Periodic Schrodinger Operators

Let I' be a lattice of static ions that generate an electric

potential V (x) that is periodic with respect to I'.
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Then the Hamiltonian for a single electron moving in

this lattice is

H=-3-A+V(x)

This Hamiltonian commutes with all of the translation

operators

(Tyo) (x)

P(x +)

yel
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Simultaneous eigenfunctions for these operators obey
Hoo = eqn

T50a = AayPa VyeTl

1., 1s unitary =
’Aa,’)” =1 = Aoy = ¢!
INTy o = Tyiy Ga =

= Aagrany Pa = Aty Pa

= Bay + Bay’ = Bay+y mod 27 vy,y €T
Write

F={rny + navg|m, -, na€Z}

For each «, all 8, ., 7 € I' are determined, mod 27, by

Baq,, 1 <i < d. Given any d numbers §1,---, 34 the

system of linear equations (with unknowns k1, -- -, kq)
d
that is Z 'Vi,jkj — ﬁz 1 S 1 S d
j=1
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(where ~y; ; is the j*" component of 7,) has a unique
solution. So, for each a, there exists a k, € IR? such

that ko - y; = Ba,, for all 1 <4 < d and hence
Bay = ko -y mod 27 VyeTl

Notice that, for each a, k, is not uniquely determined.

Indeed
Bay =Ko -y mod2r, B =k, -ymod2r VyeTl

<— (ko —K.) -ye2rZ VyeT
— k, -k, eI
where the dual lattice, I'#, of T is

F#:{bEIRd|b°’)’€27TZfOI‘aH’)’€F}

Relabel, replacing the index « by the corresponding
value of k € IRY/T# and another index n. Under the

new labeling the eigenvalue/eigenvector equations are
H¢n,k — en(k7 V)¢n,k
T7¢n,k = Giquﬁn,k VyeTl

e Pni(X+7) = e TP i (x) Vyel
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or equivalently, with ¢, 1 (x) = e®*,, 1 (x),

L (V= K) Pie + Vo = en(k, V)b
Un k(X +7) = ¥k (x)
Denote by INy the set of values of n that appear in pairs
a = (k,n) and define
Hyx :Span{ On k { n € INk }

ﬂkzspan{ Vn ’ nE]Nk}

Then, formally, and in particular ignoring that k runs

over an uncountable set,
L*(RY) = span { ¢nx | k € RY/T#, n e Ny }

= Drerdr# Hik

unitary
I

=  DkeRrd/r# Hic

The restriction of the Schrédinger operator H to Hy is
ﬁ (z'V — k)2 + V applied to functions that are periodic
with respect to I'.
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So what have we gained? At least formally, we now

know that to find the spectrum of
H=3L(iV)" + V()

acting on L? (]Rd), it suffices to find, for each k €&
IRY/T# the spectrum of

Hy = 5~ (iV - k) + V(x)

acting on L? (IRd /F) Unlike H, Hy has compact re-
solvent. So, the spectrum of Hy necessarily consists of
a sequence of eigenvalues e, (k) converging to co. The
functions e, (k) are continuous in k and periodic with

respect to I'* and the spectrum of H is precisely

{ en(k) | neNN, k ¢ R*/T# }
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Rigorousification

@kEIRd/F#ﬂk = Bpera/r#span { Yni | n € Ny |

is implemented using

S(RY/T# x RY/T)
= {vec*m xm) |
vk x+)=vkx) Vyel
e®(k + b,x) = (k,x) Vbel# |

with inner product

w¢r—|#|/]Rd/F#/]Rd/F 3 o(k,x)

and completion

L*(R*/T# x R*/T)

Also define
S(RY) = { feCc=(R7) |

sup
X

(1+x2)( 129 f(x )| <o

]1833

sy g € N}

Its completion is L?(IR%).

PS 6



Set
= L dk e™*y(k,x
()00 = by [ 'k e il
=D T f(x+ )

~ET
Let V € CF(IRY/T') and set

h= (V)" +V(x) Dy, = S(RY)
k= (Ve —k)  +V(x) D.=8(RYT# x R/T)

Proposition S.3, S.5 There is a unitary map U such
that U extends u, U* = U~! extends i and

S(RY/T# x RY/T) ———= S(RY)

dense ﬂ {L ﬂ dense

L?(RY/T# x RY/T) < g >~ L2(RY)

Furthermore, h and k have unique self-adjoint exten-

stons, H and K, and

whu = Kk U'HU = K
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Now fix any k € IR and V € C®(IR*/T) and set

hie = (Ve —K)° +V(x)  Dp, = C=(RT)

Lemma S.7,S.8

a) The operator hyx has a unique self-adjoint extension,

Hy, in L2(R?/T).

b) If S\ # 0 or A < —sup, |V (x)|, then X is not in the
spectrum of Hy. If X is not in the spectrum of Hy, the

resolvent [Hk — )\]1} s compact.

c) Let R > 0 and A < —sup, |V (x)|. There is a constant
C" such that

| [ = 2] ™" = [He = A1) 7| < €'k - K|
for all k, k' € R* with |k|, |k’| < R.
d) Let ¢ € T'# and define . to be the multiplication
operator €% on L>(IR*/T). Then Uy is unitary and

ﬂszuc — Hk—|—c
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Idea of Proof: Hy is a bounded perturbation of
(iVx — k)2, acting on L? (IRd /T). The latter is diago-

nalized by the Fourier transform. It’s spectrum is

{(b—k)?*|bel* }

Proposition S.9 The spectrum of Hy consists of a se-

quence of eigenvalues

e1(k) < ez(k) <es(k) <---

with, for each n, en(k) continuous in k and periodic
with respect to T% and lim,,_.« e,(k) = oo. The limit

s uniform in k.

Theorem S.10 The spectrum of H s

{enk) | ke RY/T#, nelN |
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