively. Let W be a particle—hole
bubble propagator whose total Fourier transform is of the form

J
WipLki,prk)=Y_ Y. W' (prkiprk) ifpp—kexi—K

m=i §1,5%2€X;,

with Wr(lm“q)z(pl, ki1, p2, ka) vanishing unless p1, p> € s1 and k1, ko € s2. Then

J
lg oW ehl , <8ligleilhli, Z Z inf | Ws(lms)z & lbubbre
/ ReR(k1—kK2) e
m=i 51:52€Zm
(s1=52)N (k) —K2)#0
J
AR (m)
= 8ligleilhli,r Z Z ” W2 ”bubble'

=i S1,52€Zm

(51 =52)N (K —k)F#P
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Proof. Consider the case in which all of the external arguments of g ¢ W e h are
(position, sector)’s. Fix (external) sectors 01’, 02’ € Ypandcall oy = k1,00 = kp € %)
and d = o1 — o». With the sector names
(71/ ui V1 o
~ I >
8 h
— ~— ——
0'2/ un %) 02
we have

j
goWeh=3 "3 g(C.op.C.op.Cun.Cum)o W 0 (0.2 on.(-.02).

m=i Uu].,v]€Z;
uy, v EL;
S1,52€Zm

For each choice of u1, vy, ua, v2, s1, 52, by conservation of momentum at the vertex #,

(01109, () © W) 0 B((-.00). - 02).(-.01).(-.02))
= g((-.o), (.0, (- ,u1), (- u2)) © Wff'f‘fz,R o h((-,v).(-,v2),(-,01),(+,02))
for all R € R(d) and the convolution vanishes identically unless (s; — s2) Nd # @. The
convolution also vanishes identically unless
urNsy#0B sgNuy 0,
uyNsy =B so Ny # 0.
For each fixed sy, s2 there are only 81 quadruples (u1, uz, vi, v2) satisfying these condi-

tions. The same is true, by a similar argument, if one or more of the external arguments
of g @ W e h are momenta. Just replace, for example, o{ by {k’}. Hence

J
g o W o hllruy < 8Ligleiltliv Y D> inf WP Ll e
A ReR() e
m=i 51.52€Xm
(s1—52)Nd#)
The second inequality follows by choosing an R(¢) that is identically one on a large

enough ball. O
Remark II1.12. Let k1, k2 € R,.

i) The set k1 — k7 is contained in a ball of radius 2, .
ii) Let m < r. Then,

# (51,52) € T X Ty [ (51 = $2) N (k1 —k2) # B | < P

iii) The set { o € R | (f9, t) € k1 — k7 for some t € R? } is contained in an interval of

4ﬁ.

MI‘

length

Proof. Part (i) is an immediate consequence of the facts that x| and «; are each contained

in a ball of radius [,. Given any fixed s1 € X, (s1 — 52) N (k1 — k2) # @ only if 57

intersects s1 — k1 + k2. As 51 — k1 + k7 is contained in a ball of radius at most 3[,,,, there

are at most eight sectors s, € X, that intersect it. This proves part (ii). Part (iii) follows

from the fact that, forv = 1, 2, { ko e R | (ko, k) € k, for some k € R?2 } is contained
22M 4

in an interval of length G
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Remark II1.13. Let : k = (ko, k) — kbe the projection of M = R x R? onto its second
factor. If we retain all of the hypotheses of Lemma III.11, except that we only require

Wi, (p1. k1. pa. k2) to vanishunless 7 (p1), 7 (p2) € 7 (s1) and 7w (k1). 7 (k2) € 7 (s2),
then we still have

J
. (m)
< AR
||g eWe h”K],Kz < 81|g|[,1 |h|z,r Z Z RE'RI(I;I(E‘—IQ) || WY],SQ,R ||bubble
m=i 51,52€%m
(51 —50)NI (k| —KD)F#W
J
< 81igle.ilhli,r Z Z I Ws(f’,’s)z lpubbe:
m=i 51,2€%m

(5] —59)NTE (1 —9) £
We are particularly interested in the particle—hole bubble propagator
il (p.ky = Cod (p. k) + C (o, b + gl (. K,
where

clpy= Y "™ pci™ ®),

ismy=j
my>j

Cillipky="¥ " p)c™ k),

i<sm)<j
ismpy<j

cillp = ¥ e (pet™ k).

my>j
ismp<j

We split Ct[(i,’Pj] , Cr[ril’ié] and Clglotj Vinto scales and we split each scale contribution into pieces
with additional sector restrictions on the momenta p and k and the transfer momentum
p — k. Recall, from just before Def. 1.17, that ZseEm Xs (k) is a partition of unity of the

mth neighbourhood subordinate to %,,,. For any scalei < m < j and sectors sy, 52 € X,
set

Co) () =D CI(p) s, (PYCI™ (k) sy (),

my>j

Col i@ = Y CM(p)xs (P)CI () Xy (K,

my,my<j
min(my,my)=m

Com i1y (P =D C(p) s (P)CI™ (K) x5 (K.

my>j
Then, for each of loc = top, mid, bot,

J

li.j1 _ (m)
Cloc _Z Z Cloc,j,sl,sz'

m=i S1,52€Xy,
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Lemma IIL14. Let 1 <m < jandsy, sy € . If B € Aand (u, 1) € {(1, 3), (2, 4)},

then
DY SCin) o, lbubble < const Ly 227 pr1#m,
M™ M BI=Dj if |8 > 2
ID% el s, Toubble < comstly 4 M™(j —m +1) if|B] =1,
1 if 8] =0
||D§,4Cé$),j,sl,szIIbubble < const [, %Mlﬂlm-

Proof. Set, fors € ¥, andn > 1,
" (k) = €V (k) xs k),
and denote by c§") (x) its Fourier transform. By Lemma A.2, for all 8 € A,
||xﬂc§”’)(x)HL. < const MIH1BDm
||c§,") ()C)”LOo < const %,
||xﬁc§”) ()c)”LOO < const [, M 1BI=Dn ifn > m.

Recall that

(IIL.9)

(IIL.10)
(IIL11)
(IIL.12)

DY e @ X2,y ) = Y (31— 2P (= x1) ¢ (x2 — ya).

n>j

Hence, by the triangle inequality and (II1.7),

||Df,3ct($j,sl,sz ”bubble = Z ”xﬁcgn) ”Ll Hcg) HLOC

n>j

< Zconst M(Hlﬁl)m%
n>j

< const 22, MBI

MJ

The bound on HD'6 cm

2.4Ch0t, /51,52 ”bubb]e is proven similarly. As

Dfﬂ,ﬁ?&j,sl,n (x1, X2, y1, y2) = Z O — xl)ﬂcxn)()ﬂ —X1) Cg‘)(m — )

m=<n<j

+ Y = xnPeGn —xn) ¢ (x2 — y2).

m<n<j

we have

IDF sCoid o o e = 25 1PN lle e+ 32 [Pl

m<n<j m<n<j

2

< Z const M 1H1ADm Ln Z const Lz M1F1" ppm

m<n<j m<n<j
m
<constl, %Mw”.

m=n<j
To bound ||xﬁc§?)

| - we used (IIL12). O



54 J. Feldman, H. Knorrer, E. Trubowitz

Proof of Theorem I11.9.i. We prove the bound for Ct[(l;’Pj I The proof for Clglot] Vis virtually
identical. By Lemma III.11, Remark I1I.12.ii and Lemma I1I.14,

. J
”g L4 Df,SCt[(l)iJj] oh ||/(],K2 = const }g|€,i |h|i,r Z % s ma)% ”D/lS,SCt(g;)?j,sl,n ”bubble
m—i 1,52€2m
J

< const |g|,,|A];, > %%%—?Mlﬁlm
m=i

< constMlﬂlj}g|e,i|h|i,r‘ H

Proof of Theorem I11.9.ii. By Lemma III.11, followed by Lemma III.14 and Remark
II1.12.ii, we have

J

||g s Cr[rlli(ji] b h“lq,l(z = const |g|€,i |h|i,r Z Co[r:nSl Sl}gz)%m ||Cl(nni1(i,s1,sz Hbubble

m=i
J
= const |g|e,i |h|i,r Z %[’”

m=i
<const|j—i+ 1||3|z,i|h|i,r'
For |B] > 1 and (12, ') = (1,3), (2, 4), by Lemma IIL 14,

- j
Ll = const ol o, 37 582, 0]
m=i ’ "
j MUBI=Dj 1Bl =2
< const |g|,,[A];, Z ﬁ[’"Mm (j—m+1) [Bl=1

m=i

< constM|ﬂ|j|g|g,,~|h|i,r’

since, for |B| > 2,
j
> M MUV < const MIFl

m=i

and, for |B] = 1,

J J
ZM’"(j—m+1) ZMjZM_(j_m)(j—m+l) <constM/. O

m=i m=i

We now start the proof of part (a) of Theorem II.19. This is the delicate part of
Theorem I1.19. For small transfer momentum, we shall need to exploit cancellations
between scales. We shall prove, at the end of this subsection, the following bound on
the small transfer momentum contributions to g e Cl-/1 e .

Theorem IIL.15. Let 1 <i < j <randf > 1 andlet k1,ky € R. Setd = k| — k2
and denote by d the projection of d onto {0} x R? identified with R%. By Remark I11.12,
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the set d is contained in a disc of radius 21,. Fix such a disk and denote by t its centre.
Furthermore, set 1y = inf{ [t0] | (to, t) € d for some t € R2 } Assume that

1 13 j '
- el <max {57, 7L}, M <MY
Also assume that p vanishes foralli > j+ 1. For any sectorized, translation invariant
Sfunctions g and h on )y ; and ); , respectively,

[0,0,0]

[01,0,0]
£,i .

ir

[i,/1 .
||g o C d h”KI,KZ = const ar,aleg(?XN(% |g|
lor |+l <3

The constant const depends on e(K), M and A, butnotoni,?, j,r, g, h, k1 or k2.
Theorem III.15 is proven following Prop. II1.27.

Proof of Theorem I1.19a (assuming Theorem III.15). As pointed out above, we may
assume without loss of generality that §; = §; = 0. Fix 0 < i, £ < j and sectorized,
translation invariant functions g and  on %), ; and ); ; as in Theorem I1.19. By Remark
II1.8, it suffices to prove that

[0,0,0r
L,i

ol

gy (IIL.13)

li, )1 j
lsect/ ehll, , <consti max g
Joer [+]e | <3

for all k1,k2 € R;. Fix k1,2 € K. Setd = k1 — k2 and denote by d the projection

of d onto {0} x R? identified with R%. By Remark III.12, the set d is contained in a
disc of radius 2[;. We fix such a disk and denote by 7 its centre. Furthermore, we define

1o = inf { |fo| | (¢0. t) € d for some t € R? }. Define

max{neNo|t0§Mi,1} ifo<ty<M
Jo=10 ifro>M )

00 iftg=0

max {n eNo | |z] < 5= } ifj3; <zl <1
J1=30 if|z] > 1 ,

00 if [z] < j3;

J = max {i — 1, min{}, jo, jl}]-

The transfer momentum k1 — «7 effectively imposes an infrared cutoff at scale j on the
bubble, in the sense that contributions at scales higher than j can be controlled relatively
easily using power counting arguments like in the proof of parts (b) and (c) of Theorem
IL.19. O

Proposition I11.16 (Large transfer momentum).

|goCTt N an| < const |g|e,i|hl; ;-

K1,K2 —

Proof. If min{j, jo, j1} = j, then j = j and CUV*1/]1 = 0 so that there is nothing to
prove. So we may assume that min{jo, j1} < j.
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clitlilen || = 0, because Cl/+1-71(p, k) vanishes

Case 1. jo < ji.Inthis case, |

unless | pol, |ko| < MV i andhenceunlesslpo k0| < ZMV]H < # < 19, While |fp]| > 19
forallr € d.

Case 2. j1 < jo. In this case |t| > j3[j. Let §r be the constant of Lemma C.2. By
Lemma C.2.a, withe = 2[; and m < j,

if |[t| > 6
#{ (51.52) € Tppx Ty | (s1—52)Nd # B} < const f 1 | |_. F
(W + 1 j) otherwise

Hence, by Lemma III.11 and Lemma III.14,

lgeclU* IV en], . < constlgleilhl; Z[ { (51.52) € T
m=j+1

X Xm | (s1 —sz)ﬂd;é@}
J
Y Vi if 7] > 8
< const [glelhli; "7
1+ I‘llf_\ Z (ﬁ + [j) otherwise
m=ji+1

< const |gle,ilhl;,;

since, by the definition of ji,

j
i Z (37 + 1) < (555 + 1) <const. O

Continuation of the proof of Theorem Il.19a (assuming Theorem IIl.15). When M i >
M/ = MUI=NJ we have |7 — i+ 1] < consti. In this case Theorem III.9, with r = j
and j = j, gives

|gectle h”/q,l(z = consti |g|z,i|h|i,j'
This together with Prop. I11.16 yields (III.13). Therefore, we may assume that
M < ;M. (1IL.14)

Furthermore, if j =i — 1, Cl"71 = 0 and there is nothing more to prove. So we may
also assume that jo, ji > i and j < j, jo, j1-
Set v’ = Z{:zl p¥. Recall that Cl"/1 = C[l g clbdly eli gl i

mid bot
[i,71 [, j] [i, /
Ctop Z C(lz)®c(lb)l C Z C(l’)®C(lb)t, C Z C(lt)®c(lb)f
4 e 2l

and set C'1"71 = lepj] +C, [' Cb[(l)tj with

Ctolpj] Z C(lz)®c(lb)t C[' Jl_ Z C(lt)®c(lb)t C[l} Z C(lt)®c(1b)t

i<it<j i<ir<j it>]
ip>] i<ip<j i<ip=]
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As v — v is supported on the (j + 2)“d extended neighbourhood, Cr[xi’i{;] = Cr/r[lég].
Hence, by Theorem II1.9.i, with § = 0,r = j and j = ],
Hgo[C[i’ﬂ —C[i’ﬂ] ohl Sconst|g|(yi|h|iyj. (1I1.15)

K1,K2

By (I11.14) and the definitions of j and 7, the hypotheses of Theorem I11.15, with
r=jand j = j,applytog e C'li-7] o h. Hence
'[i. 7] 0.0, [ 1[e1,0,0]
lgecten],, ., < const ar_arlrelgg‘xNz e V’|i,j
Jorr [ +]eq [ <3

This together with (II1.15) and Prop. II1.16 yields (III.13). This completes the proof
that Theorem III.15 implies Theorem II.19.a. O

The rest of this subsection is devoted to the proof of Theorem III.15. So we fix £ > 1,
1 <i < j <r and sectorized, translation invariant functions, g and &, on Q)¢ ; and 2); ;
respectively. We also fix «1, k2 € K, and assume that

0 < ol <max {5, L} M' <M (I11.16)

and that p® vanishes foralli > j + 1.

We shall not need to decompose Cl/+/1 = Ct[:;’pj g clii 4 i) but we still split €11
into scales and split each scale contribution into pieces with additional sector restrictions.

For any scale i < m < j and sectors s1, s2 € X,,, set

cm (p= Y cM(p) ™),

my,mpy=>0
min(my,my)=m

where c§”) was defined in (IT1.9). Then
j
[i,j1 — (m)
clhil=3%" cim..

m=i S1,52€%X,,

By Lemmas I11.4 and III.14,

i A
1C™) kllbubble < const by | RGO 1

IC™ Hlbubble < const Ly (IIL.17)

51,82

Reduction to the Model Bubble Propagator. The above argument for large transfer mo-
mentum implicitly exploited the fact that the particle—hole bubble is Holder continuous
in the transfer momentum ¢ when ¢ is nonzero. As was pointed out in the introduction,
this is false for t = 0. However, if one restricts to transfer momenta with 7y = O then, at
least for the delta function interaction, C* dispersion relation and a model propagator
with suitable cutoff procedure, the particle-hole bubble is in fact C* for t near zero.
This was seen in Lemma I.1.

Lemma I.1 applied to the particle-hole bubble with a delta function interaction and
choice of cutoff different from that used in this paper. In the present situation, we have
general interaction kernels g and & rather than delta functions and cutoffs that do not
treat ko and e(k) independently. Furthermore, the time component #y of the transfer
momentum need not be zero. We now perform three reduction steps leading to a situation
similar to that of Lemma I.1.
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Step 1 (Decoupling of the ko integral). Define the zero component localization operator
Z(x1,x2, y1, y2) = 8(x1 — y1)8(x2 — ¥2)8(y1,0 — ¥2,0), (IIL.18)
where x; = (x;0,X;) and y; = (¥i,0, ¥;). The transpose of this operator has kernel
Z'(x1, x2, y1, y2) = 8(x1 — y1)8(x2 — ¥2)8(x1,0 — X2,0)-
Remark I11.17. If W (x1, x2, y1, y2) is a particle-hole propagator
(Z0oWo Z")(x1, x2, y1. y2) = W(x1, (x1,0, X2), y1, (¥1.0, ¥2)).
If W(x1, x2, y1, y2) is associated to W(p, k) as in (IIL.8), then

3 2 . _ _ _
(ZoWo Z")(x1,x2,y1,¥2) = / (;’7,33 —(;’,})‘3 K Iy Y2 730) <t ==

x/dko Wk +1,k).

That is, (Z oWo Z’) is associated to 8 (ko) [ dw W((a), 0) + p, (v, k)).
Lemma IILI.18. Let W be a particle-hole bubble propagator.
i) Let R(t) be any cutoff function for the transfer momentum. Then,

(ZoWoZt)R =ZoWgoZ.
ii) For any translation invariant kernels G on)* x (R X R2)2 and H on (R XR2)2 x?,

IGo ZIl <IGIl  and 12" o H|| < IH].
iii)
I1Z o Wllbubble < [Wllbubble ~— and — [|W o Z" lbubble < || W [|bubble-
iv)
1Z0W o Z'||bubble
< min{ min sup [ dyndyi0 S;{P |W (x1, (x1,0, X2), y1. (1,0, ¥2))

n=12x1,x

3

X min_ sup /dxndxl,o sup |W (x1, (x1,0,%2), y1, (yl,o,)’2))|},
n=12y,y, Xji

wheren =2 ifn =1landn =1ifn =2.

