
The Geometric Hypotheses

These axioms concern a class of marked Rie-

mann surfaces (X; A1, B1, · · · ) , with A1, B1, · · · a

canonical homology basis for X, that are “asymptotic

to” a finite number of complex planes C joined by in-

finitely many handles. The notation

X = Xcom ∪Xreg ∪Xhan

Xreg =

m
⋃

ν=1

Xreg
ν Xhan =

⋃

j≥g+1

Yj

denotes a marked Riemann surface with a decomposi-

tion into a compact, connected submanifold Xcom ⊂ X

with smooth boundary and genus g ≥ 0 , a finite num-

ber of open “regular pieces” Xreg
ν ⊂ X , ν = 1, · · · , m ,

and an infinite number of closed “handles” Yj ⊂ X , j ≥
g + 1 , with Xcom ∩

(

Xreg ∪ Xhan
)

= ∅. Each handle

will be biholomorphic to the model handle

H(t) =
{

(z1, z2) ∈ C2
∣

∣ z1z2 = t and |z1|, |z2| ≤ 1
}

for some 0 < t < 1
2 .
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(GH1) (Regular pieces)

(i) For all 1 ≤ µ 6= ν ≤ m , Xreg
µ ∩Xreg

ν = ∅ .

(ii) For each 1 ≤ ν ≤ m there is a compact simply

connected neighborhood Kν ⊂ C of 0 with

smooth boundary. There is also an infinite

discrete subset Sν ⊂ C and, for each s ∈ Sν ,

there is a compact, simply connected neighbor-

hood Dν(s) with smooth boundary ∂Dν(s)

such that

Dν(s) ∩Dν(s′) = ∅ ∀s, s′ ∈ Sν with s 6= s′

Kν ∩Dν(s) = ∅ ∀s ∈ Sν

(iii) Set Gν = C r

(

int Kν ∪
⋃

s∈Sν
int Dν(s)

)

.

There is a biholomorphic map Φν ,

Φν : Gν → Xreg
ν

between Gν and Xreg
ν .
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(GH2) (Handles)

(i) For all i 6= j with i, j ≥ g+1 , Yi∩Yj = ∅ .

(ii) For each j ≥ g +1 there is a 0 < tj < 1
2 and

a biholomorphic map φj

φj : H(tj) → Yj

between the model handle H(tj) and Yj .

(iii) For all j ≥ g + 1 , Aj is the homology class

represented by the oriented loop

φj

(

{

(
√

tj eiθ,
√

tj e−iθ)
∣

∣ 0 ≤ θ ≤ 2π
}

)

(iv) For every β > 0

∑

j≥g+1

tβj < ∞
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(GH3) (Glueing handles and regular pieces)

(i) For each j ≥ g + 1 the intersection Yj ∩Xreg

consists of two components Yj1, Yj2:

Yj ∩Xreg = Yj1 ∪ Yj2

For each pair (j, µ) with j ≥ g + 1 and µ =

1, 2 there is a radius τµ(j) ∈
(√

tj , 1
)

and a

sheet number νµ(j) ∈ {1, . . . , m} such that

Yjµ = φj

({

(z1, z2) ∈ H(tj)
∣

∣ τµ(j)< |zµ|≤1
})

⊂ Xreg
νµ(j)

There is a bijective map

(j, µ) 7→ sµ(j)

{

j ∈ ZZ
∣

∣ j ≥ g + 1
}

× {1, 2} →
m
⊔

ν=1

Sν

(disjoint union) such that

φj

({

(z1, z2) ∈ H(tj)
∣

∣ |zµ| = τµ(j)
})

= Φνµ(j)

(

∂Dνµ(j)(sµ(j))
)
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(ii) For each j ≥ g + 1 and µ = 1, 2 there are

Rµ(j) > 4rµ(j) > 0

such that the biholomorphic map

gjµ : Ajµ =
{

z ∈ C
∣

∣ τµ(j) ≤ |z| ≤ 1
}

−→ C

defined by

gjµ(z) =







Φ−1
ν1(j)

◦ φj(z,
tj

z
) , µ = 1

Φ−1
ν2(j)

◦ φj(
tj

z
, z) , µ = 2

satisfies

∣

∣gjµ(4τµ(j)eiθ) − sµ(j)
∣

∣ < rµ(j)
∣

∣gjµ(eiθ/4) − sµ(j)
∣

∣ > Rµ(j)/4
∣

∣gjµ(eiθ/2) − sµ(j)
∣

∣ < Rµ(j)

Rµ(j) <
∣

∣gjµ(eiθ) − sµ(j)
∣

∣

for all 0 ≤ θ ≤ 2π.
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(GH4) (Glueing in the compact piece)

∂Xcom = Φ1(∂K1) ∪ · · · ∪ Φm(∂Km)

Furthermore A1, B1, · · · , Ag, Bg is the image of a

canonical homology basis of Xcom under the map

H1(X
com, ZZ) → H1(X, ZZ)

induced by inclusion.
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(GH5) (Estimates on the Glueing Maps)

(i) For each j ≥ g + 1 and µ = 1, 2

Rµ(j) < 1
4 min

s∈Sνµ(j)

s6=sµ(j)

|s− sµ(j)|

Rµ(j) < 1
4dist

(

sµ(j), Kνµ(j)

)

(ii) There are 0 < δ < d such that

∑

j,µ

1

|sµ(j)|d−4δ−2
< ∞

and such that, for all j ≥ g + 1 and µ = 1, 2

rµ(j) <
1

|sµ(j)|d Rµ(j) >
1

|sµ(j)|δ

|s1(j)− s2(j)| >
1

|sµ(j)|δ
(iii) For all j ≥ g + 1

∣

∣|s1(j)| − |s2(j)|
∣

∣ ≤ 1
4 min

µ=1,2
min

s∈Sνµ(j)

s6=sµ(j)

|s− sµ(j)|

For µ = 1, 2

∑

j

∣

∣|s1(j)| − |s2(j)|
∣

∣

|sµ(j)| < ∞

7



(iv) For µ = 1, 2

lim
j→∞

log |sµ(j)|
| log tj |

= 0

(v) For µ = 1, 2

lim
j→∞

Rµ(j)

min
s∈Sνµ(j)

s6=sµ(j)

|s− sµ(j)| log |sµ(j)| = 0

(vi) For each j ≥ g + 1 and µ = 1, 2 we define

αj,µ(z) by

αj,µ(z)dz = (gj,µ)∗
(

1
2πi

dz1

z1

)

− (−1)µ+1

2πi
1

z−sµ(j)dz

We assume

sup
j,µ

∥

∥

∥
αj,µ(z)dz

∣

∣

{z∈C | rµ(j)<|z−sµ(j)|<Rµ(j)}

∥

∥

∥

2
<∞

and, for µ = 1, 2

lim
j→∞

Rµ(j) sup
|z−sµ(j)|=Rµ(j)

|αj,µ(z)| = 0
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(GH6) (Distribution of sν)

For all ν = 1, · · · , m such that

#
{

(j, µ)
∣

∣ νµ(j) = ν, ν1(j) 6= ν2(j)
}

< ∞

that is, such that the sheet Xreg
ν is joined to other sheets

by only finitely many handles, one has

lim sup
j→∞

ν1(j)=ν2(j)=ν

|s1(j)− s2(j)| = ∞
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