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¢I. Formulation of the Model and Main Results

I.1 The Model

Consider a physical system, in dimension d > 2 , consisting of a gas of fermions with

prescribed density, possibly together with a crystal lattice of ions. If there is no lattice and

there are no interactions between the fermions, the energy of one fermion, translated by the
k

chemical potential p, which controls the density of the gas, is % — u . If the fermions

interact with each other through a two-body potential Au, the system has Hamiltonian

[ (n) ol o, + b IT 5% (om0 -o k) Nuler ko)l jal, oy,

= (L1)
where the repeated spin indices o and 7 are summed over {7, |} and y o and Oy, annihilate
and create, respectively, a fermion of momentum k and spin o.

If there is a lattice, it provides a periodic background potential. Then, the energy
of a single fermion, again in the absence of other interactions and again translated by the
chemical potential, is called the dispersion relation and is denoted FE, (k) , where n is the
band number and k is the crystal momentum. For notational simplicity, we restrict our
attention to a single band and suppress the index n.

The grand canonical ensemble of these models, at inverse temperature § = %

and chemical potential p, is equivalently (formally) characterized by the Euclidean Green’s

functions

f (Hz]\il djpi,ﬂ'i/lz(h'ﬂ'i) eA(ilﬂﬂzJ) Hk7o’ d¢k,o dijkz,a

N .
T ol > - : b (1.22)
<i_1 P I Jé; f@A(wﬂ/J) Hk,o’ ddjkz,a dwk,o

with action A and interaction V given by

AwB) = = [ (ko ~ BOQ)datns — V(. 9)
) 4 ) ) (1.2b)
V(,¥) = 3 1:[ dk; D (k1+ka—k3—ks) Yk, ,0¥hs,0 k1, k2|VIEk3, ka) Yry 7V, 7

The “integral” notation is defined by




when 8 < oo and
d
e [ o[
R 2T D (27'(')
when 8 = co. The conservation of momentum “delta function” is defined by

D(k) = (2m)?B85(k)dk,.0

when 3 < oo and

D(k) = (2m)4T 15 (k)

when 8 = co. In the “momentum” k = (ko, k), the last d components k are to be thought of
as a (crystal) momentum and the first component kg as the dual variable to a temperature, or
to an imaginary time. We choose the set D of allowed spatial momenta to be some compact
subset of IR?, because at low temperature, the only important k’s are those for which F(k)
is small. The fermion fields k. ,, ¥k, are indexed by k = (ko,k) € %(21 +1)xD,0o €
{1,1} and generate an infinite dimensional Grassmann algebra over C. That is, the fields

anticommute with each other:
0 © ©
d]k;,crwp,'r = _¢p,7wk,a

The interaction kernel that corresponds to the two—body potential u of (I.1) is
<I€1, k‘z’V‘kg, k4> = u(k1 - k3)

The fermions may also interact with lattice motion through the mediation of phonons. We
allow for such interactions by allowing (k1, k2|V|ks, k4) to be a general kernel. The precise
hypotheses on these quantities and the precise mechanism for implementing the ultraviolet

cutoff will be stated shortly.

6I.2 The Feynman Rules

If (I.2a) is Taylor expanded in powers of A, the coefficient of A" is the sum of all Feynman

diagrams of order m. The Feynman rules for these diagrams, when (ki,ko|V|ks, k4) =
u(ky — kg), are

- Draw all topologically distinct connected graphs with 2n vertices —<§<— , n inter-

action lines A~ , 2n — N oriented internal particle lines —<— and 2N oriented

external particle lines.



- Assign a momentum to each line. Conserve momentum at each vertex. Once con-
servation of momentum has been incorporated, there are n — N + 1 independent

internal momenta. They are summed /integrated using

Ja=g5 ¥ /(gwl;

ko€ % (2Z+1)

- Assign the propagator
50,0’
iko — E(k)
to each particle line and the interaction Ai(k) to each interaction line.
- Do the spin sums. This results in a factor of two for each fermion loop and a spin

delta function for each fermion string.

- Multiply by (=1)"(=1)¥ where F is the number of fermion loops.

Let G be any connected graph. It is both convenient and standard to get rid of the
conservation of momentum delta functions arising in the value of G from the D in (I.2b) by
integrating out some momenta. Then, instead of having one (d 4 1)-dimensional integration
variable k for each line of the diagram, there is one for each momentum loop. Here is a
convenient way to select these loops. Pick any spanning tree 7' for G that contains all the
interaction lines. A spanning tree is a subgraph of G that is a tree and contains all the vertices
of G. We associate to each line £ of G\ T the “internal momentum loop” A, that consists of
¢ and the unique path in T joining the ends of /. Fix any external line /55. Associated to
each external line /;, 1 <7 < 2N — 1 other than /5 there is the “external momentum path”
consisting of the unique path in 7" from ¢; to 5. We say that the external momentum flows
through every line ¢ on that path. The loop A, carries momentum ky;. The component (kg)o
runs over %(2Z +1). The momentum ky of each line ¢ € T'is the signed sum of all loop
and external momenta passing through ¢'. If ¢’ is a particle line, the zero component of ks

is also required to lie in %(2Z + 1). This is automatic by

Lemma 1.1 With the above choice of loops/paths (or any other choice of external momentum

paths in T with the property that the number of external momentum paths ending at each

4



external line is odd) the total number of loops/paths that traverse any particle line is odd and

the total number of loops/paths that traverse any interaction line is even.

Proof: We identify any particle line proven to carry an odd number of loops/paths as well
as any interaction line proven to carry an even number of loops/paths by painting it green.
By hypothesis we may paint green all external lines. By construction, we may paint green
all lines of G \ T, since they each carry exactly one loop. Furthermore, since any loop/path
entering a vertex must also exit that vertex, once we know that any two lines of «g«- are
green, we may paint the third one green as well.

Pick any root for T'. Start with the vertices farthest from the root in the partial
ordering of T. Each of these farthest vertices has precisely one line in T". All the other lines
of the vertex are either external or in G \ T and hence are already green. So we may paint
the one line that is in T" green as well. Prune the vertex from the tree and repeat as required.

6I.3 Localization and renormalization

When (8 = oo, many of the integrals generated by the Feynman rules of the last section are, in
fact, not well-defined. We hasten to emphasize that this does not mean that the Euclidean
Green’s functions are ill-defined. It means that, with the dependence on X specified in (1.2),

the Euclidean Green’s functions are not C*° in A\. The source of the difficulty is the singu-
k?

om

locus ko = 0, |k| = \/2mu. This propagator is locally L' but not locally L? for any p > 2. It

larity of the propagator m For example, when E(k) = 1L, m has singular

is very easy to get m with p > 2 arising in a Feynman diagram. It suffices for the

diagram to contain a string

—»—‘—»—‘—»—‘—»—’—F

One may prevent strings from arising by reorganizing the perturbation expansion as a sum of
skeleton graphs. By definition, a skeleton graph is one which contains no nontrivial strings.
Restricting to skeleton graphs really is just a reorganization of the perturbation expan-

sion, if we take for the propagator of the skeleton graphs the interacting two point function
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m, where (k) is the proper self-energy. The proper self-energy is itself given by
) . . 1
the sum of all amputated two—point skeleton diagrams with propagators T BRSSO
this prescription is implicit.
In practice, implementation of this resummation algorithm is not completely trivial,

because it is not easy to verify that

1
¥ = 1 f G, usi t
Z value o using propagator o — B(k) — S(K)

all two—legged

1PI skeleton

diagrams G
can be solved for Y. In fact, it is far from obvious that the right hand side is even once
differentiable with respect to X, because differentiating m once with respect to X
produces a string of length two. And you will certainly not be able to solve for ¥(k,\) =
Zf,il A"Y,.(k) as a formal power series in A, because the right hand side is certainly not C*°
in ¥. However, there is a procedure that implements, at least the important part of, the
above resummation algorithm and that can be mostly implemented in terms of formal power
series.

This procedure, for generating well-defined terms in the perturbation expansion,
effectively reparametrizes the family of models under consideration. Fix any model (E(k), \).
Suppose, for the time being, that you know the proper self-energy ¥(k, E, \) for this model.
Write E(k) = e(k) + de(k) where e(k) has the property that { k ’ e(k) =0 } coincides with

the interacting Fermi surface
F={k|EKk) +%((0,k),E,\) =0}

The condition { k ‘ e(k) =0 } = F does not uniquely determine the decomposition F =
e + de. It only forces de(k) = —¥((0,k), E,\) for k € F. One can select a decomposition
by specifying a “projection” P which maps each k € D to a unique Pk € F. Then the
decomposition is uniquely determined by the supplementary condition de(k) = de(Pk).