Proof. i) This is obvious from Remark II1.5, since Z' o Og = Og o Z'.
ii) This is obvious since

(G o Z)( I 7x3’x4) = 8(x3,0 _x4,0)fd0) G( ty o0, X3, (CL),X4,)),
(Z' o H)(x1,x2, +, ) =8(x1,0 — x20) [ do H(x1, (0, %2), -, - ).

iii) By part (ii), for any translation invariant G, H,
IIGoZoWoHIl <IGoZl IIWlouwble IIHII < G W lbubble [IIH]I
and similarly for |||G o W o Z' o H]j|.
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iv) The bounds with n = 1,n = 2 are direct consequences of Remark III.17 and
Lemma II1.2. We prove

IZ 0 W o Z|lbubble < sup fdn dyr,0 sup | W (x1, (x1,0, X2), y1. (1,0, ¥2)) |-
vi

X1,X2

The remaining case is similar. Let G(y1, y2, 11, u2) and H (vy, v2, y3, y4) be trans-
lation invariant four—legged kernels obeying

GZG’(il,iz,l,l)’ HZH’(],],i3,i4)

for some iy, iz, i3, i4 € {0, 1}. By (IIL.5) and (I11.6), with P replaced by Zo W o Z’,

NGoZoWoZoH|
<Gl sup sup | []dyvdvidvs

yeM  uj,up v=3,4
v=3,4 with ip=1
with iy =0

x| W (ur, (u1,0, w2), vi, (vi,0, v2)) H(v1, v2, 3, y4)|
<Gl sup sup /dvl,ode{ sup |W (1, (u1,0, w2), vi, (v1,0, v2))|
\l

yweM  uy,uz
v=3,4

with iy=0
x | [Tdyy dvaodvi|H (v, v2, y3, y4)|]
w;iii’f:l
< IIIGlll[ sup /dUI,OdV2 sup | W (u1, (u1,0, w2), v1, (v1,0, V2))|]
ui,up Vi

X sup sup ITdyw dvz,odvl}H(vl,vz,y3,y4)|.
yweM v10,V2 v=3,4
v=3,4 with iy=1
with iy=0

By translation invariance

sup | []dyy dvaodvi|H(vi,va, y3, ya)|

V1,0,V2 v=3,4

with iy=1
= SUP/ [Tdyy dva |H((v1,0, v2), (v2,0, V1), ¥3. y4)]|
. w]i)ti3i,4=l
= SUP/ [Tdyy dvy |H(vi, (v2,0.2v1 — v2), y3, y4)|
. w]i)ti3i,4=l
=sup | [[dy, dvy |H(vi,v2,y3,y9)| < lIH|l. O
V1 v=3.4
with iy=1

Proposition I11.19.

L. .. 0,0,0; ,0,0
Hg ° (C[z,J] —Ze(Cliil g Zt) ° hHK]’K2 < const am?i |g|£i o ]|h|l[f"rl 1

a)+ar=(1,0,0)

In preparation for the proof, which follows Lemma II1.21, we define
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&r((x1.0)).(x2.6%). (x3.u1), (x4,u2)) = (X4,0 — X3,0)&((x1.67).(x2.09).(x3,u1).(x4.u2)),
h1(Geron), (62,02),(x3,01).(14,02)) = (X2,0 — X1,0)A((x1,01).(x2,02), (x3,01), (x4,02)) .

For a particle—hole bubble propagator W (x1, x2, y1, y2) set
(DIW)(x1, x2, y1, y2) = fol dw §x—jﬁ)(x1, (@x2,0 + (1 — ©)x1,0,X2), 1, 32),
(DW) (1, %2, 31, 32) = o deoo 2 (x1, 32, 31, (@320 + (1 = ©)y1.0, ¥2)).-
Lemma IIIL.20.
go(W—2ZWZYeh=g,eDWeh+goZeDWeh,.
Proof. By Remark I11.17,

go(W—ZWZ")eh=ge{W(x1,x2 y1.y2) — W(x1. (x1,0.X2). y1. (y1,0.¥2)) } @ h
=gre [XZO xw{W(Xl,Xz yi, y2) — W(x1, (x1,0,X2), y1, y2) }] o b

+g o [{W(x1. (x1,0.X2), y1. y2) — W(x1, (x1,0.X2), y1. (y1,0. ¥2)) }
=greDWeh+goZeDWeh

1
y2.0_yl,0] ® hl

by the Fundamental Theorem of Calculus. O

Lemma IIL.21. Leti <m < j and s1, sy € Xy Then

” chs(insz ”bubble < const 377 Mm 9

I DCE™) Nlbupble < const 32 Mm,

Proof. We treat D1C§|"22. The other case is similar. For each fixed 0 < w < 1,

(BXZOCX(I"L)(X], (wx2,0 + (1 — ®)x1,0,X2), y1, y2)
= Z ( 1)()’1 X1)<3x20 S?Z))((wX2,o+(1—w)X1,o—yz.0,Xz—Yz))~

my,my>0
min{m|,mp}=m

We bound the bubble norm of each term separately. For m| > my, = m, by LemmaIll.2,

<m1>< (M2))
Sl 9x2,0 32

= ||CA('711)”L00 dy> ‘( C(m2)>((wx2,0+(1*w)xl,O*yz,o‘Xr)’z))
],X

bubble

0x2,0 52
(my) (m2)
”C ”LOo 8)620652 Ll
< const WWMmZ < const M%I

by parts (iii) and (iv) of Lemma A.2. For m = m| < m3,

c(m1) (m2) 0 (m2) (m) mi
i (3)‘200’2 ) bubble — ‘ Fzgr | lon [ < const M
Hence
IDICE™), llbubble < const [ & ['” M’”] < const 4. O

n=m
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Proof of Proposition III.19. By Lemma II1.20 followed by Remark I11.133

s s ()~ Zoct e 2y onl],
< |gco DiC™en|  +]goZeDCl o

K1,K2

J
< const |g;|ei |kl Z Z I chs(:rgz Hbubble

m=i 51:52€Zm
(5] —52) " (d) A

J
+const [g o Zg,ilhlir Z Z [ DrCs(I’?iz e
m=i

S1,50€Xm
T (s]—s0)Nmw (d)#D

By the spatial projection of Remark III.12.ii,
#{ (51,5) € Ty X Ty | w(s1 —s2) Nw(d) #0 } < C"[ﬁ (111.19)
Using this, Lemma II1.21, Lemma III.18.ii and the definitions of g;, A, we have

K1,K2

||go (C[i’j] — Z el o Z') oh“

J J
i 0,0,(1,0,0 [ j 1,0,0),0,0 [
< const Mgl MOy S Ll const gl M [RILEOOCO Y Ll g
m=i m=i

Step 2 (Reduction to ty = 0). For any particle-hole bubble propagator W (x1, x2, y1, ¥2)
set

W (x1, x2, y1, ¥2) = 8(y1,0 — X1,0) / dzo W (x1, (x1,0, X2), (20, Y1), (20, ¥2))-
(II1.20)

If W(x1, x2, y1, ¥2) is associated to W(p, k) as in (II1.8), then VNV(xl,xz, Y1, ¥2) is as-
sociated to

VT/(p, k) = 3(k0)/dw W((a), p), (w, k)).
By Remark I11.17, W =2ZoWo 2 forall particle-hole bubble propagators W.
Proposition I11.22.
lge(ZecCtiilez' —Clil)oh|, . < constigleilhl,.

Proof. Choose a C(‘)>o function ¢ (o) that takes values in [0, 1], is supported in the in-
terval o] < 2% ijM, is identically one for |fp| < % ijM and obeys |%¢(to)| <
0

const M/ for n < 2. By Remark IT1.12.iii,

{ Ito] | (to,t) € d for some t € R? }c [T(), 70+ 4M—szM]

3 The operators Dy, Dy can enlarge supports in the kg direction. So we cannot apply Lemma III.11
directly.
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Hence, by (II1.16), ¢ is in R(d). By Remark III.13 and (IIL.19),

”g . (Zoc[i’j] o Z! —E[i’-/]) oh”
J

< const |g|e.i|hlir Z [i Slrgixz |12 o CS(T";Z $° Z— (Cs(f”sz) Hbubble.

K1,K2

m=i

Here, we used (Z o W o Z")gp = Z o Wg o Z!, which was proven in Lemma II1.18.i.
The proposition follows from the next lemma. 0O

Lemma IIL.23. Let m < j and sy, s» € X,,. Then

”Z oC™ ozt _ (5(’")

$1,82,¢ S1,52)¢ Hbubble < const [,

M"
moagjoc
Proof. For any m1, my > 0, set

wmm) — =z ( (m1) ® C(Mz)t) 0 & — ( g’ll) ® cg"Z)t)
—Zo (el @) 02— Zo (e @ o 21

Observe that
ZoClM so 2 = (C), = Y wym (IL.21)
Aml,mzeNO
min{m,my}=m

We now fix any m1, my > 0 with min{m1, m»} = m and bound | W(ml " ([
By definition

W) (), x, 1, y2)
= ¢ (y1 — x)e ((x1.0 — y1.0. X2 — ¥2))

x8(y1,0 — X1,0) / du " ((u — x1,0, y1 — %)) ((x1,0 — u, X2 — y2))
and
W,,()ml’mZ)(xl, X2, Y1, ¥2)
= /dZO ‘ﬁ(ZO)[ (m])((w 0—X1,0—20,Y1— Xl))C( 2)((X1 0—Y1,0+20.X2—¥2))
x8(y1,0 — X1,0 — 20) / du C(ml)((u —X1,0,y1— Xl))C(mz)((Xl,o—u,Xz—n)):I
/dZO C(ml)((yl 0—X1,0—20,¥1 x]))c( 2 (x1.0-y1.0+20.x2-¥2) P (20)
/du C(ml)((u —X1,0.¥1— Xl))c( 2)((X1,o—u,Xz—yz))fig(yl.o—xLo)

/dZO C( D ((zo—x1.0.51— Xl))c( 2)((Xl,o-zo#z—yz))[é(}'l,o—zo) - é(m,o—m.o)]-

The last factor

1
é(y1,0 — 20) — (1,0 — x1,0) = (x1,0 — Zo)/0 dt ¢'(y1,0 — x1,0 + 1 (x1,0 — 20)).
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Observe that
1
/dyl,O/ dt |¢'(y1,0 — x1,0 + 1 (x1,0 — 20))| = /dyl,o ¢"(y1.0)] < 55
0

since ,
1/M%

b < const — .
l¢"(y1,0)] < o1 o/ MITE

If my > m; = m, we apply Lemma IIL.18.iv*, (III.11) and (II.10), giving
(my,m2)
” W¢ ”bubble
< const sup /dyl sup/dz() [x1,0 — 20|
X1,X2 y2

|c(m')((zo—x1,0,y1—xl))| iC§T2)((xl.O—ZO’X2_Y2))|

1
X/ dt |¢/(YI,O—X1.0‘H(X1.O—ZO))|
0

IA

const ||c(’"2) (- supfdy1dzo |x1.0 — zo||c( D (zo—x1.0.y1-xD)|
x|

1
X/dyl,O/ dt |¢/(y1.o—X1.0+t(X1.o—zo))|

const o= Iw[mz [SUP/dYIdZO |x1,0 — ZOHC( 1)((Zo—)fl.o,yl—xl))[l

IA

= const — MJ Mmz ||x0c(m])(x) ||L1

1 U 2m
< const MJ s M

Similarly, if my > my = m,
(my1,m3)
“ qu ”bubble
< const sup /dyl,odyz sup/dzo |x1,0 — 20|

X1,X2 Y1
|C<m')((20 X1,0,¥1 Xl))| |C( 2)((x|,0*Zo,X2*Y2))|

1
Xf dt |¢/(.V1.0—X1,o+t()€1.o—zo))|
0

< const _”C(ml)”Loo sup /dY2dZO lx1,0 — Zol|C('"2)((x1,o—z0,Xz—yz>)\
X1,0,X2
2m
< const W M’,’,’,l M

Consequently, by (IIL.21),
|20 Cs(?gz,qs 0 Z' - (C§1m22)¢ Jubie = comst Z MM_Z:n[m min { g . g7z }

my,my>0
min{m,my}=m

M2 Z 1
Constm[m W

m'>m

IA

M)?I
< const W[’"' O

4 Note that in the bound on the right hand side of Lemma IIL18.iv, W only appears in the form
W (x1, (x1,0,%2), ¥1. (01,0, ¥2)) = (£ 0 W 0 Z)(x1, x2, y1, ¥2)-
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Step 3 (Introduction of Factorized Cutoff). Define

j—1

vo(w) = Z v(Mzma)z),
m=i+1

ne =] Y vmme@?)|[ 3 v(mew?)],
mi=i+1 mpy=i+1

where v is the single scale cutoff introduced in Def. I.2. Recall that v(x) is identically
one on [%, M] and is supported on [ﬁ, 2M]. Define

e (k) = e(k) — v(k)
and the model particle-hole bubble propagator

vo(w)v1(p, K)

; . (II1.22)
w—eée(w,p)llio —e(w, k)]

M(p, k) = S(ko)/da) 7

Observe that Z o M o Z' = M.
Proposition I11.24.

g o (G — M) ohl, . <constigleilhli.

Proof. The cutoff vo(w)vi(p, k) is supported on {(a),p, k) ‘ lwl], le(p)], le(k)] <
\/%ML} Since v (k) vanishes for all |ikg — e(kK)| < ﬁ# whenm <i —1,
v@iP.k) =Y w@viERv" (@ (@K),
my,my=i
if M is large enough. Since every k in the support of v (k) obeys |ikg — e(k)| <

v/ ZM# forall m > j + 1 and since vp(w) is supported on |w| > \/M#,

w@nEk= Y wever" (@™ (@K).

i<min{m),mz}<j

Recall that

8.y = 5tko) [ doo (@, ). (@.10)
— 8(](0)/61(1) v(zi)((w,p))v(zi)((w,k))_v(ZjJrl)((w,p))v(zjﬂ)((w’k)).

[io—e' (w,p)]liv—e (w,k)]
The difference of cutoff functions

vEY (@) (@) = vED (@)D (0.10) = vo(@)vi (p, K)

J
= Z Z /’L(ml’mZ)(aLk’ p),

m=i my,mpy>1
min{m,my}=m
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where
1O @,k p) = [ 1= (@i () |0 (o)™ (@00).

Define, fori <m < j,mi,my > m and s1, 53 € Xy,

D5y (p, k) = 8(ko)p (po) Ag) )" (p. K),

where

’

(my,m2)

AL (p. k) = / do L0 K P O P2 O 1)
e liw —é'(w,p)llio — e (w, k)]

and ¢ was defined at the beginning of the proof of Prop. II1.22. Define

DL (p k= Y DE(p k). (I11.23)
miy,mn>1
min(zll 1 ,312)=m

_ M+4V2M
As ¢(po) = 1forall [po| = =5,

J
Gl M= Y DI, |pol < M

51,82
m=i S1,52€Xy,

Observe that the kernels of Cli+/] , M and D§1 5,(p, k) each contain a factor of & (ko).

Hence, in the product g e (5[’ J M — Zm:i Ds(:";z) o/, I is restricted to ko =0, so
that pg = #9, where ¢ is the transfer momentum. But ¢ € d, so that, by Remark III.12

and (IIL.16), |19 < 7o + HF7 < YE2M Hence, by Remark 11113 and (I11.19),

lge (AI”] )'h”K K2 5C0n5t|3|41|h|”2[ max HDm Sz“bubble
m=i

$1,52€X,
The proposition follows from Lemma III.25 below. O
Lemma IIL.25. Leti <m < j and s1, 52 € X,,. Then

” D ln lfm:l,l—i-l'

51,52 “bubble = const

G—m+DMop, ifm>i+2

Proof. Fixanymy, mp withmin{m, my} = m.If wisinthe supportof,u(’"1 m2) (e, K, p)
for some k, p then |o| < + const___ T the case when m > i + 1, |w| is restricted even

max{my,m;}

farther. Then, in the support of /L(’"l m2) (w, Kk, p), both |iw — e(p)| < i 2,,,1‘;[ < MV ?% and

liw —e(k)| < Y2 < ﬂé,and hence o], le(p)], le®)| < Y22 But v (p, k) = 1

whenever |e(p)|, |e(K)|] < M!+l/2 Hence on the support of wmm2) (g K, p), lo| <
V2M and v (w) # 1. This forces |w| < V2 — 1 Set

Mi+2 Mi—12 — pi-3/4
const . ..
b( ) Mmax{my.my} lfm =1,1 —+ 1
ny, my) = i 1 const . .
min { M35 Mmax{ml-"”Z} lfm Z l + 2
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Thus

AT (p K) = /b(ml,mZ) dw M(ml’mZ)(w’ Kk, p) xs, (P) xs, (K)
S bmymy  lio — €' (@, Pllio — €' (w,K)]

my,m3

By Lemma A.3, the Fourier transform of Ay, 5, * (p, k) obeys

3

Ami, 2 M™
/dzl sup |A;’;1,S'2"2(z1, zZ)| < constb(my, my) [mm
53
/dzz sup |Am"m2(z1, zz)| < constb(my, m») [,znﬂf—mz
z m2

51,52

As the particle-hole bubble propagator associated to DE'I")VZ (p, k) by (IIL.8), namely

D> (ens x2, v, y2) = ¢(y1,0 — x1,0) A5 2 (Y1 — X1, X2 — y2),

is independent of x2 o and y o, Z o Di'';"? o Z! = D72 and we have, by Lemma
- 18'p , ¥2, 1,82 1,82 y
.18.iv,

D12 [pubble < const mini sup

51,82 ’
X1,X2

/dm sup [$(y1.0—x1,0) AL (y1 —X1, X2—Y2)
y2

X sup /d)’l,OdYZ sup | (1.0~ x1,0) ATL2 (y) — X1, X2 — y2)|}
vi

X1,X2

IA

51,52 ’

const min { /dzl sup |Am1.m2 (z1,27)
z

X fdzz sup |A§’if§;”2(z1, zz)”
z)

< const b(my, mz)[2, min A[N1 g Atlmz }
mi my
= constb(my, ma)l M™.
Ifmel{i,i +1},
(m) G o M
”Dsm Hbubb]e < Z Dy, )" lbubble < const Z Y [nM™ < constl,,,
min{mp,my}=m m'zm

andifm >1i +2,

||,D§:n;2 ”bubble

> D bubbie

min{m1,mo}=m

IA

j
const Z #[mMm + const Z W[mM’"
=m m'>j
MI}‘l
7 b

IA

const(j —m+1) O
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Model Propagator in Position Space.

