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I. Introduction

We are developing a set of tools and techniques for analyzing the large dis-
tance/infrared behaviour of a system of identical bosons, as the temperature tends to zero.

The total energy of the many boson systems considered in this paper has two sources.
First, each particle in the system has a kinetic energy. We shall denote the corresponding
quantum mechanical observable by h. The most common is —ﬁA, but, in this paper, we
allow any positive operator. Second, the particles interact with each other through a two—
body potential, v(x,y). For stability, v is required to be repulsive. We assume that the
system is in thermodynamic equilibrium and that expectations of observables are given by
the grand canonical ensemble at temperature T' = ﬁ > (0 and chemical potential pu.

Functional integrals are an important source of intuition about the behaviour of
quantum mechanical systems. They are also an important rigorous technical tool in the
analysis of, for example, Euclidean quantum field theories. In this paper and its compan-
ion [II], we derive rigorous functional integral representations for the partition function and
thermodynamic correlation functions of a many boson system.

There are many possible applications of our functional integral representations.
However, we are motivated by the following potential specific application. One may speculate
(in agreement with the standard picture of condensed matter physics) that, at temperature
zero and infinite volume, a weakly coupled, three dimensional many boson system will un-
dergo a phase transition at some critical chemical potential ..

o For p < p4, the system is in a massive phase. That is, all correlation functions decay
exponentially fast at large separation. The expected value of the field ¢(x) = <aT >
where af(x) is the particle creation operator at x, is zero.

o For pu > p., number symmetry is broken. In this phase, correlation functions fail to
decay exponentially due to the presence of extended, collective excitations (the massless
Goldstone bosons). The expected value of the field is nonzero. The presence of such
anomolous nonzero amplitudes is used as a general criterion for a condensed quantum
fluid.

The intuition behind this phase transition is easily obtained by using a formal coherent state

functional integral [NO, (2.66)] to express the grand canonical partition function as

d x) dor(x *
/ / [[ e o) (L1)
(25,3 = Qo oxffufa
where

A(6",6) = /dr/md?’x b1 ( 8T¢T<x>—/fdf K (6%, 1)
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and

— [[ axdy a( bx.y)oty) -~ [ dx a0
+1 [ xay ateraty) vixy) 60(y)

Here h(x,y) is the kernel of the kinetic energy operator.
In the mean field approximation, that is, when ¢, (x) is independent of 7 and x, the
action A(¢*, ¢) is minus the integral over 7 and x of the

“naive effective potential” = 29(0)|¢|* — p|¢[?

where 9(0) = [dy v(x,y). We have assumed that v(x,y) is translation invariant and that h
annihilates constants. The minimum of the naive effective potential is

o nondegenerate at the point ¢ = 0 when p < 0

and

o degenerate along the circle |¢| = when g > 0.

(0

It is therefore reasonable that zin) attempt to rigorously justify the phase transition in
the chemical potential discussed above would begin with the derivation of rigorous functional
integral representations of the thermodynamic correlation functions in which the effective
potential appears explicitly. We do so in this paper and the companion paper [II].

It is common practice in condensed matter physics, to discretize space, because
the overall energy scale is low. On physical grounds, this does not affect the long range
behaviour of the system. For this paper, space is an arbitrary, but fixed, finite set X, that we
may imagine is a subset of a lattice. The second quantized Hamiltonian H and the number
operator N act on the infinite dimensional Fock space

é cX1"/8,)

The long distance behavior of the system is revealed in the thermodynamic limits of grand
canonical correlation functions, such as derivatives of the partition function

7 —Tr ]__e—/?’(H—HN)
To implement the thermodynamic limit, one would take the usual family of finite spaces
Xp={2€eZ’||x|<L,i=1,23}

and send L to infinity. We shall not do so in this paper.
Our first result (Theorem II1.13), stated somewhat informally, is the representation

Tre AH=#N) = iy H dprp) (0%, ¢-) € ?70) (1.2)
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for the finite volume grand canonical partition function. Similar representations for general
correlation functions are derived in [II]. Here, for each natural number p, the discrete time
interval 7, is given by

T={r=dafla=1,---,p}
For each point (x,7) in the discrete space-time X x 7,, we have introduced the complex
variable ¢(7,x) = ¢,(x). For each r > 0, the measure

(6%, 8) = ] [“04020) . (|o(x)])]
xeX

where, x, is the characteristic function of the closed interval [0,r]. The sequence R(p) > 0

in (I.2) tends to infinity at an appropriate rate as p — oo. The “action” F(e, ¢*, @), with

e=2,
p

Fle, ¢, ¢) = //de><¢> )(0F - ) (x //dmx¢ ) (- )( +u//drdx¢>T)¢T()

///deXdy Pr (%) P (x) v(%,¥) ¢-(¥) ¢-(¥)

is given by

where

//dmmmx_sz > (r,x)

TETp, x€X
[ traxiy virxy) =2 3 3 3 virxy)
TETp, x€X yeX

and the difference operator 0° acts by

¢ p(1,x) = ! (QS(T +e,x) — (T, x))

In (I1.2), fields ¢, with 7 ¢ T, are determined by the periodicity condition ¢, = ¢,_g. It is
easy to check that the representation (I1.2) generates the usual formal graphical perturbation
series.

In the physics literature, coherent states(!) |¢), ¢ € €, the formal resolution of

the identity
x x _ x)|2
/ H d¢> 49" (0dg(x) |4~ (x)| } 1) (] (L3)

xeX
and the formal trace formula
Tr B — / H d¢ (X)dé(x) e~ 197 (x)] ] (¢ |B| o) (1.4)
xeX

(1) We are using coherent states normalized so that < a|y >= B RO TCOTN A

systematically use the convention that [dx f(x) =3 .y f(x).
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are used to justify (I.1) as follows. Formally,

Tr e AH-LN) — 1im Ty e_g(H_“N) ]le_g(H_“N)]l- . ]le_g(H_“N)

p—00
- pli—>nol<>/ 11{ [W €_|¢T(x)|2] Tr [ H e_g(H_“N) | ) ( &r ‘]e—g(H—uN)
reToN(A} Te€Tp\{B}
— dor (x) dp-(x) —|¢,(x)|? -2 (H-pN)
- i T [ #0 ooof] T (o o200,
= e,
(L.5)
Then, one argues [NO, (2.59)] that
(o) = (o[-0 o) 0
(1.6)
—ew{ [ayat)oy) - eK(a.0)+ 0 |
where : - : denotes Wick ordering. If ¢ = %, one observes that there are O(p) error terms of

order O(e?) = O(I%). “Off the cuft”, the error terms do not contribute when p — oo and

consequently,

27

xEX T€T
T€Tp

Tr e~ BH=-LN) _ {im H [ do7 (%) d%(X)] H efdy¢T(y)*[¢f+5/p(y)—¢f(y)] — SK($%,brrp/p)
p—00

It is the purpose of this paper, and its companion, to make this all precise.

In §II, we review the basic formalism of bosonic quantum statistical mechanics and
the formalism of coherent states in the context of a finite configuration space X. In particular,
we prove, in Theorem I1.26, a rigorous version of the formal resolution of the identity (I1.3)
and we prove, in Proposition I1.28, that the trace formula (1.4) applies rigorously to a certain
class of operators. In this way, we obtain a rigorous variant of (I.5). See Theorem III.1.

It is by no means clear that dropping, “off the cuff”, the O(p) error terms of or-
der O(g?) is justified, because the error terms are unbounded functions of the fields ¢,.
We circumvent this part of the formal argument by directly constructing the logarithm
F(e,a*, ¢) = ln<a ‘e‘EK‘ ¢>, at least for a and ¢ not too large. See Proposition IIIL.6.
To this end, we derive and then solve an evolution equation in € for F(e,a*, ¢). It follows
that

F(e,a*,¢) = / dx a(x)"6(x) — cK(a",6) + O(e?)

X

We then show, in Theorem III.13, that the “matrix element” <a ‘e‘s (H—pN) } <;S> can be

replaced by o] ¥ o) 6 = K(79) i1 e formula for Tr e~ #H-4N) of Theorem II1.1, pro-
vided the integration radius R(p) of (I.2) is chosen appropriately.

4



In the physics literature, one simply “evaluates” the limit

3 | | * B o> dot (x) do,(x *

pll_l;{;lo 7_ d“R(p)(qu?qu) ef(p’(p 7¢) = /- . -/ %f“ eAX(¢ 7¢)
TE p x

Ps = ¢o 02555

where
B
Ax (6, 6) = / dr /X dx {65(%) 8 b (%) — 6% (%) (h — )b ()}

3 [ [ axay 60006057 .9 63969

The first impulse of a mathematical physicist determined to ascribe a rigorous meaning to
this formal functional integral representation for the partition function, would be to construct
a “complex Gaussian measure” duc , with covariance

C= (=G + =)

out of the formal measure

e [ ir [ ax {6:0936:00 020 = o G} [T 2450520009

02555
Normally, one starts by defining the integral of any polynomial in the complex fields
Pi(x),0-(x), 7 € [0,5), x € X, against duc as cumulants of “matrix elements” of the
covariance C. Then one constructs the characteristic function of duc, as a limit of inte-
grals of polynomials, and the corresponding measure. However, the explicit calculations in
Appendix A, modelled on those of Cameron [C], show that the purely imaginary term

/0 ar /X dx (%)%=, (x)

in the exponential generates oscillations that are so severe that there is no complex Gaussian
measure.

