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I. Introduction

Let T be a lattice in R?, d > 2 and let r > d. Define
A = { A=Ay, Ag) € (LRRY/T) | [pajpAlz) de =0 }
V = {VeL’(RYT) | [y V(z)de =0}
For (A,V)e AxV set

Hy(A,V) = (iV+A) —k)° + V(z)

When d = 2,3, the operator Hy(A,V) describes an electron in R¢ with quasimomentum
k moving under the influence of the magnetic field with periodic vector potential A(x) =
(A1(x), - Aq(x)) and electric field with periodic potential V(x).

In general let

61(]6,14., V) S 62(k7A7 V) S

be the eigenvalues of the operator Hj(A,V) on L?(IR?/T'). The restriction of e, (k, A, V) to
the first Brillouin zone B of I is called the n-th band function of A. Observe that

e1(k,0,0) = |k
The Fermi surface of (A, V) with energy A is defined as
FA(A,V) = { ke B|ey(k,A) = X for some n }
Because Hy(A,V) = H_;(—A,V)
en(—k,—A, V) =e,(k,A V)
for all n > 1. In particular, when A =0,
en(—k,0,V) =e,(k,0,V)

for all n > 1, so that F)\(0,V) = —F5(0,V) for all A and V. For all (A,V) e AxV, A € R
and p € R?
p—FA(A,V):{p—k ’ kEF,\(A,V) }

The main result of this paper is



Theorem There is a neighbourhood Ay x Vy of the origin in A XV and Ao > 0 such that
(i) for all (\,a,V) € (—o0,No) X Ag x Vo, Fx(A,V) is either a strictly convex (d—1)-
dimensional real analytic submanifold of B, or consists of one point, or is empty.
(ii) there is an open dense subset S of (—oo, A\g) X Ao x Vo such that for all (A, A, V) € S
and all p € RY
Fx(A, V)N (p— FA(A,V))

has dimension at most d — 2. Furthermore SN ((—00, Xg) x Ag x {0}) is open and
dense in (—o0, A\g) X Ag x {0}.

The Theorem shows that, for generic small periodic magnetic fields of mean zero and
generic small Fermi energies, the Fermi surface is strictly convex and does not have inversion
symmetry about any point. In particular, when d = 2, the intersection of the Fermi surface
and its inversion in any point is generically a finite set of points. The same statements hold
if one considers both electric and magnetic fields. This inversion asymmetry suppresses the
Cooper channel in weakly—coupled short-range many Fermion systems. See [FKLT].

There are real materials containing a periodic array of magnetized ions with zero
flux through a fundamental cell. See the review [O, pp 1-48|.

In §IT we show that the Fermi surface is always a real analytic subvariety of IRY,
and that it depends holomorphically on (A,V) € A x V. This is a well-known result [K,
Theorem 4.4.2], but we include the proof for the convenience of the reader. The proof of the

main Theorem, presented in §III, is based on a third order perturbation calculation around

(A,V)=1(0,0).



I1. Analyticity of the Fermi surfaces

Let
A = { A= (A1, Ag) € (LRYD)! | [gajpA(x)dz =0 }
Vo = { Vel ?(RYT) | [gaV(z)de =0}

be the complexifications of A resp. V.

Theorem. There exists an analytic function F on Clx Cx Ag x Ve such that, for k, A,V

real,

AE Spec(Hk(A,V)) — F(k,\AV) =0

Corollary Fiz an open ball D in the first Brillouin zone B that contains 0 such that D C B°.
There is a neighbourhood U of the origin in A XV and there is \g > 0 such that

i) Forall (A,V)eU and all k € D

el(kaAav) < 62(k7A7V)

it) The map
D x U — IR, (k, A, V) — e1(k, A, V)

1s real analytic.

iii) For each fized (A, V) € U the Hessian of the map k +—— e1(k, A, V') is positive definite.

Furthermore infyep ey (k, A, V) < Ao .

iv) For each (A, V) €U and each A < Ao the Fermi surface F\(A,V) is either empty, or
consists of one point only, or is a real analytic smooth strictly conver (d — 1) —dimensional

real analytic manifold that is completely contained in D.

Proof of the Corollary: The spectrum of H(0,0) is { |k +b|? | b € I'* }. Hence, for
ke D, e (k,0,0) = |k|> and ez(k,0,0) > e1(k,0,0). The Corollary follows from repeated

application of the Implicit Function Theorem and continuity.



