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¢I Introduction

We consider a many Fermion system, in dimension d > 2 , formally characterized by the
(renormalized) generating functional

S($,4) = log % / V] +10e] JA(.P) T dvok.o dQ/jk,a (1.1)
k,o
for the connected Euclidean Green’s functions, where the action
AW, ) = =V, 9) — 5#()\7/1)/%1/_%1/)19 - /dk (ikoe(k)) Yrtbr (1.2)
and
V(,9) = %/ H dk; (2m)™ 6 (kathohaha) Yk, Vg (K1, k2| VK3, ka) Vi, Uk, (I.3)
=3 X [T dk; m)* 8 (kithotoha) (K1, ka|V ks, ka) Viy oWk o Vhs 7 Vs o

o, Te{t,l} =1
In these expressions, the internal and external electron fields

s0=(%el) o0 = (50)

P(€) = (1) ¥ 1) $(&) = (& 1) 86 1))

where (¢, 0), $(¢,0), B(¢,0) and $(¢,0), € = (t,x) € R x RY, o € {1,1} , are genera-
tors of an infinite dimensional Grassmann algebra over C and

kz(ko,k)‘elele dk = %o dk = L5k
Yro = [ dEeiFO-y(&,0) (k&) = —kot + (k,x)
k2

e(k) == —

When we wish to make explicit the dependence on the chemical potential p, we expand
the notation e(k) to e(k, ). For a function f

] = / at f(€)

so that, in particular

Gl = [ded©u© = > [ de b0

oe{t,l}

We assume that the interaction (k1,ka|V|ks, k4) is real and in addition rotation,
reflection and time reversal invariant. Precisely,

<k‘1, k2|V|k‘3, k‘4) = <Rk‘1, Rk2|V|Rk3,Rk‘4> for all R € O(d)

S1
(k1,ka|Vks, ks) = (Tky, Tko|V|Tks, Tks) (51)
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where Rk = (ko, Rk), Tk = (—ko,k) . We also assume

(k1,ka|V k3, ks) = (—ks, ka|V| — k1, ks)

S2
= <k1,—k4|V|k3,—k2> ( )

and that <k1, kQ‘V‘kB, k4> is short range.

The counterterm —du(A, p) [ dk it in the action renormalizes the radius of
the Fermi surface. It is discussed in the next section. Finally, the denominator Z is
chosen so that

§(0,0) =0

One of our long term goals, stated precisely near the beginning of the next section,
is to give a rigorous proof that the standard model

7 2 2 ki—k3)?
<k1; k2‘v|k3a k4) = V(kl - kS) -« H(WD - w(kl - kS)) (kl_/:;()giw(i)l_ksp (1'4)
for an interacting system of electrons and jellium phonons has a superconducting ground
state at sufficiently low temperature. To explain why Ward identities are required to prove
that the condensate of Cooper pairs is stable, we briefly review the overall strategy.

We investigate the long range behavior of correlation functions at low temperature
using a renormalization group analysis near the Fermi surface [5,6]. This entails slicing
the free propagator around its singularity on the Fermi sphere. The renormalization group
resums the dominant graphs of the theory to create an effective slice-dependent interaction.

The natural scales correspond to finer and finer shells around the Fermi surface.
Fix a constant M > 1. For each 5 = 0,—1,—2,... the j-th slice contains all momenta in a
shell of thickness M7 a distance M7 from the singular locus { k € R | kg = 0, [k| =
v2my }. The propagator for the j-th slice is

ei(kaﬁl—&),

mly‘ (k3 + e(k)?)

CJ (gla 52) = 601,02 / dk
where 1;(k3 + e(k)?) is the characteristic function for the set M7 < |iko — e(k)| < MJ+L.
For simplicity, we have introduced a sharp partition of unity even though a smooth one
is required for a complete, technically correct analysis [6, II.1]. Summing over j < 0, we
obtain the full infrared propagator C(§1,62) = >, C;(&1,&2).

3<0
These shells induce an infrared renormalization group flow. It was shown in [6]
that the important part of (I.3) comes from the reduced interaction A (s, —s'|V|t/, —t').
FExpanding in spherical harmonics

A, —s'[VIt', =ty = 3 M(0)m (s, t)
n>0

For appropriate « the coefficients in the expansion of (I.4) satisfy Ag(0) < 0 and |Ag(0)| >
|An(0)|, n > 1. That is, the electron phonon interaction is dominated by the zero angular
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momentum sector, which is attractive. We assume that this is the case for the rest of this
section.

The set of coupling constants { An | n >0 } evolves under the renormaliza-

tion group flow. At scale j their values are denoted { A, (j) ‘ n > 0 }. In the ladder
approximation the flow equation is (see [6, 1.85])

An(i=1) = An(3) +B0) An(5)*
where ((j) > 0 and jl}llnoo B(5) =B > 0.

Thus, in the ladder approximation, Ag(j) grows slowly as j goes down to the
symmetry breaking scale 6 = —[1/A¢(0)] and then quickly takes off to infinity. The other
coupling constants remain much smaller than A\g. Of course, this approximation breaks
down at about scale §. The divergence of a flow generated by a “Fermi surface” away
from a Gaussian fixed point towards a nontrivial fixed point is typical of many symmetry
breaking or mass generation phenomena in condensed matter physics.

The renormalization group analysis described in the preceding paragraphs reveals
three distinct energy regimes. Fix a > 1 and let A &~ M?° be the BCS gap. In the first
regime at scales j for which M7 > aA the effective coupling constant Ag(j) can be
used as a small parameter. Symmetry breaking takes place in the second regime where
%A < MJ < aA. In the third regime M7 < %A the physics of the Goldstone boson
dominates. As explained above the effective coupling constant is not small in the latter
two regimes.

In [6, 1] the first regime is controlled nonperturbatively in 2 + 1 dimensions
and perturbatively in 3 + 1 dimensions. That is, in 2 + 1 dimensions the full model has
been constructed down to scale § and shown to obey the natural estimates suggested by
perturbation theory. We remark that it is also shown in [6] that, for a fixed external field
that selects a single phase, the renormalization group flow, truncated to any finite order
of perturbation theory, converges to a nontrivial pairing fixed point. The main idea for
controlling the intermediate regime is an intrinsic decomposition of the Fermi surface into
N = M~(@=1)% «colors” and the accompanying 1/N expansion [3].

This paper is devoted to a tool that is essential in the third regime. Cooper pairs
interact with each other through a long range force mediated by the “Goldstone boson”.
The Goldstone boson is a massless particle, in d4 1 dimensions, whose propagator behaves
like [g2 +const %]~ near zero. This singularity superficially generates nonrenormalizable
power counting for d = 2,3. The Ward identities of Corollary IV.5 imply that the power
counting is in fact superrenormalizable. A detailed discussion of power counting is given
in §V.

The Ward identities of §IV relate certain expectation values. The “string” and
“ladder” amputation algorithm developed in §III can be applied to these Ward identities to
identify classes of diagrams that add up to zero. This is feasible at low order, but because
the symmetry breaking mixes orders, the classes become very complicated. Oppermann
and Wegner|[7] and Hikami [8] have derived the low order graphical analogues of our Ward
identites for the Anderson model. We imagine that the methods of this paper can also be
applied to the Anderson model.



The simplest way to see the Goldstone boson is to make a Hubbard-Stratonovich
transformation writing the exponential of the effective interaction Veg, given by the renor-
malization group flow at scale 9, as an integral over an intermediate boson field v. Let
Xo(8) = —2g? and

Vet = —2g° / ds dt dg 1 (t+2) YL (—t+2) Py (—s+2) Py(s+2)

= —292/ dpdq (/ dtt%(t%)@h(—t%)) B(p, —q) (/ d‘sm(—s+%)¢ﬂs+%)>

with B(p,q) = @n)*8(p+q). If (v1,72) is a €* valued Gaussian variable with the
real, even covariance

(vi(p)vi(@)) = i3 B(p,q)
then
eV = e VHVetteVett = o7Vt Ve / exp (g / d¢ ‘T’@W(s)‘ll(&)) dpu()

where v = oly! 4 o242

The propagator for the Goldstone boson is gotten by integrating out the Fermion
field, computing the effective potential for v and expanding about its minimum. This is
done in detail in §V. The effective potential is a Mexican hat. The propagator of the
component Yy, of v tangent to the circle of minima looks like [g2 + const q?]~! near zero
and is given by

(Vsan (P1); Vean(p2)) — (2m) 16 (p1 + p2)

- _gz / ds dt <7>Bs—p1‘|‘1;—s.], - ¢—s+p1¢¢sT; '@Zt—pgT"Z—t.L - ¢—t+p2i«¢t‘|‘>

Here the truncated expectation (A; B) is given by (AB) — (A) (B) and, on the right hand
side, ( - ) is the fermionic expectation of the model before the Hubbard-Stratonovich trans-
formation was applied. This identity, in conjunction with the amputation procedure of §III,
is used in (V.4) to demonstrate that the full Goldstone boson propagator is the sum of
generalized ladders.

In §IT we discuss self-consistent U(1) symmetry breaking and derive a Ward
identity using global U (1) symmetry transformations. In §III we determine the structure of
Feynman graphs in terms of string and ladder amputation. This makes it possible to isolate
the fragments of graphs contributing to the Goldstone Boson propagator. In §IV we derive
more precise and general Ward identities exploiting local U(1) gauge transformations. §V
is devoted to the power counting of the intermediate boson introduced above. In the last
section, we discuss the simple ladder contribution to the Goldstone Boson propagator in
great detail.