To work with the ultraviolet limit

lim [ T dprg) (65, ¢r) e 599

pP—0 7—67—;7

to, for example, construct the thermodynamic limit and justify the phase transition in the
chemical potential, one must exploit the cancellations arising from the oscillations generated
by the purely imaginary term in the action.



One methodology for the explicit control of cancellations of this kind, when the
coupling constant A = ©(0) is small, is known as “multiscale analysis”. In the present case
“scales” refer to blocks of frequencies in space x and inverse temperature 7. There are
infinitely many scales. Cancellations are implemented at each scale.

Typically, the total contribution of “large fields”, for example field configurations
with ¢,(x) or appropriate derivatives large, is smaller than any power of A, reminiscent of
large deviations in probability theory. This can be proven without attention to cancellations.
On the other hand, oscillations are fully exploited in the complementary “small field regions”
by high dimensional steepest descent calculations around the complex critical points of the
effective actions. In the end the functional integral becomes an infinite sum over small and
large field regions. The physicists formal functional integral is morally “the dominant term”.



I1. Finite Systems of Bosons

In this section we carefully review the basic formalism of bosonic quantum statistical
mechanics and introduce the notation that we will systematically use.

Fock Space

Fix a finite set X.

Definition II.1

(i) Let n € INU {0}. The action 7- f of a permutation = € S,, on f in L? (X”) is given by
T f (X1, Xn) = f(Xr-11)5 -+ 5 Xn1(m))

The bosonic n—particle space

B, (X) = {f e L3 (X™)

W-f:fforallweSn}

is the ("Hf ‘_1) dimensional complex Hilbert space of all symmetric functions on X™ with
inner product

(f9)8, :/ndxl"'dxnf(Xb'"aXn>g(X17"'aXn>

In particular, By(X) = C and By (X) = L?(X).

(ii) The bosonic Fock space B(X) over X is the orthogonal direct sum B(X) = D, -, Bn(X).
It is an infinite dimensional complex Hilbert space. The inner product between f and g in
B(X) is

(f.8)s= > <fnagn>l3n

n>0

Definition II1.2

(i) Let h be a (single particle) operator on L?(X), with kernel h(x,y). Assume that h(y,x) =
h(x,y)* so that h is self-adjoint. The corresponding independent particle operator on B,,(X)
is
n .
Ho(h,n, X) = > h®
i=1

The superscript on h(?, i = 1,-- -, n, indicates that the single particle operator h acts on the
variable x; appearing in a function g(xy,---,x,). That is,

(h(Z)g)(xla o '7Xn> — / dx;, h(XHX;) g(X].?' . '7X;7 o '7Xn)
X
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By convention, Hqy(h,0, X) = 0. The kernel of Hy(h,n, X) is
HO(h7n7X>(X17"'Xn7y17' Zéxl Y1 Xz 1(yz 1)h(x1,7Y1> 6xi+1(Yi—|—1>"'6xn(Yn)

Here 6x(y) = 0xy = { (1) g i Ly } is the delta function on X concentrated at the point x.

The second quantization of h is the direct sum

= P Ho(h, n, X)

n>0

acting on the domain { f e B(X)

z | Ho(h,n, X) £, < oo }

(ii) Let v(x,y) be a real valued (two body) potential on X? satisfying v(x,y) = v(y, x) for
all x,y € X. Multiplication by v determines a (two particle) operator on By (X). Its kernel
is v(X1,X2) 0x, (¥1)0x, (y2)- The corresponding 2 particle interaction operator on 5, (X) is

V(v,n, X) Z plii2)

i1 <ig
Here, for each pair of indices 1 < i; < i < n, the superscript on v(*"%2) indicates that the
operator v acts on the variables x;,,x;, appearing in a function g(x1,---,x,). That is,
(U(il,i2)9)<xl7 e 7xn) = U(Xilvxiz) g(xb Ty Xyttt Kigy 7xn)

By convention, V(v,n,X) =0 for n =0, 1.
The second quantization of the two particle interaction v is the direct sum

= @V(v,n,X)

n>0
ol
n>

Example II.3 Let lx be the identity operator on L?(X). Then,

acting on the domain { feB(X

Ho(]lx,n,X) = n]an

where, lx~ is the identity operator on L?(X™). By definition, the number operator N is
Ho(1x, X).

Proposition I1.4 For any single particle operator h on X, any two particle potential v
on X and any p € R, the operator Ho(h, X) + V(v, X) — uN is essentially self adjoint on
{ (fi)n>0 | fo € Bu(X),for alln >0, f, = 0 for all but finitely many n }. It commutes
with the number operator N.

Proof: The proof is routine. [ |



Creation and Annihilation Operators

Let v € B, (X) and let v € B,(X) and write u ® v(X1,- -+, Xm+n) for the tensor
product

U(XL T, Xm) U(Xm—l—b Ty Xm—l—n)

The symmetric tensor product u ®¢ v of v and v is defined by

UV = e > T (ev)

7r€Sm+n

and belongs to B,,1+,(X). The symmetric tensor product extends by linearity to a commu-
tative, associative and distributive multiplication on B(X). If u € B1(X) and v € B,,—1(X),
then

_ 1\ o

U®5U(X17" ) )_ﬁlgu( ) (X17"'7xi7"'7xn)

Successively multiplying uq,---, u, € B1(X) , one obtains by induction the element
Ul Qs+ Qs Un (le T Xn) = ﬁ Z ul(xﬂ(l)) o 'un(xﬂ(n)> = \/% perm(ui(xj))
TES,

of B, (X). Here perm (u;(x;)) denotes the permanent of the matrix [u;(x;)] \<i j<n- BY direct
calculation,

<’LL1 Qs+ Qs Up, V1 Qs+ Qs Un>Bn = perm(<ui7vj>51)
for all uy, -+, u, and vy, -+, v, in By (X).

Remark ILI.5 It is common to define the symmetric tensor product with the alternative

combinatorial factors (min), or m}n, rather than ——2——. We make the present choice

because the annihilation operators become derivations on the algebra B(X). See, Lemma
II.11.

Proposition I1.6 Suppose u;,i = 1,---,|X|, is an orthonormal basis for B1(X). Then, the

family of functions

1,87

Val!

ae (NU{ODX, |al =n }

where
21X

’U,®?<X1,"',X )_u?s ®s' ®s |X| (X17"'7xn)
is an orthonormal basis for B,(X) .
If Y is a subset of X, then B(Y) can be identified with the subalgebra
{ f= (fo,fl, ) € B(X ‘ fn(x1,-++,%y,) is supported in Y for each n > 0 }

of B(X). Furthermore,



Lemma I1.7 LetY and Z be disjoint subsets of X. For all u,u’ € B(Y) and v,v" € B(Z)

(u®sv,u Qs v'>B(X) = (u, v’ >B(Y) <U,v’>B(Z)

Remark II.8 For each x € X, the bosonic Fock space B({x}) is canonically isomorphic to
a subalgebra of B(X). The abstract tensor product of all these subalgebras is isomorphic to
B(X). By the last lemma, the global inner product completely factors.

Definition I1.9 For each x € X the annihilation operator 1(x) acts on B(X) by

(@D(x)u)(xl, e Xpo1) = Vnou(X, Xy, Xp1)

for all u € B,(X),n > 0. The adjoint 1 (x) of 1(x) is the creation operator on B(X) that
acts by
(sz(X)U) <X17 oo ,Xn+1) = (5}( ®5 U) <X17 .o 7Xn—|—1)
n+1

LN ki) ulxa, K X

i=1

for all u € B,,(X), n > 0. The utility of these operators is due to the commutation relations

W(X), W(X/)} = 5x(x/)
[(x), ¥(x')] =0 (IL.1)
[01(x),9T(x)] =0

for all x,x’ € X.

Remark I1.10 It is easy to see that

(T () ()u) (x1, -+, Xn) = ;
-

n
1=

(Sx(Xi)U(Xl, o, X, '7Xn>
1

5X(X1,>) U(Xl, ey Xyttt 7Xn)

In other words, the restriction of the product 1 (x)1(x) to B,(X) is multiplication by the

function ) dx(x;). By definition the density operator n(x) at x € X acts by
i=1

n(x) = ¢ (x)y(x)

Lemma II.11 Forallx € X, u € B,,(X) and v € B, (X),
Y(x) (u®sv) = (Y(x)u) @s v +u®s ($(x)v)

Proof: The proof is by induction on m. [ |
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Definition I1.12 Fix a natural number n > 0. For each Y in the quotient space X"/S,, set
Oy = cy Oy, ®s - Qs 0y,

where (y1,---,yn) in X™ is a representative for Y. The constant

1 n
Oy — where py (x) =) dxy,
[T Viey () ; Y

xeX

is the multiplicity of x in Y. By construction, d,, y € X, is an orthonormal basis for L*(X).
By Proposition I1.6, the family dy,Y € X™/S,,, is an orthonormal basis for B,,.