If we formally expand

1 1
iko — E(k) — B(k) ko — e(k) — de(k) — S(k)

S 1 Se(k) + X(k)\"
n T;) Z]{J() - e(k) < Z]{J() - e(k) )

6
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the numerator de(k) + X (k) vanishes on F', the zero set of the denominator, and the ratio

de(k) + X(k)
ik‘o — €<k>

simple zero). Thus each term in the expansion (I.3) is locally L'.

is locally L (assuming sufficient regularity and that the denominator has a

Of course, in practice, 3 (k, E/, A) is not known ahead of time, so this procedure has

to be reordered. First, fix e(k). Then define de(k) = de(k, e, A) to obey
de(k) + X((0,k), e+ de,A) = 0 for all k with e(k) =0

This can be done by defining a projection P onto the interacting Fermi surface F =

{k | e(k) =0 } and requiring
de(k) = —2((0, Pk), e + de, \) (1.4)

Observe that (1.4) is also an implicit equation for de. However, the solubility of this equation

in perturbation theory is trivial because ¥ is O(A). Then define
E(k) = e(k) + de(k, e, \) (L5)

To end up with the E(k) of (I.5) agreeing with the F/(k) we fixed a couple of paragraphs ago,
we have to solve (I.5) for

e(k) = ek, E,\)

It looks like the invertibility of the map e — E of (I.5) is again trivial in perturbation theory
because de = O(\). But, except in the rotationally invariant case (so that de is independent
of k), it isn’t because de is not very regular. We do not treat the invertibility of (I.5) in this
paper. It is treated in [FST1,2,3].
In this paper, we treat e(k) as given and fixed and choose the counterterm de(k, \)
so that
de(k,\) = —£Z(k,A,6 = oo) (1.6)

where the localization operator ¢ is a variant of
(tg)(k) = g((0, Pk))

that is smoothed off away from the Fermi surface. See §II.2 for details. Note that the

counterterm is chosen independent of the temperature. We thus parametrize our family of
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models by (e, A) rather than (F,)\). Consequently, g—/\ means the derivative with respect

to A with e, rather than FE, held fixed and the coefficient of A" in the Taylor expansion of

the Euclidean Green’s functions is the sum of all renormalized Feynman diagrams of order

n. The Feynman rules for the renormalized diagrams consist of the Feynman rules of §1.2
supplemented by

- let g(p) be the unrenormalized value of a two—legged subdiagram of G. Here p refers

to the momentum flowing through the external lines of the subdiagram. Replace

g(p) by g(p) — £Lg(p).

This renormalization operation is performed inductively from smaller to larger subgraphs.

6I.4 Main results

Consider the Euclidean Green’s functions

f (Hz]\il djpi,ﬂ'i/lz(h'ﬂ'i) eA(ilﬂﬂzJ) Hk7o’ d¢k,o dijkz,a

N _

w i,in iaTi> = - = I.7a
<i1;[1 g ! Jé] f@A(wﬂ/J) Hk,o’ ddjkz,a dwk,o ( )

for a model for which the free part of the action A is chosen to yield a propagator

p(k|/€)
Op g/ L7b
ko — e(k) (1.7b)
and the interaction part of the action is now given by
V(.0) = = [k Selc Vit

(L.7¢)

+3 H dk; D (k1+ka—ks—ks) ¥k, oVks.o (k1,ka|V]ks, ka) Vky r Ok, r

Here p is a Cg° function that is one in a neighbourhood of zero and € is fixed but arbitrary.
This is how we introduce the ultraviolet cutoff. Because the argument of p does not involve
ko, this uv cutoff can be implemented by putting a uv cutoff in the Hamiltonian. The

counterterm de(k, \) is given using the localization operator of §I1.2. We assume

H1) e(k) is O



H2) Ve(k) # 0 for all k£ with e(k) =0

H3) (ky, ko|V]ks, ka) is O

H4) Let ((t1,k1),(ta,k2)|V|(t3,ks),(ts,ks)) be the mixed time/spatial momentum space repre-
sentation of (kq,ko|V|ks, ks). That is, the Fourier transform in the temporal vari-

ables of (k1, ko|V|ks, ks). Then

4 4 4
max  sup / T 0 TTI A+ [t — 5™ (k) (to ko) |V (ks kea), (b, k) | T ds < 00
1<5<4 koo i=1 =1 =

j e

for all || <1 and >, NV; < 3.

For any function G(p1,01,--+,qn,7TN), define the norm

N
1
G| = dp; dq; Gp1,01,,qnN,
=11 2 f e Tl ao, P [ (O a )

]:1 T;,Tj

Our main result is

Theorem 1.2 Assume Hypotheses H1,2,3,4. Let G(p,3) be the amplitude of any graph
contributing to the 2N —point connected FEuclidean Green’s functions of the model (I1.7). Let
X(p, B) be any graph contributing to the proper self-energy of the model (1.7). Then, for every
0<e<,
St;pIG( -, 0)] < o0
s%pﬁelG( -, B)—G(-,00)| <0

sup [X(p, B)] < oo
D,

supﬁ€|§](p, 5) - E(p,OO)| <00

DB

Theorem 1.2 is an amalgam of Corollary I1.5, Proposition I1.6 and Proposition III.1.
In a companion paper [FKST1] we prove similar, pointwise, bounds on the Bethe-Salpeter

kernel.

6I.5 Anomalous graphs

Kohn and Luttinger introduced, in [KL|, a class of Feynman diagrams that they called

“anomalous diagrams”. There have been subsequent text book discussions in [FW, NOJ.
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The [KL] definition was “anomalous diagrams are those for which momentum conservation
forces some hole and electron lines to represent the same state.” Anomolous diagrams contain

at least one two-legged subdiagram

One such diagram that they considered explicitly was
Qoa =k k

Kohn and Luttinger concluded that such diagrams vanish if one holds the spatial volume
fixed and finite and takes the limit as the temperature T tends to zero but do not vanish, for
systems without spherical symmetry, if one takes the infinite volume limit before taking the
temperature zero limit.

We claim that their conclusion was the consequence of an excessively restrictive
renormalization prescription. In fact, their prescription is not sufficient to yield well-defined
temperature zero limits of higher order vacuum diagrams in systems without spherical sym-

metry.  We first review the argument of [KL], using Q24 as an illustration. Denote by

Y24 (k) the unrenormalized value of . ,@, . We are assuming that the interaction
(k1,ko|V|ks, ky) is given by a two—body potential u(k; — k3) so that ¥4 is independent of
ko. First suppose that no renormalization is done. Then, at positive temperature and in a

finite volume,

1 1 So4 (k)2
QaB. L) =2= Y = Y A
24(8,L) = 23 L [iko — e(k)]2

ko€ % (2Z+1) ke2rz

_ _2$ k;ﬂ A(e(k)) Saa (k)2 (1.8) = [KL eqn. (22)]

where



In the limit as 8 — oo, A(e) becomes the Dirac delta function d(e). If we hold L fixed, such
that e(k) never vanishes for k € 227, then hm Qo4(8,L) = 0. Taking the infinite volume

limit (requiring L to always obey the above 1rrat10nahty condition),

lim lim Qo4(6,L) =0

L—o0 —00

On the other hand

lim lim Qp4(8,L) = lim —2/ (g;;d A(e(k))S24(k)?

B—o0 L—o0 B—o00

(L9)
— -2 [ s 5(e19) Zaa(l?

which need not vanish if ¥94(k) does not vanish on the Fermi surface e(k) = 0. This is
generically so, even in the spherical case. For example at temperature zero, when the two—

body potential u is a delta function, 324 (k) is just )d times the volume contained by the

(27
Fermi surface.

Upon renormalization, ¥4 (k) is replaced by 324 (k) — (¢324)(k) where ¢ is the
localization operator determined by the renormalization prescription. Then (1.9) is replaced
by

lim lim Q94(8,L) = 2/ (g 57 0(e(k)) [Zaa(k) — (£324) (k)] (1.10)

=00 L—00
Equation (17) of [KL] implements renormalization of the chemical potential. When this is
the only renormalization, (¢324)(k) must necessarily be a constant, independent of k. So,
unless Y04 (k) is also constant on the Fermi surface, (I1.10) will, once again, fail to vanish.
In the spherically symmetric case, Y94 (k) is rotationally invariant and hence constant on
the Fermi surface so that (1.10) vanishes. However, generically, when spherical symmetry is
broken, 324 (k) is not constant on the Fermi surface and (1.10) is nonzero. This is precisely
the conclusion of [KL].
Using a renormalization prescription that does not force Y94 (k) — (¢324)(k), and
similar expressions for other two-legged subdiagrams, to vanish on the Fermi surface at
temperature zero can have even more dire consequences than noncommutation of the limits

limg_. o and limz_,. Consider for example the Bethe-Salpeter equation

W=-3 Y [ ERrE606-0 (L11)

t0€ (22+1)
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Here K (s,t) is the Bethe—Salpeter kernel, at zero transfer momentum, for a spin independent

interaction, and G(t) is the interacting two—point function. Diagrams of the form

contribute, including the effects of renormalization,

1 d |E (t),(gz )(t)|2n
B Z /(27T§dK 2|?to—e(t)|§a+1) x(t)
toE (2Z2+1)

to the right hand side of (I.11). Here n is the number of ¥54’s on each string. As n grows,
the singularity of W at to = 0, e(t) = 0 becomes more and more severe, unless

there is a compensating vanishing of Yo 4(t) — (¢X24)(t). For large  and n > 0

: 2
B Z /(27r)d [itg— e(t)|2(n+1) ~ COHStﬁ n

to€Z (2Z+1)

rather than the usual In 8. Including such terms in (I.11) gives entirely wrong behaviour for
the critical temperature.