Proof of the Theorem: Write
(iV+ A(x) — k) + V(z) = A = 1— A+ u(k,\) + w(k, A, V)

with
u(k,\) = —2ik-V+E - A -1
w(k,A,V)=iV-A+iA-V—2k- A+ A>+V

At the end of this Section we prove

Lemma. Let ||B||, = [tr (B*B)"/?]'/" where tr denotes the trace defined on trace class

operators on L>(R®/T"). There is a constant constp . 4 such that

0) |k, A V) = ||, < constr g ((1+ kDAl + A3 + [Vl v2)
b) | o= ulk, A) 7= ||, < constp . 4 (1 + [k + |A])

r

c) Let 0 <e < r;d. There is a constant constr . 4 A AV such that

[ (Culk, N) +w(k, A, V)¢, 9) | < constr g pxay (11— 2)T26]| (1 — A)2y|
+ (M=) (1= A)1792y))

for all v, ¢ € L>(R/T).

Because L*(IRY/T) > L¥ (R?/T) for all 1 < s < ¢/, we may assume, without loss

of generality, that » < d + 1. Then the Lemma implies that

Flk, ), A V) = detayr ( 1+ (k) g + gk A, V) s )

is a well-defined analytic function on €% x € x Ag x Vg. Here, detyy1 (1 + B) is the

regularized determinant which, for matrices, is defined by

A
detgrs (1+ B) = exp(z (=1) trBl> det(1 + B)
=1

(3

This regularized determinant is defined for B with ||B|4+1 finite. See [S], Theorem 9.2. It

is analytic since one can take limits of finite rank approximations of B.
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Let D be the domain of /T — A. By the Lemma,
(iV+A@) — k) + V(@) = A=1—A+ulk,\) +w(k,A,V)
gives a well-defined quadratic form on D x D. Furthermore, for ¢ € D
(1= A+ u(k, N) +wlk, A,V))é, 6) > VT = Ag|]? — const (1 — A)=9/26]|[|VI - Ag]
For any 6 > 0 there is a constant c¢s such that
11— 2)E=920) < §|[VI—Agll + csl9|

Choosing 0 appropriately,

(1= A+ulk,\)+wk, A, V)¢, ¢) > L|VI— A|? — const cs||¢]| VI — Ad|

> —1 (const c(;||gzﬁ||)2

and the form is semibounded. It is closed since
HIVI=A¢|* — const [|¢]|* < | (1 — A+ u(k,\) +w(k, A, V))¢, ¢) | < const |[vVI— Ag|?

Hence there is a unique associated self adjoint semibounded operator Hy(A,V).

The resolvent (1—A)~! is compact. Hence by the resolvent identity and part a) of
the Lemma the resolvent of Hy(A,V) is also compact. Hence the spectrum of Hy(A,V) is
discrete. Then A\ € Spec(Hk (A, V)) if and only if there exists 1 € Dy, (4,v) C D such that

(Hi(A,V) = A) = VI-Ay = 0

This is the case if and only if \/Ill——A(Hk(A’ V) =X\ \/ll——A has a nontrivial kernel. By [S],

Theorem 9.2 (e), this is the case if and only if F(k,\, A,V)=0. |

Proof of the Lemma: a) We repeatedly apply the result that, for any » > 2 and any
f el (I#) and g € L"(RY/T),

1£ (@) g(@)]| < vol(R/T) 7| fll gm0y gl L mea (+)
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This is proven just as in [S] Theorem 4.1, the corresponding bound for operators on
L?(R%). One first proves easily that the Hilbert-Schmidt norm of f(iV)g(z) is bounded
by VOl(IR,d/P)_l/2||fH€2(F#) 19/l 2 (me /) and that the operator norm of f(iV)g(z) is bounded
by [ flles (r#) 9]l Lo (rery- One then interpolates using [S], Theorem 2.9.

< |k[ and ||[BB'||, < [|Bl|-[|B],

As the operator norms H\/11+—AV” <1, H\/Ill——A

we have
| a=wa=ll, < @+ k)| s=al, +HmAH + 7=V A=l
Write
_ _ 1 if b=0

This f € ¢7(I'#) for all 7 > d, so the desired result follows from (x) with g = A1, ---, Ag, VV.

b) The spectrum of \/— u(k, /\)\/ﬂ is

{ 2k-b+kZ>—A—1 ‘ be r# }

E
For any r > d, the ¢"(I'#)-norm of %, which is also the || - ||, norm of
\/— u(k, )\)m, is bounded by constp . (1 + k> 4 [A]).