Lemma II1.26. The setd = { P1 — P2 | P1 €K1, P2 €K2 } is contained in a rectangle
with two sides of length const | and two sides of length const #

Proof. For every sector o € X, let K, be the centre of o N F, t, a unit tangent vector
to F atk, and
o ={keR?| (ko,k) € o for some kg € R }.

Then o is contained in a rectangle R, centered at k, with two sides parallel to t, of
length const [, and two sides perpendicular to t, of length const # If at least one of
k1 and ko are in M, the claim follows since j < r. So assume that k1, ko € X,. Then
the distance between k,, and k,, is at most |t| 4 5[ and therefore the angle between
tc, and t,, is at most const (|r| + [,). Consequently d is contained in a rectangle with
two sides parallel to t,, of length const [, and two sides perpendicular to t,, of length

const (# + (|1:| + [r)[r) < const (# + |1:|[r).
By (II.16), || < max{#, r3[,}, so that |t|l, < const # O
Fix two mutually perpendicular unit vector t and n and a rectangle R, with two sides
parallel to t of length const [; and two sides parallel to n of length const #, such that
d C R. By Lemma III.26, such a rectangle exists. Let p(t) be identically one on R, be
supported on a set of area twice that of R and obey

)(n~ Bt)al (t- 8t)a2p(t)’ < const M””j[(l—z

J

for all a1, ap < 2. Define M, as in Def. II1.3. Then

lgeMen|, . =|geMyen|, . . (I11.24)
Proposition I11.27.
[0,0,ar] | |le1,0,0]
”g oMo hHIq,Kz = const ar.a?:g(iN% |g}e,i “ln if)lrl ’
lerr|+le <3
Proof. Write
Mp(p. k)= Y My .(p.k),
S1,82€%;
where, for 51, 50 € X;,
Msy,5,(p, k) = M(p, K)p (P — K) x5 (P) X5 (K).
By (I11.19),
”g.Mp.h”;q,/Q — Z ”g.MSl’SZ.h”/q,Kz
(s lvl—srzz)eﬁzdl;é(l)
< P max g e M, 0 (1I1.25)

$1,92€%; K1,K2
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Define, for vy, 12 € X,

hy, v, (X1, X2, Y3, ¥4)

Ky_2 ifky,_peM
= h((x1, v1), (x2, 12), y3, where y, = . .
((x1,v1), (x2,v2), ¥3, y4) v {(xu,lfu—z) ity e T,

Observe that /1, ,, is a function on (R X R2)2+"' where n, = #{ ve{l,?2} | Ky € Xy }
Also define, for us, uqs € ¥; and Ay, Ay € M UXy,

& hasusua (V15 Y2, X3, X4)

Ay if A, e M
= » y2, (X3, u3), (x4, h = . .
g(y1. y2, (x3,u3), (x4,u4)) where y, {(xu,)»u) ith e S,
Observe that g, ,:u3,u, is a function on (R x R2)2+nl where ny = #{ v € {1, 2} | A €
) } Then, for all s1, s € %;,

Hg o My, s, 'hH/q,Kz < sup Z wg)»l,)»z;uyuza o Mg, .5, 0 hUlJOH’l,oo' (II1.26)

1,A2 U3, ug€X;
V],V €L}

By conservation of momentum, the convolution gx, i,:us.us © My, s, © hy,,v, Vvanishes
identically unless

uzNsy #0, s1Nv #0,

ugNsy #B, soNuvy #P.
There only 3* quadruples (13, ug, v1, v2) satisfying these conditions, so that, by (II1.24),
(II1.25) and (IIL.26),

|lgoMe h”m,xz = COnStrl,- sup max |gay sosusug © My s, © hvl,v2|||1,oo~

sl,xzezi
AA2 u3,uy€T;
V],V E€X;

(IIL.27)

Fix A1, A2, §1, 82, u3, ug, v1, vz and denote g’ = gx, ay:us.uq a0d A’ = hy, ,. Write the
convolution
g/ © Msl,sz oh'
d3k
)3
Jk k

8 (ko) .VO(CU)VI(P )).<s1 (P) x5, (K)

[iw—e(w,p)lliv — e'(w, k)]

1<p,z1—Y1 >,et<k,y2—12>,

&3 /
= /d321d322d3y1d3y2# dwe g, ,21,22)

p(p_k)h/()ﬂ, Y2, -, )

d’p %k do ip-(zi— 1k-(y2—z ’
— d321d312d2)’1d3yzm(2n)z§ P21y pik-(y2—22) g (-

vo(w)v1 (P, K) x5, (P) Xs, (K) /
[iw—e(w,p)llio — e (w, k)] P =0 (G10.¥D): 32 -+ )
_d’t__d’k_do t-(21-y1) k@ —n+y2—y1)
(2m)? (2m)? 27
vo(@)vi (K + €, K) x5, (K + t) x5, (k)
[iw—e(w,k+t)][iw — e (w,K)]

, 521, 22)

dud3zd*y d3y, g/( ©, 1,21, 22)

p(t)h/((ZLO, YI)’ y2, -, )

— X — X

d321d322d2y1d3)72 g/(' [ 7Z17Z2) BS|,52(Z15Z25 y17y2) h/((Z],07 y1)9 y2, Ty ')7
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where
~ 2 (Z—
By, 5, (21,22, Y1, ¥2) = / (fﬂ—gz IR otz — 1+ Y2 —y1) (1)

with

A’k do e vo(@)vi (K4t K) X, (K + t) 1, (K)
By s,(t, W)= | —=——¢ - - .
152 Qm)? 2w liw—ée(w,k+t)][iw— e (w, k)]

Recall that M! < [ij and that p® = 0 for i > j + 1. By Theorem B.2, with
ulk, t) = ¥V (k + t, k) x5, (k + t) x5, (K), there is an @ > 1 such that

—~ [i[j 1+|Zz—21+Y1 —Y2\3/M3i
o o < v j
}sz(zh 2,Y¥1, )’2)} = const 4= [+ @21 —y1)/ M3+t 21—y )T

[

—L 1 <
37 TGz =y MO PTG 6 —ynje] = const » we have

Since sup,, [ d%y

lls"o Mol oo < constty max [l Pl ans)
ler [+log |3
and the proposition follows by (II1.27). O
Proof of Theorem I11.15. By Props. I11.19, 111.22, 111.24 and I11.27,
[gectTon], =< lge (™ —Zect ez ) on],
+Hg ° (./;'Z[‘O.C[i’j] o Z — @Ti’j]) ° h”/q,:cz
+||g o (C l)]] - M) b h| K1,K2 + ||g * M * h”l{],l(z
< const max |g|20’.0’ar] p|L:0:01
ar.aleNoxN% ot Lr
lor [+oq <3

as desired. O

1. The Infrared Limit — Nonzero Transfer Momentum. The rest of this section is devoted
to the infrared limit of compound particle hole ladders. The results contained here are
used in the proof of Theorem 1.22.

Lemma IIL.28. Let k1, ko € M and g and h be sectorized, translation invariant func-
tions on @%j and 2)%/_ x M2, respectively. Then

g ®CY ol vy = constigly.; Nleycr |/t +min {1, —L— ).

Furthermore, for (loc, w, ') € {(top, 1,3), (bot, 2,4), (mid, 1, 3), (mid, 2, 4)} and
B eA,

lg @ D5 Cl27" @ hlley iy < constigljj 1hlley M'ﬁ'f[ﬂerin {1, m}}
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Proof. WriteC) = Y [cV) +cW +c)

op. /.51, sz mid, /.51, Sz bot, .51, S2] AsinLemmalll.11,
51,52€X%;

[j,j] [@))
lg D CliT @ hlly sy < comstiglyj Il Y D2 .CL 0 lobre:

51 ,A‘ZEZ/
K] —KpES]—5)

By Lemma III.14, for (loc, u, u') € {(top, 1, 3), (bot, 2, 4), (mid, 1, 3), (mid, 2, 4)}
and 8 € A,

||Dﬂ C(J)

1Bl
loc, j,s1,52 ”bubble = const [JM ’

and by Lemma C.2,

"I~

{1’ IKlﬂllef }}’

#] (s1,82) € X |kl — ko €ES] — 52 fCOHSt{;
[ e | < come |-

so that the desired bounds follow. O

Recall, from just before Lemma I1.28, that

'Sijl)l IZH(Q, q/7t7015 "'04)
— [(F(il) + L(il)f) ° C[maX{ilyiz},j].(F(iz) + L(iz)f). clmax{i¢ie+1},71 o

,(F(im) + L<ie+1>f)] ((q+5.00.(9—5.02).(¢'+5.03).(¢'— §.04)).

i1,i2,13,i4=0

Lemma IIL.29. Fort #£ 0, the limit

Ee,il,‘-' ,i[+1 (5]» qu t’ O, " 0—4) llm ’ngl)l (qa q/a t5 01, - 0.4)

Sier

exists. The limit is continuous in (q, q’, t) fort # 0.

Proof. It suffices to consider separately the spin and charge parts, in the sense of Lemma

IL.8, ofﬂéjl)l e (g, q',t,01, - 04). We denote them ng,)z,il,... st (g, q', ) withX =
S, C.Define Ly j, ... j,(q,q’, 1) to be the X part of
[(Fm) + L0V T) o UV o(F0D 4 L@ /g
.. .C(j().(F(L‘H—l) + L(ik-ﬁ—l)f)]' (4500, 5.00).(¢"+ 5,03~ §03))
i1,i2,i3,i4=0
and
Aﬂgf)(q, q',t) = Z Lxj.ii(q. 4", 1).

max{iy,ip}<j1 <j
max{ig.ipt1)<jp<J
max{jj, . jg}=p

Then

J
viZ+l (q7 q/7 t’ o1, - 04) = Z A'ng)(% q/v ts 01, - 04)
p=2

()
'QX,Z,il,n-
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By repeated use of Lemma II1.28, (I1.8) and its X = C analog,

14
: 1
ILx,jy,,jellici,cn < const 1_[ i Ui, +m1n{1, PREreTYIn }},

m=1

with the constant depending on £ and iy, - - - , i¢4-1. Summing this bound over ji, - - -, je
with max{j, ---, je} = p,

||A£¥7)”K1,K2 = const {\/E_i_mln {1’ |K|*'<12|Mp}}'

The constant now depends on |k] — «2| as well but remains finite as long as «1 # k3.
The existence of the limit j — oo is now a consequence of the Lebesgue dominated
convergence theorem. Similarly, if D is any first order differential operator in ¢, ¢’ or 7,

" ey w2 | MIm

¢
IDLx jy o jollircn < const MMt} l_[ { [j, + min {1 é}}
m=1

IDALY [l4> < const M”{\/E+min e }}

Continuity now follows from

- — — 1—-
BEEE = 1g@) — g1 [EREM] < [2suplg 1] ™ [sup Ve @],

and the observation that

oo

ZMep{\/E_i_min{],m}} < 00 ife<§and;q;é1<2. ]
p=1

2. The Infrared Limit — Reduction to Factorized Cutoffs. Recall from (II.13) that

[i,j] _ v(zz’)(p)v(zi)(k)_v(z./+l)(p)v(zj+l)(k)
CHp. k) = A AL ’
. _EDWED @)[1—v; (e(p))v; (e(K))]
Aij(p. k) = T llik—e®l
N _ vEIEWED @)[1=v; (po)v; (ko)
Bij(p. k) = lpo—¢ (Plliko—¢ B °

where ¢’ (k) = e(k) — v(k) and

o0

vji(w) = Z v(Mzma)z),

m=j
with v being the single scale cutoff introduced in Def. 1.2.

Proposition I11.30. Letr 1| < i < jand £,r > 1. Let k1,kp € M, and g and h be
sectorized, translation invariant functions on'Y)¢,; and?); , respectively. If |k1 —k2| > 0,
then

|g o (€ — A j)eh|

ge (C[i’j] — Bi,j) ° h“

K1,62°

, 1
=< const [gleill2ll; i, J {\/E‘i‘ m}

K1,K2



72 J. Feldman, H. Knorrer, E. Trubowitz

Proof. Let

vEIHD (p)yEi+D (k) or vED (pED (k) (e(p)v; (e(k)) or vED (P ED (k) (po)v; (ko)
lipo—e (p)Iliko—e (k)] lipo—e’ (p)Iliko—e (k)] lipo—e (p)Iliko—e (k)]

D(p,k) =

It suffices to prove that

|geD °h||,q,K2 < const [gle,i 11l .ir J {ﬁ-i- m}

Define, form > i, m;,mpy > m and s1, s2 € Xy,

P, vEIED (pyEitD (k) or
v (p)vt2) (k) x5y (P) Xsy (k)

Dl (P k) = ——atplite—eml | Vi e@)vj(ed) or
vj(po)vj(ko)
and
DI (k= ) DRk
miniony 22
We have

o
D=, > D

m=i S1,52€X,

Hence, as in Lemma II1.11,

o
lgeDenl,, , <constigleiltlio Yy Y. max [DI, |y

. $1,52€ X,
m=i 51.52€Zm
K| —KDES]—s2

To bound HDE set, fors € X, and n > m,

1,52 ” bubble’

" k) = L0 Ly e(k)  or
v (ko)

and denote by c§"’j ) (x) its Fourier transform. As in Lemma A.2,

IA

o] = coms ™t

(n,) 1 1 [
||cs J ()C)”Loo < const [, M" 35 ST < Const oo

A

The factor Mmi# in the first inequality arises, when j > m, from splitting s up into
sectors of length [;. Hence, by the triangle inequality and (IIL.7),

e e S T Y e PR R PN S

n=m

< Z const M —m L

[max[m,_j) Mmax{n, j}

n>m
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M2 1
< const '") Z Mmaxinj]

[max(m,j

n>m
mm [2 j

m_____J

< const [max{m, j) Mmaxim.j]

By Lemma C.2,
1 1 . 1
#{ (51,52 € Ty |K1 —k2 €51 — 52 } < const{ﬁ +Emm{1’ W}]
so that
o
lgeDehl < const [gl¢; |||l Z oy Dminfl, L
. - e Vin © bn > k1=K [M™
m=i
mMm [2
m.
Umax{m, j) Mmax{m.j}
i 1 1 M2
. .
S comt |g|l,l ”h”Kl*KZ Z {\/m + |K1*K2‘Mm[m} [J M
m=1

o0
. 1 1
const g1l J Y | A= + =ty f o
m=j

1 1
M-/[j [k1—K2]

+

. i 3/2
< constgle, Ml s J {3t M7

Mj[j J
_ 1
+\/E+ |K1—K2\Mj}
< const |gle,illllk .« j{ﬁ*‘ m} o

Corollary IIL31. Let £ > 1, i1, -+ ,ig4+1 =2, j = max{if, -+ ,i¢+1} and |k — k2| >
0. Define Iy = i1, Iy+1 = ig+1 and, for | < m < ¢, I, = max{iy, i;+1}. For each
1 <m <41, let g, be a sectorized, translation invariant function on Yy, .1, With
|gm|]m717]m < 00. Then

[

lgreC N agre- - aCltilagy | —gied) jogre---oA ;eg

K1,K2
and

”gl oClilggre...0Cltilagg) | —g e Br,jegre---eB, jegit ”Kl,/cz
both converge to zero as j — 00.
Proof. Use Prop. I11.30 and the bounds
lgeAijeh| geBijeh| . |geC" eh
which follow from Prop. II1.30 and Theorem II1.9, with 8 = 0, to prove that

o, ogmo[C[I’"’j] _ Alm,j]OgmH .C[Im+lsj]., . _.C[I/z,j]

< const |j—i+1] |g’£,i”h”

K1,k2° K1,K2 K1,K2 K1,k2

lgieAs, jegre-0A

m

.ge"’_l ||K1,K2 ’
||g10811,jog20- --o[3;

m

L egme[ClIm Il — By JegmyreCtiniiile. . o]

m>J

08e+1 ”Kl,l(z
l+1

£ L 1
< const” || {\/E-i- m} [T lgmlt, 1.1,- O

m=1



74 J. Feldman, H. Knorrer, E. Trubowitz

IV. Double Bubbles

In this section we prove the “double bubble bound”, Theorem I1.20. The techniques we
use are essentially those of §III with one additional wrinkle — volume improvement due
to overlapping loops.