The cure for both the problem of the last paragraph and the anomalous diagram
problem is to use a renormalization prescription which ensures that o4 (k) — (/X24)(k), and
similar expressions for other two—legged subdiagrams, vanish for kg = 0, e(k) = 0. Then the

right hand side of (I.10) is zero, because [Y24(k) — (£X2.4)(k)]? is zero on the support of the

delta function 5(e(k)). And, for all n, |E2|;‘t?):e((f)2|§{}3 ﬁg'% has the same degree of singularity

s m One such renormalization prescription is (¢g)(k) = g((0, Pk)), where P is a

projection onto the Fermi surface. Another is defined in §I1.2. Yet another is the skeleton
diagram prescription under which the localization operator is set to the identity, so that the

full interacting two—point function G(k) = m is used as the propagator and no

iko—

nontrivial two-legged subdiagram ever appears.
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¢II. The Infrared End

This chapter is the heart of this paper. We prove bounds uniform in ( on, and
convergence as 3 — oo of, graphs arising from a wide class of models. In all of these models,

the propagator is ( )
p(kd + e(k)?

k — 60 ol T .7 4N
Ck) " iko — e(k)

where p is a C§° function that is one in a neighbourhood of zero and
H1) e(k) is C* and p(k§ + e(k)?) has compact support in R+
H2) Ve(k) # 0 for all k with e(k) =0
H3ir) Every interaction vertex has an even number of external (particle) legs. If the vertex
has two legs, its vertex function u, (k) vanishes when kg = 0 and k € F.
H4ir) The kernel of each interaction vertex is a C! function of the momenta flowing into
the vertex. It is also a C! function of 1/3 at 3 = co.
Hypothesis (H1) requires that all momenta k& = (ko,k) run over a compact set. However,
because we do not require interaction vertices to have four legs, the interaction may be the
effective interaction obtained by “integrating out” the ultraviolet end of a model in the class

specified in §I. We discuss the ultraviolet end of the model in §III.

¢I1.1 Propagator Bounds

To analyse graphs we express the propagator as a sum

0
Clky= > CYW(k)
j=—00
of “scale” propagators. Roughly speaking, the propagator of scale j is the part of C(k) that
has magnitude M ~7, where M > 1 is just the constant that sets the scale units. We define

F(M™2[k3 + e(k)?))

D (k) — 5,
Ck) = 0.0 iko — e(k)

with f being a C°° function with support in [M~%,1] that obeys

0
Z f(M~%z) = p(z) for all z > 0

j=—00
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It is easy [FT1] to choose f and p satisfying the specified conditions.
Also define [ko]s to be the element of 5(2Z + 1) nearest k. Use any tie breaking
rule you like. Note that C'Y) is defined and C* for all k, including all ky. The properties of

CU) that we use are given in the following Lemma.

Lemma II.1

a)

sup |C’(j)(k)‘ < M*M~I
keR4+!

b) If e(k) is C" and |a| <, then

sup ’agc(‘j)(kﬂ < const M~ AFlel)i
kemd+1

¢) If ko € 5(2Z + 1) and CU) (k) # 0 then M7 That is 7 > —log,,(8/m).

=
d) For every0 <e<1andn>1

n

‘C(j)< zn: k@) _ CU)( S ([ki.0lp, K ))‘ < const = 5 YD),
=1

1=1

5#{k0€ (2Z + 1) ‘C(J) (k) #0 for some k } < 2M7

f)
Vol{ k € R? | CY (k) #0 for some ko € R } < const M’

Proof: a, b) In order for k to be in the support of C) it is necessary that

M2 k§ +e(k)?| > M~*

or equivalently

|iko + e(k)| > MM

14



By Leibnitz, acting on CY) by a multiple derivative 0 gives a finite linear combination of

terms of the form

9” f (M~ [k§ + e(k)?)) H 07 (iko — e(k))
'ik?o — €<k) 2]{30 — G(k)

with 84 ) . v = a. As, on the support of c,
MM < |iko + e(k)| < M7

the desired result follows from

sup | ™ (z)| < const,,

sup [07e(k)| < const,,
k

¢) To have CU) (k) # 0, it is necessary that |ik0 + e(k)} < M7 and hence that ‘k0| < MJ. As

the smallest element of (2Z + 1) is of modulus 7%, this forces 5 < M 7.

d) By definition
ko — [kols| <

=3

n
so, >0 ikio— > qlkiolgl < % and, by the mean value theorem,

C(j)(é k) _ C(J’)(Ejl([ki,o]ﬁ,ki))’ < %ﬂ sup

Taking a weighted geometric mean of this with

Opo C(j)(p)’ < const %M2j

n

C'(j)<§:1 kz> — C’(j)< Z([h,o]ﬁ;&‘))‘ < QSI;p ‘C(j)(p)) < const M7

=1

gives the desired bound.

e,f) In order for C)(k) to be nonzero it is necessary that
|iko + e(k)| < MY

and hence that
kol < M7 and  |e(k)| < MY

The separation between neighbouring values of kg is %” So the maximum number of allowed

ko’s is the length of the interval from —M7 — % to M7 + % divided by %” In other words
pM?

=— + 1, which is no more than % 3, by part ¢). The bound on the volume in k space
follows from the requirement that Ve(k) be bounded away from zero and continuous and

that the Fermi surface be compact. [ |
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Corollary I1.2 There is a constant independent of 3 > 1 such that

HCU) = sup C’(j)(k:)‘ < MM~
0o ko€ 5 (2Z+1)
keR4
Hc(j) 1 =1 Z /ddk ‘C(j)(k)’ < const M’

koE% (2Z2+1)

¢I1.2 Localization

We now give a precise definition of the localization operator used in this paper. First, suppose
that e(k) and the kernels of all interaction vertices are rotation invariant. Then, for any

quadratic element of the Grassmann algebra of the form [ (k)H (k, 3)¢(k) set

Lf dk §(k)H (k, B)(k) = f dk (k) (CH) (k) (k)

where Pk = %k, k" = (0, Pk) is the projection onto the Fermi surface and

(¢H)(k) = H(K',00)

In this case, the kernel of a graph contributing to the proper self energy is of the form

H(k,p) = ﬁ(ko,e(k),ﬁ) so that

(¢H)(k) = H(0,0,00)

It is easy to control this localization operator because ¢H is independent of # and k. In

particular Ox/H = 0. We have

Lemma I1.3 Let k lie in the support of C9) (k) with M7 > %- Then,
(a) |(¢H)(k)| < sup [H (p, o0)
p
(b) |0k (H) (k)| < const M~ sup |H (p, 00)]
p
(c) |H(k,3) — (¢H)(k)| < const M7 sup |0pH (p, 00)| + sup |H (p, 5) — H(p, o0)|
p P

(d) |6k (H(k,ﬁ) — (ZH)(I{:))| < const max }SI;p |0,H (p, 5]

€{B,00

+ const M~ sup | H(p, 8) — H(p,o0)|
p

16



For 3 < oo, the derivative O, is defined by

Oro f (ko) = 5 [ (Ko + 5) = f(ko)]

The construction of an appropriate localization operator for a general, non rota-
tion invariant, model is more involved. If we were to retain the definition ((H)(k) =
H ((O,Pk),oo) , with Pk being some suitable projection on the Fermi surface, then, not
only would /H no longer be a constant, but Lemma II.3 would fail. The 0y could have a
nontrivial action on H((0, Pk),00). This is bad because the scale of some lines of H can be
much lower than that of the momentum k£ entering H. Fortunately, it is possible to extend
the definition of ¢ to the non-rotationally invariant case so that Lemma II.3 remains valid.