$II U(1) Symmetry Breaking

We first rewrite the many Fermion generating functional (I.1) in a form that is a suitable
starting point for a rigorous construction. Let

d,“l(’/}a’/;) = ZLO €Xp {_ Z dk /l/;kO' (ZkOe(k))wk,a} H dwk,a d’(z)k,a
k,o

oe{t.l}

be a formal Grassmann-Gaussian measure. The denominator Z; chosen so that
/1dmww::1
Mathematically, du(y,p) is characterized by
j/ewwkH@Mthuwdo _ <bC>
where, the inner product

(3.08) = [ dede o) 0.6 0(¢)
The covariance

Clen, &) = / B(EDD(Es) datod)
il gi€a)
= 601,02 /1Rd+1 dkm

_ ik xixa) —le(k)(ti—t2)| | —0(e(k)), t1 >t
= 0oy,00 /le dke e { B(—e(k)), i1 <t

where
1, s>0
6(s) {m 5 <0
We have
The proper self-energy, 3., is implicitly defined by
1 d
= 9r)é+1 _
in which 5 5
S y01,62,0 = ———S ’ b)) ——— -
2(61 ! 52 2) 5¢(£1,0’1) (¢ ¢) 5¢(£250'2) ¢=¢=0
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The functional derivative m acting on the left of a monomial moves the factor

$(£1,01) all the way to the left with the appropriate sign and deletes it. Similarly, the
functional derivative m acting on the right of a monomial moves the factor ¢(&2,03)
all the way to the right with the appropriate sign and deletes it. For example,

0 o014 O _ [B]+54] 0
53 (En o) ¢ ShEnon) — TEnE 5062, 72)

= P(&,01) elovl+ve] w(& )
= (€1, 01)P(Ez, 0z) elPVIHV]

so that
0 ) - )
53600 S(o, ) 50(E2, 02) ‘¢:$=0 = (Y(&,01)P(€2,02)) — (Y(&1,01)) (¥(E2,02))
where

<f(¢ ¢ /f Y, 0) e V) — au(m) [ dk Prir g du(, §)

Perturbatively, 3 is the sum of all nontrivial one-particle irreducible, two legged diagrams.

The counterterm du(A, p) is the formal power series in A uniquely determined

[5,6] by the renormalization condition
O S0,k =kmmN| =0, n>0
O\ ’ = RF, i, A—0 - ) =

where kp = /2my is fixed by the particle density. In other words, the proper self-energy
vanishes on ko = 0, |k| = kr and, by definition, kr is the radius of the interacting Fermi
surface.

Observe that

6—511(/\,#)‘[ dpi}”w”du(w,y}) _ Z_ e f dk (zkoe(k Mu))lﬁkwk I1 dv, ad¢ko
k,o

Therefore, the counterterm can be interpreted as the shift in the radius of the Fermi surface
induced by (k1, k2|V|ks, ks) .

We now state one of our goals precisely. To keep the statement simple, we use
periodic boundary conditions on IR*? / LZ*. Define dur to be the Grassmann Gaussian
measure whose covariance is the multiplication operator

1
m (1 - 6k0,066(k),0)

on e2(2§zd+1). For convenience let

/d‘kf()—(r")dH S fw)

ke2zzd+i



Incorporate in the finite volume interaction Vyr, , a counterterm for the chemical potential
and a small external field

Vi, %) =V(@,¢) + du(\, w; L, 7) /@Iﬂﬁk - / dk(Yrr—ky + Y-k Vit)

and define the generating functional

S1r($,8) = log g2 [ I Ver 09y ()

We ultimately want to prove the

“Theorem?”. Let d = 2,3 and let (k1, ks|V |ks, ks) be a Schwartz class function on R4+

satisfying symmetries (S1,2) of §1. (Actually, it is sufficient that the interaction be in a
suitable weighted Sobolev space.) Let

{t,—t'\V|s, —s') = Z AnTin (' 8")
n

be the expansion of the rotation invariant reduced kernel in spherical harmonics. Here
k' = (0, krk/|K|) is the projection of k on the Fermi surface. Fiz e > 0. Let A > 0 and k
be sufficiently small. If A\g < 0 and k|\o| > |An|, n > 1 then the limit

S(¢,¢) = lim lim Sz, (¢,¢)

N0 L—00

exists and has the following properties:

(i) There is a A > 0 with A ~ const e~°"st/X sych that

(2m)d+1

(Yrr—p1) = (-1 Ppt) = — A 6(k" —p)

(ii) The 2n point moments of S(¢, ) with n odd decay exponentially at a rate at least
(1 —-e¢)A.

(iii) The 2n point moments of S(¢, ) with n even decay at least polynomially. In
particular, there are constants c1,co > 0 such that

(}Er(l)(clqa+c2q2)/ dsdtdp <1Z)s—qT1;—sJ, - '¢—s+q¢¢s‘|‘§ @t—pTlﬁ—ti - ¢—t+p¢¢tT> =-1

Thus there is a channel in the four point function that does not decay exponen-
tially.

One consequence of this Theorem is that the Hilbert space is a direct sum of
“even” and “odd” subspaces. The restriction of the Hamiltonian to the odd subspace has
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a gap of at least (1 — €)A between its ground state energy and the rest of its spectrum.
There is no such gap in the even subspace.

The rest of this section motivates the “Theorem”. The action
AW ) = = [ dk (ko) i~ dulhm) [ akidn
-3 [T dks (2m) 6 (bathrhs—ha) iy ks (K1, k2| VIks, ka) Yry Vi,

has six basic symmetries. Namely
(i) Particle number:

A(e®, e ) = A(y,9p) Ve eU(1)
(ii) Spin: . .
Algy,vg ) = A(w,y) VgeSU(_2)

(iii) Spatial rotations and reflections:
ARy, RY) = A(y,9) VY Re O(d)

where (Ry)(&,0) = ¢(R7Y,0) and (RyY)(,0) = P(R7E, 0).
(iv) Translations: For all ¢ € R%

A(Tep, Tep) = A, yp) V& e R

where (Te)go = ei<k’€>—wk,a and (quﬁ)k,a = e—i<k7£>—,’5k,a
(v) Time reversal:

AW, 9)* = Ay, )

where # is the involution on the Grassmann algebra defined by zp,f = Y11 , @,’f = Yri
and by complex conjugation of scalars.
(vi) Charge conjugation:

A(i*, i9p*) = A(y, )
To verify (v), note that
(k1,ko|Vlks, ka) = (k3,ka|V]k1, k2)

follows from the reflection invariance and symmetry (S2) of V. Observe that, in contrast
to the other symmetries, neither time reversal nor charge conjugation commute with the
number symmetry. However, their product
(vii) CT:

A, )" = A%, 9)

does commute with the number symmetry. Here, CT is the involution on the Grassmann
algebra defined by w,?T = ik, zp,ST = 4k, and by complex conjugation of scalars.
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By definition, a general symmetry U of the action is broken if

AU, ¥) = AW,9)  but  SU(4,9) # S(4,9)

where S is the generating functional (I.1), carefully defined by some limiting process. In
this paper we study the situation when the number symmetry is broken

S(e?¢,e77¢) # S(¢,9)

but symmetries (ii,iii,iv) and (vii) above are inherited by the generating functional.

Vet ¢ 0 ><¢M>
<¢k,¢> ~ ( 0 e )\ Yy

L L ~i¢
(Yrr Yry) = (Yrs ¢k,¢)(eo e?¢>

The symmetry
(viii):

is a subgroup of SU(2). Applying this symmetry to the first derivatives of S we obtain

<(_¢)ka> = ™ <(TZ’)ka>

<wk,0) = <1)Zk:,0> =0

for all k£, o. Thus the second derivative of & simplifies to, for example,

forcing

§ 0
7 S(6,9)

3p(Er, 1) = (Y& )9 (6, 0))

d¢p(&2,02) ‘¢=¢
There are sixteen two point expectation values

(Vrrbpr)  (Ukrbpy)  (ripr)  (ritpy)
(Perdpr)  (Per¥pr)  (Vri¥pr)  (Vri¥p)
(Prrtpr)  (Prrtopr)  (Pritpr) (Vi)
(rrbpr)  (Yrertps)  (Dripr)  (Pritpy)

obtained by differentiating S twice with respect to (&)(5 ,0) . By conservation of momen-
tum, that is translation invariance, the distributions in the first and fourth rows vanish
unless k& = —p while those in the second and third vanish unless k£ = p . By anticom-
mutation, the second row determines the third row and the second column determines the
third column.

The four corners, (Yrthpt), (Vri¥py) <1/;kT@BpT> <1ﬁk¢1ﬁp¢>, of the above table

and the four central elements, (Yr19p1) . (Vri¥pt) > (Y1¥ps) - (Yr1¥pt) , vanish by SU(2)
invariance. For example, by symmetry (viii)

(Vrrthpy) = € (Yrrthpy)
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forcing it to be zero. The other cases are similar. Thus there are eight

( (Drttopt)  (Prrthp1) ) ( (Prertpr) (k1 ¥pt) )
(D-ri¥pr) (V-r¥-py) (rrth-py)  (Y-ri¥-py)

potentially nonzero two point expectation values with the second matrix determined by
the first and all matrix elements vanishing unless k£ =p .

For this reason it is algebraically convenient to combine the four internal physical
fields g, Y_ky, Yt and Y_g into a pair of 2-vectors

Cem (v
)= (o)) = ()
B(E) = (k) Ealk)) = (Bs Yot

called “Nambu fields”. The external physical fields are combined into

38)-(21)
®(k) = =0 | <
() (‘1’2(1‘3) G_ky
S(k) = (@1(k) ®2(k)) =kt ¢-ky)0°
Note that the external fields are twisted by o2, the third of the Pauli matrices

, (0 1 s (0 —i s (1 0
"_(10 7=\ o 7=\ \o -1

With this vector notation all potentially nonzero expectation values are contained

. i _ o Wmer)  O¥p) L g yarisp
(' 0%0) ) = (@_mm <¢7—u¢—p¢>> = (@mTok —p)SE)
and
((Zk) i) ) = —(2m)*6(k — p)S(h)"
while

i j A (k) (r—py)
(<\I’ W (p)>) Bl (@—kuﬁpﬁ <'/_’—k¢1l7—p¢>)

and ( (W, (k)¥;(p)) ) remain identically zero.

Lemma I1.1 Suppose the generating functional S inherits the symmetries (ii,iii,iv) and
(vii) from the action A. Then

Furthermore
S(ko, k) = S(ko, k|) 5(0,k) = S(0,k)*
Sao(k) = —S11(Tk) S11(k) = S11(Tk)
Saa(k) = Saa(Tk) S12(k) = Sa1(Tk)
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Proof: The first statement has already been proven. The identity
S(k()a k) = S(kOa |k|)
is an immediate consequence of the symmetry (iii). Next

Saa(k)(2m) T 10(k —p) = (WY_i¥—py) = W_ih—pt) = — (Y_pt¥_kt)
= — (Yrprriry = —Su(Tp)(2m)?+6(Tp — Tk)
= —511(Tk)(2n)416(k — p)

In passing from the first to the second line we used SU(2) invariance with

o= (1 0)

To pass from the third to the fourth line we used invariance under spatial reflection.