Lemma I1.13 Fiz the point x € X and the setY € X"/S,,. Then,

b(x) by = {051 A G HE T
0 ifx ¢Y
W) Oy = ey eyl Sruix)
n(x) oy = py (x) dy
Here, the ‘disjoint union’ Y U {x} is the element of X" "1 /S, 11 with
ot = {1180 2%

Proposition I1.14 For any single particle operator h and any 2 particle potential v,
Ho(h, X) = [ dxdy 0/ () hix,y) v(3)
V(o) = § [ e 0 Gaa)! () vl xe) ) )
= %/dxldxz DY (x1)p(x1) v(x1, %2) P (x2)9(x2) — %/dx T (%) v(x, %) (%)

Remark I1.15 We have
N =Hy(1,X) = /dx PT(x) Y(x) = /dx n(x)
and

Vv, X) = %/dxlde n(x1) v(x1, x2) n(xs) — %/dx o(%, %) n(x)

To ensure that the Hamiltonian Hy(h, X) 4+ V (v, X) is stable, we shall assume that
the interaction potential v is repulsive in the sense of the following definition.

11



Definition 11.16 Define, for any real, symmetric, 2 particle potential v(x,y),
Xo(v) = inf { [dxdy p(x)v(x,y)p(y) | [dx p(x)> =1, p(x) >0 forallx € X }

We call the potential v repulsive if \y(v) > 0.

If v(x,y) is the kernel of a strictly positive definite operator acting on L?*(X),
then v is repulsive with A\g(v) at least as large as the smallest eigenvalue of the operator.
If v(x,y) > 0 for all x,y € X and v(x,x) > 0 for all x € X, then v is repulsive with
Ao(v) > minge x v(x, x).

Proposition I1.17 Let h be a single particle operator and v(x1,%X2) be a real, symmetric,
pair potential. Assume that the self adjoint operator v acting on L*(X) with kernel v(X,y)
18 strictly positive definite. Then

’U2
T‘X|§%(Ao%—UO)N§V(%X) < 3(AN = X\)N
' N < Ho(h, X) < A'N

on the domain D(V) = D(N?). Here, \g = \o(v), A is the largest eigenvalues of the operator
v, Ay and A’ are the smallest and largest eigenvalues of the operator h and vy = max v(x,x).

xeX
The leftmost bound on V 1is called the ‘linear lower bound’.
Proof: We have
(oy , /2 dx1dxs n(x;)v(x1,%2)n(x2) dy ) = . dxidxa py (x1)v(X1, X2) py (X2)
X X

> )\0/ dx iy (x)
X

/ dx pry (x ))2

2

e

o

| n

|
B

where Schwarz’s inequality was used in the third line. Similarly,

<5y , / dx1dxs n(x1)v(x1,X2)n(x2) 6y> < An?
X2

12



Let u= > ¢y 0y be an arbitrary element of B, (X). We have
Yexn /S,

(u, /X2 dx1dxs n(x1)v(x1,%2)n(x2) u)

— Z Oy, PY; <5y1 ,/ dx1dxs n(x1)v(x1, x2)n(x2) (5y2>
Y1,Y2€X™ /S, X2

= Z |90Y|2/ dxidxs py (x1)v(X1, X2)py (X2)
Yexn/s, X2

Ao .2 2
> =4n E
< IX] ‘QOY‘
Yexn/s,

A
= 2o’ Jlull3,

In the same way,
(u, /2 dxydxo n(x1)v(x1,x2)n(x2) u) < A n? ||U||z23n
b's
Since a < v(x,x) < b, a similar, but simpler, argument gives
Ao n Hu||%n < <u , /de v(x, x)n(x) u> <wvgn ||u]|%n

The bound on Hg(h, X) follows directly from Definition I1.2.i. |

Coherent States

We now review the formalism of coherent states [NO, §1.5].

Definition II.18

(i) The family |20x ), z € C, of coherent states concentrated at x € X is given by

26) =3 L= 4o

n>0 n>0

where 1 is the ‘vacuum’ 1 € C = By(X). That | 205 ) € B(X) is a consequence of Proposition
11.22, below.

(ii) If ¢(y) € L?(X), the coherent state |¢) € B(X) is

16) = R, 16(y)dy) = el ¥ 601 )

yeX

13



Lemma I1.19 For all ¢ in L*(X),

= Z Z #(Y) cy by

n>0 YeXn/S,
Here, ¢(Y) =[x o* V) (y) for each Y in the quotient space X™/S,,.

Proof:

)=, > oM =3 (I o) @657

yeX n>0 ny >0 yeX yeX
y

_ _ ®s
Y Y (e ) (1 e ) @15

n>0 ny=0 yeX yEX

y
¥)

_ py () 2 ® QLY
- Z H ¢ (Y>)C de

n>0 Yexn/s, YEX yeX

= Yo d(Y)eydy

n>0 YEXn/S,

Coherent states have been defined to give
Proposition I1.20 For all x € X and ¢ € L?(X),

$(x)|6) = 6(x) | #)
(%) [6) = L |6)

Convention I1.21  For any ¢ in L?(X) and any state f in the Fock space B(X), abusing
notation, the inner product between the coherent state | ¢) and f is written as <¢ ‘ f>. That
is, <qz5 } f> = < o), f>B Similarly, the inner product between the coherent states |¢) and
}¢'> is written (¢| ¢ ).

Proposition I1.22 For all o and vy in L*(X), we have HP(m) ) HB = ”j%

<ah>:efdymv(y)

where P s the orthogonal projection from B(X) onto the m particle subspace By, (X).

14



Lemma I1.23 For any single particle operator h and any ¢ in L*(X),

e—THQ(h,X) |¢> — ‘6—7h¢>

Proof: By Proposition II.14,

Ge 0 6) = [ dxadsy o161 b, x) vxe) e 6)
and, by Definition I1.18.ii,
d|ehg) = & oJdy (TP Ty) ¢
_ /dy (—he ™ @) (y) wi(y) ef & €OV
- [y ol e o)) e o)
—/dxlde Wl (x1) h(x1,%2) ¥(x2) [ e ™)

As ¢4 e e "Ho|g) and } e~ Th gb> satisfy the same first order ordinary differential equation
and initial condition, they coincide. [ |

Lemma I1.24 Suppose both £ and N?/XIf belong to the Fock space B. Then,

(o163 < (T1 ) 2B (8 + 412 ]
yeX

Proof: Fix P in X"/S,,. Then,

P)(6|f) :ZOy¢(P)<f>(Y) {0y £)p
= ZOPuY P(PLY)

£)s

=3 Crur ¢<PuY><[ I “Z%S")'F o t),

p(x)
_Zopuymauy < I1 HH (n(x) + k)? 5y,f>8
xeX k=1
_Zopuymauy <5y, H ﬁ (n( )+k)%f>8
o A

15



It follows from Schwarz’s inequality and Parseval’s identity that

pp(x)

‘¢(P)<gb\f>’ < (; |Cruy ¢(PuY)\2) 1T (n(X)+k)%fHB
< (X lev ¢(y>;2)% "It (n<x)+k)%fHB
v xex k=1

< e I91||(N 4+ n) 31|

Adding, 2
(o] )] yEX (1 +|o(y)|*) < 2Xle3 1917 (v 4 41 X)X g |,

An Approximate Resolution of the Identity

In the physics literature, the formal resolution of the identity
do* (x)do(x —|d 2
ﬂ_/H ¢(27)m¢( )}e [y 16 16) (o]

is often used. See, for example [NO, (1.123)]. However, for each ¢ € L*(T), the operator

2
norm of e~ Jay o)l | &) (@] is exactly one. So the nature of the convergence of the integral
in the above formal resolution of the identity is not clear. We now investigate the convergence
more carefully.

Definition II.25 For each r > 0, the measure du,.(¢*, ¢) on L?(X) is given by

apr(9*,9) = T] [252960 3. (16 (0)))]

xeX

where Y, is the characteristic function of the interval [0, r]. The measure du(¢*, ¢) on L*(X)

au(6*,0) = T [ #5002

xeX

is given by

Theorem I11.26 For each r > 0, let 1. be the operator that acts on f in B(X) b

Irfzfdu (¢, 0) e 191" |9) (o|£)

(a) For alln >0 and allY € X™/S,,
Loy = A\ (Y) by

16



where )

A (Y) = Lelny (x) with e(s) = /0 dt e 't%, for all s > —1

py (x)!
xeX
In particular, 0 < \.(Y) < 1.
(b) I, commutes with N.

(c) The operator norm of 1, is bounded by one for all r and 1, converges strongly to the
identity operator as r — oo.