¢) Denote D = /(1 — A). The condition on € implies that r(1 —€) > d + 5% > d so that

m is still summable. So, as in part a),

| pi==All < constr.ral] o
| o=V Bl < const V] 2

lugs || < constr (1 + [k[* +[A])

Consequently,
| ((iVA)¢, ) | < constr .|| Al L[| D¢l [| D]
| ((AiV)¢,¢) | < constr,[lall - | Dol | D'~
| ((2k - A)p, ) | < constr,,[k|[| Al [ D* =8| ¥
| (A~ A)p,9) | < constr . ||Al[7-[|D=¢|| [ D'~y
| (Vé,0) | < constr|[VI|w2 | D0l [ Dy
| (ug, ) | < constr,(1+ [k + [\l | Dy



IT11. Proof of the Main Theorem

For simplicity we write e(k, A, V) = e;(k, A, V). By part (iii) of the Corollary in §II,
for each (A,V) € U the band function e(—, A, V') has a unique extremum k,;,,(A4, V). This
extremum is a nondegenerate minimum. It follows from the implicit function theorem that
Emin(A, V) depends analytically on (A, V). The same is true for the corresponding critical
value Apin(A,V) = e(kmm(A, V), A, V) . Observe that Apin(A,V) < Ag by part (iii) of the
Corollary in §II. We set

P={(NAV)ERXU | Anin(4, V) <A< X }

Then for each (A, A,V) € P the Fermi surface F\(A,V) is a smooth, real analytic, strictly
convex (d — 1)—dimensional manifold which is not empty. For k € Fy(A, V) denote by n(k)
the outward unit normal vector to F) (A4, V) at k. If (A, A,V) € P then for each £ on the unit
sphere S9! there is a unique point ky (&, A, V) € F\(A,V) such that n(ky(¢, A,V)) = €.

Again it follows from the implicit function theorem that
Sd_l XP—>D7 (57)\7A7V)'—>kA(57A7V)

is a real analytic map.

To prove the Theorem stated in the Introduction we have to show that for (A, A, V)
in an open dense subset of P and all p € IR? the intersection Fy(A4,V)N (p — F\(A, V)) has
dimension at most d — 2. Since for all (A, 4,V) € P the manifold F\(A,V) is real analytic,
smooth and strictly convex, one has for all (A\,A,V) € P and all p € R?

dim <F,\(A,V)ﬂ(p—FA(A,V))> <d-2 o F(AV) = (p-F(4V))

If F\(A,V) = (p— F\(A,V)) then inversion in the point p/2 maps the point of F)(A,V)

with normal vector £ to the point of F\(A, V') with normal vector —¢. In other words,
F)\(Av V) = (p—F)\(A, V)) g k)\(g,A,V>+k)\(—f,A, V) =D for all£ € Sdil

Therefore the set of all (A, A,V) € P for which there is a point p € RY such that
dim (FA(A, V)N (p— Fa(A, V))) > d — 2 is contained in

S = { (MNAV) € P | Ve(kal&A V) +ka(=€A4,V)) =0 forall € € 5971}
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Observe that S’ is the intersection of the analytic hypersurfaces
{(MNAV)EP | Ve(kba(&A V) + k(=€ A V) =0}, e8!

Thus to show that the complement of &’ is open and dense it suffices to exhibit one triple
(M A, V) € P that does not lie in &’ We will do this by choosing V' = 0, choosing a
particular two dimensional vector potential A and showing that for small ¢ and appropriate
A the triple (A, t- A,0) does not lie in §’. This then also shows that the complement of
Sn{(NAV)eP ‘ V =0} is open and dense in { (\,A,V) e P | V=0}.