Similarly,

S12(k)2m)" 16 (k —p) = (Wrpt—py) = —(brrr¥—1pr) = (Y—TpriTRt)
= S91(Tp) (27r)d+1(5(Tp —Tk)
= S01(Tk)(27)316(k — p)

We used CT invariance in the second line. The proof of the third and fourth identities is
similar.

The third fourth and fifth identities may be combined to give S(k) = S(Tk)* .
The last identity follows at once. [ |

Formally, the Grassmann-Gaussian measure in Nambu fields is

djw, @) = Zioexp{- / dk @(k)(ikone(k)a?’)\p(k)}’gdqﬂ'(k) d¥, (k)

and is rigorously characterized by its characteristic functional
/e[‘I"I’]H‘I"I’] A gy = <FCP>

where the covariance

((® (K);(p)) ) = 2m)**6(k — p)C(k)

k) = e’ ~  Rrek)? 0 liko + e()] !

1 ikol + e(k)o® ([iko —e(k)]! 0 )
ikol —e(k)o3 k2 +e(k)?

12



The generating functional (I.1) becomes, in Nambu fields,
where

V(P,¥) = %/ dsdtdg (¥ (t+4)0° T (s+2)) <t+%,—t+%‘V‘s+%,—s+%> (T (—t+2)0° W (-s+%))
(IL.3)
Define the real numbers A; and Ay by

Ay —1Aq

———— = —512(0, |k| = kF)

AT+ A3
By Lemma II.1

A1+ 1A,

~ o = —92(0 k[ =kF)

AT+ A3
Let dua be the Grassmann-Gaussian measure with covariance

Cr — 1 __dkol+e(k)o’ + A
A7 kol —e(k)od — A kZ + E(k)?
where
A = Alal + A20'2

and

E(k)* = e(k)>+ A% = e(k)’+ A7+ A}
When ko =0 and |k|=kp the off-diagonal components of

/ T(k) ¥ (p) dua (P, ¥) = ! ("’“(’*e(k) Ay — By

TR T E®? \ Ay +idy kg — e(k)) (2m) 16 (k — p)

are exactly the off diagonal components of S(k).

We want to treat the interacting Fermionic measure as a perturbation of dya.
For this reason, we multiply and divide by

ef dk ¥ (k)A® (k)

to obtain

[BT+T ] e—v(\p,@)—m[@03w1—[@Aql]e[\i’Aqf1 d

8(<I>,<i>) = log 1 /e[i>W+\if¢>] e—V(\Il,\il)—éu[\TIUS\I/] dys
/ '

dpa

N‘H

= log

/e[équr\inp] e—v(qf,\if)—éu[\ifa?’qf]—[\ifmp]
A

13



Define a new proper self-energy by

1

iko — e(k)o® — A — X(k) (2m) 3 (k — p)

S2(k’p) =

Inverting,
N(k) = STHk) —iko +e(k)o® + A

To be consistent with the definition of the physical chemical potential p it is necessary
that
¥11(0,kr) = X22(0,kr) =0

To be consistent with the definitions of A; and A, it is necessary that

S12(0,kr) = Ci12(0,kr)
S521(0,kr) = Ca21(0,kr)

Since 011(0, kF) = 022(0, kF) =0 and

S S ' _ 1 [ S» =S
521 522 det S _521 Sll
the conditions on X11(0,kr), 322(0,kr), S12(0,kr) and Ss21(0,kr) may be combined

m

2(0,kr) = 0 (IL.4)

We must renormalize to ensure that the condition (II.4) is fulfilled. That is, we
introduce the renormalized action

Ap(®,¥) = —V(¥,¥) — / dk O D(xpu,a) Py, —/ dk ¥y (ikoe(k)o® — A) Ty,
and generating functional

Sr(®,®) = log i /e[§w+\i;q>] e—v(\p,\i!)—f dk ¥ (k)D¥ (k) dpna (IL5)

One can prove [6] that, for each A, Ay and p , the counterterm
D = Di(\ p, Aot + Dy(\, i, A)o? + Ds(A, p, A)o®

is uniquely determined as a formal power series in A by the renormalization condition
(IT.4). The coefficient D3 is the difference between the bare and physical chemical
potentials. On the other hand, there are no physical parameters to shift to accomodate
D, and D, . Therefore, the constraints

Dl()\,ua A) =4

I1.6
D2()‘, H, A) = A2 ( )

14



must be imposed to ensure that
Sr(®,®) = S(®,P) (11.7)

The constaints (I1.6) are a nonperturbative analogue of the BCS gap equation.

In the Nambu notation, the number symmetry is given by

(k) — 7" W (k)
(k) — B (k)e "

The result of applying the number symmetry to a quadratic monomial is

T (k)od W (p) — B(k)e " 6707 W (p)

B olcos20+02%sin20 j=1
= W(k) { —0o'sin20+02cos20 ;=2 p ¥(p)

o3 j=3
so that
Ap(e® W We~i7°) = _ YW, &) — / dk UL R(20) D (xu,0) Wy,
- / dk ‘i’k (ikoe(k)0'3 - R(29)A)‘I’k
where

cosf —sinf O U1
R@)(o-v)=0-| sinf cosf 0 Vg
0 0 1 (O]

Recalling that the counterterms are uniquely determined as formal power series, we obtain
D(A, p, R(20)A) = R(20)D(A, p, A)

It follows from the last identity that the set of solutions of (I1.6) is invariant under rotations.
If (IL.6) has a nonzero solution then

DY(\, 1, A) + D3(\, p, A) = AT + A}
determines A? = A2 + A2 as a function of A and p, but A;/A, is completely free.
We have shown that the assumption that

52(07 kF) = CA(O7 kF)

forces |A| to be a solution of the BCS gap equation. However, the phase of A has not been
determined. It must be fixed externally by imposing, for example, boundary conditions.
To select a particular solution A of (II.6) we introduce a term rA, r > 0 in (II.2)

8(‘1’, é’ ,,_) = log % /e[tb\ll—i—\lltb] e—V(‘I’,‘i’)+f dk ¥ (k) [rA—duo®|® (k) d,Ll,(‘I’, ‘i,)
= Sr(®,®,7)

15



where

Sn(®,&,7) = log 2 /e[<f>\11+\il<1>] V)= [ ak H () (D-rA)T () g g

provided

Dl()\, s A,’f‘) = Al
DQ(A,,LL, A,’I‘) = AQ

The counterterm D is now determined by the r dependent renormalization condition

E(O, kF, ’I‘) =0
The limit,

T_l_l)%l+ SR(q)a (}a 'I‘)

(I1.8)
subject to the constraint, imposes “boundary conditions” on (II.2).

To give mathematical meaning to (I1.8) we regularize and take an additional limit.
For convenience we use a slice cutoff on a continuous momentum space rather than the
periodic boundary conditions in the statemnet of the “Theorem”. Precisely, fix M > 1

and introduce, for each integer h < 0, the regularized propagator

(k) Calh) = LR (1L9)

where

pr(k) = D f(M7¥(kS + E(k)?))

0>i>h

and f(z), £ >0, is a smooth function satisfying

0 z<lorz>iM*

flz) =

1 = Z f(M™2%g)

i€Z

Observe that pp(k) smoothly excises a shell of thickness M" about the Fermi surface.

The ultraviolet end of the system is finite. Nevertheless, for convenience, an ultraviolet
cutoff is also included.

The generating functional at cutoff h is
Sp(®,®;7,h) = log Z /e[éww@] V) [ F DD R g (g G )

(I1.10)
16



where dua (¥, ¥;h) is the Grassmann-Gaussian measure with the regularized covariance
(I1.9). By a slight generalization of [1, Lemma 5], Sg(®, ®;r, h) exists. That is, for all A
in an h-dependent disk around zero, each of the connected Euclidean Green’s functions

P
H 5%, ) 01 5

=1

is a well-defined distribution on IR*(*) | In particular, the coefficients Dy(\ p, As7,h)
and Dy(X, p, A;r,h) of the counterterms are convergent power series in A uniquely
determined by the renormalization condition

%(0, k| = kp;7,h) = 0

Our goal is to rigorously control the limit

lim lim Sgr(®,®;r,h)

r—0+ h——oc0

subject to the constraint
Dy(\ p, Asr b)) =

Aq
Dy(M p, Asryh) = A

and construct the many Fermion system (I.1). An important ingredient will be Ward

identities for Sp(®,®;r, h) .

We now derive the simplest Ward identity for Sgr(®,®;r, h) using the global
number symmetry. The action at cutoff h is

AR(\I’a ‘II; T, h) = _V(‘I’, ‘i’)_/dk ‘i’k(D()\,H,A) — ’I‘A)‘I’k;_/ dk ‘i’k(iikoelgl:)(Z;_A)‘I’k

Of course, ph—l(k) is infinite outside the support of pp(k) . We only use this action to
motivate a Ward identity in which

T, (ikoe(k)o®—A
—/ dk By, (o é&k) ) ¥y,
is absorbed into the well-defined Fermionic-Gaussian measure dua (¥, W¥;h) .