(d) For all n and r, the operator norm
[(@-1)Pa] < [x|2mtter/?

Here, P, is the orthogonal projection from B(X) onto the direct sum @ B (X).
0<m<n

(e) Suppose that N2 XIf belongs to the Fock space B. Then,

_ /dﬂ(gb*,gb) e 191" |9y (o] £)

with the integral converging absolutely.

Proof: (a,b) To verify (a), let Y € X"/S,, and observe that
L~5y=/dur(¢ @) eI 1O 16) (o]6y)
= X ey [dinon,0) e ST IO gy gn(y)

n>0 Y'€X" /Sy

We have
[duniter.0) I 908 gy o)

= H /d¢*(>2c7)rcll¢(><) Y (|o(x)]) e~ le()I? ¢*(X)uy(><) ¢(X>Ny/(x):|
xeX -
rrr 27 )
= H / dp/ % pe P phy ) tiys (x) elﬂuw(X)—uy(X))}
xeX - 0 0
= H 6MY(X),MY/(X)/ dp 2p e_p2p2lw(x)}
xeX -
= dy,y H / dt ety ()
xeX
= dy,y’ H L, (py (%))
xeX

17



Consequently,

Loy =dy & [ De(uv(x) = oy [ Celenod
xEeX xeX

Thus I, is a diagonal operator in the orthonormal basis {dy }. Each diagonal entry

2

A =1] [—W}x)! /O dt e_tt“Y(x)}

xeX

is between 0 and 1. Since {Jy } is a basis of eigenvectors for both I,. and N, they commute,
which proves parts (a) and (b).

(c) Each

2

AY) =] [m /O dt et t“Y(x)} (I1.2)

xeX
approaches 1 in the limit » — oo. By the Lebesgue dominated convergence theorem, if
f=2202vexnys, frdy is any vector in B(X), then

Jim [IF =T = tim 37 T (1= A (0)) =0

n Yexn/S,

The operator norm of I,. is bounded by 1 for all » > 0, because all of the eigenvalues of I,. are
between 0 and 1. This completes the proof of part (c).

(d) We bound
H (1-1,) PnH = max [1 — \.(Y)]

Y|<n

Fix any Y with |Y| < n and set, for each x € X,

_ 1 > —t (x)
/BX - MY(X)' /T2 dt e tMY

By (IL.2)
L= A () =1= [T =8 € D B < | X[ max

xeX xeX

The claim now follows from

= 22 [T (5 <) [Tt = e
CJr2 r2

< 2n—|—le—r2/2
(e) By definition
Lf= / ap(6*,68) 1 x(o()l) eI | 6) (o] £)
xeX

18



By part (c) the left hand side converges to f as r — co. By Lemma I1.24, the norm of the
integrand of the right hand side is bounded by

L X 2|X
(I ) 2% [V + 41X D)2
yEX
which is integrable with respect to du(¢*, ¢). Hence, as r — oo, the right hand side converges
2
to fdl‘(ﬁb*,qb) el |¢><¢}f> .

The Trace Formula

Another commonly used formal property of coherent states is the trace formula
(I.4). We now develop a rigorous, but limited, version of this formula that is adequate for
our purposes.

Remark I1.27 We use the approximate identity I,. to prove a “cutoff” trace for any bounded
operator that computes with N. By (I1.2), for each fixed Y € X"/S,, lim \.(Y) =1. On
r—00

the other hand, for each fixed r, there is a constant C, x = r?|X| such that

max A 1 C’”
YGX"}/(S" T( )— n!

Thus the operator norm of I,., restricted to B, (X), is bounded by - L iC)' x. The dimension of
B, (X) is bounded by |X|™. Therefore, for any bounded operator B that commutes with IV,
BI, is trace class and

Tr BI, = lim Tr BI, P,

n—oo

Proposition I1.28

(a) Let B be a bounded operator on B(X) that commutes with N . Then, for allr > 0, BI,
is trace class and

TTBIT:/duT(qb ) e J WO (5B o)

(b) Let B be any operator on B(X) that commutes with N and obeys
|P™ Bz, < const (1+n) 2l
Then B 1is trace class and

TrB:/du(¢ ) e J WP (51 B o)
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Proof: (a) We have

Tr BIrPn = 2 <5y |BIT | 5y>

degY <n

= X /dmb ) e I WO (5 18] 6)(6|0y)

degY <n

=/dur<¢¢ —Jay 8O (818 ) 6y | B 8)
degY <n

/durw o) e~ J WO (5P B g)

Since B is a bounded operator, e~ J |¢(y)|2} (¢ |P,B| ¢) | is bounded uniformly in n and ¢
and the dominated convergence theorem provides the limit of the right hand side as n — oc.
By Remark I1.27, the left hand side converges to Tr Bl,. as n — oc.

(b) As in part (a), but using part (e) of Theorem I1.26,
Tr BP, = /dmp o) e~/ W IPOF (4P, B| )
By Lemma I1.24,
(6 1PuB| o) (H ) 21t (v + 4 X)X P B 0 |

chbll2 1 olx| 21 X|
< (T st ) 2| + 1) 5
yeX

By the Lebesgue dominated convergence theorem

nlggofduw*,@ e '¢<y>'2<¢|PnB|¢>=/du<¢ g) e S WO (418 6)

Since the dimension of B, (X) is %J{")‘?“__ll))!! < (n+|(‘|)§}|__li‘))!ﬂ71 and the operator norm of the

restriction of B to B, (X) is bounded by a constant times (1 + n)~ 2%l B is trace class and

lim Tr BP,, =Tr B

n—oo
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ITI. An Integral Representation of the Partition Function

Let h be a single particle operator on X and wv(xi,x2) a real, symmetric, pair
potential which is repulsive in the sense of Definition I1.16. For the rest of this paper, except
where otherwise stated, we write

K:K(hJ)aXv”):HO(h7X>+V(fU7X)_“N

Recall that Hy(h, X)) and V(v, X) were defined in Definition II.2.

The first step in the formal derivation of the functional integral representation (I.1)
is the application of the resolution of the identity (I.3) and the trace formula (I1.4) to give the
intermediate representation (I.5). Theorem III.1, below, is a rigorous version of (I1.5).

Theorem III.1 Suppose that the sequence R(p) obeys

lim pe 2R®* = g
p—00

Then,

Tr 6_’8K = lim / H |:d,uR(p)(¢;k-7¢T) e—fdy |¢T(y)|2] H <¢T—€ ‘e_sK‘ ¢T>
T€Tp

p—00 reT,

where T, = { T = q¢ ‘ q=1,---,p } and we use the conventions that ¢ = % and ¢g =

¢pa = Qbﬁ.

In Proposition I11.2, below, we prove that the grand canonical partition function Tr e #X is
well-defined. Then we prove Lemma III.4, which provides a rigorous multiple insertion of
the approximate resolution of the identity in our context. The proof of Theorem III.1 then
follows Remark III.5.

Proposition 111.2 For any 8 > 0, the trace

Tr ¢ B(Ho (b, X)+2V (v,X)~uN)
on the Fock space B(X) is a holomorphic function of (z,u) on { zeC } Rez >0 } x C

Proof: Suppressing h, v and X,

Ty e~ BHo+2zV—uN) _ S Tr, e~ B(Ho+2V—pN) _ S ePrn Ty, e B(Hot+2V) (IT1.1)
n>0 n>0
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where Tr,, denotes the trace on the n particle space B,,. When restricted to B,,, the Hamil-
tonian Hy + zV is an operator on a finite dimensional vector space. Therefore, each term
Tr,, e~ #(Ho+2V) is an entire function of (2, u) on C*. For each n > 0,

‘eﬁ“”Trne_’B(HO“V)‘ < emRe“'”dimBn(X) He_

where || - ||, is the operator norm on B,,(X). By the Trotter product formula,

He—B(Ho—l—zV)HB — lim H(e 2 (Ho+RezV) e—z—Isz) ‘

m—0o0

B?L

< lim He ™

m— o0
— lim He (HO—I—RezV)H
m—r o0
By Proposition II.17,
He £ (Hy+Re zV) H e—B[A6n+%Rez(|§(—Oln2—v0n)]

with the A\g = Ag(v) of Definition II.16. Since dim B, (X) < |X|", the sum in (III.1) is
absolutely convergent, uniformly for (z, ) in compact subsets of { zeC ‘ Rez > 0 } x C.
This gives the desired analyticity. [ |

Remark II1.3 Observe that

Ty e~ BHo(0,X)+2V (0, X)~uN) _
when z = 0 and p is strictly bigger than the smallest eigenvalue of h. This indicates that the
“free” limit z \ 0 is extremely singular.