In the following calculation we will only consider the points (A,t- A,0) of P with
a particular two dimensional vector potential A. Therefore we restrict ourselves to the
case d = 2 and delete the V—variable in the notation. First we compute the first three ¢-

derivatives of e(k,t- A) at the origin for arbitrary (two-dimensional) A. We use the notation

fk) = G f(k )],y

Lemma. Fizx A ¢ A. Put
e(k,t) = e(k,t-A)

Then there is a constant C' such that for all k € D

ék) = 0
(h) = C -2 30 m (2% +b) - A®)|
beT# {0}
€k) = 12Re Y m [A(=c) - Alc—b)] [(2k +b) - A(D)]
b,ceI'#~.{0}
o > A ok oAt
b,ceI#~{0}

~ A~

Here A(b) = (A1(b), A5(b)) are the Fourier coefficients of A, i.e
A(zx) = Z A(b)et®
bel'#

and

I’#:{bEIRQ‘ <b,7>€27erora117€I‘}
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is the dual lattice to T'. Furthermore for each X € (0,\g) and every £ € S*

d

Ek)\(gat'A)}t:() =0

d2
2VAE ok (&t A

2WRe- Lkt ), = —¢(VAY)

= =&V

M=o

Proof:  Let ¢ (t) be the eigenfunction of eigenvalue e(k,t) for the operator Hy(t - A)

normalized by the conditions that

where vol is the volume of IR*/T', and

< Yr(0), Yr(t) >= 1

for all t. Then, for small t and k € D, v (t) is an analytic function of ¢t and k. For convenience
we suppress the argument £ in the following computation.

From the identity

Hy = ey
one gets by differentiation
Hy + Hip= ép + e (1)
Hy +2H¢ + Hi = &+ 2e0 + e (2)
He+ 3H¢ + 3HY + HYp = € + 360 + 3é) + ep (3)

Forming the inner product of these equations with ¥ (0) gives

¢ =< Hy, ¢ > (4)
E =< Hp, o >+2< H, ¢ > (5)
¢ =< HY, v >+3< H,vp >+3< Hp, ¢ > (6)

9



since < ¥, >=< P, >=< h,1p >=0 and < Hp,tp >=< Hip,1p >=< Hp,p >= 0.

However p
gt A) = Ao (iV+t-A—k)+ (iV+t-A—k)o A ™
= 240 (iV+t-A—k)+i(Zh + 242)
Therefore for ¢t = 0
Hp = «——Hl = (- 2k-A+i(3h + 52) (8)
Taking inner product with ¢(0) = -1 we get
' (DAL, DA
< Hip > = 2 (( —2k-A+z(W;+W§)),1> _
and hence
e =0
From (1) we now deduce
Vo= —(H-e ' Hy (9)

where, by definition, (H —e€)~! vanishes on (0) and is the inverse of (H —¢) when restricted

to the orthogonal complement of (0). Substituting into (5)
E =< Hp,p >—2< HH—-e'Hoy, ¢ >
Now by (7)
H = 2(A2 + A%)

so that < Hi,¢) > is a constant C' = 2, < (A2 + A2),1 > independent of k. Using (8) we

therefore get

= 0 - (- 2k A (A G)) (2 A (G 4 58)))
Since
(—2k-A+i(% +582)) = — 3" (2k+b)- A(b)e™”
bel'#
and



we get

E=C— 2 < > s ((2k+b) - A®D))e™ ™, > ((2k+1b)- A(b))eib'x>
beT#~{0} bel#

1 R 2
bel'#~{0}

From (2) we deduce that
o= —(H—e)  (Hy — &+ 2H ¥)
— —(H—e)"'H¢ + 2(H—¢) 'H(H —-¢) ' Hy (10)
Using (6), (9), (10) and the fact that H = 0, this gives

¢ = 3<HH-o'Hy,¢v>-3<HH-¢) ‘Hy,1p >
+6<HH—-e) YHH—-) YHyY, >
= 6Re<(H-¢) 'Hey,Hp>+6 <HH—¢) *HY,(H—¢) L Hp >

Since _ R '
(H-o " Hy=-2= > gy ((2k+0) A®))e™
bel'# {0}
Hy = \/‘21_01 Z A(b—c¢) - A(c)e®®
b,cel'#
L <H et eic'm> = —(2k+b+c)-Alc—b)
we get
1 R N R
¢ = 12Re ) _ Finl [(2k +b) - A(D)] [A(—c) - A(c — )]
b,ceI#~.{0}
B [(2k +b) - A(=D)] o 2k 4 ) A(o)]
6 > R T [(2k +b+c)- A(c—b)] T
b,ceI'#~{0}

This proves the statement about the derivatives of e.
We now prove the statement about the derivatives of ¢ — k) (&, ¢ - A) for fixed
A € (0,)) and & € S. To simplify notation put

K(Eat) = k)\(£7t ’ A)