To illustrate the effect of overlapping loops we consider one double bubble, namely

q+t
— \\ q +1
—
vado = {3} @
\/&
q
—_—
q

with the kernels of all vertices being identically one in momentum space and all lines
having propagator C/). By the Feynman rules

D(g.q.1) = / dkdp CD(p+q) CDh + p) CDk + 1) CD (k).
The naive power counting bound is, for each g, ¢’,t € R x R2,
ID(q.q',1)| < fdkdp ICO(p+IICP (k+ p) |CP (k + )] |CYP (k)|

< ||c<f>||§o/dkdp ICO &) 1CD(p + g

)2 )2
= [ICD2, 1CD)3
< const,

since, denoting the jth shell by S; (see Def. 1.2),
ICP oo = sup (g < VM M?
kES/'

__ const

ICP 1 = 1CY oo (volume of S;) < const MY 117 = SOBL.

In the naive bound, we ignored the constraint that |e(k + p)| < —VMziVI Taking it into
account, one has the better estimate

ID(q,q', 1)l
< fdkdp ICO(p+ICD (k+ p) [CP (k + )] |CYD (k)|
< const M*/ /dk dp v (p + q) v (k + q) vV (k)

< const M*/ Vol{(k, p) € (R x R?)? ‘ lt(po + qo) — e(p + Q)|

= YL J1tko + po) — e(k + )| = YL, jiko — el)| = Y2 |

M2

< const M2 /
Ie(p+q)|§%

< const MY 2M VOl{(k, p) € R? x R2 =57

e, ek + P le(p+@)] = Y]

dp vollk & R?[le®)], le(k + p)] < %2 |.
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const

There is ¢ > 0 such that for p outside a ball of radius 575>

5 around the origin

VO]({k e R2 ‘ le(k)| < F} {k e R2 } le(k +p)| < @}) < _const

M — M1+e)j

[k le(o)] < 421 } [k le( +p)| < 21}

because, roughly speaking, {k € R? | [e(k)| < £} and {k € R?||e(k+p)| < %}

const
cross at an angle of about const |p| > IR Therefore
2j 1 \2M | 2M _ 1
1Dl = const M (ggssims; " + 57" 3y
< const — MSJ s

This “volume improvement” is realized in terms of sector counting in Lemma C.2.
Sector counting and simple propagator estimates (Lemma III.14 and Lemma IV.2) are
combined using Corollary IV.3 (an analog of Lemma III.11) to prove Theorem IV.4
(which is essentially a reformulation of Theorem II.20 parts b and c in terms of the
|| . qu , Horm of Definition III.7) and to treat the large transfer momentum part of the
reformﬁlation, Theorem IV.5, of Theorem I1.20a (Prop. IV.6). Theorem I1.20 parts b and
¢ are proven following Theorem IV.4. The treatment of the small transfer momentum
part of Theorem IV.5 closely parallels the corresponding argument in §III. Theorem
I1.20a is proven following Theorem IV.5.

We first prove a general bound on (g @ D e g»)/ e W e i similar to Lemma IIL.11.

LemmalVl.Let 1 < (¢ <i < jandr > 1. Let k1,ky € R and g1, g» and h be
sectorized, translation invariant functions on Qg ¢, Ye.¢ and i r respectively. Let W
be a particle—hole bubble propagator whose total Fourier transform is of the form

J
Wpr ki prk) =Y > W (pi.ki.prk)  if pp—k€ki—K

m=i S§1,52€X,

with W), (p1. ki, pa. kz) vanishing unless w(p1), w(p2) € 7 (s1) and 7 (ky), 7 (ka) €
7 (s2). Here w : k = (ko,K) — K is the projection of M = R x R2 onto its second
factor. Let V be another particle-hole bubble propagator with

Vpi. ki pak) = Y Viw(pi. ki, pa. k)

U, U2EXy

and Vu,u,(p1, k1, p2, k2) = 0 unless w(p1), w(p2) € m(u1) and m(ky), mw(k2) €
7 (uy). Then

||(g1 oVogz)foWoh“

K1,K2

=< 38‘gl‘eﬁe|82|[‘g}h|i’r (u:rulza))ézz ”Vul,uz”bubble
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X sup Z Z REE&{_Q) I Wv(lw,ls)z,RHbubble

’
k'eRy m=i $1.82€Zm
(s —s2)NI (k| —kD) AN

x#{ (i, uz2) € Ty x Ty | w(uy —ux) N’ —s1) # 0 }.

Proof. Consider the case in which all of the external arguments of (g; eV eg>)/ e Weh
are (position, sector)’s. Set o] = «’ and fix an external sector o, € X,. With the sector
names

!
—>— 81 w13
K1
wi,1 w2 1] _—
h
w2 | w22 v K;\

—= & ‘W23
Sp)
we have

(g1eVeg) eWeh

J
upup€Xy  m=i wi3,wp3€Ly

wy 1, w) 2€Xy 51,52€Zm
wzvl,wzvzezg V], €Y

f
(gl((-,al’),(-,wl,a),(-,wl,l),(-,wl,z)) © Vujuy © gz((-,wz,n,(-,wz,z>,<~,az’>,<<,wz,3)))
X 0 W™ 6 (- 01).(-v2).( 1), (- k2)).

51,82

For each choice of sectors, by conservation of momentum at the vertex s, we may
m)

replace the Ws(lm 5)2 above by WS(I’SZ’ g Withany R € R(x| — k7). Furthermore the multiple
convolution vanishes unless

(s —s2) Ny —k2) # 0 w(uy —up) Nw (o] —s1) #0 (IV.1)
and

w(wy,) () #90 m(wz,) Nw(uy) # 9,

w(wy2) Nw(uz) #90  mw(wr2) Nw(u) # 9,

w(wi3) Nw(s1) #P w(v) Na(sy) # 9,

w(w23) Nw(s2) #P 7w(v2) N (s2) # 0. (Iv.2)

For each fixed (u1, u2, 51, s2), at most 3% 8—tuples (wi,1, w2,1, w12, W22, W13, V1,
w» 3, v2) can satisfy (IV.2). Hence

K1,K2

J
< 3%, max > > inf W & louobie
m=i

ReR(k1—k2)
S1,52€Xm
(s —s2)NI (kK| —k ) # D

X Z I(g10Vu1,uz°gz)f

uy,up€Xy
w(uy 7!{2)ﬂ7!(0{ —51)#0

” (g1 oV.gz)foWoh H

e
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By definition of the | - ||pubble NOrm,
|(g1°Vu1,u2'gz)f|M < ‘gl’g’e|g2|g’el|vu1,u2||bubble~
Inserting this gives the lemma. 0O

Recall, for the statement of Theorem I1.20, that, for v € Ny x N%,

o0
D,(lep(xl,xz,xm X4) = M‘lvw Z D¥;3C£€)(x1,x3)C£m)(x4, x2),

PO

v,dn

=
o
(X1, X2, %3, %8) = i Y CYP (01, x3)D5,C (x4, x2).  (IV.3)

l {4 .
Express Dl(,,l)lp = Zuu,uzeie Dl(,’l)lp’ul,u2 with

¢ 1 ¢
D oty iy (K12 X2, X3, X4) = 77 Z(xl —x3)"c{¥) (x3 — X)) (x2 — x4),

m>{

where cl(f')(x) was defined in (IT1.9). Do the same for D%l),p.

Lemma IV.2. Let £ > 1, uj,upy € Xpandv € A. Then

¢
DS rp iy Ibubble < const [,

£
”,ZDI(/,()in,ul,u2 lbubble =< const [y.

Proof. By the triangle inequality, Lemma II1.2 and Lemma A.2,

4 1 14 1 1 ¢l
1D rp et o loutbte < 571w Y 1% el oo <) const by MUFHDE 2

m=¢ m>¢
< const [y.
0 . .
The bound on ||Dv’ dn.uy [lbubble 1S proven similarly. O

Corollary IV3. Let 1 < ¢ <i < jandr > 1. Let k1, k2 € KR, and g1, g» and h be
sectorized, translation invariant functions on Q¢ ¢, Ye.¢ and i r respectively. Let W
be a particle—hole bubble propagator of the form

Jj
Wi ki pak) =Y > W (pi.ki.pak)  if pp—ka € — k2

m=i §1,52€X,,

with Ws(ln"gz(pl, k1, p2, kp) vanishing unless w(p1), mw(p2) € w(s1) and w(ky), w(ky) €
7t (s2). Let D be either Dl(fl)lp or DO withv € A. Then

v,dn’

H(g] o'Dogz)foWohH

K1,K2

J
< const hl. 1 3 3 inf W™
cons |81|e,z|82|e,z| |,,r L :lelg( P = RE?{&I_KZ) ” s|,52,R”bubble

(5] —s2)NI (kK| —k ) #D

x#{ (1, uz) € Ty x Tg | wuy —uz) Nmw (k' —s51) # 0 }
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J
= ConSt|g1|z,z|82|z,z|h|i,r le Z SUPE W, Louore

m=i S1:52€2Zm
w(uy —ux) Nw(c' —s1) # @}
m(s1—s) Nk —k2) 0 )

X sup #{(ul,uz,sl,sz) e E% X 231
K/Eﬁ(

Proof. The first inequality follows directly from Lemmas IV.1 and IV.2. The second
inequality follows by choosing an R which is one on a large ball. O

Theorem IVA4. Let 1 <{¢ <i < j <r, k1,k2 € R and let g1, g2 and h be sectorized,

translation invariant functions on ¢ ¢, De.¢ and Y; , respectively. Let v € A and D be
either D‘(lep or Dl()z()ln.

i) Forany B € A,

g (g1 0 Do g2)” o DYC o ], < const Tl ez, [0, -
(g eDegn/ e Db cil e, ) < const T g, [e2l, ,In], -

|(g1 e D o g2) oL/ oh, ., <constlj—i+1Vll|gl,,|g], ,|A]

ir’

and forany B € A with |B| = 1 and (u, ') = (1, 3), (2, 4),

i [gre Do g oD Cuil e nl, < constT [l el ol

Proof. 1) We treat Ct[é’pj I The proof for C}E’Otj Vs similar. By Corollary IV.3, followed
by Lemma III.14 and Lemma C.3,

W” (g1eDe gg)f oD’i3Ct[é’pj] ° h”
J
= COHSt|g1|€,6’g2’l1‘h|i‘r le ZS fuep ﬁHDfﬁct((:’Z)?j,n,sz Hbubble
—; 51,852€2Zm
" n(ul—uz)ﬂn(x/—sl);ﬁ@}
(s —s2) Nm(ky —k2) # 0

K1,K2

X sup #{(ul,ug,sl,sz) € E% X Z,zn
K’E.ﬁ[

j
= const ‘gl ‘e,e’&’u‘h’i,r le Z Wlm%mem

m=i

< const |g1 |€’@|82|z,z|h|i‘r \/Q

ii) By Corollary IV.3, followed by Lemma III.14 and Lemma C.3,

@ e Degn’ oDl clidlen]

s/~ mid K1,K2
J
= const |gl|e,z|g2|e,z|h|i,r Le Z sup M\lﬁ\.i ||D/€;;,L’Cr(rlnil(;,j,s1,s2 ”bubble
- S1,82€24m

m=i"
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X sup #{(ul,uz,sl,sz) € E% X Z,Zn

w(uy —up) Nk’ —s1) # VJ}
(s —s2) Nw(ky —k2) # 0

K/GR[
= const |g1|z,e|82|z,e|h|i,r le Z #[— [m%(j -m+1 [Bl=1.
m—i m 24 [m%_*’;’l |,8| Z 2

For 8 =0, Zi:ié[mzu—i—i—ﬂ as desired. For 8 # 0,

J
Z[LmM,(]—m—i-l)—ZM U=m(j —m + 1) < const

m
m=i m=i

again, as desired. O

Proof of Theorem I1.20b,c. Replacing h by WD? 4h reduces consideration to 6, = 0.
Suppose that D = Dl(fup Observe that, by Leibniz (Lemma I1.21)

D5(g1 0D eg)/ = (D381 0 D) w )’
= Z (51,6, ﬁs)(Dﬂ 381 9 DIADE), o Dﬂggz)f

B1.623ENG
B1+P2+B3=4

= Z (ﬁl Ba. /33)M|ﬂ2a (Dﬂ] g1 e D\H—ﬂz up ® Dﬁ 3g2) :

B1.B2P3ENg
B1+B2+B3=0]

Replacing WD’? 1381 by g1, v+ B2 by v and WD’? ’382 by g2, Theorem IV.4, with
r = j, gives bounds on

1 182£] (1B1 B3 f B [i,j]
M || Mlale P2 (Dl; 81 e Dv+ﬁ2 up ® D1;382) i D,u;;/,’cloc d h“/q,l(z

for each of loc = top, mid, bot. Theorem I1.20b,c now follows by Remark II1.8. O

Theorem IV.5. Let 1 < ¢ <i < j <randki,ky € K. Setd = k1 — ko and let d, the
projection of d onto {0} x R? identified with R?, be contained in a disc of radius 21, and
centre T. Furthermore, set 19 = inf { [to] | (to, t) € d for some t € R2 } Assume that

1.3 j j
0 < 3T |1:|§max{Mj,r[} M <M.

Also assume that p© vanishes for alli > j + 1. Let v € Ny x N(z), withv + o € A for

all |a| < 3 and let D be either D,(, l),p or D( ) For any sectorized, translation invariant
Sunctions g1, g2 and h on Yy ¢, V¢ and Q‘j,,r respectively,

|| (g1 oDogz)foC[i’j]oh”Kl o = const\/T max |g |£a“p]]|g |Ead“]]|h| .0.01.
’ aup,&dn e ENg XN,
|aup\+|adn\+|a1\<?

Theorem IV.5 is proven at the end of this section.
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Proof of Theorem 11.20a (assuming Theorem IV.5). As in the proof of Theorem I1.20b,c,
we may assume without loss of generality that §; = 6, = 0. Fix 1 < ¢ <i < j,
v € Ny x N%, D and sectorized, translation invariant functions g1, g2 and & on )¢ ¢,
D¢,¢ and P; ; as in Theorem 11.20. By Remark 1118, it suffices to prove that

” (g1eDe gz)f o Cliil o h”Kl’K2

< const i /Iy max |g1 |Ea“p]]|g2|gad"]]|h|[.a'.’o’o] (Iv.4)
N2

L
aup.2dn.o] eNg x J

lecup [+legp [+leg <3

forall k1, k2 € Rj. Fix k1, k2 € K. Setd = k1 — k2 and denote by d the projection of
d onto {0} x R? identified with R?. By Remark III.12, the set d is contained in a disc of
radius 2[;. We fix such a disk and denote by t its centre. Furthermore, as in the proof of
Theorem I1.19a, we define 79 = inf{ [to] | (t0, t) € d for some t € R2 } and

max{neN()!rofM,}_,} ifO<tg<M
Jo=130 ifro>=M ,
0 if‘l,'o:O

max{neNoﬂrlfﬁ,}n} ifjg[j<|T|§1
Jj1=30 if [7] > 1 ,

00 if |z < j31;

j = max {i = 1, min{j. jo. ji}}.
The analog of Prop. III.16 in the current double bubble setting is O

Proposition IV.6 (Large transfer momentum).
|(g1eDe g/ eClitl/le h”/q,l(z < const /¢ |g1|e,e|g2|z,z|h|i,/"

Proof. If min{j, jo, j1} = j, then j = j and CV /1 = 0 so that there is nothing to
prove. So we may assume that min{ jo, j1} < j. o
Case 1. jo < ji. In this case, |[(g1 @ D o g2)/ o CUT1/1 o h||K1 = 0. because

C[f_+1*j](p, k) vanishes unless |po|, |ko| < #,andhenceunless | po —kol| < ZMVJZEI[ <

-7 < 70, while |1] > 7o forall 7 € d.

Case 2. j1 < jo. In this case |t| > j3[j. By Cor. IV.3, Lemma III.14 and Lemma C.4,

” (g1eDe gz)f o CUTLIT o h”

K1,K2

J
5const|g1|M|g2|g,g|h|i,j le Z Sup ||Cs(mz”bubb1e

m:‘/—_HSl,SZG m

(g —up) Nk’ — s1) ;é@}
(s —s2) Ny — k) #9

X sup #{(ul,uz,sl,sz) exlx ¥
K/E.ﬁg
J
= const |gl|e‘e}82|5,e|h’i,]‘ Z [min (¢le, %ﬁﬁ]) + %(W +1;) + \/g]
m=j+1
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The last sum

J
Z \/gg \/55 VA §const\/g.

m=j+1

As, by the definition of ji,

j
%I Z (gm + 1) < %(ﬁ + jlj) < const,

the middle sum
J
Z %(ﬁ +[;) < const/I.

As min (€[, %) < min (€, M+m) + min (€I, |[—’|), the first sum

J J
> min (€, Sared) < jmin (€, )+ Y min (Cle, )
m=j+1 m=j+1

J
< jmin (L, )+ Y @Y G

m=j+1
. . i
< jmin (ﬁz, ﬁ) + (£[£)2/3W

.. [
< jmin (€1, ﬁ) + const (£1p)*3.
Ifj < # then
jely < €6 < const /I

while, if j > ﬁ, then

1
(4

81

Continuation of the proof of Theorem I1.20a (assuming Theorem IV.5). When M >
M) = MU=NJ we have |j —i + 1| < consti. In this case Theorem IV.4, with

r=jand j = j, gives
’ [i,7] i
|(g1eDe g)) eClle h”/q,l(z < consti v/T¢ [g1 ’z,e}gﬂe,e‘h’i,r
This together with Prop. IV.6 yields (IV.4). Therefore, we may assume that

M < ;M.