To do this, we first construct a partition of unity for a neighbourhood of the Fermi
surface F'. Let N be a neighbourhood of F that is diffeomorphic to (—1,1) x F. The partition
of unity is of the form

keNek) #0=> > filk)xs(k) =1
j<0xes;

where

Filk) = (M2 [k + e(k)?])
is our standard scale j cutoff that restricts \/W to lie between M ~2M7 and M7 and
x»(k) depends only on the angular components of k (that is, all but the first coordinate
of the diffeomorphism) and restricts those components to lie in a patch on F' of diameter
M?7. Hence S; is a list of about const M ~(4=17 patches on F. Furthermore, for each ¥ € S;

there is a point k; 57 € F' that is at most distance const M J from every k in the support of
fi(k)xs(k). We define
(CH) (k) =Y > fi(k)xs(k)H(0,k; 5,00)
j<0%eS;
If kg = 0 and k is exactly on the Fermi surface, every f;(k) = 0 and we define ¢H (k) by
taking limits in the formula above as p — k with py # 0 or p not on the Fermi surface. This
gives

(¢H)(k) = H(k,o0)

With this definition, we can give the
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Proof of Lemma II.3 for a general model:

(a) is obvious because -, Zzesj fi(k)xs(k) = 1.

(b) First observe that for any fixed k in the support of C, there are at most const, in-
dependent of j, k, pairs (j/,%) for which f;/(k)xs(k) # 0 and that |’ — j| < 1 for all of
these pairs. Hence, it suffices to prove the bounds for each of the pairs. Next observe that
the H((O, ki s), oo) are independent of k and bounded by sup, |H(p,c0)|. Finally, observe
that, as usual, any derivative acting on f;(k)xs(k) costs const M~7". This also applies to

the discrete 0y, derivative by the Mean Value Theorem.

(c, d) Write

H(k,5) - => > filk H(k,3) — H(0,k;5,00)]
j<0T€eS,;
As in (b), for any fixed k in the support of C'/), there are at most const , independent of j, k,
pairs (j/, %) for which fj/ (k)xs(k) # 0. Furthermore |ko| < const M7 and, as |j' — j| <1 for
all of these pairs, |k — kj/ 51| < const M7 for all of these pairs. So part (c) follows from the
Mean Value Theorem. If the derivative of (d) acts on the partition of unity, we again apply

the Mean Value Theorem. [ ]

6I1.3 Bounds on the proper self-energy

Let G be a Feynman diagram. As is the case throughout this chapter, G has only particle
lines and every interaction vertex of G has an even number (not necessarily four) of external
legs. We also use the symbol G to stand for the value of the graph G. First, suppose that G
is not renormalized. Expand each propagator of G using C =" <0 CU) to give

G=> G’
J

The sum runs over all possible labellings of the graph G, with each labelling consisting of an
assignment J = { Jje <0 } teG } of scales to the lines of G. We now construct a natural

hierarchy of subgraphs of G7. This family of subgraphs will be a forest, meaning that if
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G,Gy are in the forest and intersect, either Gy C Gy or Gy C Gy. First let, for each
J <0,
G ={teG |j=j}

be the subgraph of G” consisting of all lines of scale at least j. There is no need for G(Z7) to be
connected. The forest t(G”) is the set of all connected subgraphs of G that are components
of some G(27). This forest is naturally partially ordered by containment. In order to make
t(G7) look like a tree with its root at the bottom, we define, for f, f' € t(G’), f > f' if
Gy C Gy. We denote by m(f) the highest fork of ¢(G”) below f and by ¢ the root element,
i.e. the element with G4, = G. To each Gy € t(G) there is naturally associated the scale
jr=min{ j, | L€ Gy }.

Reorganize the sum over J using

G= > Y > ¢ (IL1)

teF(G)j<0JeT(4,t,G)

where
F(G) = the set of forests of subgraphs of G

J(j,t,G) = { labellings J of G | t(G') =t, jo =3 }
A given labelling J of G is in J(j,t,G) if and only if
- for each f € ¢, all lines of Gy \ U et G4 have the same scale. Call the common
scale jr. a
- if f > f" then j; > jp
-Jp =17
It is a standard result ([G,GN,F|,[FT1§6], [FT2§1]) that the renormalization prescription
discussed in §1.3 may be implemented by modifying I1.1 as follows.
- each f € t for which Gy has two external lines is assigned a “renormalization label”.
This label can take the values r and ¢. The set of possible assignments of renormal-
ization labels, i.e. the set of all maps from { fet ‘ G ¢ has two external legs } to
{r, c}, is denoted R(t).
- in the definition of the renormalized value of the graph G, the value of each subgraph
Gy with renormalization label r is replaced by (1—¢)G (k). Here ¢ is the localization
operator defined in 8I1.2. For these r—forks, the constraint j; > j.(s) still applies.

19



Two-legged vertices v of G may, by the hypothesis in (H3ir) that fu, = 0, be treated
as r—forks, though, in this case, j; is held fixed at 0.

- in the definition of the renormalized value of the graph G, the value of each sub-
graph G; with renormalization label ¢ is replaced by ¢G (k). For these ¢ forks the
constraint jy > jr(y) is replaced by jr < jr(s)-

Given a graph G, a forest ¢ of subgraphs of G and an assignment R of renormalization labels
to the two—legged forks of ¢, we define J(j,t, R, G) to be the set of all assignments of scales
to the lines of G obeying

- for each f € ¢, all lines of Gy \ U yret G have the same scale. Call the common
scale jy. f>f

- if Gy is not two-legged then j; > jr(y)

- if Gy is two-legged and Ry = r and Gy is not a single two-legged vertex, then
Jf > Jn(f)

- if Gy is two-legged and Ry = r and G is a single two-legged vertex, then j; =0

- if Gy is two-legged and Ry = c then j; < jr(p)

-Je=1J

Then, the value of the graph G with all two—legged subdiagrams correctly renormalized is

=Y Y Y ¢ (IL1r)

teF(G) RER(t) j<0 JEJ(4,t,R,G)

Note that F(G) and R(t) are both finite sets with cardinalities that depend on the graph
G but not on the temperature 3. So to prove that G is well-defined and continuous in 3
it suffices to prove that, for each fixed t and R, ngo Zjej(j7t7R7g) G” is well-defined and
continuous in J. To derive bounds on G, when we are not interested in the dependence of
those bounds on G and in particular on the order of perturbation theory, it suffices to derive
bounds on 3. 2 c7(j4.R.0) G for each fixed t and R.

The basic bound on the proper self energy is

Proposition I1.4 Let G be a two-legged graph with n vertices and L internal lines. Let t be
a tree corresponding to a forest of subgraphs of G. Let R be an assignment of r, c labels to all

forks f > ¢ of t for which Gy is two-legged. Let J(j,t,R,G) be the set of all assignments of
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scales to the lines of G' that have root scale j and are consistent with t and R. Then there is
a constant const,, 1 (depending on n, L, M and the vertex functions u, but independent of

B, G, t and j), such that for |s| € {0,1}

Z sup ‘6;Gj(p, ﬁ)| < const,, 1 j1E— (=)
JeT(G.4,R,G) PP

S supBlGY(p.B) — G (p,oo)| < const, ;[P
JeT(§,t,R,G) P

For B < oo, the derivative 0, is defined by

Opo F(p0) = £ [F(po + ) = flpo)]

Remark. Note that here the root scale is not summed over and G is not renormalized. But
all internal scales are summed over and internal two—legged subgraphs that correspond to r

and c forks are renormalized and localized respectively.

Remark. These bounds are fairly crude. The sum over root scale j diverges for the first
right hand side with |s| = 1 and for the second right hand side. We prove tighter bounds in
[FKST1], for a more restricted but still wide class of models, that imply that G is C* in p.
For still tighter bounds see [FST2].

Proof: Define
or f(p,B) = B[f(p. B) — f(p,0)]

We must bound

> sup 905G (p, B)|
Jeg(Gt,R,G) P

for all s,s" with |s| + s’ = 0,1. The proof is by induction on the depth of the graph. The
depth is defined by

D:max{ n ‘ dforks f1 > fo > - > fr, > ¢ with Gy, ,---, Gy, all two—legged}

Two-legged vertices, if any, of G are to be treated as r—forks with scale zero.
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case D = s = s’ = 0. In this case, no proper subgraph G, f € t is two-legged so there is
no renormalization to worry about. The form of the integral defining G”(p, 3) is
6.0 = TI aw [T 090k TLuu(For5)
LeEG\T teG v
Here T is any spanning tree for G. As discussed in §1.2, there is associated with each spanning
tree a complete set of momentum loops. The loops are labelled by the lines of G \ T. For
each ¢ € T, the momentum ky is a signed sum of loop momenta and external momentum p.
The product [[, runs over the vertices of G. The set of all momenta entering a vertex v has

been denoted

Evz{kg‘visatoneendofé}

We shall prove several bounds on integrals like that for G’ (p, 3) in this paper and
its companion [FKST1]. A common strategy will be used to prove all of the bounds. We
have numbered the main steps in the most involved proof 1 through 8. We will use the same
numbering in all of the proofs. However, in the easier arguments, like the one we are about
to start now, some of the steps are skipped.