Now, under the number symmetry,

(k) — 7 W (k)
(k) — B (k)e "

the action

Ar(¥,¥;7, h) — Agr(¥,¥;r,h) —/ dk ¥ (k)(R(20) — 1)(D — rA — 205)® (k)

17



and B B o, o,
[®F + TP — [P W + Te 97 P

To accomodate the new terms generated by applying the number symmetry to the action,
we generalize (retaining the same name) the generating functional by allowing the external
field to be a self-adjoint traceless matrix valued function J(k) = Ji(k)o! + Jo(k)o? +
J3(k)o? of k. Namely,

Sn(®, &, J;7,h) = log - /e[‘l"l’“"l’] o~V [ Ak B () (D—r AT (k)% (F) dpin (% 1)

Formally, the simplest Ward identity is
Sg(®,®,0;7,h) = SR(e_ie"s(I', (i>ew“3, I(0;h);r, h) (I1.11a)

where
I(0;h) =(Dy — rA; — pf—(lk))(1 — c0s 20, —sin26,0) - o

+(Dy — 1Ay — phA—(Zk))(sinQG, 1—c0s26,0) -0

(IL.11b)

Again, the factor 1/pp(k) in I(6;h) is infinite outside the support of pp (k) . However,
integration against dua (¥,%;n) produces compensating factors of pp (k) . For example,
integrating by parts,

/d,uA(\I!,\il;h) (/ ak (k) I(6; h)\Il(k)) F(¥,¥)
) _. 0

=~ [auswwen tr [ dt Cal (kP T0:1) Calh) g F ¥ B s

ot / dk Ca(k) pa(k)I(0: 1) x / dpia(w wn) F(T, D)

The odd looking factor 1/pp(k) in I(f;h) is an artifact of the smooth cutoff
pn(k) , which was chosen for technical reasons in [1,2,5,6]. A smooth cutoff is particularly
useful when estimating renormalized diagrams. If periodic boundary conditions are im-
posed to regularize the infrared singularity, one obtains a, perhaps more natural looking,
Ward identity. Let L > 1 and define

Sr(®.2,7;1) = log 5 / lFHHTR] TV WO s E) gy (v i)

where the Grassmann-Gaussian measure

dpa(¥,%L) = z-exp {— ij ﬁ U (k) (ikoe(k)o® — A)\Il(k)} k]‘[ d¥;(k) d¥;(k)

All sums and products over k are restricted to those points of the dual lattice %"Z‘Hl

that lie in the shell 0 < k2 + e(k)? < 1. The corresponding Ward identity is
Sr(®,®,0;r,L) = Sp(e ®7 ®, &7, 1(6; L);r, L)

18



where now

I1(6; L) =(Dy — rAq — Al)(l — cos 26, — sin 26, O) o)
+(Dy — 1Ay — Az)(sin29, 1 — cos 26, 0) o)

We next give a sample application of the Ward identity derived above. The
renormalized four point tensor S;*;,;,%(s,t,q;J,h) is defined by

Sitiyistd(kr, kay bz ka, J3r h) = Sitiy it (s,t,q, T, B) (2m) T 5 (ke — ko — k3 + ka)

where
s = 2 (ks + ka)
t = 2 (k1 + k2)
q=ks— k4
and
2
Sitiais™ (660,60 €057) = g‘i’il(ﬁl)&i’m(&) Sp(2, 2, J51 1) 5 5‘1’12(52)5‘1”3@3) 2=%=0

We show that some components of the four point tensor 54 inis 4 (8, t,q;J, h)
necessarily develop a singularity at ¢ = 0 in the limit A — —oo and then J — 0.
Differentiating the Ward identity (II.11) with respect to 6 and then setting 6 = 0 yields

<i[<1>03\11 0ot + / dk B (k) g—‘;(o; h)lIl(k)> =0

’

where the expectation symbol

[F e[<i>~1;+\i;q>]e—V(qf,~if)—f dk ¥ (k) (D—rA)¥ (k) dia (2 &)

fe[<i>\Il+\il<1>]e—V(\Il,\il)—f ak T (k) D-r&)¥®) g\ g §op)

<F>r,h =

Note that the expectation (F), ; depends on the external fields @, .

For any v = yi0' + 7202 + y30° set
¥ = 11y,0% = m10? — ya0? (IL.12)
In the event that v = y10! + 902
v = —io®y
Evaluating the derivative of I

ol

50 —(0;h) = (D1 — A (0,=2,0) -0+ (Dy —rAg — )(2,0,0) -0

Ay
"~ bn (k))
)A¥#

Ph (k)

= 2( -1+ Ph(k)

19



provided the BCS constraints are fulfilled. Substituting

2 </dk ‘i'(k)A#\Il(k)>

- <i[\ila3<I> — &5°0] + 2/d‘k (k)(1- phl(k))A#‘I'(k)>

T‘,h T',h

(I1.13)

Next, differentiate (IL.13) with respect to ®(p;) on the left and with respect to
®(pz) on the right and set & = ® = 0.

i (@) ¥ (), - 0°] =2r <\D(p1)\v<p2); / dk \D(k)Aﬁ\P<k>>

0,r,h

+2 [ an S48 ()W) FERAT(R),,,

The notation (F), ., designates that (F), ; is evaluated at ® = & = 0. The truncated
expectation value

(F; G)m = <FG>r,h - <F>r,h <G>T,h

Let F' and G be monomials in the fields. The subtraction built into (F;G),., “connects”
F' to G. Diagramatically, the fields in F' and G are represented by ingoiﬁg and outgo-
ing half-propagators. The Feynman diagrams contributing to the truncated expectation
(F; G)T’ , have the property that every half propagator of F' is connected to some half
propagator of G and vice versa. By contrast to the fully connected expectation Sy, these
graphs need not be connected.

By definition,
lim lim [{ql(pl);\il(pg»nh , 03] = [52(171,102), ‘73]

r—0+ h——o0
= [S(p1), 0®] (2m)*6(p1 — p2)

Restricting p; and py to the Fermi surface, assuming that the number symmetry is broken
(that is, A # 0) and recalling the renormalization condition (II.4)

lim  lim [<\Il(p'1);\il(p'2)>r,h,03] = [Calph), o] 2m)*6(p} — ph)

r—0+ h——o0
ALY
= 25 (2m)™3(p} - p))
#0

where

P = (0, Bv2mp)

In the event that the limit

it ()05 [ ka0

r—0+ h——o0 rh
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exists and is finite, we conclude that

Al ) ) _ _ -
~ Rz @O0, —ph) = lim lm [ dk T (B () E(pa) ; T(R)AFR(R)),,

Assuming that the right hand side approaches zero as the ultraviolet cutoff is removed,
we get a contradiction for all sufficiently large ultraviolet cutoffs. So, the limit cannot be
finite. See [9, (8-115)] for a similar result.

$III String and Ladder Amputation

In this section we study the topology of connected graphs constructed from 2n vertices

e . n interaction lines A/ and n — e particle lines _, . Each vertex
is attached to one interaction line, at most one incoming particle line and at most one
outgoing particle line. Thus, there are four possible configurations at a vertex:

W e

By definition, a vertex has 1 — a “incoming external particle legs” and 1 — 3 “outgoing
external particle legs” when it is attached to o incoming particle lines and 8 outgoing
particle lines. External legs are not part of the graph. However, it is convenient to draw
them in to aid enumerating them. Our goal is to decompose each of these graphs having
e > 6 external particle legs into an amputated general vertex and a set of general ladders
and a set of general strings. When e = 4 the graph is expressed as a general ladder with
two particle irreducible rungs joined by pairs of strings.

The first step is a topological classification of all pairs of intersecting four legged
subdiagrams. A subdiagram H of G is determined by a set of one or more particle and/or
interaction lines of G. By definition H is the union of the lines and the vertices at the
ends of the lines. A line of G \ H is an external line for H if it is attached to a vertex
of H. An external leg of GG, say at vertex v, is also an external leg of H if v € H. Two
subgraphs H; and H, overlap if

H\NnH,#0 Hy¢ H, H,¢ H,

Lemma II1.1 Let H be a connected graph which is the union of two overlapping subgraphs
H, and Hs. If Hy and Hy each have two external particle legs and no external interaction
legs then H must be of one of the two following forms:

If H is not a vacuum graph, the second form is ruled out.
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The first form is read as

or with H; and Hs exchanged.

Proof: Any external line of H; N Hy must be an external line of H, or of Hy or of both.
Hence all external lines of H; N Hy must be particle lines. Let

n; = the number of external lines of H; N Hy belonging to H;
ny = the number of external lines of H; N Hy belonging to Ho

ng = the number of external lines of H; N Hy not in H

Since Hy ¢ Hy N Hy and H is connected, n; > 1. Since Hy ¢ H1 N Hy, no > 1. Since Hs
and H; have two external legs, ni 4+ ng < 2 and ny + ng < 2. As n; + ng + ng must be
even, we must have ny =ng =1, ng =0 or n; =ng =2, ng = 0. |

Corollary II1.2 Let G be a connected graph with external legs £1, ---, £, e > 4. For
each 1 < i < e either there is no two legged subgraph of G having £; as an external

leg, or there is a unique maximal two legged subgraph S; of G with £; as an external leg.
Furthermore S;NS; =0 forall i #j .

By definition the string-amputation of a connected graph G having four or more
legs is gotten by deleting each S; together with the line of G' that is an external line of S;.
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Lemma II1.3 Let H be a connected graph which is the union of two overlapping subgraphs
H, and Hs. The subgraph Hs need not be connected. If Hi and Hs have two and four
external particle legs respectively and no external interaction legs then H must be of one
of the following five forms:

Proof: As in the proof of Lemma III.1,

n121 TLQZl
ny+ng <2 ng +ng < 4
n1+n2+n@€2Z

Consequently, (n1,n2,ng) must be one of

n 11 1 2 2
na 1 2 3 2 4
ng 0 1 0 0 0

form  (¢) (i) (i08) () ()

For example, (n1,n2,ng) = (1, 3, 0) implies that the subgraph H; and H; each one external
leg which is external to H. This gives form (%ii). |

Lemma I11.4 Let H be a connected graph which is the union of two overlapping subgraphs
H1 and HQ. That is H = Hl UHz, H1 ﬂHz ?é @, but Hl ¢ H2 and HQ ¢ Hl. Note
that H, and Hy need not be connected. If Hy and Hs each have four external particle legs
and no external interaction legs then H must be of one of the following ten forms or their
reflections about the central shaded square:
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W HIH E »4 HIH F

W) — 1 ] w) —  H o
| |

v) | [ O = vi) —

vil) — [ vid) —| =[]

o FOH o [ HIE

Proof: As in the proof of Lemma IIIL.1,

ny > 1 ng > 1
ni+ng <4 n2 +ng < 4
ny+ne +ng € 2Z

We have the table, for ni > no,

ni 1 1 2 3 2 2 3 4 3 4
ng 1 1 1 1 2 2 2 2 3 4
ng 0 2 1 0 0 2 1 0 0 0

form (1) (1) (ige) (w)  (v) (vi) (vii) (viir)  (iz) (x)

In preparation for amputating generalized ladders from many legged graphs we
prove

Theorem II1.5 Let G be any string-amputated connected graph with e > 6 external particle
legs and no external interaction legs. Let G, and G5 be overlapping four legged subgraphs
of G without external interaction legs. Furthermore, assume that G1 and Gy each have
precisely two legs external to G. Then we have one of the two possible configurations:
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Proof: Define H = Gy UGy, Hi = G1, Hy = G3. As G is connected and string-
amputated, G; and G5 and consequently H are necessarily connected. It now suffices to
apply Lemma, II1.4 and then connect H into the rest of GG in all possible ways. The two
permissible configurations arise from Lemma II1.4 forms (¢) and (é¢). Forms (iv), (vii),
(viii), (iz) and (z) are ruled out by the requirement that G5 have two legs external to G.
For forms (v) and (vi), if G1 and G5 were each have two legs external to G, then G would
have a total of four and two external legs, respectively. The configurations

arising from forms (44) and (¢i¢) are not string amputated. n

Corollary I11.6 Let G be a string-amputated connected graph with external particle legs
Ly, -+-, Lo , € > 6 and no external interaction legs. Define £; ~ L; ifi =7 or if £;,¢;
are the external legs of a four legged subgraph of G which has exactly two globally external
legs. Then ~ is an equivalence relation and the corresponding equivalence classes have one
or two elements.