11



Differentiating the identity
e(m(f,t),t) = A

we get

Vie(k(&,),t) - %Kz(f,t) + %e(ﬁ(f,lﬁ),t) =0 (11)

Since ¢ =0 and Vje(k(€,0),0) = 2V \E, setting t = 0 gives
§-k() =0 (12a)

If ¢+ denotes the vector (—&», &) perpendicular to &€ = (£1,&2), then by the definition of ky
we have &+ - Vie(k(€,t),t) = 0. Differentiating this identity we get

¢t - (Hessian(e) - £(€) + Vie) = 0
Since for t = 0 we have Hessian(e) = 2 x 1 and é = 0, we get
€ h(e) = 0 (12b)

Putting (12a) and (12b) together gives

Differentiating (11) again and setting ¢ = 0 gives
#(€) - Hessiang (¢) - #(6) + 2Vié(k(€, 0)) - £(6) +2VAE - k(&) + E(x(€,0) = 0

Using (12) we get

2VAE-R(E) = —€(k(€,0) = —E(VAE)

Differentiating (11) twice, setting ¢ = 0 and using £ = 0
3VEE(K(€,0)) - () +2VAE - R(€) + €(k(£,0) = 0

Since € =0

2VAE-E(E) = —€(k(£,0) = —€(VAE)

12



We now continue the proof of the main Theorem, and consider again a fixed vector

potential A and a fixed A € (0, \g). If
Fy(t-A) = (p(A\,t) — Fx(t- 4))  for all small ¢
then
]C)\(f,t ’ A) + k:/\(_fa t- A) = p()‘a t)

for all £ € ST and all small ¢. Multiplying this equality with 2v/\¢, differentiating three times
with respect to ¢ and setting ¢ = 0 gives

2V - (—/@(5 t-A)|,_,+ fg INCERE A)\tzo) = 2V BN
for all £ € S'. By the previous Lemma, this is equivalent to
(k) —¢(k) = 2k-p(\)  for all k with |k]* = X
or, since €(—k)= —¢€(k), to
€(k) = —k-p(\) for all k with |k|* = X (13)
As said above, it suffices to specify one vector potential A and one A € (0, \g) such

that (13) fails. We now give a concrete example of a vector potential A for which (13) does

not hold any A > 0. Fix a nonzero vector d € I'#. Without loss of generality we may assume

that d = (1,0). Let

A(d) = A(—d) = A(2d) = A(=2d) =d* and A(b) =0 for b# +d, +2d

where d* = (0,1). Then, by the previous Lemma,

(k) = 12Re Y m%(—c)-fl(c—b)] (2% +b) - A(D)
b,ceI'#~{0}
o > IO kb Al ) D
b,ceI#~.{0}
= udPk-at Y m

b,ce{+d, +2d}
c—be{+td, +2d}

— 48(k-dh)® Y = =

2 2 :
b,ce{£d, +2d} c2+2k-c b2+2k-b

c—be{+d, +2d}

13



Inserting the allowed values for b and c

é(k) = 24k2<1+22k:1 + 1—221<;1 + 4(1—|1—k1) + 4(1ik1)>

3 1 2 1
- 48k2<2(1+2k1>(1+k1) T {F R =2k T 2(1—2k1)(1—k1)>

If (13) were to hold, that is if the above quantity were of the form —k - p(\) for all k with
|k|> = X then one would have $(A\) = u(\)d*t, because the right hand side vanishes for
ko = 0. Therefore

2 4k3 k3
M()\) = _24<1—21<;1 B (1-|—2k:1)(21—2k1) o (1—2k1)2(1—l<:1)
2 1 1 k2
+ 142k + 4(1+Fk1) + 41—Fk1) (1+2k1)2(1+k1)> (14)

If (13) were to hold, the right hand side of (14) would have to be constant on the circle
{ (k1,ko) € R? | k4 k3 =X }. Since the right hand side of (14) is a meromorphic function

of f(ki,ks), it would then be constant on the complex quadric
Qr={ (k1,k2) €C® | K} + k3 =X }

On the other hand, f(k1,k2) has a pole with residue 24(1 — 2k3) along the complex line
L= { (k1, ko) € €2 | k1= % } . Consequently f’Qx is infinite on the points of Q\NL different
from (3, j:ﬁ) . This shows that f‘Q)\ cannot be constant unless QxNL C {(3, iﬁ)} For
A > 0, this is not the case. [ |
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