(1) Choose a spanning tree T for G with the property that TﬂGf is a connected tree for
every f € t(G”). T can be built up inductively, starting with the smallest subgraphs

G, because, by construction, every Gy is connected and ¢(G”) is a forest.

(2) will be the application of 8;&}/ . It is not used in this case.
(3) will be the bounding of two-legged renormalized subgraphs (i.e. r—forks) and two—
legged counterterms (i.e. c—forks). It is not used in this case.
(4) Bound all vertex functions, u,,, by their suprema in momentum space. We now have
167l < T uoloof TT abe TT 1€ 10)
v eG\T  (€G
(5) will be used in the extraction of volume improvement factors from overlapping loops.

It is not used in this paper.

(6) Use Lemma II.1a) to bound the propagator of each line in 7" by its supremum. We
now have

167w < [T % [T o llof [T e T 169 000)

CeT v CEG\T CEG\T
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(7) will also be used in the extraction of volume improvement factors from overlapping
loops. It is not used in this paper.

(8) Integrate over the remaining loop momenta. Each remaining loop momentum now
just appears in a single factor - the propagator of the unique line of the loop not
in 7. Integration over each remaining loop gives the L' norm of that propagator,
which has been bounded in Corollary I1.2.

The above eight steps give
IG7|oo < const™ T lluollee [[ M7 J] const s

veG CeT CEGI\T

Define the notation
Tt = number of lines of T'N G

Ly = number of internal lines of G's

ny = number of vertices of G¢

E¢ = number of external lines of G¢

FE, = number of lines hooked to vertex v

m(v) =max{ f € t(G7) ‘ the vertex v is in Gy }
Applying
M — pfoie H Melis=ix))
fet

f>¢
LeGy

to each M*J¢ and

1 S M_%(Ev_4)jw(v) — M_%(Ev_4).7¢ H M_%(Ev_é“)(jf_.jﬂ(f))

fet
f>¢
UEGf

for each vertex v gives

; 1 if—7 — — 1B, -
e T e ) | BT A

fet
f>¢
As
Ly=%(> E,—Ey)
’UGGf
Tr=n;—1=>» 1-1
UGGf
— Ly — 2Ty =1(4—Ef+ Y _ (B, —4))
’UGGf



we have

IG” [|oo < const™ ™ M2IG=Ee) TT Mzls—inn)=Ep)

fet
>

The scale sums are performed by repeatedly applying

o jl i E; =4
S MAUn ) < { Ay (IL.2)
J

jf>9{r(f)

starting with the highest forks. This gives

G || oo < const™ L 1L M7
>l j
Jej(]ataRaG)

since

#{fet(G), f£o}<L-1

case D = s’ =0, s # 0. The modification to handle 9, is easy. Repeat the eight steps of
the previous case, but apply J;, in step (2). In the event that d; = 0y, and 3 < oo, use the

discrete product rule

n+L n+L
Opy I1 filpo) = E [T fi(po) Opo f(po) IT fi(po + %T)
i=1 —1 i<l >0

Application of either product rule can generate at most ny terms. The external momenta
may only appear in vertices, assumed to be C'' and in propagators, all of scale at least j.
The bounds on the L*> and L! norms of a differentiated propagator given by Lemma I1.1 are

const M7 times the corresponding norms for an undifferentiated propagator.

case D = s =0, s’ # 0. Express G(p,f = o0) as an integral in the usual way. We may
express G7(p, 3) as the same integral but with the zero component of every loop momentum

ke appearing in the integrand replaced by [kg’o] 3. Hence, using the “product rule”

n+L n+L n+L
[T £i® =TI fio0) = 3 I £ [£:(8) = fi(o0)] T £ (8) (I1.3)

the difference G (p, 3) — G’ (p,00) can be written as a sum of n + L terms with each term

containing one of the differences

/7

cv) (22 ki) — €9 8 ([kiols, k) )

=1

n' ,
< const ﬁM —2

o <EU’ OO) — U <[Ev]ﬂa5>) < const,, %
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Here, [Ev] 3 designates that, for each line ¢ hooked to v, ky = Z?;l +k; is replaced by

Z:il +([ki0)g,ki). So, again, application of O costs const M 7.

case D >0, s = s’ = 0. Now Gy is allowed to be two-legged and G is allowed to contain two—
legged vertices. Decompose the tree t into a pruned tree t and insertion subtrees 71, ---, 7™
by cutting the branches beneath all minimal F; = 2 forks fi,---, fs. In other words each
of the forks fi,---, f;n is an Ey = 2 fork having no E; = 2 forks, except ¢, below it in ¢.
Each 7; consists of the fork f; and all of ¢ that is above f;. It has depth at most D — 1
so the corresponding subgraph G, obeys the conclusion of this Proposition. Think of each
subgraph G, as a generalized vertex in the graph G = G/{Gy,,---, Gy, }. Thus G now has
two as well as four and more—legged vertices. These two—legged vertices have kernels of the
form
L= S (Gp(k)
3 ST (5:)

when f; is a c—fork and of the form

Tik)= Y (1-0Gy (k)

J1i>Im(8y)
or

Ti(k) = (1— O)u, (k)

when f; is an r—fork. At least one of the external lines of GGy, must be of scale precisely j (s,
so the momentum k passing through Gy, lies in the support of CU~s0) . In the case of a

c—fork we have, by Lemma I1.3 and the inductive hypothesis

Z Z Sup ‘EG? (k)‘ < Z Z Sup ‘G;f (k)‘

Jr<dnp) Jr€T (s ts Ry, Gy) Jr<ins) Jr €T Gsts Ry Gy)
. L ;
< Z const,, .z, jg|™f M1
Jf<Jn(h)
i . NS —
< const,, ; M=) Z(Uw(m +i) P M
i>0
. L i . L —i
< const,, . 1 |Jx(p)|"F M? <f>Z(Z+1) TM™
i>0
. L i
< consty,, . |dn(p | MO (I1.4C)
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Here t; and Ry are the restrictions of ¢t and R respectively to forks f’ > f. Hence J; runs
over all assignments of scales to the lines of Gy consistent with the original ¢ and R and with
the specified value of j¢. In the case of an r—fork we have, by Lemma II.3 and the inductive

hypothesis, the bound

3 3 sup 1(CU) (k) # 0) ‘(11 —0GT (k, ﬂ)‘
Jr>dnc) Jp €T Gty Ry Gy)
< const Z Z [% ‘8TG? (k)’ + M= Sl;p IICIvlla:}i 8,‘3ij (k’)H

Jr>dncs) Jr €T (Gfsts, Ry Gy)

 Lgi—17in
< const,, 1 |dn(p™ T MID Z 1
Jr>dn(s)

< const,,, 1, (| 2F M) (IL4R)

To develop the desired bound we use the basic strategy of the case D = 0 with the
obvious modifications. In outline that strategy is

(1) Choose a spanning tree T for G with the property that T'N CNJ% is connected for each
fet(G).

(2) is not used in this case.

(3) Apply (II.4C,R) to bound the suprema, in momentum space, of the two-legged
subgraphs Gy, ,---,Gy, corresponding to minimal Ey = 2 forks.

(4) Bound all remaining vertex functions (all of whom are w,’s) by their suprema in
momentum space.

is not used.

(5)
(6) Bound all propagators in T by their suprema, using Lemma II.1a.
(7) is not used.

(8) Integrate over the remaining loop momenta. Each remaining loop momentum now
just appears in a single factor - the propagator of the unique line of the loop not
in 7. Integration over each remaining loop gives the L' norm of that propagator,

which has been bounded in Corollary I1.2.
The above eight steps give

m
IG” [0 < const™ T luolloo [J const,,, o, ljf“ M=o T M~ [ M7

veG =1 I FINT
Bsa LeT LeGIN\T
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We again apply

Mie — \fede H MeUs=ix)) (I1.5a)

fet
>
LeGy

1 S M—%(Ev_‘l)jﬂ'(v) Zf EU Z 4
— M 3E—Djs H M3 Eo=D s —in) (IL.5Db)
fet

>
vEGf

to each M*i* and v € G for which E, > 4. In other words (I1.5b) is applied for each

generalized vertex of G except for fi1,---, fm. For the latter, we apply

M=) = Mo H MIr=ix)

fet
d<f<f;
— M 3Er—Die H M5 Er == (IL5¢)
fet
F>o
fiEGf

which has the same right hand side as (I1.5b) would if it applied to the generalized vertex f;.
Application of (II.5a,b,c) gives

F o of 1 _ m s Po_of._  1(m,-4
||GJ||oo < COIlStM](L(b 2Ty Zveé 1(E,—4)) H |j|Lfi H M(Jf Jr(p))(Ly—2Ty Zvecf 1( )
i=1 fet

f>e

where ~ L
Tty = number of lines of TN Gy

L ¢ = number internal lines of G ¥

The sums ) .~ and Zueéf run over two— as well as four— and more-legged generalized

vertices. Hence, again,

=4 Y B Ey)

UEG'f
Tp=>» 1-1
’Ueéf
= Ly —2Ty =3(4-Ep+ Y _ (B, —4))



and we have

m
|G” || < const,, , M’ H FiRRE H M3Us=inr)(4=Ey)

=1 fet
f>¢

The scale sums are performed by repeatedly applying (I1.2) as in the case D=0 and give at

most L — 1 factors of j. The desired bound follows from

E—1+§:Lﬁ=L—1

=1

case D > 0, s # 0 or s’ # 0. Prune ¢ and prepare G as in the case D > 0, s = s’ = 0.
As in the case D = 0, the derivative 0, or Or may act on four or more-legged vertices and
on propagators of G, all of scale at least j. In the former case the derivative costs at most
const because the vertex functions are assumed to be C'. In the latter case the derivative
costs at most const M7, by Lemma I1.1 b).