Proof: We show that if 4, 57 and k£ are three distinct indices then either ¢ o j or i ¢ k.
Otherwise, there would have to be two overlapping four-legged subdiagrams, with one of
the subdiagrams having ¢; and £; as its globally external legs and the other having £; and
li as its globally external legs. This contradicts Theorem III.5. [ |
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The graph below contains no four legged subdiagram with precisely two globally
external legs. Hence its equivalence classes are all singlets.

We define a connected graph to be one particle irreducible (1PI) if it cannot
be disconnected by cutting one particle line. Let G be a string amputated, connected
graph with e > 6 external legs. Then by Theorem III.5, there is, for each pair of distinct
equivalent external legs a unique maximal four legged 1PI subgraph whose globally external
legs are the given pair. Furthermore, the 1PI subdiagrams corresponding to different
equivalence classes are disjoint. By definition the ladder amputation of G is gotten by
removing all of these 1PI subdiagrams. For example, under ladder amputation

] — - ] —

= i :
— - —
I I

_ O ., — -

o —H — o —

[ [

Thus the ladder amputation of G need not be connected. For example
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We now take a closer look at the structure of the “ladder” subgraphs that are
removed in the above amputation process. Each such subgraph is four-legged, connected
and string-amputated. Furthermore, the four external legs are paired into two incoming
and two outgoing legs. Such a diagram is said to be channel 2PI if it is impossible to
disconnect the pair of incoming external legs from the pair of outgoing external legs by
cutting at most two particle lines.

Let G be a connected, string-amputated four-legged graph with two of its external
legs designated as incoming and the other two designated as outgoing. Let H; and Hy be
four-legged subgraphs of G' and suppose that G’s incoming external legs are also external
legs for H; and Hs. We claim that, if H; # Hs, then H; and H» cannot both be channel
2PI. If, for example, H; is properly contained in H,, then H, is disconnected by cutting
the internal line(s) of H, that are outgoing external lines of H,. If H; and Hs overlap,
then only form i7) of Lemma II1.4 is possible and neither H; and Hj are channel 2PI. Thus
there is a unique channel 2PI subgraph of G containing G’s incoming legs. Remove this
subgraph and string-amputate the result. This leaves another connected, string-amputated
four-legged graph. Iterating, we get

Theorem II1.7 Let G be a connected, string-amputated four-legged graph with two of its
external legs designated as incoming and the other two designated as outgoing. Then G
has a unique decomposition

T eoe T
— — — = —{ —

Here, the four legged bozxes are channel 2PI.

The results of this section will be used in §IV to interpret the Goldstone Boson
propagator graphically.
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$IV The Ward Identity

We now use a local gauge transformation to derive a more general Ward identity. Let P
be a general propagator and define the action, Ar(¥, ¥, ®, @, J;r, P) by

Ar(®, ¥, & &, J;7,P) = AT, U, & ®,J;7)— /d‘k . P,
where
AR (U, 8, 8,8, J:r) = (BT + TP~ V(T, &) / de B (€) (DrAJ (£)) ¥ (€)

and

A = Ajol + Ayo?

D = Dio'+ Dyo? + D303

J(&) = Ji(&)o! + J2(&)o? + J3(£)o?

The interaction V(¥, W) is defined in (IL.3).

If P = pp,Ca with cutoff pp (see (IL.9)), then the counterterm D =

D(X\, p, Ay, h) in
AR(@’ @7 @7 é7 J; T’ h) = 'AR(‘P7 ‘j’ @’ 67 J; r? phCA)
is determined by the renormalization condition
(0, k| =kp;r,h, A) =0
The generating functional corresponding to the action Apg is
SR(q), (i,’ J; r, P) — log %/e.AR(‘Il,‘I’,‘P,*P,J;T,P) qu,z(k) d\i’z(k)
ki

There is some redundancy in this generating functional. The expectation value of F (¥, ¥)
is
fF(‘I’ \P) Agr (¥, %, &,& J:r P) H d‘I’Z( )d‘i’z(k)

<F(‘Il ‘I’)> feAR(\II\I“IMbJrP) H ,zd\I’ (k) d‘I’z(k‘)
Differentiating
(2 S S = (V)
and
(@)@ 0 (Wi(k)E, (k) — (T (k) (T, (k)

0®;(k) 0PI (k)
= (P'(k); ¥;(k))
where the truncated expectation value
(F;G) = (FG) — (F)(G)

We have
)
(leL(k)SR = 27‘(‘ d+lz O'H‘ i [ 5%, (k) SR g‘I)j(k:) - (g‘in(k:) SR> (SR —§§J(k)>i|

= —(2m)*! tro* [5¢(k) Sk §5 + (5@(@ SR) (SR g‘1’—(’“))}
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Theorem IV.1 (Ward Identity) Suppose that the interaction
(k1 ko|V|ks, ks) = V(kiks)

on the support of the delta function §(kitka—ks—ks). Let 6(§) be a smooth function on
R . Then

SR((Pa (:_pa Ja T, phCA)
=8g (e—iﬁ(ﬁ)ascb , &)eie(é)os , e—i9(§)03J(£)ei9(§)03 +I(0;R) ; v, pnCa + P(6, h))

where

1(6:h) = (1—7) (]1 - R(20(§)))A
= A1(1—7)(1—cos26(¢), —sin26(£),0) - o
+ Ag(1 —7)(sin26(£),1 — cos26(£),0) - o
P(0;h) = pu(k)(Ca(8) — Ca) + (e_w(&)agph(k)ew(g)03 - Ph(k)) Ca(0)
Ca(f) = o i0(€)? CAei9(5)03
1
iko — 19203 — e (k+ 03V0) 03 — R(20(£))A

when the BCS constraints D1 = Ay, Dy = Ao are satisfied. An operator f(k)g(§) is
multiplication in position space by g(&) followed by multiplication in momentum space by

fk).
cosf —sinf O U1
R@)(v-0)= [ sinf cosf 0O vg | -0
0 0 1 U3

Elementary manipulations yield

Recall that

P0;h) = pr(k)Ca(0) (i%a:‘ + 2 (k- VO+ V0 -k+ (V0)’s®) — (1 - R(20))A) Ca

+ (O m (RO — (1)) C5(0)

Proof: To obtain the Ward identity we make the change of variables

T(E) = 7O (¢)
B(E) = W(e O
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and use . .
—i00 0.06190 _ 0

€ =0

—1 3 i 3 .
e~ 07" 516997 — ¢os 20 o + sin 20 o2

_. 3 y 3 .
e~ 100" 5261007 — _ gin 20 o' + cos 20 o2

A3 .n 3
e b0 0_36190 :0_3

V@, &) = 2 / derdes (F(E)0 T (1)) V (Era) (B(E2)0* W (E))
_ W)

- / dk O (DrA)E), = — / de ' (£)e~ " (DrA) e @)’ §' (¢)

. / de ' (€)(DrA) T/ (€) / de ' (€)(R(20) — 1)(DrA) ¥ (€)

The field (¥, ¥) is a Grassmann-Gaussian process with covariance pp(k)Ca 50
that (¥, ¥') is a Grassmann-Gaussian process with covariance e=#©)° p, (k)Cae?©)”.
Hence

PO,h) = e 9@ o (k)Caei®© — pp(k)Ca
= 7O p, (k)e®O7 CA () — pr(k)Ca
= p(kK)Ca(8) = pr(k)Ca + (79O py(k)e® O — py(k)) Ca(6)
Subtracting
pr(k)Ca(0) — pr(k)Ca
= pr(k)Ca(6) (i%a?’ +e(k+0*Vh)o® —e(k)o® — (1- R(20))A> Ca

or

= pu(k)Ca(0) (i%ﬁ + 5L (k- VO+ V0 -k + (V0)%0?) — (11— R(20))A) Ca

Recall that, for v = y10% + v202 + v302, the notation 4# is defined in (I1.12).