Lemma II1.4 Let § > 0 and let K be any self adjoint operator on B(X) that commutes
with N and obeys

K>a(|X| V)N

for some constants a > 0 and v. Also, let R be any map from IN to (0,00) such that

lim pe_%R(p)2 =0
p—>OO

Then,
p—1
Tr e #K = lim Tr (e_gK IR(p)> e_gK

p—00

_Bg
p exponentials e P
N\

. "8 _ Ik
= Jim Tre P Ijpy e 7 P Irgy o Ingy e 7"
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and

(o0 = Jim (6] (5 tnp) " e8] )

pP— O

for all ¢, ¢’ € L*(X). Furthermore, for each 0 < n < 1, there is a constant C,,, depending on
n, B, a and v, but independent of ¢, ¢’ € L?(X), p € IN and X such that

(9| (e‘gKIT)p_le_gK )| < 3o HI1Crlx
Proof: Introduce the local notation
B ... B
A, =d€C7 if i is odd Bi:{e_;K ifiisodd}
Irp) if7iseven 1 if 7 is even

5 p—1 5 2p—1 2p—1
(e_ZKIR(p)) e p i = H A; and e K = H B;
j i=1

so that

For any n € IN,

2p—1

}Tr( IT A — e_BK)‘
=1
< )Tr <2é_1Ai - e—ﬁK)Pn) + ‘Tr 2']ﬁlA,‘(]l —p)|+ ‘Tr e PE(1-P,)
2;:—11 2p—1 =
- )Tr( o4 - 10 Bi)Pn (I11.2)
2p—1
+ ‘Tr T1 A= Py)| + |Tr e PE (11— P,) (I1.3)

Consider the first line, (IT1.2). Since ||Ig(, || < 1, by part (c) of Theorem I1.26, and

K> & (N -v|X|)N > %X = - K,

| X
we have .
i 15 < { €5 s odd
1 if ¢ is even
Since Ay — By = Ig(p) — L for i = 2, 4, ---, 2p — 2 and is zero otherwise, we have, for all
n,pelN,
2p—1 2p—1 2p—1 q—1 2p—1
H( T4 - I Bi)Pn <y A; (A4,—B,) T BiP.
i=1 i=1 g=1 li=1 i=q+1

IA

(p = 1)e 7 || (Irgp) — 1)Pa||
< pe Kop |X| gn+1 e—R(P)2/2
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Consequently,
p—1
‘Tr((e_gKIR(p)) e_gK—e_ﬁK>Pn

< pe Ko | x| 2ntt ¢ RW)I*/2 Ty p .

n — 2 X|)
< peKOB |X‘2 +1e R(p)“/2 (T;z—:—||X||!)

Hence, for any fixed n € IN,

p—1
lim ‘Tr((e_gKIR(p)> e_gK—e_6K>Pn =0

pP—00

Now we consider the second line, (II1.3). For all m > 1, K

> a7 — v)m and

BWL - |X|
2p—1 m
I A, || o [, || < s (I1L.4)
and it follows that
2p—1 8K — Ba(-2—v) m (m+| X|—1)!
’Tr 1-1;[1 Ai}sm‘ N "mI(X] =)

n_

If we impose the stronger condition m > n with X > 2v, the last inequality becomes

2p—1

—BK — iy m*B (m+|X|-1)!
‘Tr 1 Ai‘Bm‘ e P R A =i
and
(m+|X|—1)! (m+|X|—1)‘X‘_1 (c7n)‘X‘_1
(X0 = TXT=1) < UXDi (I11.5)

where, ¢ = 5= + 1. Now, we have, if n > 2|X|v,

2p—1 . i
Tr [ A(1-P,)| , Tre (1P, < ¥ (me%
i=1 =
T g oo B eI
S/n dt e TX] TR -
— % n? > __a_ 423 (pp)XI-1
< e 4X] 5/0 dt e 4|X|tﬁ((|§3|7_1)!

for some positive constant C, depending only on f3, a, v and |X|. The first claim now follows
from the observation that this converges to zero as n — oo, uniformly in R(p) and p. In fact
this proves convergence in trace norm and hence convergence in operator norm and also weak
convergence, so that this also proves the second claim.
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Finally, we prove the bound. By (II1.4) and Proposition 11.22,

’<¢’ <6_5K1R>P—16_§K’¢/>’ < f: Hj%Le_ﬁa(%—V)m%

00
S Z L’ze—ﬂa(%_y)m

aB(fy = vm = ym) = & (m = “P1X))" = 480 +9)°1X]

Thus
-8 K p—1 -8 K / NS "o —aﬁ(ﬁ—um— m)
qu)}(e P IR) e » ‘¢>}§Z%e aBym IX] ¥
m=0
oo
< Z t_""e—aﬁvme¥(V+v)2le
- m:
m=0
— ¢ Pt ()7 X
It now suffices to choose v so that 7 = e~%%7 and then set Cy, = %(V +7)2. [ |

Remark IIL5 If R(p) > ¢|lnp|z*e, then lim pe R®)® = 0. Also if R(p) > ¢|Inp|z with
p—r00

c>1, then lim pe_R(p)2 =0.

p— 00

Proof of Theorem III.1: By (II.6), the strong convergence of I,. to 1, and Proposition
11.28.a

p— 00

p— 2 p—
Tr e 7% = lim Tr eIy, :pli—>rgo/dMR(P)(¢8:¢0)e J a2 (g =P | go)

It follows from Lemma II1.4 and the dominated convergence theorem that

Tr e85 — i HT [d,uR(p)(qS:’qST) o [y |¢T<y>|2} T (6rs |5 | 60)
TE p

p—00 TET,
as desired. u
The logarithm of (o }e‘gK } ¢)

Theorem III.1 is a rigorous version of the intermediate representation (I.5). As
discussed in the introduction, it now remains to show that one may replace <a ‘ etk ‘ <;S>

by efdyo‘(y)*d’(y) — eK(a%9) i the formula for Tr e85 of Theorem III.1. In Theorem I11.13,
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below, we show that this is indeed the case, provided R(p) is chosen appropriately. To prepare
for that, we explicitly find the logarithm F'(e, a*, ¢) = In < Q@ ‘ e K ‘ <;S> at least for o and ¢
not too large, and show that

F(e,a* ) = / dx a(x)"6(x) — cK(a",6) + O(e?)

X
This expression is the same, to order €, as

Fle, 0", ¢) = //X dxdy a(x)"j(e%,¥)9(y)

N[

: ] dxdy aa(y)” vixy) oxoly) + O

provided j(g) = 1 —e(h — p) + O(£?). For application of renormalization group methods, the
latter form is more convenient. So we show it too. We typically use the supremum norm

|6|x = gcnea§l¢(><)|

to measure the size of the field ¢ and the norm
Il = mags [ dy I,y

to measure the size of (symmetric) integral operators on L?(X).

Proposition II1.6 For each € > 0, there is an analytic function F(e,a*,¢) such that

<Oé ‘e—aK‘ ¢> _ eF(s,a*,¢)

—1/2
on the domain |o|x, |¢|x < Ce where C. = [865(||h”1»°°+“+”0)6||v||17oo] with vy =

max v(x,X).
xXE
Let ¢; > 0 and j(e;x,y) be the kernel of an operator obeying
li(e) — ==, < e’

Define the function Fy(e,a*, ¢) by
Fle.a®,0) = [ dxdy a(e)jeix,y)o(y)
— 5 [ iy aoray)” o(xy) 6606(3) + 7.0 6)

For every g > 0 there is a constant const (depending only on €q, ||h
that for all 0 < e < gg

1,005 U, ¢j and ) such

[Fi(e, 0%, ¢)| < conste?(R? + [[v]]} o R®) |X]|
for all |a)x, |¢|x <R < 5C..

An immediate consequence is
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Corollary II1.7 We use the notation of Proposition III.6. Define the function Fy(e,a*, @)
by
Fea',0) = [ dx a()"0(x) - eK(a",6) + Foera’ )
X

K(a*,qb)://XZ dxdy a(x)*h(x u/dea
+3 // ixdy a(x)"aly)" vx,y) Hx)(y)

For every eg > 0 there is a constant const (depending only on €¢, ||h||1,00, v and p) such that
forall 0 < e < gg

where

[Fole, a*, d)| < conste?(R? + [|v]|f oo R%) |X]|
for all |a|x, |¢|x < R<LC..

We now prove a number of lemmas leading up to the proof of Proposition III.6, following
Lemma III.11.