IV.5)

Furthermore, if 7 = i — 1, C/"/] = 0 and there is nothing more to prove. So we may

also assume that jo, j1 > i and j < j, jo, ji.
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Setv' = Y/} p@ and C'li-7)

J. Feldman, H. Knorrer, E. Trubowitz

= ol el 4 el with

bot
"li,J1 _ (ir) (ip)t "I, ] (i) (ip)t
Ctop - Z Cv’t ® Cv’b ’ led - Z Cu’r ® Cv’h ’
isir<j i=ir=]
ip>] lflbgj
'li, ]] i) (ip) t
Cbot Z Cv’t ® Cv/
i<ip%i

as in §IIL. Again v — v’ is supported on the (j + 2)" extended neighbourhood and
clisl — 71 Hence, by Theorem IV.4.i, with = 0,7 = j and j = 7J,

mid mid

(g1 0D eg2) o [Cl] — C/[i'ﬂ] * h”;(],l(z < const /Ty |g1 |E,Z’g2|l,l|h|i,j‘ (Iv.6)

By (IV.5) and the definitions of j and C 171 the hypotheses of Theorem IV.5, withr = j
and j = J, apply to (g e Deg:) e C'li-7] o h. Hence

| [[aup I | [[Oldn ]] [0‘1 0 O]

|(greDeg)  oCMen],

< const+/[g max |g
uup,adn,aleNox
|aup\+|adn\+|a1\<3

This together with (IV.6) and Prop. IV.6 yields (IV.4). This completes the proof that
Theorem IV.5 implies Theorem I1.20.a. 0O

The rest of this section is devoted to the proof of Theorem IV.5. So we fix v € A,
l<t<i<j<r,D= ’Dl(,gzlp or D‘(}e()in and sectorized, translation invariant functions,

g1, g2and h,on Yy p, Ve and ; » respectlvely. We also fix k1, kp € K, and assume
that

ol <max {51, L}, MP <MY, IV.7)
and that p@ vanishes for all i > j + 1. As in §III, we reduce the particle-hole bubble
propagator C'/1 to the model bubble propagator of (II1.22). This is done in the following

two lemmata.

Lemma IV.7. Let Z be the operator defined in (111.18). Then

[(greDegs)/ e(ZeC ez —M)e h“K g = const\/E|g1|z,g|g2|e’[|h|i’r.

Proof. Expand

Zo(Clile 2! - M= (1 — M)+ (Z o Cl11 o 21 — ClIT),

where Cl-/1 was defined in (II1.20). Then, for | pol| < % VJZM
(1

- M)+ (2 — Clidly

J J
=2 X D+ ) (ZeCn, e -C).

m=i §1,52€Ly, m=i §1,52€Xy,

o Cliil g 21
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where Di’l”lz was defined in (I11.23). So, by Cor. IV.3,

”(g] oDogz)f ) (@Ii’j] — M+ ZeCliil g 2! —5[’7”) oh”
J
< const|g1|zye|g2|€,g|h|i’r ly Z sup #{(s1, 52, u1, u2)

s 'e Ry
X 7w(s] — $2) N7 (k] — k2) ;é @, mw(up —uz) N’ —s1) # 0}
X max [”Du 32 labre + 12 @ Cop @ 2! = (C(m) ) ”bubble:l’

S § 51,8
51.52€ S $1,52,9 1,52

K1,K2

where ¢ was defined at the beginning of the proof of Prop. II1.22. Then by Lemma C.3,
Lemma I11.25 and Lemma I11.23,
”(g] eDoe gz)f ) (@Ii’j] — M4 Ze(lil g2 — @i’j]) oh”
i+1

< const |g; |€‘e}g2|6,€|h’z}r [‘[Z [mi/t_g[m

K1,K2

+Zj[tl/ﬂﬁﬁ//[[j1m+2[\/_ MJ]

m=i+2

< const/le |1, |82, ([A];,- O
Lemma IV.8.
[greDeg) o€ —zacl ez en],
ool |Eadn]]|h| 1.0.0]

< const+/[y ma |g1|e
lotup [ +-levd |<1

Proof. By Lemma I11.20

(gloDogz)fo(C’J] ZeClil g Zly e h
(g1oDogz)foch["]oh—l—(g]oDogz)foZoDC” o .

Both terms are bounded as in the previous lemma using Lemma C.3 to bound the
number of allowed 4—tuples (s1, s2, u1, u2) by m \/_ Lemma III.21, (and, for the

second term, Lemma III.18. 111) are used to bound ||D1€S] 32||bubble < const [”,’n and

acts as a central derivative on g; e D e g, and may be written, using Leibniz’s rule, as
a sum of three terms with the first containing a central derivative acting on g1, the sec-
ond a central derivative acting on g> and the third having one component of D’s index
v increased by one. Lemma IV.2 is used to bound the bubble norms of the sectorized
contributions to D. All together,

IZeDCY™, llbubble < IDC™, llbubble < const - ... The right derivative in (g10Deg2)!

” (g1eDe gg)f (C[i’j] oCliil o Zt) ° h”
H(gl eDe g2)f ° ch[l Il e h”

< const [Me‘gl |E(l 001

KI’KZ . .
+ (g1 e D0 g2)7 o Z 0 D:CII 0 Iy,

K1,k2

Le |g2|u + |81|e,e My |g2’u

J
11.0.0)] :
g1l e M 2ol ]‘h|"*’§:rmi/[7ﬁ
m=i
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J
+const|g1|“ e |g2|“|h1|ir Z n «/_"[4”;"

J
auwpl |, illeand), 1 0,0] M
< const\/r II-EIad <1 |g1|£ P |8 | mX::, v
Olup]] [etanll [1,0,0]
< const\/r plrJIrl| X <1 |g1|g |82|e | . O
Proposition IV.9.
H (g1eDe 82)f e Me h”fq,xz = const v/[¢ max 2 |gl |£°‘“P]]|g |Ead“]]|h|[al " O]

aup,&dp . €Ng xNg
leup |+l [+l <3

Proof. Write
Mp.ky= > My q(p.h),

$1,52€%;

where
MS],S2 (pv k) = M(P, k)p(p - k)Xsl (p)X.Yz (k)

and p was defined just before (I11.24). Then

(g1eDeg)/ e Meh

= 2 X

ul.uze):[ 11)1,3,!1}2,36):[
wy [.w) €Ty S1.52€%;
WZ,I'WZ.ZEZK v,V €L

f
X (gl(YI’('awl.3)»(',w1,l)v("wl.Z)) 0 Dyyup © gz((-,wz,l),(-,wz.z),yz,(~,wz.3))) )
X 0 Mg, 5, 0 B((-v1).(-.v2).y3.54)

where, forv =1, 2,

s ifk, e M LS ifk, e M
YTl it e TP Tl ifc €S

K
—— g1

w13
K1
w11 UN —
—= & W3
<

w2,

The multiple convolution vanishes unless
w(s) —s2) N (k1 — k2) # V), w(uy — u2) Nw (| — 1) # 0,
and

wl,lﬂulgéﬂ wz,lﬂul#(/), wlﬁzﬂug#@ WQ,QQMQ#(/),
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a(wi3)Nw(s1) #0, mwp) Nw(s)) #0, m(wyz) Nm(sz) # Y,
w(v2) N7 (sy) # O. (IV.8)

Fix the external sectors/momenta (k1, k2, K{, Ké). Then, for each fixed (s1, s, u1, us),
there are at most 3% 8—tuples (w11, w21, w1 2, w22, W1 3, V1, W23, v2) satisfying (IV.8).

By Lemma C.3, the number of allowed 4—tuples (si, s2, u1, u2) is bounded by [ \l/[_
i 4
Set, for each ¢ = (k, k5, w11, W12, W13, W21, W22, W23, U1, U2) € K7 x 8,
g/g = 2101, Cw3). o). Cawr2) © Dy uy © 82(C w2 ). (- w2),32. (- w2.3)),
for each T = (wy 1, w12, wa 1, W2, , Uy, u2) € XY,
gr=81(,-.C-,wi1),(-,wi2) © Dul,uz 0 g2((- w2, 1), (- w22), -, ),
and, for each vy, vy € %,
oy (X1, X2, ¥3, ya) = h((x1, v1), (x2, v2), ¥3, y4)-
Then
f r f
|(g1eDeg) o/\/loh”K L, = const 7[7 sgp 8  max. |||g§ OMSl,szOhvl,vz”h,oo-
ER 2{ vy, L2€2i
By (I11.28)
’ 0,0,a; ,0,0
|||g;f o My, .5 szvl,v2|||1 o < constl; max - max |g |[ ol p [m 1
' EZ ar aleNoxNO
loer [+og <3
Bounding
[0,0,0] .
8100 < g9
<constly max _|g|“T|gy lew]
aup, adneNoxN
aup+agy <ar
by Leibniz and Lemma IV.2, yields
f
[(greDeg/ e Men],
1 aupll [ean]l |5 |[e1,0,0]
< const lilp max i, ™ h
L/ ap g o 12 |g |e |g |e | |

locup [+letgp [+le <3

< const /[y max |g1|ea“p]]|g |Emd“]]|h|[0[l 00] O
aup.adn.a]ENoxN%
leup [ +lotgiy |+l 1 <3
Proof of Theorem IV.5. By Lemmas IV.7, IV.8 and Prop. IV.9,
“ (g1eDe gZ)f oClh/le h”fq,Kz
< | eDeg e (ZeClh ez — My o], .
+||(g1 eDe gz)f ° (C[i’j] — Ze(liil Z') e h”K1 o

K1,K2

+(g1eDeg) e Mehl|
< const /Iy max |g1|[l[aup]]|g2|gadn]]
N;

aup,odn @ €N x
leup |+lergp [ +le <3

|[ot1 ,0,0]

as desired. 0O



86 J. Feldman, H. Knorrer, E. Trubowitz

Appendix A. Bounds on Propagators

Fix, as in Theorem 1.20, a sequence, p(z), p(3), ..., of sectorized, translation invariant

. 2
functions p) on ((R x R?) x 2,-) obeying

PPl 5, < 2, pP0,k) =0,
and set, for all j > 1,

oo

vk =Y pP k), ¢ (k) = e(k) — v(k),
=2
J .

vik) =Y pPK), ¢ (k) = e(k) — v; (k).
i=2

Lemma A.1. There is a pg > 0 such that for all p < py and (kg, K) in the first neigh-
bourhood

i)
Vie' (ko. k) # 0, Vie; (ko. k) # 0,
ko€’ (ko K)| < p < 1. |9k’ (ko )| < p < 3.
}lko — e’(k)| > %|lk0 —e(k)|, |lk0 — e;(k)| > %|lk0 — e(k)|.

if || <1

ii) 8016/.(/() < const . .
[oke; 0 [MU=Di ifg e A, o] >2

iti) If |y| = 1, then

8] ¢ (po, k) — 8] ¢/, (ko, k)

3y ¢ (po, k) — 3] ¢/ (ko, K| < const p | po — kol™,
o€ (k) — dpe’ (k)| < const p |k — K|,
3 e (k) — ] e (k)| < const [k —K'|N.

|k €’; (k) — 3o (K')

|9y € (k) — 3 ¢/, (k)

’

’

Proof. i) Bysetting p') = Oforalli > j, it suffices to prove the statements regarding
¢’. All statements follow from

o o
sup [0v(k)] = Zstklp o p P W] < 200 < p.
i=2 i=2

For the second inequality, we used Lemma XII.12 of [FKTo3].
ii) Again by Lemma XII.12 of [FKTo3],

j j
|of e, (k)| < | e (k)| +Z 10¢ p D (k)| < |agek)| +22a!p[iM(|“|_l)i
i=2 i=2
1 if o] <1

[MOAID] ifg e AL o] =2

< const
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iii) Apply Lemma C.1 of [FKTf3] with Cop = C| = const p, = Rand f = 1 —R. When
dealing with ¢, use f; (t) = 3] p;(t, k) for the firstbound, f; (r) = d, p: (k+r|§ﬁ+’,§|)
for the second bound and f; () = 8,1/ Di (k + IH) for the third bound. When
dealing with ej/. use the above f;’sfor2 < i < j and zero otherwise. The contribution

from e(k) vanishes in the first two bounds and is bounded by const |k — k’| in the
third. O

Recall that, for j > 1, Cf;”(k) = lk”;f% Set, form > lands € ¥,

(k) = CP () xs ),

and denote by c‘g"' ) (x) its Fourier transform.

Lemma A.2. There are M—dependent constants const and pgy such that the following
holds forall p < po, B € Aand j > 1:

i) Fors € ¥j,
[P ()], < const MUHEDS,
ii) Forl1 <m < jands € Zp,
||x’3c§”(x)||Lw < const [, MIPI=DJ,
iii) Form > 1 and s € X,
3

2Dy H < const ~z_,
LOO

||C§j)(x)”mo = CO““% oo € e

iv) Fors € X,

a_ ()
T3 Cs ()C)HL1 < const.

Proof. For any sector s” of any scale, cg,] ) (k) is supported on the j™ shell and p® (k) is

supported on the i™ extended neighbourhood. If i > j + 1, the j shell and i th extended
neighbourhood do not intersect, so we may assume that p) = 0 forall i > j + 1.
Therefore, by Cor. XIX.13 and Prop. XIX.4.iii of [FKTo4],

Jj+1 Jj+1

§ : i 2 : pli o
IUll’zj < |p( )ll,E_,' < const M—;C/ < const mcl

i=2 i =2

Hence the hypotheses of Prop. XIII.5 of [FKTo3] are fulfilled. To apply this proposition,
we let, for s, s” € ¥, 5((&, s"), (¢/, ")) be the Fourier transform, as in Def. IX.3 of

[FKTo2], of x, (k) Cl(,j ) (k) xs» (k). Comparing this Fourier transform with that specified
before Def. 1.17, we see that

=3 &0.1.0.5). (x. 1.a.5").

" .
s"ex;
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By conservation of momentum, only three s”’s give nonzero contributions to the right

hand side for each s’. Hence, by parts (ii) and (iii) of Prop. XIIL.5 of [FKTo3] and Cor.

A.5.i of [FKTol],

9 Mi¢; .
Z 3 Hx cy (x)Hth < const |c|1 T < const T=comst p¢; < const M
8eNgx N2

s .(J) Cj
Z ||x c,/ (x)|| oot < const MJW const— cj.

5€N0><N(2)
i) follows from (A.1) by choosing s’ = s.
ii) By (A.2),
|x%c (/)(x)”Loo < const ’ - M1V

Tei, (A1)

(A2)

forall s’ € ¥; and § € A. Write cﬁj)(k) =3 ses; cf,;/)(k))(s(k). By Lemma

sNs’ A0

XI1.3.iii of [FKTo3],
[ e @] g < const 37 37 e 0] 6 2@

s'ex; SS’ENOXNZ
sNs'#£D §ys/=

U ag18liag18'1i L
< const Z Z WM M gconstﬁ

s'€T; 5.6'eNgxN3
sNs'#D 548'=p

iii) follows from the observations that
sup |c§'/)(k)| < const M/, sup |kocS’)(k)| < const,,
k
and cgj ) (k) is supported in a region of volume const %
iv) follows from part (iv) of Prop. XIIL.5 of [FKTo3]. O
Recall from Lemma II1.25 that

b(my,m2) (my,m3) k k
anepi = [ g O D B,
—b(my.my) i — (o, Pllio — (o, k)]
where
umm (e, k, p) = [1 - Vo(w)vl(p,k)]v(ml)((w,p))v(’"”((w,k))
and
b #ﬂfrlz} iftm=i,i+1
(ml’ m2) B min { Mj1—3/4 ’ Mmg)?{rrlnslt‘mz) } lfm 2 l + 2

The functions vy and v; were defined just before (I11.22).
LemmaA.3. Leti <m < j, min{m, my} = m and s1, 5o € Xy,. Then

my
[2 M

711

3

/dzl sup ‘AZ’:%;’”(ZI,ZM < constb(my, my)
153

/a’zz sup ‘AZ’:‘AZ 2(zy, z2)| < constb(my, mp) [2 A[Imz.
Z

L agIBli
M—ijﬁf.



Particle-Hole Ladders 89

Proof. We may write Ay,';)"*(p, k) as a sum of two pieces, each of the form

Z Z Ayy vy ,u2,0,(P5 K)

ul.v]eEmI 142.1)262;«”2
upNsy#0  upNsy#P
upNu #P  upNup#P

with

Ay vrazn (P k) = % f d® Gy my (@) (@, P)ci? (@, K) X1.0, (@, P) X2.0, (@, K),

where

1 or

Xl,vl(wa p) = io: v(M”e(p)z) le(wa P)Xsl(O, p).
(=i+1
1 or

X202 (0, k) = & U(Mne(k)2) Xvy (v, k)ng 0, k),
C=i+1
1 or

le,mz(w) = {Vo(a)) } Xmy,my (w),

and X, m, (@) is the characteristic function of the interval [ — b(m1, m2), b(m, my)].
The Fourier transform of Ay, y;,u5,0, (P, K) is then

. 4
Ay viupy (21, 22) = /dxl dxy T] dte ™ (11, XD 1,0, (02 — 11,21 — X))
=1

x ¢ (13 — 12, X2) K20y (t4 — 13, 22 — X2) Sy .y (—14).

This is bounded using
SUP |Gy oy (—14)] < 2b0m 1, mo),
14

R [
sup /dt4 !xz,vz(m — 13,2y — Xz)\ < const 37y,
13,X2,2)

sup/dtg dx; |c,(4';2)(t3 — 1, xz)‘ < const M2, (A.3)
5]

sup/dtzdzl |)21,v1 (th — 11,21 —x1)| < const,

1,X]

/dtl dxy |cgf”)(t1,x1)| < const M.