Proposition 1V.2 Suppose that the interaction
(ky, ka|Vks, ks) = V(kiks)
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on the support of the delta function 0(ki+ke—ks—ks). If the BCS constraints are satisfied,
then

2 (B () A*T(E)) — i0o (B(€)o*T(€)) + 2 z 0;{(0;2)(&) (&) — T(£)(9;2)(¢))

— (T B(E)) — i (B0 T(E)) — 2 (V(E)TH(E)W(E)) + U
+ terms independent of J, ®, &

where
U =tr <A#phC’AACA(1 )+ (1 ph)AﬁcAACAph) (€,€)

—itr (UsphCAA(l — pn)Ca(ikoe(k)o®) — o (ikoe(k)o®)(1 — Ph)CAACAPh> (&€

A€ = ((fee4') (A7 Sve) ) + (Foiey 4R foce))

In momentum space

</dk B(k+g)(2rA% — g0 + 2ha® + £ (a, k) ) T (k)
=z</ dk (lil(k+q)a3<1>(k)—ti>(k+q)a3\1’(k)>> —2</ dk dp \il(k+p+q)j(p)#\ll(k)>

+ U + terms independent of J, &, ®

and

Proof: 1If dup() (P, W) is any one parameter family of Grassmann-Gaussian measures,
then

a / (%, %) dpup o (¥, &) = — / dipce) (¥, B) / dedg’ tr LP(E, &) o=
Hence, for even elements F' of the Grassmann algebra,

4 1pg1 / (PO T)= [ a6 TOP ¥ E) [T 1 (k) i (k)
k.i

F(¥,¥)°

de

d

= % 1Og /eF(‘I’7‘I’)dﬂP(6)(‘Ila ‘il)

- _m /d“P(e)eF/dgdgl trE P ¢ ){<6\I’(£)F> (Fg‘l'@)) @ o

_|_ZdZ0

Zo de Z

Now replace 6(&) by €6(£) in the Ward identity, differentiate with respect to e
and then set ¢ to zero. One obtains the derived Ward identity

0=—i([0()T(E)>®(€)]) + i ([0(6)B(€)o°T(€)])
+2<[0(§>@(s>e( )T#(O®(E)]) —2(1 — ) ([0(O) T () AFE(£)])

- /dgdf, tr P& ¢ 89)|€=0{ <(6\I'(£ )Amt) (Aiﬁtg‘l'—(f)» * <6\If(£ )“4115‘1t g‘I'(€)> }

Z d Zo
+ ZO de Z e=0
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We now evaluate the derivatives. Since

AR (2, %, ,8,0;7) = /dn (@) ®(n) + T ()@ (n) -V (T, ¥)- /dn W (n) (DrAT)®(n)

we have

Alﬁt g‘1’(6) - <I>(§) (e, ‘I’) 5T (E) —¥(¢) (DTAJ(@)
g‘i'(é’)Al’r%lt g‘1’(5) 5@(5!) V(Z, ‘I’)w(g) (DrAJ(£))6(€ —¢)

The derivative of the propagator is

%P(g, ¢ 60)|€:0 = —ipp03Ca + ippnCablo® — i0a3pr,Ca + iprfoiCa

= —i0(&)0*(prCa) (€ — &) +i(pnCa)(€ — €)a°0(¢)

Recall that 6(¢) is a multiplication operator in position space while pp (k) and Ca (k) are
multiplication operators in momentum space.

Let

A€ = ((fe48) (4w )) + (o 48 boce))

R 5%(¢)

Then

—tr [dgdg’ (= 0(€)5%(prCa) € ~ €) + i(mCa) (€ - €)0%0(€)) A, €)
— i [ a0 [ de’ tr (*(mCa)(E ~ €) A €) ~ AE€) (mC)E - €)0°)

Since the derived Ward identity is valid for all smooth functions 6(£) we have

0=—i(B(E) () +i (BE) V() +2(T(E)T#()T(E)) — 21 — ) (T()AFE(E))

+i [ de’ o (%(nCa) €~ €) A1) ~ AE.E) (phCa)(€ ~ )
+R

=—i(B(&) ®(€)) + i (B(E)o T (€)) + 2(T(E)T*()T(E)) — 2(1 — ) (T(E)A*E(€))

Fitr (03(phCAA) (€,6) — (AprCa)(E, 5)0—3)
+R

where R is a remainder that is independent of J, ® and ®
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To identify the cancellation between 2 (¥(£)A#®(€)) and the terms containing
A, we use the integration by parts formulae

[ O U ) dup(w, %) = [ dup(w,9) [ & PE&) 25U, D)
/(@@)@(&)dmw\m [ dur(w. @) [ de (V02,955 )(»:5)

with P = p,Ca and the notation N = [ e4%" dup. For any two by two matrix M
w

N(B(&)ME(E)) = / B (&) ME (&) dpp = — / o MW (&) T () R dup

—— [dup [ deedt (et ) d

= —tr P(&,6)MN — /dp,p/dn tr M W (&2) (e““iﬁt 2\1,(,7)) P(n, &)

(777 51)

= —tr P(g2,§1)MN—/dMP /dndn’ trMP(fg,n’)g@(n,)eAi’gt Seey P (0, €1)
= —tr P(&z,El)MN—N/dndn' tr MP(&2,m")A(n',n)P(n, &1)

or, dividing by N/,

(B(E)ME (&) = —tr P(€2, &) M — /dﬁdﬂ tr M(pnCa) (&2 — 1" ) A, 1) (pnCa)(n — &1)
= —tr M(pnCa) (€2 — &1) — tr M(pnCaApnCa) (&2, &)

In particular
(B(E)A*E()) = —tr A% (pCa) (€ = 0) — tr A* (phCadpnCa)(§; €)

Substituting, the derived Ward identity becomes
2r (B(O)A*E(E))
=i (T ()*®(¢)) — i (B(§)oT(&)) — 2(T(E)T#()T()) + 2(T(HATE(E))
—i tr (0*(pnCaA)(€,€) - (ApnCa) (€ €)0°) — R
=i (B(£)o*®(8)) — i ((£)0(€)) — 2 (T (&) T# ()W (¢))
—i tr (0% (pnCaA)(€,€) — (ApnCa) (€ €)0° = 2 A*(pnCaApnCa) (€, €))
_ R’

where now 2tr (phCA)(gzo)A# appears in the J, ®, ®-independent remainder R’.
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Multiplying and dividing by Ca
—7 tr (O'SphCAA — AppCac® — 2i A#phCAAphC’A)
- —itr (a3phCAAC’A (ikoe(k)o®A) — (ikoe(k)o® A)CaACA pro®
-2 A#phCAACAph>
= —itr (03phCAACA (ikoe(k)o®) — (ikoe(k)03)CAACAph03>
+ otr ((2A03 — 303 A — 2A#) p,CAACA ph)
(-
(

¥ otr (A#phCAACA(l o)+ (1 ph)AﬁcAAcAph)

—itr( — Ac®p,CaACA(1 — pp) + (1 — Ph)UBACAACAPh>

= — g tr

73 pnCaACA (ikoe(k)o®) — (ikoe(k)o?’)CAACApha?’)

Ph)
= —iqtr (0’ prCAApLCa (ikoe(k)o®) — 03(ikoe(k)a3)phC’AAC’Aph>
+ tr (A#phCAACA(l —pn)+ (1 - ph)A”CAACAph)

—itr (osphCAA(l — pn)Ca(ikoe(X)o®) — o3 (ikoe(k)o®) (1 — ph)CAACAph>
Hence
2r (T ()ATE(€))
=i (U(6)0’®(€)) — i (B(E)a>T(€)) — 2 (T(E)T#(£)¥(¢))
—itr (03l)hCAA,0hCA (ikoe(k)a®) — Ug(ikoe(k)‘f?’)PhCAAPhCA) (&,€)
-R +U
where the remainder

U =tr (A#phC'AACA(l —pn)+(1— Ph)AﬁCAACAPh> (&6)

—itr (nghCAA(l — pn)Ca(ikoe(k)o®) — o (ikoe(k)o®) (1 — Ph)CAACAPh> (&)
can be expected to disappear when all cutoffs are removed.

If I(&,n) is the kernel of an integral operator, then the kernel of the commutator

19)
(ikol — Tiko) (&, ) = — (g? T %) I¢.m)

since

(koI f)(€) = — / dn g—&)f(g,n)f(m
(Tikof)(€) = - / dn I, n)g—mf(n)

~ [an (Go1e) s
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So, by the chain rule

(ikol — Iiko) (€, €) = —Z?I(s £)

Consequently,
—i tr (agphC’AAphCA (ikoe(k)o®) — 03(ikoe(k)03)phCAAphCA) (&,€)

0 .
= —iggtr (02 hCaApnCa) (€,€) + shtr (pnCaApnCak? — K2 prCaApnCa ) (£,€)

B 4
= —iggtr (a phCAAphCA)( )t g Xt (phcAAphcAk§ _ kjphCAAphCAkj>(£,£)
J=

/N

o d
+ 30 2 1 (kipnCaAprCaky — k?PhCAAPhCA) (& ¢)

7j=1

. ; 49
= —iotr (0*mCadpnCa)(6:€) = 25 30 5 tr (PCaApmCalk;) (€, €)

i=1 0&;
tr (I;0nCa ApnCa ) (€, €)
Extracting another derivative
—1 tr <U3PhCAAPhCA (ikoe(k)o®) — 03(ik06(k)03)PhCAAPhCA) (€ ¢)

0 d 0
= —j—r1tr (0 phC’AAphCA> (I 2_: [ (phCAAPhCA) (fﬂl)‘nzg]

9o
— 5= i:l g—ﬁj [ Zg—gjtr (phCAAPhCA)(Ean)‘,’:g]
— i0n (B (9) — 5 3 03 (O DOBO) + 55 3. 0, (FOO,2)(©)

+ terms independent of &, ®
Recall that

I\ oA (Y, ¥ ,2,&,7;r,P) R T .
<F(\Il,\il)>: [ F(®,¥)e fj - Hk,z.d\Il (?) dw; (k) .
[ eAn(.%.% 2.7 P) T, 4 () d%; (k)

depends on the external fields J, ® and ®.
Finally, the derived Ward identity becomes

d

2r (B(E)AFB(Q)) — i0 (B0 (O) + 51z 3. (VOO - FOOV)(E))
= i(B()0°B(0)) — i (B B(6)) — 2(V(E)T#(E)T(©)) — '+ U
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as claimed.