Lemma II1.8 Let ¢ > 0. There exists a function F(e,a*,®), analytic in o and ¢ in a
neighbourhood of the origin, such that

<a ‘e—sK‘ ¢> N Y CRAD

F satisfies the differential equation

§or = ) = 4 ] sy oty ) G et

with the initial condition
F0,.0%,9) = [ dx a9
X
Here,

K(a*, ga*) = //X dxdy a(x)*h(x,y) % — ,u/X dx a(x)*—ga(x)*
1 * * o e
+1 //X dxdy a(x)*a(y)* v(x,y) L e

Proof: Set Ao = Ag(v) as in Definition II1.16. Since, by Propositions 11.22 and 11.17,

e oo
[(a]e=X ] o) < S el o=, [[Lols < $ ol o= e iy +Xo= 5 mm Lol™
m=0 m—0
o0
<3 g (lal? + o))" F A
m=0
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the Taylor series expansion of <a }e_EK ‘ ¢> converges for all o,¢ € L?*(X) so that
(a|e7*K| ¢ ) is an entire function of a* and ¢. Since (a|¢) = o) @ (99(x) dx # 0, the
matrix element has the representation

<Oé ‘e—aK‘ ¢> _ eF(s,a*,¢)
in a neighbourhood of 0, with F(e, a*, ¢) is analytic in o, ¢. We have
F(aoz,d))&F 8 F(aoz b)) — < ‘G_EK‘¢>:—<Q‘K€_€K‘¢>
o|[ [ dxy i bixy) wiy) - n [ dx i xue)
X2 X
w4 ] dxay w0t ly) vty e o

By Proposition I1.20, the first term

<a ’ [//X2 dxdy ¢ (x) h(x,y) @[J(W}G_EK ‘ ¢>
:// dxdy h(x,y) (o [T (x)v(y)e " | ¢)
x2
= //){2 dxdy o(x)*h(x,y) (« WJ(YW_EK ‘ )
- //X dxdy a(x)"h(x,y) Jgye (o [ | &)
= //)(2 dxdy o(x)"h(x,y) ga(y)* el (e079)

Treating the other two terms similarly,
eFlea g p— | // dxdy a(x) h(x.y) §amge — 1 / dx a(x)" S
X X
43 [ iy 0 alv)* o0 3) G g e
X2

The differential equation for F' follows. [ |

Lemma IIL.9 The function F(e,a*, ¢) of Lemma III.8 has an expansion

o) =3 [ sy v Eue3) ooty where 57000
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i powers of the fields o* and ¢. Furthermore
Fi(e,x1,y1) = e (x1,y1)
Fole,%,5) = / dT/ "% (YR E) Y Sky Yo Y v(x),x)
Fon (7, K<)y T 1<m) Frnem (T, K]y I [5m))

where Sk y denotes independent symmetrization in the x variables and the y variables,

n

)~()~( Zh lexk H 5Xg X( + % Z (xjvxk) H 6X4(X2)

1<¢<n g k=1 1<l<n
T#k J#k =r=
and
<! (o / ~ _ 3 _
X = (Xl,"',Xn) X[<m] = <X17"'7xm) and X[>m] = (xm—|—17"'7xn)

Proof: Expand F' in the power series

0 n
Fle,a6) =3 / % ", (e.%,0) [ ax)
n=1 =
in o with coefficients F,,(e,%, ¢) that are symmetric under permutation of the x;’s. The
constant term is zero because <a }e‘EK ‘ ¢> ‘a:¢:0 = 1. Each F, (e, %, ¢) has degree n in
¢ because the fact that e ¥ preserves particle number implies that F(e,e”a*, e?¢) =
F(e,a*, ¢) for all real . Observe that

ene,an(E, 5(7 ¢) = nL da(x)* ga(xn)* F(57 (l/*, ¢>

a=0

and

% goz(xl)* T ga(xn)* //X2 dXdy a(x)*h(x, Y)% F(€7 a*7 (ZS) o

= Z nv/ dy h(xi, ) Gaye 1] Sama Flera w9

£k =0
= % / dx}, h(xg, X5 )€™ H Ey(8,X1, s Xk 1, Xp, Xkt 1, * 5 X, @)
k=1 X
and
10 0 * *
n! Ba(x1)*  da(xn)* G(Oé )H(Oé )
_ 1 0 * 1 lel *
= 3 s [T s 6| [ 11 et

m=0 =1 l=m+1



where S denotes the symmetrization operator in the variables x;. Thus Lemma III.8 gives

the system of equations

9 Fi(e,x1,0) = —/alx’1 h(x1,x))Fi(e, %, 0) and for n > 1

9 Fule, % ¢) = — / "% Hy (%, %) Fo (e, %', 0)

% Z Z ZU(XJ,X]@)Fm(g,Xl," XM7¢> n— m(5 Xm+17"'7xn7¢>
m=1 j=1k=m+1
(I11.7)
with the initial condition
F1(07X17¢>:¢(X1)7 Fn(075{7¢>:0 for n > 1
The “integral” form of these equations is
Fi(e,x1,0) = (e7"¢)(x1)
F,(e,%,¢) = ——/ dT/dX e (E=T)Hn ") (%, %) i Sy > v(x)x))
m=1  j=1k=m+1
Fm(7_7x/17"'7x ) n— m(Txm+17"'7X;w¢)

We remark that the fact that Fj,(e,%,¢) is of degree n in ¢ also follows by induction on n
from these equations. Writing

Fu(e.%,0) = [ d Fue.%.3) [T ol

for each n > 1, with the F,(e,X,y)’s symmetric under permutations of the y’s too, defines

the functions of the Lemma. [ ]

We now estimate the norm of the operator e ~*H» of Lemma II1.9, acting on functions
F: X" x X™ — C. The space of functions is equipped with the norm

F = max max F(xy,---,x IT dx;
1E 11,00 1§j§2nxj€X/X2n 1| (1,5 %om) iGizen
i

Lemma II1.10 Write

where



For all FF: X™ x X" — C, we have
(a) [le=tFl|, o, < ercltee||F[|, |

(b) He‘EV”FHLOO < e%”EUOHFHLOO where vy = inea):}w(x, X)

() et Fl, o < enstblazeol]|

(d) HHnFHl,oo < n(||hfle + 5(n = Dvlx) HFHloo

Proof: (a) The kernel of e=<8n is

So we may view e M F as

n fic;cors n factors k 1 factors n—k factors

7 e e
e el ®]1—H]1® @lge el -1

acting of F, viewed as an element of L?(X?"). The bounds

sup/dx'/dzl---dzm |L(x,x)| |G(X', 21, -, Zm)]

:sup/dx' |L(x,x")] /dzl~-~dzm G(X', 21, 2m)]
< 2ol G

and

Sup/dxdx’/dzl-~-dzm_1 ‘L(x,x’)‘ ‘G(x’,zl,-~-,zm)‘

Zm

= Sup/dxldzl "'dzm—l |i/dX‘L(X7 Xl)}:| }G(X,vzla'”7zm)‘

Zm

<Gl

imply that
k—1 factors n—k factors
—— ——
H 1o eleolele. - o ]1FH1 < Lol P, o (I11.8)

Part (a) now follows by repeated application of (II1.8) in conjunction with

/dx’ e (x, x)| = /dx’ e~ (x,x')| < ;/dx' Len|hm(x,x')]

3 (I11.9)
<> Ee'|nfr,  =elthe
n=0
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(b) Since v(x,y) is the kernel of a positive definite operator

D ulxgx) = D vlxg,x) — Y v(xy,%5) > —vn (I11.10)
ph= jk=1 j=1

so that
eV F(%,3)| < 2" |F(%,3)]

(c) follows from the Trotter product formula

. _£ _£&
e~ Hn B — 1im (e plne pV")pF
p—>OO

and repeated application of parts (a) and (b).

(d) By (I11.8),
[, o, <l

ool | Flly o

Since

‘ i v(xj,xk)‘ <n(n—1)v|x

gy
we also have
IVaF |, o < 3nn = Dlolx|[F],
and the claim follows. m

Lemma II1.11 The functions F,,(¢,X,y) of Lemma II1.9 obey

HFH<€7 R )

Lo < (Bel|uflr,00)" e L

where K1 = ||h
and ||v||1,00, such that

1,00 + 5. Furthermore there is a constant const , depending only on ||h||1

Fy(e,x1,%X2,y1,¥2) = —igv(xl,xz) [5x1 (¥1)0x, (y2) + 6x, (¥2)0x, ()ﬁ)}
+ Iy (6,%X1,X2,¥1,Y2)

with

IFas(e, oo < conste? o] 00e®:
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Proof: We first prove the bound on ||F,,(¢, -, - )|1,00 by induction on n. The case n =1
follows immediately from (II1.9). So assume that the bound has been proven for all m < n.