But now, unlike the case D = 0, the derivative may also act on a two-legged
generalized vertex. This vertex is necessarily either a c-fork or an r—fork. Recall that the
value of a c—fork is constructed by applying the localization operator ¢ to some two-legged
diagram. This localization operator evaluates at § = oo. So the value of the c—fork is
independent of 3. By Lemma IL.3b, 9, costs at most M /=) < M~J. Now consider an
r—fork. Application of 9, gives a bound, by Lemma I1.3d, that is at most a factor of M~/
larger than the D = 0 bound (II.4R). As for the effect of dr, (II4.R) is replaced by

3 3 sup 1(C77 (k) 0) (1= G} (k. 3)

Jf>Jnp) Jr €T (Gssts, Ry, Gy)

> > |ecy s

Jr>in(s) JF €T (Gfsts, Ry Gy)
G Le—1
< const,, . 1 [7|"f g 1
Jf>In(§)

< const, ik

which is again no more than a factor of M7 worse than (IL.4R). [ |
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Corollary I1.5 Assume Hypotheses H1,2,3°,4°. Let G(p,3) be any graph contributing to the

proper self-energy. Then, for every 0 <e <1,

sup |G(p, B)| < o0
D,

sugﬁe\G(p, B) — G(p,0)| < o0
p,

Proof: The first bound is immediate from Proposition I1.4 with s = 0. One merely has to

sum over j,t and R. For the second bound, first prove

ST sup G (p, B) — GY (p,o0)| < comst,, || I
JET (., R,G) PP

by taking a convex combination of the two bounds of Proposition I1.4. Then sum over j,¢

and R. [ ]

§I1.4 Bounds on general graphs

In the last section we showed that graphs contributing to the proper self-energy were Holder
continuous in 1/ at f = oo for all indices € with 0 < e < 1. The graphs, as functions of
their external momentum, were viewed as elements of L>°. We now use both the method and
the results of the last section to show that general graphs, viewed as L' functions of their

external momenta, are also Holder continuous in 1/6 at 8 = co.

Proposition I1.6 Assume Hypotheses H1,2,3°,/ . Let G(p,[3) be any graph contributing to

the E—point connected Fuclidean Green’s functions. Then, for every 0 <e <1,
S%PHG( B <o

s%pﬁGHG( ,B) = G( - ,00)|lr < o0
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Proof: We apply the argument of the last section to an extension G* of G. The extension
is chosen to have two external legs. It is also chosen so that its value is independent of
the external momentum and equals the desired L' norm of G. This enables us to repeat
the argument of the last section almost verbatim. The vertices of G* are the vertices of
G plus one extra vertex v*. All the vertices of G*, with the exception of v* are internal.
The internal lines of G* are all of the internal and external lines of G. The external lines
of G are viewed as internal lines of G*. They are all hooked to v*. The external lines of
G™ consist of two lines, both emanating from v*. The construction automatically results
in integration over the external momenta subject to global conservation of momentum. To
compute supg [|G( - ,3)|1 we choose the vertex function of v* to be G(p,3)/|G(D, B)]. To

compute 3||G(-,5) —G( - ,00)||1, for some fixed value 3y of 3, we choose the vertex function

of v* to be G(p,By) — G(p,00)/|G(P, Bo) — G(p,o0)|. We now bound G*. The rest of the

prood is similar to that of Proposition I1.3. It is included for completeness.

We again use (II.1r)

=2 2 2 2

teF(G*) R}gﬂ(ﬂ Jj<0 JeJ(5,¢t,R,G*)
qb:C

to block the contributions to G* according to the scales of the various propagators. We also

decompose the tree ¢ into a pruned tree ¢ and insertion subtrees 7!

,-+, 7™ by cutting the
branches beneath all minimal Ey = 2 forks fi,---, f,. Each of the forks fi,---, f,, is an
E; = 2 fork having no Ey = 2 forks (other than ¢) below it in ¢. Because v* itself has two
external legs, no G}, may contain v*. Each 7; consists of the fork f; and all of ¢ that is above
fi- The corresponding subgraph G7, obeys the conclusion of Proposition II.4. Think of each
subgraph G, as a generalized vertex in the graph G* = G*/{G%,,--- G}, }. Yet again,
(1) Choose a spanning tree T for G* with the property that T N G is connected for
each f € t(G*).
(2) apply Or, using the product rule, if appropriate. Note that, by construction, the dr
may not act on Uy«
(3) Apply (I.4C,R) to bound the suprema, in momentum space, of the two-legged
subgraphs Gy, ,---,Gy,, corresponding to minimal Fy = 2 forks. Note that the

bound on Gy, includes the sum over all scales j; with f* > f;. Also note that no
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Gy, contains v*, so no momentum derivative (arising during renormalization) ever

acts on Uq,«.

(4) Take the supremum of all remaining vertex functions w,. In particular, bound

[ty | = 1.

(5) is not used.

(6) Bound all propagators in T using [|C'¢) | <M

(7) is not used.

(8) Each loop momentum k, now appears in precisely one factor of |CU¢)(k,)| and
nowhere else in the integrand. Integrate over the remaining loop momenta. Inte-
gration over k; gives an L' norm of CU¢), which has been bounded in Corollary
I1.2.

The above eight steps give

Z IG7]x < H 2o [l H M H const M

iy LeT LeGINT
F'>; for
some 1<i<m

m

. L A fdn(ts
Hconstnfivai \]W(m| fi M=)
i=1

They also give

m
E 107G7 |, < H const M /¢ H const M7* Hconstnf_ L |jﬂ_(fi)|Lfi M=)
i 2
Jgr LeT EEG*J\f i=1
f'>f; for
some 1<i<m

M2 T luolloo + D 1107 + 85 Juollse TT o lloo

v'#v

Yet again, we apply

Mo — \fode H MeGr—ix)) (I1.6a)
fet
F>¢
ZGG’];
1< M~—3(Ba=0io H M3 Eo=D) s —in(s)) if £, >4 (IL.6b)
fet
>0
’UGG}
Mt = M3 Er—Die H M—3(Er =0 —dns) (IL.6¢)
fet
F>0
fi€G*

f
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to each M*ie, v € G* for which E, >4 and 1 <i<m. Note that F,~ > 4. Application of
(IL.6a,b,c) gives

m ~ ~
S 116Gl < const [ IjlEe M7 e TemXucq B
g i=1
f/Zfi for
some 1<i<m

H M(jf — i) (Ly—2T ’Zve@; 1(B,—1))

fet
f>¢
< const,, ;, M7 [T [j|" J] 20 —I=n)@=E0) (IL7)
=1 fet
f>¢

where 5 .
Ty = number of lines of T'N G”JZ

L ¢ = number internal lines of é}i

We have used that G* has two external legs so that
M3zi(4—Ey) _ ppi
Similarly

1 .
Z IG7(-,8) = G7(-,00)|lx < const,, , = H Fiks H M=Us=in)4=Er) - (11.8)
jf/ ’ /6 =1 fet
f'>f; for f>¢
some 1<i<m

For the bound on supg ||G( -, B)||1, the scale sums are performed by repeatedly applying (1I.2)
as usual. For the bound on supg [|G( -, 8)—G(-,00)]|1, we use a geometric mean between (IL.8)
and (IL7) applied twice (on 3 [|G7(-, 8) = G (-, 00)[l1 < NG/ (-, )1 + X IG7 (-, 00)[|1)
to get

1 i T 1(i_i _
Y IG7(-,8) = G(+,00)[1 < const,, @M(l TR T M2 —Ime)@=Es)

jf/ =1 fet
f'>¢; for F>9

some 1<i<m

and then perform the scale sums by repeatedly applying (I1.2). [ |
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¢III. The Ultraviolet End