The supremum of |Z‘m 1,m>(—14)| was bounded by the L' norm of ¢, 1,ma (@). The bounds
on C%[), ¢ =1, 2 are immediate consequences of Lemma A.2.i with 8 = 0. The bounds

on X, £ = 1,2 are proven much as Lemma XIIL.3 of [FKTo3]. Indeed (XIIL.3) of
[FKTo3] applies with j = m, and [ = [;,,. Denoting by x; and x; the components of
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x perpendicular and parallel, respectively, to the Fermi curve at the centre of vy, Prop.
XIII.1.i gives

1
2
M=mne [1+M—me [£112 (1M 71X g [+ [ 113

|Xg ve (&, x)| < const
from which the desired bounds follow. Applying, in order, the bounds of (A.3) yields
[dzl s;lzp |Aul,v1’u2,v2(z1, zz)| < constb(m1, my) Ly, M™.
Similarly,

/dZ2 sup |Au1,v1,u2,v2(zla zz)| < constb(m1, my) L, M™2.
z

For each fixed s; € X, there are at most const [[ pairs (41, v1) € E m obeying

uy Nsy # @, u; Nvy # @ and for each fixed s, € Em, there are at most const 2 [ pairs

(uz, 1) € Emz obeying us N sy # @, uy N vy # . Hence

/dzl sup}AZ’ff;’;‘Z(zl zz)] < constb(my, my) [—’"—"‘ L, M1,
7 "2
ny

< constb(my, mz) [ ,
Illl

/dzz sup }Ag”'sz’"z(zl, zz)| < constb(my, my) [[r;—"l[[i [y M2

m3

m
< constb(my, myp) [3,,"{’—2 O
my

Appendix B. Bound on the Generalized Model Bubble

Fix, as in Theorem 1.20, a sequence, p(z), p(3), ..., of sectorized, translation invariant

. 2
functions p¥) on ((R X Rz) X 2,-) obeying

Ip(i)h,Ei < pﬁ[iici, ﬁ(i)(()’ k) = 0.

Let I be an interval of length [ on the Fermi surface F and u(k, t) a function that vanishes
unless 7r (k) € I, where 7F is projection on the Fermi curve F. Set, for 1 <i < j,

B0 = / vo ! (ko)u(k,
b [tko — e (ko, K)1[tko — €' (ko, k +t)]’

where
@) = 2072 AR 14
vo ko) = Y v(M¥KG), k) =ek) — Y pOK).
=2

L=i+1
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LemmaB.1. Let | <i < j obey M' < ;M/. Then

yat“Bi,j(t)| < const [max{1, j[le""j} \ﬂf;?% sl?{) m\a{*a{u(k, t)|

forall |o| < 4 and all t in a neighbourhood of the origin.

Proof. Let

E'(ko, Kk, t,s) = se¢'(ko, k) + (1 — s)e(ko, k + 1),
Ek, t,s) = E'(0,k, t,s) =sek) + (1 —s)e(k + 1),

w(k7t5s)= _%?)TE;(O’kytas)’
E(ko,k,t,5) = E'(ko, k, t.5) — E'(0, k. t, $) — ko 55-(0, k, £, 5).

Then

i)
ko)u(k, t
B; j(t) =/dk Yo (Ko)ulk, )
| [tko — ¢ (ko K)][1ko — ¢/ (ko. k + )]
B /dk vy ko)u k, t) [ 1 1 ]
a e (ko, k) — e’ (ko, k + t) Likg — €’ (ko, k) tkyg — €' (ko, k + t)

1 (Y]
ko)u(k,t
:/dk/ds Yo (ko)u(k. ©
0 [lkO - E/(k()’k9 t’ S)]2

| W)
:/dkf ds v koJu(k, ) . (B.1)
0 Lwk t o)k — Ek t,5) — E(ko, k. £, $)]?

Case i. |@| > 1. Make, for each fixed s, the change of variables from k to £ and an
“elllngular” variable 6. Denote by J(E, t, 6, s) the Jacobian of this change of variables.
Then

1 v koY (K(E, t, 0, 5), ) J(E,t, 6, s
B,,,(t):/ ds/dkO/deE 0 Royu(k(E t,6,5). )] ( ) . (B2)
’ 0 [lwk(E, t,0,s),t 5)ko — E — E(ko, K(E, t,0,5),t,5)]?

Since E(k, t, s) = se(k) + (1 — s)e(k +t) and t is restricted to a small neighbourhood
of the origin,

|VKE(K, t, )| > const > 0, |a,‘§afE(k, t,s)| < const’ (B.3)

for all @ 4+ B having spatial component at most . Using

Oy 0 (K)37, 1B, 0 (K)3¢ 2

dyke(E.t.0,5) = U Bk, L)

T B, E(KE,5) Ok, 0 (K)—0k, E (K, £.5) 0k, 0 (K) k=k(E.t.0.5)"
one proves, by induction on ||, that, for |8| <r,
0/ K(E,t,0,5)| < const”. (B.4)
Using this bound and
_ 1
J(E,t,0,5) = [Bic; E(K.E.5) 01, 0 (K)— 0k E(K.E.5) 0k, 0] | e (£ .05
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one proves that, for || <r — 1,
0/ J(E, 1,6, 5)| < const”. (B.5)
By Lemma A.1.ii, fora + 8 + (1,0,0) € A,

90wk, t.5)] < cons {;M T A =0 g
Since
E(ko.k,t.5) = E'(ko. k. t.5) — E'(0.k, t,5) — ko2E (0, K. t, 5)
= /Oktil( [g—fo/(/(, k,t,s)— 2TEO/(O, k, t, s)],
parts (ii) and (iii) of Lemma A.1 imply that, again fora + g + (1,0,0) € A,
lko| ' if | +181 =0
]a,‘ja{’é(ko,k, t, )| < const p { lko[™ + Ikoll; M7 if la| + 18] =1.

[jM(\aIHﬂ\—l)j + |k0|[jM(|a|+|ﬂ|)j if || + 8] > 1
For ko in the support of v, (0.j )(ko) lko| > const 7= - and

lkol' T if o] + 161 =0

. B.7
lkoll; [ MUeHBDT if|a| + |B] > 1 (B.7)

|8,‘§‘8t’31:7(k0,k, t, s)| < const p {

Applying 9 to (B.2) yields an integral whose integrand is a sum of terms (whose
number is bounded by a universal constant) of the form a combinatorial factor (which

is bounded by a universal constant) times Vo iJ) (ko) times

1 1_[ [ V(p)atﬁ(p)(lkow _ E) 1_[ 80l(pl) ]

+2
[twko—E— E]'" (=1

/(5)

x[of of u H o ki, ]

=1
with the various degrees obeying

8+ B + Z a/<z>+z[ﬂ(p>+§ a(pf)]
=1
ly P+ 18P =1 foralll < p<m,
PO = 1 foralll < p<m, 1<t<[y®),
/) > 1 forall 1 < ¢ <|y/|.
Using the fact, from Lemma A.1.i, that jw(k, t,s) — 1| < p < % and the bounds on the
derivatives of k, J, w and E of (B.4-B.7), we may bound this term by

m
, 1 D) |418P))) y' aB
const ko= E 2 1_[1 |:|k0|[jM(|V [+IB7Dj Sl:lp|ak at u|
p= t
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m
’ |ko|™ @) 418P))) j (18 |+
< const’ 1:[ [[jM(‘V I+18 |)/]Mz<|ﬂ| ¥’

X ax af 8 ulk,t
PRl kp Mz|ﬂ+y|| (k. t)]

ko™ le—=B"1j pg1B'+y'1G—)) pm
= CO”SI |lk0—E\m+zM M [ |ﬁ‘5r‘1;2|1<|01| kp Mt|ﬁ+yl |8 8 M(k t)|

Y
My, ;o max kle‘ﬂ+V‘|8 o uk, t).

< const’ ko E\Z

For the second inequality, we used that | 8’| + |y’| + ZZ’ZI [y P +18P] < a— B
For the final inequality we used that one of m, [y'|, | 8’|, | 8”| must be nonzero for || to
be nonzero and we also used the hypothesis that M'~/ < [;. The bound is completed

by applying

const const const 1
dk d9 < const’ | dR + < const jl.
/::r)nst 0 —const |lk0 E|2 - con;:t R — J
M

Case ii. « = 0. Recall from (B.1) that

1 ()
ki k,t
Bi,j(t)Z/dk/ ds vy (ko)u( )~
0wt s)ko — E(,t ) — E(ko, k.t )2

! (l W)
Bl ;(t) = /dk/ ds (ko)u(k, t) N
o i ko~ Ek

By Lemma A.1.i, (B.7) and the reality of ky and E(k, t, s),

and set

1liko—Ek, t,9)] < [tw(k, t, )ko— E(k, t, s) — E(ko, k. t, 5)| < 2[tko— E(k, t, 5)|.
Hence, by (B.7),
|Bj,j(t) — B{,j(t)|
< /dk/ ds i (koyu(k, t)]

[wk,t,5)ko—EK,t,$)% —[1w(k,t,5)ko— E (K,t,5)— E (ko.,Kk,t,5)]?
[lw(k t.s)ko—E(K,t, s)]z[lw(k,t,s)ko—E(k,t,s)—I;"(ko,k,t,s)]2

/dk/ ds vy (koyu(k, t)]

E (ko K,t,8)[2tw(K,t,5)ko—2E (k,t,5)— E (ko K, t,5)]
[tw(kt $)ko—E (K, t,9)2[tw(k,t,5)ko— E (K,t,5)— E (ko K, t,5)]2

ko, k
< / dk / ds const [kol™ vy (ko)u (K, )] FELLREIL Lfﬁ e

< /dk/ ds const kol v (koyu (k, Ol e

const const 8
< const sup|u(k 18] d@/ dko/ dE kol

liko—E|?
const —const
const

< const sup|u(k t)| d@/ dko |k0|N’1/dE’ = E'|2

const
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< const [ sup |u(k, t)],
K.t

and it suffices to consider Bi” j (t).

Make, for each fixed s, the change of variables from k to E = E(k,t, s) and an
“angular” variable 6. Then
u(k(E, t,0,s), t)J(E, t,0,s)
[lw(k(Es t7 09 S)s t7 S)k() - E]2 .

B[ ;(t) = [ ds [ d6 [ dkodE v (ko)

Integrating by parts with respect to ko,

B ;(t) —/ ds/d@dE/ dko vy (ko) L 1 G ol
ulJ @)
WL~y vy (ko)
=/ ds/dedE/ dky ko o :
0 S twky — E
Since ZTov(gi’j)(ko) is odd under kg — —ko,
Bl(t) = / ds / d0dE f dko L (=0 Gvs " 00 || mer=r — =z |
_ uJ d @i,)) —21wko
_/ dsfd@dE/ dko%= (— [dk (ko )]w2k3+Ez
_ d_ @i,j) u(k(E,t,0,5),t)J(E,t,0,5)ko
2/0 ds/d@ /;OOdE/O dko ko Vo (kO)] w(k(E,t,0,5),t,5)2k3+E2 *
w(k(E,t,0,5),t,5)2— 1] < J and

|B (t)|<4sup|u]|/ ds/d@/ dko/ dE‘dko (()t /)(k)

where I’ is some interval of length const [. Finally,

Hence, since |w(k(E, t,0,s),t,5)— 1| <p< l,

k2+E2’

|Bl-”j(t)| < const [ sup|u|/0 dkg ‘dkovo 7 (ko )’
< const [ sup |u(k, t)[,
k.t
since [ dko |370véi’j>(k0)‘ =2 0O

Theorem B.2. Let 1 <i < j obey M' < [.,'Mj. Let t and n be mutually perpendicular
unit vectors in R? and p (K) be a function that is supported in a rectangle in k having one
side of length <7 €L parallel to n and one side of length const [j parallel to t. Furthermore
assume that, for allotl oy <2,

’(n . Bk)al (t- Bk)azp(k)‘ < const M"“j[a%.
J
Leta = % and I§,-,j (x) be the Fourier transform of p(K) B; j(K). Then

1
|B, ](X)| = const 114 i (1+mx/Mj|3/2)(1+‘[ fX|(1+")/2)\ﬂTa|X<3 sup M:\ﬁ+y\ |8 8 u(k, t)|
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Proof. Denote
U= |ﬁT}2}|<3 sup Mt|ﬁ+y| }8 Bku(k t)|

Note that 1 < a < % The first step is to prove that for all ¢y € {0, 1} and 0 < a» < a,
(v 0 (¢ ) [ Bk + g0 = Biy (0] = C1U M drjgtea), (B3
J

where [a2] is the integer part of a». Here C is a constant that is independent of i, j, k
and ¢q. To prove (B.8) when [«2] = 0, apply Lemma B.1 twice to obtain

(0 01) ' [Bj Ok + g0 = By 00]| < | (n 31) By + g0+ (n- 81)“ By s o)
< 2 const [U M*VJ
[0 00) [ By g0 B 00| = lalsup () (- 3p) B )
< const W |q| ji; M@+HI,
)th

Multiplying the (1 — a2)™ power of the first bound by the Ol power of the second gives

(v 81)“! [Bij Ok + g0 — By (0)]| = 2!~ 2const W [q|2 M7 (jt; M7)
= 2'"“const (U MV o51q|*> (jM 1 7207)*
. J
<Cw M“U[},—2|q|“2.

;
To prove (B.8) when [a2] = 1, again apply Lemma B.1 twice to obtain
[(n 31! (- 0)[Bij (k + g0 — By, (0] = 2const 1 jt; M@V,
‘(n o) (t- o) [Brj (k + ) — By (K) ‘ Iq| sup‘ n-ap)" (¢ ap)zB,-,,-(p)‘
< const (U |g| jl; M@,

Multiplying the (2 — a2)™ power of the first bound by the (a; — 1) power of the second
gives
[(n- 01 (¢ ) [ Bis & + g0 — By (0]

< 2% const U ||~ M©@FDI ji; p@2=DJ
=22"%const (U M"‘” 1 |q|°‘2 l(jM (RtarN— az)/)

< CW MV 5lq|*>" ‘

/

sinceN+a2R—a2=R—(l—N)a2z&—(l—&)a:&—% > 0. We also have, for
all ¢y € {0, 1,2} and oy € {0, 1},

[(n 31 (- 01)™ By 0| = const iU M (B.9)
J

since jl; M2/ = [(l—sz_(NJ“"Z“_“?)j < const [(1—2 foras =0, 1.
j j



96 J. Feldman, H. Knorrer, E. Trubowitz

The next step is to prove that for all #; € {0, 1} and 0 < oy < a,

‘(n )™ (6 0) [ p (& + gV Bi j(k + gt) — p(K) By (k)]‘
< c'w Malj[zljh]laz_[aﬂ- (B.10)
j

Applying the hypothesis on p twice,

‘(n )™ (¢ ak)[”][p(k +qt) — p(k)]‘ < 2 const M1/ L

lep]>
[./'

(-0 (¢ 310 [k + g0 = p(]| = const M= gl
J

Multiplying the (1 + [a2] — a2)™ power of the first bound by the (o — [a2])™ power
of the second gives

(0 0™ (- 0) [0 + g0 = p®)]|
< 2lHleal=e gt M“lf[a%|q|°‘2*[“2]. (B.11)
J

The bound (B.10) follows from the product rule and
‘(n )" (6 0) “[p(k + gt Bi (K + qb) — p(k)Bi,j(k)]‘
< ‘(n )™ (6 9) [k + gt Bij(k + gt) — p(K) By (k + qt)]’
+‘ (n- 3" (t- 0) [ p(&) B (K + qt) — p(k)B,-,,-(k)]‘

by using (B.11) and (B.9) to bound the first line and (B.8) and the hypothesis on the
derivatives of p, to bound the second.
The lemma will follow from

sup ]n-X/Mj|al|[jt~x|o‘2‘1§,-,j(x)] < const [U %
X
for all o1 € {0, %} and a» € {0, %}. This in turn will follow from

sup |nox/Mj‘°“|[jt~x|°‘2|lA3,-,j(x)‘ < const (U % (B.12)
X

Q3

for all oy € {0, 1,2}, ap € {0, 1, a}, (a1, 2) # (2, a), by taking various geometric
means. In particular, to handle the case (o1, p) = (%, 1%), take the geometric mean of
the bounds with («g, az) = (1, a) and (a1, op) = (2, 1). Forap = 0, 1, (B.12) follows,

by integration by parts, from

‘(n ) Bk)m(t' ak)az [p(k)Bi,j(k)]‘ < const [U M‘xlj[(l—z

J

and the fact that p (k) B; ; (k) is supported in a region of volume const % Furthermore,
if [l;t-x] <1,

[/ M7 "t x| By (0] < [ x/MI | | By (0] < const WU 3,
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so it suffices to consider oy = 0, 1, 2p = a and |t-x| > [i Let D ' (x) denote the Fourier
J

transform of
D; j(k) = MD,U ——(n-a) ™ (1t a) [p () B, j (K)].