In general, if

F(Xla"'7xn—|—m) - /dY1dY2 G(Xl,"'aXn7Y1>W(Y1aY2>H(Y27Xn+1,'",Xn+m>

then
1 E][1,00 < 1Gll1,00 w100 H 1,00

This is proven by repeated application of

‘ / dxady f(x1,)g(y,X2)

< / dy |f(x1,y)| / dxs |g(y,x2)| < / dy 11, ¥)] 11901100
< 1 lhoellgllco

Hence, by the inductive hypothesis, Lemma II1.9 and part (c) of Lemma III.10,

N

||Fn(€7}~{7 S’) 1,00 <

€ n—1 m n
[ar [ax @ m ) S s 5w
0 m=1 =1k

IA
N

n—m<T7 : )

/d”(a K S S S ol [ Fonr )

m=1j=1k=m-+1

_9 1S _ — m n
< e K1 (81v]1,00) " / dr 772 2 > X Mvlheoms gomys
0 m=1j=1k=m+1
= =" (8e[|v]1,00) Z mi o= )
m=1
1
< et (8€HUH1,oo)n AT

< (85HUH1,oo)n_1enEKl %
The equation for n = 2 in Lemma II1.9 yields

€
F2(57X1,X2,Y17Y2) = _%/ dr /dxlldXIZ (e_(g_T)H2)(X17X27X/17X/2) U(X/UX/Q)
0

sle (XL Y1) e TN (X, y2) + e TN (X, y2) e T (xh, y1)]
= _%EU(Xl ’ XQ) [6X1 (yl)(st (y2> + 6x1 (YQ>5X2 (Y1>}
+ Foi(e,X1,X2,¥1,¥2)

where the second order Taylor remainder
€ 2
Fyy(e,%x1,%X2,y1,¥2) = / dr' (e = 7') S5 Fo (7', %1, %2, y1,¥2) (IIL.11)
0
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By (IIL.7)

0 / / ! / / /
(e, x1,%2,y1,y2) = —/dX1dX2 Ha(x1, X2, X7, X3) F2 (e, X1, X5, Y1, ¥2)

— 285 yv(x1,%2) Fi(g,x1,y1) Fi(e,%2,y2)

and hence

2

%FQ(€,X1,X2,Y1,Y2) = —/dxlldxlz Hz(X1,X2,X/17X/2)%F2(€,X/1,X/2,Y1,Y2)
— Sxyv(x1,%2) Fi(g,x1,y1) & Fi(e,%2,y2)

Using part (d) of Lemma III.10 and the bounds on F; and F» already proven, we have

1&Fate, -0 )|y < HaFae, - )y oo+ Sl0liee [ File, -

S 2(||hH1,oo + %‘U‘X)HFZ(€7 Ty T )Hl,oo + %HU

< vl [1 4 4e( %|U|X)}625K1

€, *y ¢

Using the bound
H% 1(67 T )Hl,oo - Hhe_shHl,oo S ||h||1’oerK1

we similarly get

Hg_;FQ(67 R )Hl,oo
< |HGzFale, -0 )| o+
(||h||1oo+ 2|U|X)||U||1oo[ + 4e(

< [lolh,

< const HUH o€

A

e hallERE - Ol
slvlx)le

AMx%HMWmeMhm+2W\)]%m

28K1

2EK1

Hence, by (I11.11)

| Foq (e, -, - )HLOO < const €2 ||v]|1,00€2

as desired. m

Proof of Proposition ITI.6: We routinely write x for (x1,---,%,) and y for (y1,**,¥n)-
The value of n should be clear from the context. By Lemma III.11,

> [axdy [ Fue.x.9) FLa) o) < DX Futes ) okl

— n—1 pe n n
<X (8ellvllee)” e F ok ¢l %

(111.12)
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This gives us the desired domain of analyticity. Since <a ‘ ek } gb> and ef'(&:279) are both
analytic on this domain and since they agree for all sufficiently small «, ¢, they coincide on
the full domain.

Set

Fi(e,a®,d) = / dxdy [ Fi(e,%,y) — (&%, 3)]a(x)*$(y)

n 2/d”5cd”y "V Fo(e,%,3) T al(x:)"0ly:)

=1

so that
F(e,a", ¢) = //){2 dxdy a(x)*j(e;x,y)o(y)
~ 5[] dxdy ol ay) vixy) 600() + Fie.a” 0

If |o|x, |¢|x < R, then, by (IT1.12),

dnidny enean(E, 5(7 S’) 1:[1 a(xl)*¢(yl)

< XIY (Bellofl1,o0)" eme it R2

64 |X|]|v]|F soe® K1 RS
1 — 8¢l||v]|1,00es(K1+1) R2

< 1282 |X | Ju]}} e

Similarly, by Lemma III.11,

/ %A%y Fo(e,%,5) T1 a(x:)*6(y:)

=1

< IXT[Far(es - )| B

Hl,oo

< const e? R* | X | ||v||1’00625(K1+|u|)

and

‘ / d*xd%y [e* — 1] Fa(e, %,¥) [] a(x:)*o(yi)

=1

Re2elul

< 2elp| | X| ||Fa(e H1,oo

< 20ule” R* | X | [|o]] 1 o™ 111D
and
\ [ axiy [ Fiexy) ~ e y>]a<x>*¢<y>\
<X |le=m) — ji(e)
< ;e R?|X|

2
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Since

R4HvH1,oo =R (R3||U ) < %(RQ—f— v 2

||1,oo

R%)

the desired bound on F; follows. [ |

Example ITI.12 Here is a simple example that shows that < Q@ } ek ‘ ¢> can have zeroes so
that the logarithm of < « ‘ e K ‘ gb> need not be defined for all o, ¢ € L?(X). If the finite set
X, which plays the role of space here, consists of just a single point, then each n—particle space
B,, with n > 1 has dimension exactly one. So any operator that commutes with the number
operator must be a function of the number operator. In particular, K = Hy+V — uN, which
is of degree two in the annihilation operators and of degree two in the creation operators, is
a polynomial in N of degree two. As a simple example, we take K = N2 — N. Then

<a ‘ e —e(N2-N) ‘¢> (a ¢>)” —an(n—l)

Set

Observe that f fulfills the functional equation

f'(z) = fle*2)

since
o o oo
—2e .\ _ z" —2en_—en(n—1) _ z" —en(n+1) __ d zntl —sn(n—l—l)
fle7=z) = g e e~ g Zre =& E (n+1)'
n=0 n=0

&|®N

Z zn_ —sn(n—l) _ %f@:)

We claim that f necessarily has a zero on the negative real axis, somewhere between 0 and

1 1
1—e=2¢ = 2e4+0(e?)"

Proof: Set k = e72¢ < 1, so that f/(z) = f(kz). By inspection, f(x) > 0 for all z > 0.
Now assume that f has no zero on the negative real axis. Then

h(z) = —log f(—=)

is well defined for all real x and fulfills the equation

rey — fl(=2) _ f(=kz)
(@) = F=y = Feo)
_ eh(m)—h(mm)

36



In particular A'(z) > 0 for all z € IR and h is monotonically increasing. The second derivative

' (x) = (W (z) — kb (K x)) @)
= (eh(m)—h(mm) _ gk eh(rr)=h(x? m)) (@) —h(x )

As k < 1 and h(0) = 0, we have h”(0) = 1 — k > 0. Next we show that h”(z) > 0 for all
x > 0. If this were not the case we would have a smallest positive zero xg of h”. Then h’
would be monotonically increasing in [0, zo]. By the formula for A" above

eh(xo)—h(/{ xo) h(kxo)—h(K? z0) -0

—Ke
so that

h(zo) — h(kx0) < h(kz0) — h(K* 0)
By the mean value theorem there exist &; € [k xg, ] and & € [k? 1o, k 1] such that

h(zo) — h(kxo) = B (&1) (1 — K) 20
h(kxg) — h(k* z0) = K (&) (1 — k) K

Then

W (&) (1= k)zo < h' (&) (1 —K) Ko

and

W (&) <h'(&)k

As & < & < xp and k < 1 this contradicts the monotonicity of A" on [0, zg].
Since h(0) = 0 and A" (x) > 0 for all > 0 we have h(kx) < kh(z) for all > 0 and
therefore h(x) — h(kz) > (1 — k) h(z). In particular

h/<.’13) — eh(m)—h(nm) > e(l—/{) h(x) - e—(l—/{) h(m)h/(x) > 1 = _ﬁg_xe—(l—/{) h(x) > 1

Integrating both sides and using the initial condition h(0) = 0 gives

C [0k ] > = om0 <1 (1 - gz

11—k

for all z > 0. Thus h(x) must have a pole at some 0 < z < . and f(x) must have a zero

atsome—ﬁ<x<0. [ |
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A Functional Integral Representation of Tre K

Let h be a single particle operator on X and wv(xi,x2) a real, symmetric, pair
potential which is repulsive in the sense of Definition I1.16. One of our precise formulations
of the standard physics representation (I.1) for the partition function Tr e™# ¥, where K =
Ho(h, X) 4+ V(v, X) — uN is the second quantized Hamiltonian of a boson gas, is

Theorem II1.13 Suppose that the sequence R(p) obeys

lim pe_%R(p)2 =0 and R(]D)<]Dm

pP—0

Then

(67, 60) e ] W 01 0)=81_ 36-(v) e—eK(as:_e,a»)]

_ﬁK _ .
Tre™® ™ = lim Tl;; [dump)
with the conventions that ¢ = % and ¢o = ¢pe . The function K(o*,¢) was defined in
Corollary II1.7.

This Theorem will be proven after Example III.17. During the course of the proof, we
will modify the factors <¢T_E ‘e_‘EK} ¢T> of the integrand in Theorem III.1, using the
representation of these factors in Corollary II1.7. In Proposition I11.16, below, we develop
some machinery to assist in proving that such modifications do not change the limit.