In this section, we show that one may remove the ultraviolet cutoff in the k¢ direc-
tion uniformly in 3. The overall strategy is as follows. Fix any graph. The propagator is
first written as the sum of an infrared part and an ultraviolet part. The “full” model has

propagator

o= g

with p(|k|/€) providing a fixed ultraviolet cutoff in spatial directions only. For this chapter,
we assume that there is an r > 0 such that e(k) obeys
(Hluv) e(k) is C"
The infrared (ir) propagator is
, k2 k)2

Z C(])(k) _ 50’0,@

= iko — e(k)
We may assume, without loss of generality, that limy .., e(k) = co. We are also assuming

that € is sufficiently large that if p(k3 + e(k)?) is nonzero, then p(|k|/€) = 1. So the uv

propagator is
h(k§ + e(k)?)
k)=b50—7—"
Uk) T ik —e(k)

with h(kg + e(k)?) = 1 — p(k3 + e(k)?) forcing k% + e(k)? > const > 0.

p(k[/€)

Vertex functions need only be bounded and suitably smooth in momentum space.
They need not decay at infinity. For example a delta function two—body interaction is per-
fectly acceptable. We shall actually work in a mixed time/spatial momentum space. The
precise hypotheses on the vertex functions are
(H3uv) Every interaction vertex has an even number of external (particle) legs.
(H4uv) The vertex function (27)%6(ky + --- + kog) Uy (t1, K1, - - -, tag, ko) associated with
each 2q-legged vertex v has U, obeying

2q 2q 2q
max sup /’Haﬁél H[1+|ti—thNiUv(tl,kl,"',th,qu) Hdtl < 0
1§]S2q kl’”'*k2q iy 7 e} Pl

t; - - iF£g

for all ), N; <r+2and |of <.
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To bound the full graph, it suffices to bound the contribution to the value of the
graph arising from an arbitrary but fixed assignment of ir/uv propagator to each line of the
graph. The subgraph consisting of all lines to which the uv part of the propagator has been
assigned is a finite union of connected components. We think of these components as gener-
alized vertices in a graph containing only ir propagators. In this chapter, we prove bounds
on these generalized vertices. We have already treated graphs having only ir propagators in

1T and we will develop additional bounds on them in [FKST1]. We now prove

Proposition III.1 Let G be any connected graph of order m having only wv propagators.

Denote by Gg(k) its value in momentum space, excluding the conservation of momentum
2q—1

delta function. If G has 2q external legs, k runs over <%(22 +1) x D) . Assume (Hluv),

(H3uv) and (Hjuv). Then,

sup sup sup |0y Ga(k)| < const(r)"
B<oo |a|<r k

sup sup |0y Gg(k) — 0y Goo (k)| < m
la|<r k 5

with the constant const(r) independent of 5. As usual « is a multiindex and 0% a differ-

ence/differential operator.

We shall actually prove bounds in a mixed time/momentum space. The zero com-
ponent of each (d+ 1)—vector (t,k) denotes a Euclidean time. The other components denote
a momentum. The norms of Proposition III.1 are bounded by taking L' norms in temporal
directions and kp—derivatives are implemented by multiplying by differences of external tem-
poral arguments. We use the Poisson summation formula to write Us (¢, k) as a sum of U(¢, k)

plus terms that vanish as 8 — oco. A variant of the classical Poisson summation formula is

Lemma II1.2 Let f € C2(IR) and

[ Fo)| + | £k | +] £ ko) <

Set
ﬂaz/ﬂmwM“%o
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Then
L3 Flko)e ™ot = > (=1)"f(t —np)

k’oE%(?Z+1) nez

Proof: By the Poisson summation formula [DM,§2.7.5],
LS e = ¥ g
koe3xZ TeLZ

First choosing L = 273

§ 2 Jloem =23 f(t-7)

koezZ Te2BZ
and then choosing L = (8
b2 Skt =3 f(t=7)
ko€2rz TELZ

77'('
and finally subtracting and using %(22 +1)=3Z\ 52Z

1 o—ikot _ 2—1 ifre2pZ
B Z Z f(t { otherwise
koG%(ZZJrl) repz
=) (1" f(t—np)
nez

Fix any k with e(k) # 0. The function f(ky) = m does not satisfy the

hypotheses of the previous Lemma. In fact it would not make sense if it did because the

Fourier transform of f(kg) = m is not continuous at ¢ = 0. Its value at t = 0 is defined

by the limit ¢ 0. By definition
—iko(t—0 :
1) :/%? o(t-0) et [ —x(e(k) > 0) if ¢ >0
27 iky — e(k) x(e(k) <0) ift<0

_ _—e(k)t { —X(t > O) if e(k) >0
- x(t<0) ife(k) <0

and, with the standard notation ny = [eﬂe(k) + 1} _1,
1 —iko(t=0) _ —e(k)t { —1+ng ifO<t<p
n

— 1
Colt k) =% > o —e(K) K if —8<t<0
ko€ % (2Z+1) N

Again C3(t, k) is really defined at ¢t = 0 via the limit ¢ 0.
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Lemma IIL.3 Let k be such that e(k) # 0.

Cy(t,k) = > (=1)™C(t — Bm, k)

me”Z

The right hand side converges absolutely.

Proof: Ife(k) <0
N = Z(_l)nenﬁe(k)
n=0
and if e(k) > 0
e_ﬁe(k) e
_ — _ 1\~ (n+1)Be(k)
S P ZO( 1)"e
so that, for —3 <t < 3,
_—ewyt ) —1+mnk ifE>0
Clt k) =e {nk ift <0
_ ety e~ et if ¢ >0
0 ift<o0
SOyt [ € 0 el >0 [
n=0 enﬂe(k) 6(k> <0 0
= 37 (1ymemetti=me) —x(m <0) e(k)>0
x(m>0) ek)<0
me”Z
= 3 (—1)memet=m) —x(m <0) e(k) >0
~ x(m>0) ek) <0
—e(k)t
—e(k)t K)<o0)_J¢€ t>0
+e X(e( ) ) { 0 P20

_ _1yme—e)(t—mp) —x(t—=B8m>0) e(k)>0
—ﬂ%;O( DA {x(t—ﬁm<0) e(k)<0}
eyt | —x(t>0) e(k)>0
e Y ez

To achieve the last line we used that —3 <t < fand m € Z \ {0} imply t — fm > 0 <=
m < 0and t—pfm <0 <= m > 0. The right hand side is ) 5 (—1)"C(t — Bm, k) as

desired. This verifies the claimed formula for —3 < t < 3. Both sides of the formula change

sign under t — t + (3.
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Define
%e—iko(t—o) h(k% + e(k)2)

U(t10 = bar [ 5 e /€)
Up(t, k) = dorfy D e 0070 —h(zl,i(;ti((i)) (ki /)

ko €% (2Z+1)

Lemma II1.4 a)
Us(t,k) = Y (=1)"U(t - Bm, k)

meZ
b) Let e(k) € C". Then, for all || <r andn >0

sup sup (1+ [t))"[|0pUs(t, k)| < 0o
B>1 1t1<5/2
keRd

sup (14 [t))"|0RU(t,k)| < oo
telR

keRd

Proof: a) For |e(k)| > 3, write

hkg+e®?) 1 p(kg + e(k)?)

iko —e(k)  iko — e(k) iko — e(k)

The first term is handled by Lemma II1.3 and the second by Lemma II1.2. For |e(k)| < %,

write
h(kg +e(k)?) _ h(kg +e(k)®)  [e(k) — h(kG + e(k)?)
ik‘o - e(k) Zk‘() -1 [Zk‘() - e(k)][Zk‘() - 1]
_ 1 plkste®)?) | [e(k) = 1h(ks +e(k)®)
ik‘o -1 ik‘o -1 [Zk’o — 6(k>][lk0 — 1]

The first term is handled by Lemma III.3 and the second and third by Lemma III.2.

b) The first result follows from the second and part a). Just use two of the powers from
(14 |¢])™ to control the sum over m. So we now prove the second result.

Case |t| > 1. Here we may, without loss of generality, restrict to n > 1.

dko h(k2 + e(k)?) d "
"U k) = 05,0/ ———p(lk —_— tRo
Ut k) = o, / 2 ikg — e(k) PlIk|/€) deo c

_ dko ikt 4" kg e(k)?)
- 5”"”/ LA Sl B e(k)
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For all n > 1 and || <7, Of <—ig—ko> % has a finite L' norm in kg that is bounded

d

uniformly in k, because each —i5—
’ dko

either acts on the h, restricting ky to a compact set, or

acts on the - which increases the power of ky downstairs to at least two. Hence

1
k)()—e(k) ’

sup [t"U(t, k)| < oo
t,k

This implies the desired result for |t| > 1.