Now apply [d&e=*<%¢>- to both sides of the derived Ward identity.
27-</ dk \fl(k+q)A#‘Il(k)> —q0</ dk ‘il(k+q)a3\Il(k)>
d _ _
dat 0y [ R0y + bR+ R(R) + BT ()R (R)
1=1
- z</ dk \Tl(k+q)o3<1>(k)> . 1,</ dk <i>(k+q)o3\11(k)>

- 2</ dk dp ‘il(k+p+q)j(p)#‘ll(k)> —R'+T

</d‘ \il(k+q)<2rA#—qoa + i %(q,k))\ll(k)>
</ B (k+q)o>® (k) — <i>(k+q)03\p(k))> —2</ dk dp \il(k+p+q)j(p)#\11(k)>
~R'+U
|
Let

JF (@, ®)eA(ET0000P) TT - dWi (k) dW®; (k)

(F(,%)),= [ eAR(®,%,0,0,0m.P) ], . dWi(k) d¥; (k)

denote the expectation with the external fields ®,® and J set to zero. Recall that the
two point function is

(k) 2;(0) ) = (2m)"F10(k = p)S()

Proposition IV.3 Suppose that the interaction
(k1, ko|Vks, ks) = V(kiks)

on the support of the delta function O(ki+ke—ks—ks). If the BCS constraints are satisfied,
then

(@)% (t+q+p) / dk w<k+q>(zm#—qoa T T L LI0)

= i(SW0* = *S(t+ ) @ 5(p) + 2 Uiz (0)

0
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Proof: Recall that the expectation depends on the external fields. Differentiating on the
left with respect to ®(p;) and on the right with respect to ®(p) and setting ® = ® =0
yields

(P02 ; [ db B(hrq) (2% = 00® + o + 5 (010 ) ¥(0))

= () ¥pata)o —o \P(pl—q>‘P<P2>> + w0 st (O

= Z(S(p]_)o"?’ — 0'3S(p2)> (27r)d+16(p1PQQ) + 5@( )ﬁi{)(—pﬂ(o)

0

Finally make the change of variables
p1=1
p2=t+q+p

Introduce the notation

@AM@)zjﬁgaﬂﬁb—@@wM@w@)

_ / dk dp T (k-+p+q)A(p) (k)

for a general quadratic polynomial in the Grassmann algebra. When A(£) is a constant in
position space, its Fourier transform has a delta function forcing p = 0 and Q simplifies to

Qq(A):/ dk @ (k-+q) AT (k)

Define
(Qp (A5 D, (A); Qg (AF); -5 Qg (AF))
d+1)(m4+n) s . é 5 )
(27T)( Jmn) 5i(p1)  0j(pn) 657 (q1) 5j#(qm)8 (0,0, JA+j#A#’T phCA)| j=3%*=0

Proposition 1V.4 Suppose that the interaction
(k1,ko|Vl|ks, ks) = V(k1ks)

on the support of the delta function 0(ki+ko—ks—ks). If the BCS constraints are satisfied,
then

(Qq (QTA#—%U + o d + o (A K)) 5 Qpy (A); 75 Qp, (A); Qg (A%);- 45 Q,, (),

=2 Z <Qq+pz )i Qpi (A); -5 Qi (B); -5 Qg (A#)>

+2Z<Qq+qzm Qp, ()i 5 Qu(AF )53 0y, (M%),

(d+1)(m+n) ) .9 ) ...0 I
+ (27r) 55(p1)  05(pn) 857 (qr) 357 (gm) U|J =j#=0
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Proof: Upon evaluation at ® = ® = 0 and J = jA + j#¥A# the Ward identity of
Proposition IV.2 becomes

(Qq (27‘A# —qo0® + 5;5q9° + L (q,k))) = -2 <Qq(jA# - j#A)> + U+ terms indep of J

Now apply (2m) @D s S @ 577y 2nd set j = j% = 0 to give

<Qq(2m#—qoa+ seq? + L, k) 5 Qp, (A);- 5 Qp, (A); Qg (AF); -3 Qg (AF))
=—2Z<Qq+pz ); Qp (A); -3 Qi (A); -+ Qg (AF))

£23(Qra () Q (A 0 (AF)s -5 0y, (),

=1

(d+1)(m+n) § ) [ .. 0 T
+ (2m) 5i(p1)  8i(pn) 657 (q1) 057 (dm) U|j=j#=0

since, for example,

(2m) " 5 QAT — j#A) = (2m) 1 s /d’k dp ¥ (k+p+q)(i(p) A% — j#(p)A) T (k)
:/dk U(k+p1+q) AT W (k)

= Q(H-pl (A#)

Corollary IV.5 Under the hypotheses of Proposition IV.4
r(Qo(A%); Qp, (A);- -3 Dp, (A); Qg (AF); -+ -5 Qq,,, (AF)),
=- Z<Qpl (A%); Qpy (A);+ -5 Q (A); 43 Q,, (AF))

+Z<qu ); Oy (A); -3 Qg (A#); -+ Qg (AF))

1 (d-l-l)(m-l-’n) ) .9 J .. 9 r7
+ 2(2”) o0 e 7@ 7@ Y = o

In particular, when all the external momenta are zero
r{(Qo(8):)" (Qo(A%):)™ ) = —n ((Qo(A):)"* (Qu(a#);)"™ )
+m ((Qo(A):)" (Qo(a#))" )

1(27r)(d+1)(m+n) <5J(0)>n (gj#(o))mmj —i#*—0

38




§V Power Counting and the Goldstone Boson Propagator

In this section we write the model (I.1) in terms of an intermediate boson field and examine
its power counting. Superficially, the power counting is nonrenormalizable. However,
Corollary IV.5 is applied to show that this is not the case. We also use the results of §III
to define the Goldstone Boson propagator in perturbation theory.

We split the interaction (II.3) into an “effective interaction” and an “irrel-
evant” remainder. In [2, 6] it is shown that the dominant part of the interaction
<t+%,—t+%‘V|s+%,—s+%> is that with t ~ t/, s ~ s’ and ¢ ~ 0. Recall that
t" = (0,kpt/|t]) is the projection of ¢ on the Fermi surface. So, consider the reduced
interaction

%/ ds dt dg P+2) Ps+2) (', —t'|V]s', —5") h(—t+2) P(-s+2)

In this paper we have assumed that the number symmetry is broken in the zero angular
momentum sector. In other words, the zero angular momentum coupling constant g
of the decomposition A (', —t'|V|s',—s') = > S, Anmn(t’,s’) into spherical harmonics
obeys A\g < 0, |Xo| > |Aj| for all j > 0. We remark that in [6] the coupling constants
Aj were defined by A (t', —t'|V]s',—s') = =3 <o Anmn(t’,s’) making attractive coupling
constants positive. B

Setting A9 = —2¢?, we consider the effective interaction

Vet = —2g° / ds dt dq P1(t+2) ) (—t+2) ) (—s+2) Pr(s+2)

= —292/ dp dq (/ dtf/)¢(t+%)¢¢(—t+%)) B(p,—q) (/ d‘3¢¢(—s+%)¢T(s+%)>

with B(p,q) = @0+ 8(p+q). If (v1,72) is a €® valued Gaussian variable with the
real, even covariance

(vi(p)vi(q)) = 6 B(p,q)
then

o= Vet — / exp (g / dg W(s)v@)‘I’(g)) dp()
where v = o'yl + o272

Performing the fermionic integration

/ eVl dpu(w, &) = / / exp (g / d¢ ‘I'<£)7<£)‘I'(£)> dp(ndp(®, @)

— [ det (1-g 07)ducr

we obtain (the exponential of) an effective interaction for the intermediate boson field ~.
Here, «y is a multiplication operator in position space acting on C2-valued functions on
R4 and C is the multiplication operator in momentum space given by
ipo + e(p)o’
Clp) = (D)5 —
pg +e(p)
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where p(p) is the characteristic function of the set { p € R4F! ‘ pi+e(p)? <1 }. Thus
p(p) imposes an ultraviolet, but no infrared, cutoff on the Fermions.

Formally,

det(1 - g Cy) dp(y) = e 3 ([ & tomdertd—gom) 11 gy
§€]Rd+1

The mean field effective potential per unit volume is obtained by evaluating the exponent
in the line above at a field v that is constant in position space and normalizing by the
volume. The result £(|y|) is given by [2, §V]

E(r) = 147 - / p log (1+ g% 200 12)

where r = /72+42. The graph of the effective potential is a Bordeaux wine bottle or

s
mg?

Mexican hat whose absolute minimum is at g|y|. =~ exp {— } and has depth approx-

imately 4—(9\7\*)2 and curvature at the minimum approximately —g? . The depth of
7 i
the full, unnormalized, effective potential is enormous due to the volume of space-time.

Symmetry breaking forces the value of v to be concentrated near some point on
the circle |y| = |v|«. The phase is determined by a boundary condition. We may suppose
that + is concentrated near A/g. Then it is natural to shift v by A/g and define the radial
and tangential components

v = ﬁtr (YA)A + ﬁtr (')/A#)A#
= A/g + 7radA/|A| + 'YtanA#/|A‘

where |A| = VA2, While 7,9 and 4an are globally defined they can only be interpreted
as radial and tangential components in a small neighbourhood of v = A/g. In the new
variables the measure

e~Vert dycw @) = / 9 [ETONOTO g, 1 g
— const /egfd£ Ty Wt [ de BAY A9 [ A gy g w)

— const /egfdg Te® —IAl/g [ dtas gy )

where v, = YradA/|A|+71an A% /| Al is the shifted field and dua is the Grassmann-Gaussian
measure with covariance

_ p(k)
Ca = iko — e(k)o3 — Ap(k)

Expanding the integral
/egfd6 \T'%\I'd,uA(ql,\i:) = det(1 — gCa~s)
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in powers of g generates vertices

| |
2-loop 3-loop 4-loop

The 1-loop cancels |A|/g [ d€ Yraq. Absorbing the second order Taylor expansion of the
2-loop around momentum g = 0 in the ultralocal meaure du(y,) yields a Gaussian measure
whose covariances for Ypaq and Yan are const g~2 and const A2 g_2(const qg + q2)_1.

We now determine the deep infrared power counting of a connected vacuum graph
G whose v*" generalized vertex is an n,-loop with n,, > 3. The restriction n, > 3 is justified
because the most singular part of the 2-loop has been absorbed in the bosonic measure.
The weight of a generalized n,-loop vertex, arising from its fermion lines, is g™v|A|>~™
since the supremum of each of the n, propagators Ca is 1/|A| and the single momentum
loop integral yields A2. Recall that, in the deep infrared regime the momentum k in the
loop satisfies |kol, |[k| — kr| = O(|A]).

To complete the power counting, we introduce a bosonic scale j by multiplying
the above propagators by x(M? < |q| < M’*1). The following table gives the supremum
and the volume of support in momentum space, up to irrelevant constants, of the radial
and tangential bosonic propagators.

supremuin in volume
field momentum space of support
,yzad g—z | M(d-i—l)g.
Vo g M M@+

The graph G has ), n,/2 boson lines and 1+), (n,/2—1) independent bosonic
momentum loops. If all the boson lines are ~,,4 lines, the power counting for G is

M(d+1)j Hgnv ‘A‘2—nv (g—Q)nu/QM(d+1)j(n,,/2—1) < M(d+1)j (M(d+1)j/2/|A‘)Eu(nv—2)

For d > 2,
M2 Al < M372)|A| < MI/?

since, in the deep infrared regime M7 < |A|. In this case we have positive power counting
for all generalized vertices.