Definition II1.14 Let r > 0. Define, for 7 : X C, the seminorm

IZll; = sup |Z(e, 9)

a,peC
ol x ol x <r

The “rproduct” of Z, 7 : C*Xl = €, with | Z]|,., || T ||, < oo is defined to be

(T %, T)(as7) = / T, )T (6,7) dpiy (67, 6)

which is just the convolution with respect to the measure dy,. The ¢* power with respect

to this product is denoted

q factors
.

T =T %, Ly 4y L

Example II1.15 For each £ > 0, set
Is(a,gb) = e_%||0¢|\2_% ‘¢||26F(5,a*7¢) _ e_%HO‘HZ—% 1612 <a }e_EK ‘ ¢>
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Theorem III.1 states that, for R(p) obeying lim pe~3R(®) =,
P—00

Tr G_BK = lim dﬂr(¢*7 ¢) I:Tp(¢7 ¢) r=R(p)

p—>00 e
The operator K is bounded below. Suppose that K > —Kyll. Then
1 2 1 2

[(a|e™X ] d)] < lafe gl = ezll*l+3191 =k

implies that
|Ze|l, < e

for all » > 0. Furthermore
T, ¢) = e~ tllal*=3lel? <a ’ (e=KT,) " emeK ’ ¢>
Thus, by part (c) of Theorem I1.26,
1Z2 )], < et
for all » > 0.

Proposition II1.16 Let Kp,e,( >0 and 0 <k <1 and r,Cz > 1 obey

Cp (7rr2)
Let 7,7 : C?*X1 = ¢ obey
IZ-Z <¢ T, < ™ for allg e N

Then, for all ¢ € IN with q < %,

[T, < eetore)

|20 — T, < ¢rese(are?

/ diip (67, 8) |T(9,6) — T79(6, 9)| < ¢Fet=(ote™)

Proof: For notational convenience, we suppress the subscript r on *,.. We first prove, by
induction on ¢, that

179, < (A+B)? | T = T*|, < ¢B(A+ B)*™! (ITL.13)
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where A = ef¥o and B = (WT2)2|X|C. The case ¢ = 1 is obvious. So assume that these

bounds hold when g is replaced by ¢ < gq. Then

q—1
77 = ZI*E « (I —T)«Z*9 1 4179
£=0
Since
/dur(cb*,cb) < (7r1“2)|X|
we have
- X
}I*QH < Z HI*EHT 7TT’ |HI IH (7”, | | Hl-*q —0— IH + HI*QH
£=0
qg—1
<) A*B(A+B)1 %14 A9
£=0
and
qg—1
7079, <A B (4 B
£=0
Then (II1.13) follows from
q—1 g—1
(A+B)T=) AA+B)""=> A (A+ By 4 A
£=0

50
- o

A*B(A+ B)1=*"1 4 A4

~
I
o

and

1
(A+B)1 — A1 = / dt L(A+tB)? < qB(A+ B)i™"
0

To complete the proof, we observe that

A+B — e&:KQ + (WT2)2|X|C < eaKo (1 + (7T7‘2)2|X|<> < eaKo (1 _i_gcn)

S eg(K0+<N)

and

qB, qB(m”Q)le < %(7?7’2
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Example II1.17 Let
T.(0,§) = e~ Il =310 F e 9) — o= HalP=1I60° (o | =<K | )
be as in Example II1.15 and set

Ia(a, (ZS) — e 2HOZ||2——||¢H2 F(E @ 7¢) J:O(E a” ¢) o e 2”05”2 H¢||2 <a }e_EK ‘ ¢>e_]:0(67a*7¢)

where F(y was defined in Corollary II1.7. Observe that
Z.(a0) =exp { = 4ol = 3ol + [ dx a” (x)o(x) - eK (o)

Let r satisfy r < 3 [865(”h||1’°°+”+“0) €||fu||1,oo} _1/2. Then, by Corollary II1.7,
| Fole, a*, ¢)| < const e? (T2 + ||v||ioo7°6)|X| for all |a|x,|d|x <r
Consequently (assuming that » > 1 and allowing the constant to depend on ||v]|1, t00)
|1Ze = Ze|- = sup

lalx,|olx <r

2 6
< esKO const €2T6|X| econsta r°| X|

e sl =3101% (o | =K | ) [1 - e—fo(&a*@)}‘

Proof of Theorem III.13: We apply Proposition III.16 with Z = Z., Z = 7., as in
Examples I11.15 and 11117, { = €%/, r = R(p), p = ﬁ , k= 15 and Cg = B. If € is sufficiently
small, the three hypotheses of the Proposition are satlsﬁed because then

Oy (mr2) X115 = grNIR()OIXIA ) < o1 (2) R < o

and, by Example II1.17,

1

|IZ —Z|, < conste (g) | X |0 gconst 1 Xe*(8/e) ™ T <322 ¢

and, by Example II1.15,
||I*rQ||T < ed€ Ko

By the last conclusion of Proposition III.16,

. * Tk D _ TP —
Jim [ duy(a, a) |Z7P(e @) = I (a, @) e =
Recall, from Example III.15, that
Tre PK = hm /d#r ", 0) I:P(¢, ¢>)r R(p)
e=p/p
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so that

r=R(p)
e=B/p

Tre hm /dur ¢*, ) T3P (6, p)

o « Ll —clP=Lllo- 12+ [ dy &% (¥)6-(¥) —aK(as:_s,m)]
Jim Tg; _dump)(% ¢r) € €
= Jim [ I] [dprgy (95 ¢) 719170 a @7 et ) e_aKW:_S’M]

p— 00 7'67—;; L

= lim [ [T |dprg) (6% ér) €

p— 00 7'67—;; L

— [dy (617 .o () e—aK(qs:_e,m)]
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Appendix A: A Cameron Style Model Computation

We consider the formal infinite dimensional complex Gaussian measure

* 1 *
1 H doy dg. [, dr ¢ @0+n)é-
N 271

0<r<1

where p < 0,
a¢7' = lim %[Qbr—l—s - ¢7‘}

e—0+
and the normalization constant N is chosen so that the integral of the function 1 with respect
to this measure is one. This is the formal Gaussian measure of (I.1) when 8 = 1, IR? is replace
by a single point and h = v = 0. Suppose one attempts to construct this measure as the limit

1 1 d¢i d¢7’ 1 * %
lim o 2 exp {337 (67 pGrirsp — 0r) + 16700 | (A1)
TeT, TeT,
of finite dimensional complex Gaussian measures. Here, T, = { % ‘ q=20,---,p—1 } and

we use the convention that ¢; = ¢9. The normalization constant

N, = [ du(e".0)

where

dvy(6*,0) = T] “552 exo {1 D [67 p(ori1sp — 67) + 676, |

T€T, T€T,

The following proposition shows that (A.1) cannot be a well-defined complex measure.

Proposition A.1 Let 4y < 0. Then

lim N, =

p—o0 e H—1

However, if p is a multiple of 8 and is large enough, then

/\dup(¢*,¢)\ > 107/8

Proof: Think of T, as the discrete torus %Z /Z. Denote by L?(T,) the p complex dimen-
sional Hilbert space of functions on T),, with the usual inner product (7,11, gb) = ZTeTp VEiDr.
Define the operator 9, on L?*(T,) by

(0p0) . = P(Pri1/p — b7)
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Set, foreach 0 <n<p-1

en (7_) — eZnTrz T

Then {e, (T)}nzo p_1 lsan (orthogonal) basis for L?(T,) and each e, (1) is an eigenvector

for any translation invariant operator on L?(T,). Since
Open () = p(e%%l —1)en(7)
the eigenvalues of J, are
)\mp:p(e%%l—l), n=01---,p—1

The 2p real dimensional Gaussian integral

p—1
N, = / Ao 0 56 04109) — T [ = (A + )] "

T€T, n=0
We have
p—1
| 1 X
n
since
p—1
H (z—elzﬂTn) = P -1
n=0

On the other hand, assuming that p is divisible by 8,

p—1
/}dyp(qs*,qs)‘ _ / d¢27:£¢7— ‘e;(¢’(8p+ﬂ)¢)} — H [_ %Re ()\n,p + [L)}_l

T€T, n=0
and
p—1 p—1
H [ - %Re (Anp + )] = H (Cp — cos(27r%)} where Cp =1 - £
n=0 n=0
B
=(Cp, —1)(Cp+1) [C, — cos(27r%)}2 since cos(2mE27) = cos(2m3)
n=1
=(Cp,—1 02 H — cos? —)]2 since COS(QWWT_R) = —cos(2m})
L, 2 : 12
= (C) — l)Cz(Cp H — cos? —)] [C’z - 81n2(27r;)]

since cos(QWMT_”) = sin(277)
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Now

[05 - 0052(27T%)]2 [Cz - Sinz(QW%)}Q = [C; — Cz + sin2(27r%) 0082(271'%)]2
= [CF(= 25+ 1) + fsin*(4m3)]
< 1

if p is large enough, since lim C}, = 1 and lim ( — 2% + Z—;) = 0. If p is large enough, we
p—00 p—00

also have
(Cp =~ DCAC, +1)(C2 — 1) = —5C2(Cy + 1)(C2 — 1) <

p
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