Then
e — 1| x/M7 " 45t x1| By 0
‘e—tth 1” (zn)zelkXDl](k)‘
‘/ Ly l(k*qf)'x_ezkx]Di’j(k)‘
= ‘f L XDy sk + g — Dy 0]
By (B.10)

a—1
|Dij (& +qt) — Dy (0] < €' W0 4.
J

Furthermore if || < 1j, D; j(k + gt) — D; ;j(K) is supported in a region of volume

const -4 M =, 80 that

=% — 1 [n - x/M7 | |1t x| By (x)] < const (U 35 14
J

To finish the proof of (B.12), and the lemma, it now suffices to choose g = ﬁ‘ and
observe that then |e”‘1t'X — l| = |e”/10 - 1| >0. O

Lemma B.3. Let I be an interval of length | on the Fermi surface F, K be a compact
subset of R?, and u j(k, to, z) = u;((ko. k), to,z) and vj(k,t,z) = vj((ko,Kk),t,2),
Jj > 1, be functions that vanish unless k € K and wp(K) € I, where wwF is projection
on the Fermi surface. The variable z runs over R" for some n € N. Let nj(w), j > 1,
be functions that take values in [0, 1], vanish in a ( j—dependent) neighbourhood of
w = 0, are supported in a compact set that is independent of j and converge pointwise
as j — oo. Set, for j > 1,

Aj(to,2) = /dk nj(e()u;k, to, z) |
[tko — €’ (ko, K)1[z (ko + to) — € (ko + to, K)]
njko)vj(k,t, z)

Bj(t,2) = , :
[lko — e (ko, K)1[1ko — €' (ko, k + )]
and let
i(k—(x,0),t0,2)—u i (k,t9,
Ug= sup |uj(k,t0,2)|+ sup e )Of;) 10,91
Jikito,z Jok,to, K,z lic]
+ sup |k, t0,2)—u; (k,0,2)] + sup Iu_/(k,to,z)—u_/ﬂ(k,to,z’)l
Jokito.z lrol™ ik, to,2,2 |z—=2'®
[vj ((ko,K'),t,2)—v; ((ko,k),t,2)|
Vo= sup |vj(k,t, )|+ sup / L
8 FAUTAY)
Jktz ko kK2 k—K/|*
+ sup |U_/'(k,t,Z)—_Uj(k,0,Z)| + sup |v_/(k,t,z)—v,-_(k,t,z')\
jktz It Itz ja=2/}

be finite.
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a) Let 0 < X' < R < X, Then

|Aj(t0, 2) — Aj(0, 2)| < const [ Ug |1o|™,
|Aj(t0,2) — Aj (10, 2)| < const 1 Ug |z — 2|}
for all ty in a ( j—independent) neighbourhood of the origin.

b) If, in addition, u;(k, ty, z) converges pointwise as j — oo, the limit A(ty, z) =
lim A (1, ) exists for ty in a neighbourhood of the origin and obeys
Jj—>00

|A(t, ) — A(0, 2)| < const [Ug It
|A(to, 2) — A(t0, 2)| < const 1 Ug |z — 2/

for all ty in a neighbourhood of the origin.
c)Let0 <R < R < N Then

|Bj(t,z) — Bj(0,2)| < constlVg 1t
|Bj(t,2) — Bj(t, 2)| < const Vg |z — 2/
for all t in a (j—independent) neighbourhood of the origin.

d) If, in addition, vj(k,t,z) converges pointwise as j — oo, the limit B(t,z) =
lim Bj(t, z) exists for t in a neighbourhood of the origin and obeys
—>00

’B(t, z) — B(0, z)’ < const [ Vg 1t
|B(t,2) — B(t,2)| < const[ Vg |z —2'|V.
Proof. The proofs of parts (a) and (b) are very similar to the proofs of parts (c) and (d)

respectively. So we only give the latter.
¢) As in Lemma B.1,

: ko), (k. 1.
Bj(t, z) =/dk/ ds njko)v;( z)~ |
0 [w(k t.9)ko — E(k t.5) — E(ko. K. t. )]

where
E'(ko, Kk, t,5) = se’(kg, K) + (1 — s5)e' (kg, k + 1),
Ek, t,s) = E'(0,k,t,s) =sek) + (1 —s)e(k + 1),
w(k7 t’ S) = 1 - %?}%(O’ ky t5 S)’
E(ko,k,t,5) = E'(ko, k, t.5) — E'(0, K, t, $) — ko 5-(0, k, £, 5).
Set |
nj(ko)vj(k,t, z)
B.(t,z)= [ dk | d J /
it / ./o * Twk, £, 9)ko — E(k, €, )12
and

_ 1 . 1
I(ko, k. t,5) = Lw(k,t,s)ko—E K, t,5)—E (ko.k,t,9)]2  [wk,t,s)ko—E(K,t,s5)]*

_ Lwkt.s)ko—EK.t) P —[wk.t.5)ko—E K. t,5)—E (ko.k.t.5)]%
T Lw(st9)ko—E K, t,)2Lwk,t,s)ko—E(K,t,5)—E (ko .k, t,5)]?
_ E (ko K.t.9)[2tw(k,t.9)kog—2E (k,t,5)— E (ko K.t.5)]

T Lwk,ts)ko—E K, t,9) 21wk, t,s)ko—E (k,t,5)— E (ko, K, t,5)]2
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so that
1
Bj(t, z) — B}(t, Z) = /dk/ ds nj(ko)vj(k,t, 2)I(ko, K, t,s). (B.13)
0

By (B.7)and LemmaA.1, using E (ko, k, t, 5) = f(fodic [gTE(;(K, k,t, s)—gTEO/(O, k,t, s)],

|E (ko, k, t,5)| < constp [ko|'™, |E(ko, Kk, t,5) — E(ko, k, 0, 5)| < const|ko| [t
lw(k, t,s) — 1] < p, lw(k, t,s) —w(k, 0,s)| < constp [t|",
|[E(k, t,s) — E(k, 0, s)|] < const|t]|

Consequently

ko' iko—E (k.t,5)| lko|®
|1 (ko, K, t,s)| < const oo E k.t < const B SE (B.14)

and, we claim, for 0 < 8’ <R,

R—R ¢ 1R 1 1
|1 (ko, Kk, t,5) — I(ko, Kk, 0,s)| <const|ko|" " |t] I:\tko—E(k,O,S)lz + \tko—E(k,t,s)\z]'

We prove the last bound in the case |E (K, t, s)| < |E(k, 0, 5)|. The other case is similar.
Set

c=1w(k,t,s)kg — E(k,t,s), C=1wk, 0,5k — Ek,DO0,s),

d=1wk,t, ko — EKk,t,5) — Etko, k., t,5), D=1w(k,0,s)k— E(K,D0,s)
— E(ko, k, 0, 5),

a = E(ko, Kk, t,s), A = E(ko, k, 0, 5),

b=c+d, B=C+D.

Then, for |kg|, |t| < const,
lal. |A] < const [ko|' T,
|bl, |c|, |d| < const [tk — E(K, t,s)| < const|itkg — E(K,O0,s)],
Ic], |d| = const [tkg — E(K, t, 5)],
|B|, |C|, |D| < const |tkg — E(K, 0, s)],
|C|, |D| = const |tko — E(K, 0, 5)],
la — Al < const min {|ko|"*™, kol[t/®} < const [ko|" TNt
lc = C|,|d — D|, |b— B| < const |ko||t|R + const min{|E(k, 0, s)| + |E(K, t, s)|, |t]|}
< const [t|N [1kg — E(k, 0, 5)]' Y.

Applying these to
AB__ ab _ (A—@)B , a(B=b) | ab 2d*—C?Dp?
C2D? 2?2 T C?D? c2p? c2d? C?D?
_ A-—a)B | aB-b) , ab c2(d—D)(d+D) 4 _ab_(c=C)(c+O)
- C2D2 CZDZ CZdZ C2D2 CZdZ CZ
gives

ko RN 1
|1 (ko. K, t,5) = I (ko, k, 0, 5)| < const el

ko[ 1tN
ltko— E(K,t,8)|% [1kg—E (k,0,5)|Y

< const |ko/¥ N |t} [

—+const

1 1
ltko—E (k,0,5)|2 + |1k0—E(k,t,s)|2:|’
which is the desired bound.
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Using these bounds gives, for 0 < ¥’ < R < N,
|Bj(t,z) — Bj(t, z) — B;j(0,2) + B}(0,2)|
i
< fdk/ ds nj(ko)‘vj(k, t,2)I (ko k, t,5) —v;(k,0,2)1(ko, Kk, 0,s5)|
0

1 . . N
< const/dk/ ds nj(ko)[lvj (k’llt};)_Ev{l((k;O;;)zllk0|
0 it

U / > / o
+ v k.02 [1ko SN 1tN | vy k.0, 2)[1ko NN [¢N
ltko—E (k,0,5)[? ltko—E (K, t,5)|?
const const
< const f do f dko / dE ["fol“supk|vj<k’t’z>—vj<k70’z>l
= —F12
1 —const —const ltko—E]

/ /
ko N 1tN supy [v; (,0,2)]
ltko—E?

< const [[sup [vj(k,t,2) —v;(k,0,2)| + ItIN, sup |v;(k, 0, z)l]
< const [ nglt|w k
and
|Bj(t,2) — Bj(t,2) — B(t, ) + B(t, )|
< /dk /Olds nj(ko)’vj (k,t,2)1(ko, Kk, t,5) —v(k,t, I (ko, Kk, t, 5)]

1 >
j(k.t,2)—v; (k,t.2) ko
< const /dk/o ds nj(ko)“’f( |lkz0—ll:ij(k,t,sz)|)2” ol

const const N . o ,
SCOnSt/dG/ dk()/ dE kol SUPklvj(k,t,Z) vj(k,t,z )|
1

ltko—E|?
—const —const
< const [ sup |vj(k,t,z) —vj(k,t,2)
k

<const[Vg|z — Z'IN/.

Hence it suffices to consider B} (t, 2).
Making, as in Lemma B.1, for each fixed s, the change of variables from k to £ =
E(k, t, s) and an “angular” variable 6
vj((ko, K(E, t,60,5),t,2)J(E,t,0,s5)
Lwk(E,t,0,5),t, 5)ko — E]?

B/(t,2) = [y ds [ d6 [ dkod E nj(ko)

Set

v ((ko. k(0. £.0. 5)).£.2)J (0. 1.0, 5)
[w(k(0,t,6,s),t, s)kg — E]?

BY(t,2) = [y ds [ d6 [ dkodE n;(ko)

Using

Ok, 0 (K)3¢,1—0k, 6 (K)dp 2

Ieke(E,t,0,5) = A, E(K.L.5) B, 0 (K)—0k, E (K, £,5) Ok, O (K) ‘k:k(E,t,@,s)

one proves, by induction on n, that, forn <r,

|0FK(E, t,0,5)| < const”. (B.15)
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Using this bound and the observation that the Jacobian

J(E.t.0.5) = |8k1E(kts)3k29(k) B ERE) O 0] |y g (E.4.9.5)

one proves that, forn <r — 1,

RJ(E t,0,5)| < const”. (B.16)

Since
lw(k.t,5) — wk t.5)] < 5|30, k) — 20,k
+(l—s)| (0 k+t)— ,ﬁ(;(O,k/+t)|
< const|k—k’|**, (B.17)
(B.15), (B.16) and the fact, from Lemma A.1.i, that jlw(k, t,s) — 1] < p < % imply that

v ((ko,k(E,1,6,5)),t,2)J(E,t.0,5)  v;((ko.k(0,t,0,5)),t,2)J(0,t,6,5)
[twk(E,t,0,s),t,5)ko—E]? [1w(k(0,t,0,5),t,5)kg—E?

< const|vj((ko,k(E,t,9,s)),t, z)—vj((ko, k(0,t,0,5),t,z )|k2+E2

[kol+E|] \koHEP*
[k +E2)2

+const sup |v;(k, t, z)| ~ + const sup lvj(k, t,2)
k.t

ko k'), t,2)— ko,k),t,
5const[sup|”’((° ).t.2)—v; (ko K).£.2) |

& ER
- +sup [vi(k,t, 2) ] |E < const Vg El
KK ‘k—k/lR k){) | J | k(z) E2 by

k2+E2

for all small E. For E bounded away from zero

v; ((ko,k(E,t,0,5)),t,2)J (E t,0,5) v; ((ko,k(0,t,0,5)),t,2)J (0,,0,5)

Lwk(EL0.5) tko—EF [wkO.t0.5).t.s)ko—EP
< const sup |v; (k. t, Z)|kz+Ez
k.t
SO
v;((ko,k(E,£,6,9),t.2)J(E,t.0,5) v ((ko.k(0,t,6,5)),£,2)J (0,1,6,5) _min{E[}.1)
[w(k(E,1,0,9),t.5)ko—EP2 kL0 oko—EP | = CONStVx ko+E?
(B.18)

Since
ik, t,5) — wk,0,5)] =1 —s|[ 20,k +1t) — 20, k)| < const|t|"

(B.17), (B.4) and (B.5) imply that

vj((ko,k(E,t,G,s)),t,z)J(E,t,G,x) _ v_,-((ko,k(E,O,G,x)),O,z)J(E,0,0,s)
[tw(k(E,t,0,s),t,5)ko—E]? [lw(k(E,0,0,5),0,5)ko—E]?
< const |v; ((ko, K(E, 1,6, 5)), t, 2) — v, ((ko, K(E, 0,6, 5)), 0, 7)|

k2+E2
+const|t|s1]:p|vj(k, 0, Z)|/<5+_EZ +const|t| szp’vj(k, 0, z)|%)%
< const[ sup |v;((ko, k), t.z) — vj((ko. k), 0, 2)]
KK/
|k—k’|<const |t|
I sup [ k.0, )| | s
< const V~|t| (B.19)

k2+E2



102 J. Feldman, H. Knorrer, E. Trubowitz

and that

v; ((ko,k(0,t,0,5)),t,2)J (0,t,0,s) v ((ko,k(0,0,6,5)),0,2)J(0,0,6,5)

[1w(k(0,t,0,5),t,5)kg— E]? [1w(k(0,0,0,s),0,5)ko— E]?
< const |, ((ko, k(0, £, 6, ), t, 2) — v; ((ko, k(0 0,6, 5)), 0, 2)]

k2+E2
. ) |k I[\k [+IE1]
+const|t|sup|vj(k, 0, Z)|k§+_EZ +const|t| stl:p’v](k, Z)|(Ek(2)-£—E2]2
< const Vi |t| k2+E2 (B.20)

Combining, (}~3.18), a second copy of (B.18) with t = 0, (B.19) and (B.20), gives, for
all0 < X < R < R,

v; (ko k(E,t',0,5),t',2)J(E,t',0,5) |t'=t  v;((ko,k(0,t',0,5)),t',2)J(0,t',0,5) |t'=t
Llwk(E,t',0,s),t',s)kg—E]? t'=0 [1w(k(0,t,0,s),t' ,s)kg—E]? t'=0
inf| £, 1)

R’ min
< const Vg|t| o
8 k3+E?

and
|B)(t.2) — B)(t.2) — B} (0,2) + B}(0,2)|
const min{\E|§_R/ I
< const V|t do dk — ]
| | / /const O/ k(%JrEz
< const [ Vg 1t®

Similarly, combining, (B.18), a second copy of (B.18) with z — 7z’ and

vj((ko,k(E/,t,e,s)),t,Z)J(E/,tﬁ,s) _ v]'((ko,k(E/,t,Q,S)),t,Z/)J(E/,tﬁ,s)
[w(k(E',t,0,s),t,8)ko—E]? [w(k(E',t,0,s),t,8)ko—E]?

< const Vglz — z INszrEQ

gives, forall 0 < X' < R < R,

v ((ko,k(E,t,0,5)),t.2)J(E,t,0,5) Z=2 . v; ((ko,k(0,t,0,5)),t,2)J(0,t,0,s) |Z=2
[Lw(k(E,t,0,s),t,5)ko—E]? z=7' [lw(k(0,t,0,5).t,5)kg—E]? z=7'
I min{|E[NY 1)

KE+E?

< const V§|z —

and
|B)(t,2) — B}(t,2) — Bj(t,z) + Bj(t, )|

const mm{\ElN Ny
< const Vglz — /| /d@/ dkode—
const k +E?

< const [ Vg Iz — 2|

Fix s, t and 0 and write w for w(k(0, t, 6, 5), t, 5). Then, for all ky # 0,

o0
1 _ d _
/_OOdE e _f_ dE &yl =0

Thus B}/(t, z)=0.
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d) By part (a), it suffices to prove that B;(t, z) converges as j — oo. By (B.14),
sup; |v] (k,t, 2)1(ko, Kk, t, s)!is locally L'inkands. Hence, by the Lebesgue dominated
convergence theorem applied to the integral in (B.13), B;(t, z) — B’ (t, z) converges
as j — oo. So it suffices to prove that B/ (t, z) converges. By (B. 18) the Lebesgue
dominated convergence theorem also 1mphes that B’, f (t,z)— B;’ (t, z) converges as j —
00. We have already observed that B}/ (t,2)=0. O

The function A (#y, z) of Lemma B.3.b was constructed in such a way that the cutoff in
the ko direction was removed first (it does not even appear in the definition of A ; (7, 2))
and the cutoff in the e(k) direction was removed second (in the limit j — ©0). On the
other hand, for the function B(t, z) of Lemma B.3.d, the cutoff in the e(k) direction
was removed before the cutoff in the ko direction. The following lemma illustrates, in a
simplified setting, that the order of removal of the two cutoffs matters when t = 0.

Lemma B.4. Let, for0 < a,b < 1 and w > 0,

(1 f |
B = dk()/ dE ———.
a.b a<lkol<1 b<|E|<1 lrwko—E]?

Then Bé}l)j is bounded uniformlyon w > € > 0,0 <a,b < 1 and

M _ 4. 1 W 4p-1. x
Jim fim By = —fen~w,  fim fm By = —ffen ! w— 5]
Proof.

1) 1 —b
BV = f dko [ |+ ]
b k ko—E | —

a a<lkol<1 twko—FE |b 1wko 1
— _2/ dko [ _ L]

272 2 2752
a<lkol<1 1+wky b*+weky
1
- _ 1 __ b
- 4/a dko I:H-wzkg b2+w2k2:|

w

—_4 _1_, 4

- w/ dx 14+x2 + w/ dx b2+x2
wa wa

4 w w/b .

__4 -1 _ -1
= w[tan w — tan

ISAE

wa — tan~ ! ' + tan™! %]

Appendix C. Sector Counting with Specified Transfer Momentum

As pointed out in the introduction to §III, we are interested in translates F + t =
{ k+t | keF } of the Fermi surface F, and in particular in the distances from points
of F+tto F.
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Lemma C.1. There are constants 8, const > 0 that depend only on the Fermi curve F
such that the following holds: Letp € F, |t| < § such that p —t € F. Denote by U the
disc of radius § around p. Then for anyk € FNU.

k —p| < %dist(k, F +1t)

k
F F+t

Proof. 1f dist(k, F +t) > 1|t| orif k = p there is nothing to prove. So assume that

dist(k, F + t) < %|t|. If § was chosen small enough, the angle between the chords
—t = (p—t) — pand k — p of F is sufficiently small. In particular, (k — p) - t # 0.