Case [t| <1, |e(k)| > 5. Write

hkg+e®)?) 1 plki+ek)?)
’iko — B(k) ik‘o — e(k) ik‘o — e(k)

The Fourier transform (with respect to k) of the first term is

ekt —x(t>0) ife(k)>0
x(t<0) ife(k)<0
That of the second term, and its first r derivatives in k, is Schwarz class in t.

Case [t| <1, |e(k)| < 5. Write

h(ks +e(k)?) _ h(kg+e®)?)  [e(k) — 1Jh(k + e(k)?)

iko —e(k)  iko—1 [iko — e(k)][iko — 1]

The first term is handled as in the case [t| < 1, |e(k)| > 3. The second term is L' in k.
So its Fourier transform in ky is L*°. Multiplying by powers of ¢ is implemented by taking
derivatives with respect to ky. These derivatives and up to r derivatives with respect to k
also give L' functions in kg. The bounds are uniform in k because h(kZ + e(k)?) forces the

denominators to be bounded away from zero. [ |

Proof of Proposition III.1: Recall that the value of the graph G in momentum space,

when the propagators and interaction are given in time/spatial momentum space is computed

as
2q—1 ‘ 24
/5(t2q) H Uﬁ(tw,ie — tvz’iz,kg) H Uv(tv,kv) H dk, H e(—l)ﬂzk:j,otj H Hdtv,i
lel veY LeG\T j=1 veVi=1
where
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- L is the set of internal lines. Line ¢ joins leg number i, of vertex v, to leg number
iy of vertex vj. Spatial momentum loops are specified by choosing a spanning tree
T for G as in §1.2. If £ € G\ T, then the spatial momentum k, flowing through ¢ is
itself, by construction, a loop momentum and is integrated over D, the support of
p(k/€). If £ € T the spatial momentum k, flowing through ¢ is the signed sum of
all loop and external momenta passing through /.

- V is the set of vertices. Vertex v has 2¢, legs. The it? leg of vertex v has temporal
argument t, ; and spatial momentum argument k, ;. The set of all arguments for
vertex v is denoted (fv, Ev) The temporal argument ¢, ; of each leg of each vertex,
except the 2¢'" external leg of G, is integrated over (—3/2, 3/2).

- The temporal argument of the 2¢*" external leg of G is held fixed at the origin. The
temporal arguments of the external legs of G are denoted t1,%9, - -, t2, and the mo-
mentum arguments are denoted ki, ---,ko,—1, with the even subscripts associated
with incoming external particle lines and the odd ones with outgoing ones. Because
all the external lines of G have been amputated, each external leg of GG coincides
with a leg of some vertex. Thus for each 1 < j < 2q, t; =t,, ;, for some v;, i;.

Because ky € G\ T is restricted to a fixed compact set, it suffices to prove bounds on

2q—1 . 24,
/5(t2q)3ﬁ‘ 1 Us(toric = togp ko) T] Uoo ko) T e 00% T ] dto.s
el veV 7=1 veEVi=1

pointwise, but uniform, in k, € D, £ € G\ T.

We first prove that if you apply derivatives 0x with respect to the external momenta
and multiply the integrand by a monomial in the differences between the temporal arguments
of pairs of external arguments, the result is L! in the ¢, ;’s, uniformly in 8 and k,’s. This
implies the first bound of the Proposition. To be picky, when 3 < oo, differencing with
respect to the temporal component of the j** external momentum corresponds, in position
space, to multiplication by % (e_(_l)ji%ﬂtj — 1) rather than to multiplication by (—1)7*1it;.

However, as

% <e_(_1)ji%wtj - 1)‘ < const |t

for all |t;| < /2, this is immaterial from the point of view of bounds.
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Apply the 0§, using the product rule to distribute the derivatives amongst the

various U,’s and Ug’s. If B < oo substitute

Us(t, k) = Y _ (1)U (t - pm,k)

me”Z

for each propagator. The temporal arguments of all vertices obey |t,;| < (/2. So the
temporal arguments ¢ = t,,;, — bos i of all propagators obey |t| < 5. So we may bound, for

any fixed N and any |o/| <r

1
[1+ |t — mB[|N+2
1
L+m?[1+ |t —mp||N

\(912‘/U(t —mf,k)| < const

< const

The sum over m for each propagator is easily controlled by the [1 +m?]~!. So we drop all of
the [1 +m?]~!’s and assume that each line has been assigned a fixed value of m.

Next we take care of the monomial in the differences between pairs of external
temporal arguments. We have to work a little bit because the propagator for line ¢ has been
bounded by [1 — [t — m,B|]~" with m, possibly nonzero. Select a path in G from ¢; to t;.
First observe that if any line ¢ on the path has |mg| > 2 then for all t = ¢, ;, — tos i

1 _ 1
L+t—mep| — 148

beats any difference |t; — t;/| < B between temporal external arguments. So we may as well
assume that every my € {—1,0,1}. If every line ¢ on the selected path has my, = 0 we can
apply
a
1+ |tj — tj/| S H[l + |Ti—1 — 7‘1|]

i=1

where the 7; are the various temporal arguments along the path. If ¢t = 7,1 — 7; is the
time difference between the ends of a propagator, we can cancel it using one factor from the
propagator’s W If t = 7,1 — 7; is the time difference between two legs of a common
vertex, we will be able to control it using the decay hypothesised in (H4uv). So we may as
well assume that at least one propagator on the path has |m| = 1. Furthermore, we have
chosen the 2¢*" external leg as one end of the path. That is, we may choose 75 = 0. Then

|Ti_1 — 18 —m | > % for at least one i. (We are defining m,; to be zero when 7,_; — 7; is the

40



time difference between two legs of a common vertex.) To see this, suppose 7q is the smallest
index with m; # 0. If |7,_1 — 7 —m; 3] < o= for every i < ig, we have |7;,_1]| < (ig — 1)%

As |7, | < 3/2 we have |1;,_1 — 7'1-0| <84 (20 —1)4> < 3 — 4 and hence

‘TZO 1= mloﬁ‘ = Qﬁa

which implies
1 2a
|T’LQ 1 — mZ0/8| /8

As 2a is no more than four times the order of the graph G, we can absorb the 2a in the
const(r)™ appearing in the statement of the Proposition.

Finally, we bound the integrals over temporal coordinates, using a tree bound that
we now state. Let T be any labelled tree. Denote by V the set of vertices of T', by L the set
of lines of T" and by I, the incidence number of the vertex v € T. Label the legs of vertex
vbyl, 2, -+, I,. The line £ € T joins the i" leg of vertex vy to the izth leg of vertex vj.
Then, for any functions F,, : R¥* - €, veVand f,: R - C, L € L

d
max e o [ TR ot o) T 1o = vy )00, — 3 ) ITT

veEVY lel veV i=1
< [T Wil TT sy suv [1FG )l TT '
lel 1<J?£<I
JF1

This is easily proven by induction on the number of lines in the tree.
We select a spanning tree T for G. We bound every [1 + |7 — mg[]~N  associated
with a line not in T' by one. We apply the tree bound with
B 1
[+ |y — me B[N

Fo() =[]0+ lyi — w7902+ U, (3, K)
i#]

The first bound of Proposition III.1 follows by (H4uv) and the fact that

1
su dr -~ < const
mp/ L+ |7 - mﬁ|N

for all N’ > 2.
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The proof of the second bound is similar to that of the first. However, we must
replace Gz by Gg — G and must extract a factor of 37! as part of the bound. There are
two differences between Gs and Go. The first is that the propagator for G is U(t, k)
while that for Gg with 8 < oo is

Up(t, k) = Y (~1)"U(t — mB, k)

me”Z

The second is that in Gz all temporal components of vertex positions are integrated over
(—B/2,3/2) while in G they are integrated over (—oo,00). Thus the difference Gg — G
consists of all terms from G for which at least one line £ is assigned m, # 0 as well as (minus)
the portion of G, for which at least one vertex has |7,| > (3/2. As well, differentiation with
respect to the temporal component of the j** external momentum corresponds, in position
space, to multiplication by (—1)7T1ir; for Go and to multiplication by % (e_(_l)ji%ﬂ” — 1)
for Gz with 8 < oo.

We have already seen, in discussing the bound on any polynomial in the differences
between pairs of external arguments, that as soon as there is one propagator with m, # 0,
we can extract factors of 37! from the temporal decay factors associated with the lines and
vertices of G. Similarly, if all propagators have my; = 0 and there is at least one vertex with
|t,.i| > /2, as can happen in the evaluation of G, we can extract factors of =1 from a

string []5_, T +|Ti—1_]:f'i_mi eIk of temporal decay factors that joins the 2¢*" external vertex

to tv,i-

Finally, as

ef—1—=zx

—(=1)74i2x +. ; .
(e 1) - oy - 4

r=(—1)7+1i 2% 7;

for all |7;| < 3/2, we also get a factor of 37! for the difference between the two definitions of

differentiation in temporal directions. [ |
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