Case 1. (k — p) - t > 0. We may assume without loss of generality that p = (0, 0),
that t = (0, ) with © > 0 and that the tangent direction of F at p is (¢, 1) with
some o > 0. As F is strictly convex, and both p = (0,0) and t = (0, t2) are on F,
F' = { ke FNU | K —p)-t>0 } is contained in the first quadrant, if § was
chosen small enough. By the implicit function theorem, F’ can be parametrized in the
form F’' = { (x, y(x)) | 0 < x < cons } with an r, + 3 times differentiable function

satisfying y’(0) = é, y’ <O.

p=(0,0)

p—t
Since the curvature of F is bounded above and below, there are constants consry,
consty > 0 such that
const|t] < o < consto|t|.

If § was chosen small enough, y’ > 1. Let ¢| resp. ¢ be the maximal resp. minimal
curvature of F, and let C; resp. C; be the circles of curvature ¢ resp. c; that are tangent
to F at p and curved in the same direction as F at p. Then F' lies between C; and Cy,
and the slope of F’ at a point (x, y(x)) lies between the slopes of C; resp. C; at the
points with the same x—coordinate in the first quadrant.
C
F

Cy

If C is a circle of a radius » > O that is tangent to F at p and curved in the same
direction as F at p then the slope of C at any of its points (x, y) in the first quadrant is
equal to
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1+a? B
ar N
y+ V1+a?
Therefore, for any point (x, y(x)) of F’

1
v/ 1402 X < const3
@ = .
y(x) + o/lra? Y(x) + const4]t|

y'(x) <

Let F” be the union of t + F’ and the segment joining p = (0, 0) to t.
F' +t

F/

k

p=(0,0)
Then
dist(k, F + t) > dist(k, F”) > min {lq, dist(k, F’ + t)}.
As ki > aky > const|t| |K]|, we get that

st dist(k, F +t) = min {|k — p|, fdist(k, F'+0)}. €D

If kp < |t| then the distance from k to F’ + t is larger than the distance from K to the
ray through t in the direction (1, 1), since y’ > 1.

F' +t

A

Consequently
dist(k, F/ +t) > %kl > const|t] [K — p|.

Together with (C.1) this gives the claim of the lemma in the situation that k» < |t] .
Now assume that k; > |t|. Letk’ = (k}, ko — |t|) be the point of F’ with y—coordinate
ki = ky — |t| that lies to the left of k, i.e. k] < kj.
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By the convexity of F, the distance of k to t + F is bounded below by the distance
of k to the line segment joining k’ + t and k + t. Thus

. 1 .
dist(k, F' +t) > W min{|t|, k; — k]}.
Since F’ is strictly convex

ki — k/l > % > canst5|t|(y(k/1) ~+ const4|t]) = const5|t|(ké + const4|t]).

If ky < 2|t| then |t| > consr |k| = const |k — p| and
ki — K} = const|t|* > const|t| [k — p]

and if kp > 2|t|

ki — Kk} > const |t| k5 > const [t| ky > const |t] |K| = const |t] |k — p].
Therefore
ﬁdist(k, F' +t) > constmin{1, |k — p|} > const|k — p|.
Again, (C.1) implies the claim of the lemma in the situation that kp > |t|.
Case2. (k —p) -t <0.Letk’ € F + t such that dist(k, F + t) = |k — K’|. Then

dist(k', (F +t) —t) < |[K' — K| = dist(k, F +t).

and

k —p| < [k —K'| + |k — p| < dist(k, F +t) + |k' — p|. (C.2)

Observe that the point p of F' + t has the property that p — (—t) lies also in F' + t. Also,
if § was chosen small enough, the angle between the tangents to F' at p and to F + t at
p (which is parallel to the tangent to F at p — t) is very small and (k' — p) - (—t) > 0.

P
ke Rk’
F F+t

Thus we can apply the results of Case 1, with F replaced by F + t, t replaced by —t
and k replaced by kK’ and get

K" —p| < “Ggtdist(K', (F +t) — t) < Gietdist(k, F + ).

This, together with (C.2), proves the lemma in Case 2. O

Lemma C.2. There are constants S, const that depend only on F and M such that the
following holds:

Lett € R?%, ¢ > 0 and D the disc centered at T with radius €. Let m > 1 be a scale
with [,,, > %E. Define

N=#{(51,592) €T x T |51 —s2)ND #0 },

whereDC]Rzisviewedas{(O,t)|teD}CRXR2.
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a) If |t| > 8F, then N < C\O/r%t .
b) If |t| < 8F, then

N < %lel;tl (ﬁ + e) + const .

Proof. We first observe that, given any fixed s; € %,, (s —s2) N D #  only if
s> N (s1 — D) # B . As s; — D is contained in a ball of radius at most 31,,, there are at
most five sectors 5o € X, that intersect it. Hence

N < const#{ s € ,, | 352 € T,y such that s N (s; — D) # 9 }
< const#{ s € £, | Ik € 51 N F such that dist(k — 7, F) < const, (ﬁ +€) }.

Define
I={keF|distk —, F) < const| (70 +¢€) }.

Then
N <const#{s €=, [sNI#0}. (C.3)
Clearly I C I’, where
I'={k e F|dist(k, F + 7) < const [ },
and hence
N <const#{s e %, |snI'#0} < % length(1") + const . (C.4)

We choose § to be smaller than the constant § of Lemma C.1.

a) If || = 6F, we use (C.4) and that

length(1') < const /I,

const [,,—> const [,,—>

/ /
Fit P Ftt F

b) Assume that |t| < §F. Since F is strictly convex, F' N (F + T) consists of two points,
say p1, p2. Let U7 and U; be the discs of radius 6 around p; and p2, respectively.
If §F is small enough, U and U, are disjoint. By Lemma C.1,fori = 1,2, U; N1 is
contained in an interval of length CIO;ISI (ﬁ + €). Also by Lemma C.1, fori = 1, 2,
the distance between F' 4+ t and any endpoint of F N U; is bigger than const §f|T|.

If I%_I (W + e) > %8 F» the desired bound follows immediately from (C.3) and

the fact that #%,, < %’”' So we may assume that, for i = 1, 2 the distance between

F + T and any endpoint of F' N U; is bigger than 2const, (W + 6).

We now show that I C Uy U U,. For this purpose, let k € I. Then there is v € R?
with |v| < const, (ﬁ +€) such thatk € F + 7 +v. Now for i = 1, 2 there is point
k; € FNU; suchthatk; —v € F + . (At the two endpoints K’ of F N U;, the points
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k' — v lie on opposite sides of F + 7.) Since F N (F + T + v) consists of only two
points, k = kj or k = kjy; in particular k € Uy U U>.

Therefore I is contained in two intervals of length C(I);ISI ( ﬁ + 6) and, by (C.3),

N < co[r:nst c:l)gft (ﬁ + 6) 4+ const. O

Recall that 7 : k = (ko, k) — K is the projection of Ml = R x R? onto its second factor.

LemmaCJ3.Let1 < £ <m < rand k' € Ry, k1,ky € R . Then the number of
d—tuples (u1, ua, s1,s2) € Ly X g X Xy X Xy fulfilling

7 (sy — 52) ﬂn(/ﬂ/— K2) # 0, (C.5)
Tty —up) Nk —s1) #0

is bounded by [Coit[ with the constant const independent of k1,2, k', £,m andr.

m 24

Proof. Observe that for each fixed s; € X, there are at most const sectors s, € X,
fulfilling w(s; — s2) N (k1 — k2) # @. Recall that for any sector s, k; denotes the
center of F Ns. When «’ € M, set k,» = k’. We bound each of the three terms in

#{(u1, uz, s1, 52)|(C.5) holds}
< #{(u1, u2, 51, 52)|(C.5) holds, |k — Ky, | < const [}
+#{(u1, uz, 51, sz)|(C.5) holds, constl, < |k, — kg, | < éF}
+#{(u1, uz, 51, 52)|(C.5) holds, 87 < ke — Ky, [}

separately. For the first term observe that there are at most const [[[—‘ + 1] sectors 51 with

|ks, — K,/| < const [y, and that for any given sy, there are at most C"[ﬁ pairs (41, uz)

4
such that w (u; — up) N7 (k' — s1) # @. Hence

#{(u1, ua, 51, 52)|(C.5) holds, |k, — k| < constl} < const [f[_i +1] %{ < const

- [m

We next bound the third term. There are at most ©® pairs (s}, s) obeying m(s; —

[U'I
$2) Nw (k) —k2) # 0 and |k — Ky, | > 8F . For each such a pair (s1, s2), w (k" — s1)
is contained in a disc of radius 2l , centered a distance at least § from the origin, so,
by Lemma C.2a, with m replaced by ¢, there are at most 5L pairs (1, u,) such that

N
(C.5) holds. Hence

#{(u1, u2, 51, 52)|(C.5) holds, 8r < [k — Ky, |} < <L

~ /e

Finally, for the second term, we observe that, for each fixed (s1, s2) satisfying
constly < |k — kg, | < 8 there are, by Lemma C.2b with ¢ = 2[; and m re-

const 1 const .
placed by £, at most [Zle’_ksl‘[MZ + l¢] + const < o] pairs (u1, us) such

that (C.5) holds. Furthermore, we may order the allowed s1’s so that the u™ obeys
|ks;, — Kir| > const ([ + ul,,). Hence
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const /I,
const
#{(u1. 12, 51, 52) | (C.5) holds, constly < [ke — k| <6p} < > poonet-
pu=l
oYt t [[l T t t
cons cons m m cons cons
=L T S I = S In (1459
COIISIE < COIIS'[
" =

Lemma C4. Let | < ¢ < mand k' € Ry. Let D be the disc of radius € centered at
7, witht € R2and 0 < € < 2l,,. Let N be the number of 4—tuples (u1,uz, s1,s2) €
Y X Xp X Ty X Xy, fulfilling

w(sy —s2)ND #@,

, (C.6)
w(uy —up) Nmw(k —s1) # 0.

COHSI
a)If |t]| = 8F, then N < LI
b) If |t| < dF, then

N < s [mm (ete, IA}F,Q”IZT) + ﬁf (507 +€) + [m],

Proof. a) By Lemma C.2.a, #{(s1, s2) € E,ﬂn(sl —$)ND #£P) < % For each
fixed (s1, s2) there are at most COES[ pairs (u1, uz) such that (C.6) holds. The desired

bound follows.
b) As in the proof of Lemma C.3, we bound each of the three terms in

#{(u1, u, s1, 52)|(C.6) holds}
< #{(u1, u2, 51, 52)|(C.6) holds, |k, — ky, | < const [}
+#{(uy, uz, sl,sz)i(C.6) holds, constly < |k, — Ky, | < 6F}
+#{(u1, ua, 51, 52)[(C.6) holds, 87 < |k — Kk, [}

separately.
By Lemma C.2.b

#{(s1,52) € S |w(s1 — 52) N D # @) < const [1 + =< I;I] (C.7)

As well, for each fixed 51 there are at most const s» € X, such that w(s1 —s2)N D #
¢ . Hence

#{(s1,52) € Ty |m(s1 —52) N D # 0, |ky, — K| < const [}

< const min {1+ Al/lfn’}”rfﬂ, E}.

[

Also, for each fixed (si, s2) there are at most COaS‘ pairs (up, up) such that (C.6)
holds. Hence

#{(u1, u2, 51, 52)|(C.6) holds, [k, — ki, | < const I}

const . 1+M"e
= i min {ln + e L)

< o [min [L47 1) 41, ).
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This gives the desired bound for the first term.
We next bound the third term. For each fixed (s, s2) with |k, — K, | > 6F, there
are, by Lemma C.2a, at most % pairs (11, uz) such that (C.6) holds. Hence

14

#{(u1, u2, 51,52)|(C.6) holds, 8 < |ke — K |} < %[1 + g ]
[
< (1, /4 Y (b £ 6)]

which is smaller than the desired bound.
Finally, for the second term, we observe that, for each fixed (s1, sp) satisfying
constly < |k — Ky, | < &F there are, by Lemma C.2b, with ¢ = 2I[; and m re-

placed by ¢, at most #ﬂ(ﬂ[# + [Z] = % = CO&“ pairs (u1, up) such that

(C.6) holds. Hence, by (C.7) and the last argument of Lemma C.3,

#{(u1, uz, s1, 52)|(C.6) holds, constly < |k — Ky | < dr}

const /[,
. const const 1+M"e
< min Z Tl 1 —M’"[m|t|]}
u=1
const - const /ln 1 1+M"e
< spmemin fe Yo b S
n=1 E‘HL
. m
< —C[(::Ef min {[M, L + 11;/1",%“6
. m
< UL, + minfely, LY. O

Notation

Configuration Spaces

Symbol | Interpretation Reference
M | momentum after Definition 1.3
2) | momentum or position before Definition III.1
2y |momentum or (position, sector) after Definition 1.3
o.x | momentum (1.2)
D1,x | (position, sector) (L.2)
2>, |(momentum, sector) Definition 1.5
2)% (momentum, spin) or (position, spin, sector) after Definition 1.3
Xy |(momentum, spin, creation/annihilation index) after Definition 1.3
or (position, spin, creation/annihilation index, sector) | after Definition 1.3
B? (position, spin) after Definition 1.3
B¢ (momentum, spin) after Definition 1.3
B (position, spin, creation/annihilation index) after Definition 1.3
B (momentum, spin, creation/annihilation index) after Definition 1.3
4
Y5 |9% x 9%, 12)
Der |D (242,& Convention I1.13
R, | momentum or sector Definition II1.7
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Norms
Norm Characteristics Reference
Il - lll1,00 |no derivatives, external positions only Definition I.11
Il no derivatives, external positions and momenta Definition III.1
I - llbubble |operator norm for bubble propagators Definition III.1
| - |‘i 5 two-legged kernel, § derivatives, sectors Definition 1.12
| - |(251'£f’8r) four-legged kernel, (81, §¢, 8;) derivatives, sectors | Definition 1.14
|- h.s two—legged kernel, all derivatives, sectors Definition 1.15
| - I four-legged kernel, all derivatives, sectors Definition .15
I - ||§51r’8°’5’) (81, 8¢, &) scaled derivatives, sectors Xy, X, Definition II.14
| - |Eflr'6°’5r] < (8, 8¢, 8;) scaled derivatives, sectors Ty, ¥, Def’ns I11.14,11.16
| - |E5” 8 + 8¢ + 8¢ < & scaled derivatives, sectors ¥; | Def’ns IL14,IL16
|- ler no derivatives, sectors Xy, X, Definition I11.6
Il - llx;.x, |no derivatives, specified right hand momenta/ Definition II1.7
sectors
Propagators and Ladders
Symbol | Interpretation Reference
l()j e ,ﬂj )(k) = iko_‘i:%, single scale propagator | before Definition 1.17
. . >0
C ,(,Z] ) C l(,zj ) k) = ikoi(:(]%’ multi scale propagator | before Definition .17
C(A,B)|A® A" + A® B' + B ® A’, bubble propagator | Definition 1.8
cW ZC&'I) ® Cé’z) n single scale bubble propagator | before Convention II.1
e
:‘rllirll%il Jin)=j
cliil Di<t< i€ ), multi scale bubble propagator before Convention II.1
il | Tizizj P @ P! Definition I.18
ip>j
el | i Definition I1.18
i<ip<j
el iy el @ el Definition IT.18
i<ip=<j
Do A Y, Dy, @y’ Theorem I1.20
Dl(len M|]uTz e+l e D5:4C1(;[)t Theorem 11.20
M model particle-hole bubble propagator (111.22)
ﬁf,j ) (17“ ) | compound particle-hole ladder Definition 1.19
LY single scale compound particle-hole ladder Definition 11.2




112 J. Feldman, H. Knorrer, E. Trubowitz

Scales and Sectors

Symbol Interpretation Reference
M scale parameter, M > 1, large enough Lemmal.1
v, @ used in constructing scale functions Definition 1.2
v, j > 1 |partition of unity that implements scales Definition 1.2
v(0) basically 3, ; v® Definition .2
vo(w)v1 (p, k) | factorized cutoff for model bubble propagator | before (II1.22)
R % <R < %, parameter controlling sector length | before Definition 1.17
[; ;= ﬁ, sector length for scale j before Definition 1.17
Xs» § € ¥ |partition of unity that implements sectorization |before Definition I.17
% set of sectors of scale j before Definition 1.17
Py, fx, 3 |resectorization Definition 1.17
Miscellaneous
Symbol |Interpretation Reference
const | generic constant, independent of scale
const | generic constant, independent of scale and M
F Fermi curve = { k € R? | e(k) =0 } before
Definition 1.2
ro,re |ro,re > 6, number of derivatives controlled before
Definition 1.2
TF projection on the Fermi surface Definition 1.3
b 4 w(ko, k) =k Remark II1.13
<k, x>_|—koxo + k1x1 + koxo Definition 1.4
by by =bs=0,b1 =by=1 Definition 1.4
K/ flipped vertex (L.5)
| Xsea M 430504 00r® 1.4)
A {8 eNgx N3 |89 <ro, 81+ <re} LD
A |{5=0108c.5) € (Nox NZ) |81+ +5r €A} (IL1)
° convolution with sector sums Definition 1.8
o convolution without sector sums before (I11.2)
fc, fs |charge and spin components Lemma II.8
Wgr Wg(p,k) = W(p, k)R(p — k), transfer momentum cutoff | Definition II1.3
R(d) |setof functions R(¢) that are identically one on d Definition II1.10
Z, Z' |zero component localization operator and transpose (IIL.18)
(ZoWoZ")(p,k) =8(ko) [ dw W((w,0) + p, (w,K))
W | W(p. k) = 8(ko) [ do W((@,p), (@,K)) (I11.20)
J boundary between large and small transfer momentum before
Prop’n III.16
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