On the other hand, if all the boson lines are 7.,y lines, the power counting for GG
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is
M (d+1)s g™ |A|2—nv (g—2A2M—2j)’nv/QM(d+1)j(nv/2—1)

= MO A2 N3 ([d—1)jny—(d+1)j

In each factor v, the coefficient of j in the exponent is 1(d — 1)n, — d — 1. When d = 3,

resp. d = 2, this gives positive power counting for n, > 4, resp. n, > 6.

To relate the power counting for small n, to Corollary IV.5 we prove

Proposition V.1 Let n > 3. Then

)57 02)s - 170, ) = () (@ (A5 Qa8 -+ 5@ (20,

where the inder w € {rad, tan} and A™d = A, At = A#_ The expectation on the left
hand side is integration against

%e—vi”egfdﬁ ‘i’%‘l’e_m'/gfdg%addu(fys)duA(‘I’,‘i’)

where Vi 18 the irrelevant part of the interaction. When n = 2

(s (01): Ve (p2)) = (27) ™60, 0,801 + p2) + ({T‘) (Q 5, (A1);Q 5, (A1),

Proof: We apply the integration by parts formula

[ aeudut) = ntt [ 4 At dutr,

to obtain

/%@)A(%)e—vmegfdﬁ %swe—mvgfdﬁvraddu(%)d%(q@)

= @m™ / Sty (rs)eVirre? J 4 ®r® —IAlg [ deveaa g v

AT / O_p(A“) A(y,)eVired | 4 ¥r® =181/g [ dermaa gy (3
g

_ (2“)d+1|A|5(p) /A(,Ys)e—virregfdﬁ ‘TI’YS‘Ile_|A|/gfdg')’raddu(’ys)duA(‘I”\i,)

Thus

(Y (@) A(Y5)) = <(27T)d+1§%(‘;p) (%)> + 1% (Qp(A%) A(y,)) — 21 (2m)+ 16 (p) (A(s))
(V.1)
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Applying (V.1) with A =1 yields
(@) = %1(Q-p(A%) — El2m)*+15(p) (V.2)
Applying (V.1) with A = ~,,,(p2) together with (V.2) yields

(Yo (P1); Vo2 (P2)) = (Yo (P1) V02 (P2)) — (Y (1)) (Ve (P2))
= @m0 wa0 (01 + P2) + 15 (s (92) (@ (A7) = (@, (A1) ) )

= (27T)d+16w1 ,w25(p1 +p2) + éﬁ <Q—P1 (Awl) —P2 (sz»
(V.3)
upon applying (V.1) with Q_,, (A“") — (Q_,, (A*?)) in the last line.

The relationship between the ordinary and connected n point functions is given

<H'Yw3pj> ZH< 'ngpg )>
MeP, rell \JET

where P is the set of all partitions of {1,2,---,n}. Substituting the Ansatz

Yo (1)) = 11 (Qop (A1) — 2L (2m) 5 (1)

by

s (91); Y (P2)) = 1 (Qmpy (A1) @, (A“)) +(21) 16, 0,891 +p2)
Ve (P1); Yo (P2); + =+ 3V () = &7 (Qopy (A%1); @y (A™2); -+ 5Qp, (A®7))

into the right hand side gives precisely the same result as repeated application of (V.1) to
the left hand side. [

We now return to power counting. By Corollary IV.5 with » = 0 and Proposition
V.1

n <(’Yrad(0); )" ™! (Yan(0); )m+1> =m <(%ad(0); )" (Yian (0); )m_1> + error terms

When cutoffs are removed the error terms disappear. Thus, it suffices to consider general-
ized vertices having at least two ~;,q half-legs.

Once again, consider a connected vacuum graph G whose v'® generalized vertex
is an n,-loop with n, > 3. If all the boson legs, save two per generalized vertex, are yan
legs, the power counting for G is

M(d+1)j H g™ |A|2—nvg—2 (g—2A2M—2j) (ny —2)/2M(d+1)j(nv/2—1)
v
= M@+DI[] M@= Dine—(d=1)j

—  MUHDI T M- Dine/2-1)
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This gives positive power counting for all n, > 3, d > 2. Consequently, the symmetry
broken model is superrenormalizable and our perturbative analysis is finished.

Finally, we consider the two point expectation
2 /
()it @) = @R 0uwdp+a) + () (2-0(8%)5Q-4(A)),
2 _ — ’
= 2m)* 6w+ q) + (ﬂﬁ) / ds dt <\I’(t—p)Aw\I’(t); U (s—q) A \Il(s)>0

We refer to it as the ‘Goldstone Boson propagator’ even though it contains both radial
and tangential components of the intermediate boson field. By Theorem IIL.7

) ) , P T eee VK
/dsdt<\Il(t—p)A‘”‘I’(t);‘I'(s—q)A“’ ‘I’(S)> :HAQ j;} o
0 't\ Fe[ fe eoe [ e A
(V.4)

in which the four-legged box is the sum of all channel 2PI graphs and the two-legged box
is the full two point function. Thus the ladder amputation, defined following Corollary
I11.6, amputates Goldstone Boson propagators.

§VI The Simple Ladder

We now analyze the simple ladder

e q/2

B oY

t> G (VL1)

y 0

+q/2

Note that this Feynman diagram is drawn in terms of Nambu fields. Despite the fact that
the arrows on the two sides of the ladder are pointing in opposite directions, the important
components of this diagram concern the scattering, in physical fields, of Cooper pairs. If
its external lines are not amputated, the ladder is a contribution to the four point function

<\Ilt+%,ﬁ\ilt_%ﬂ\flﬁ%’a\lls_%’». The a = 1 component of the \iler%,a combined with the
0 = 2 component of the W, g5 gives a Cooper pair ¢S+%T¢_s+%¢ of total momentum g
and relative momentum s.

We wish to retain, in the evaluation of (VI.1), only the most important part of
the interaction. To get some idea as to what the most important part of the interaction
is, consider the second order ladder
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+q/2

with propagator C(k) = p(k)[iko—e(k)a3]~L. Here p(k) just provides an ultraviolet cutoff.
In this section, unlike the rest of the paper we use an ultraviolet cutoff that ignores k,
excluding momenta k with large spatial components k. The value of this diagram, after
amputation of the external lines, is

- )\2/ dk<t+%,k—%‘V‘k+%,t—%><k+%,s—%‘V|s+%,k—%>(0’30(k+%)0'3)g7a(0'30(k—%)0'3)fy75
=N / ak( g+t 3-1]v|gerg-n) (34034 §40.3-0) (0°C e+ 1)0°)5.a(0°Cle-1)0°)}
assuming V obeys the symmetry
(k1,k2|V k3, k) = (k1, —k4|V|k3, —k2) .

Consider the matrix element a=(F=1,y=0=2. Then the propagators

\ 5 B pk+q/2)
(°Ck +4/2)0")p.0 = 20 D = ek + 0/2)

. o p(k —q/2)
(0°C(k —q/2)0°)5 s = i(ko — qo/2) + e(k —q/2)

To maximize the value of the integral we need both propagators to spend as much time
simultaneously near their singularities as possible. But for kg + ¢o/2 and ko — go/2 to be
simultaneously zero it is neccessary that go = 0 and ko = 0. For e(k+q/2) and e(k —q/2)
to be simultaneously zero k must be on the sphere of radius kr centered at —q/2 and on
the sphere of radius kr centered at q/2. The set of such k’s is much larger when q = 0
than otherwise. The value of the matrix element is maximized when ¢ = 0 (in fact it
diverges if and only if ¢ = 0) and then the dominant contributions to the integral come
from kg near zero and k near the Fermi surface.

The argument of the last paragraph can be made with greater precision and
generality (see [6]). The conclusion is that the most important part of the interaction is
(k',—k'|V|s', —s') with the prime signifying that

k
K =0,k
(0’ ] F)
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View (t/,—t'|V|s’, —s') as the kernel of an integral operator on L%(kpS9=1). By
rotation invariance we can expand it

At =V, =s') =) Anma(t', ')

n>0

in spherical harmonics. So, m,(t',s’) is the orthogonal projector onto the subspace of
L2(krpS31) of angular momentum n, that is, of homogeneous harmonic polynomials of
degree n. We shall now restrict our attention to the case in which the coupling constant
in the zero angular momentum sector, \g, is attractive, that is negative, and dominates
the other coupling constants.

So take an interaction A (k1,ks|V|ks, kq) = XA with A < 0. This interaction lives
purely in the angular momentum zero sector and is attractive. Then the value of a ladder
(after amputation of its external lines) with n loops is

An(t,s,9) = —A\(q)"0° ® o° (VI.2a)

where
AW)=—A/dkPﬁC%+%ﬂ®PﬁC%_%H
(VI.2b)
.Y / dk [6°C(k+q)] ® [0°C (k)]

Think of ¢ as a fixed parameter and A(g) as a matrix mapping C* ® C? to itself. So, A,
is independent of s and ¢ but has two sets of double indices A,(t, 5, 9)(8,4)(a,s) With & and
0 being the spinor indices of the upper and lower, respectively, external legs on the right
hand side of the ladder and 8 and < being the spinor indices of the external legs on the
left hand side of the ladder. The n*® power above refers to the n'® power of the matrix

A(q)-

Let us first evaluate this ladder is using the propagator

¢ 1
C(k) =C(k)" = P(k)m
. ko + ie(k) 0 !
_ﬂ“m[ 0 %—Mm}’

appropriate for perturbations about the A = 0 trivial fixed point. Since

(=A)(=i)(—1) dko 1 L Asgn(Re a) {1 Rea and Reb of opposite sign
2 ko —ia ko —ib a—b 0 Rea and Reb of same sign

we find that two of A(g)’s two eigenvectors, namely e; ® e; and ez ® eq, have eigenvalue

_A/ i p(k + q)p(k)
e(k+D)e(k-2)>0  Figo + e(k +q) + e(k)

sgne(k)
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Set ¢ = 0 and make the change of variables from k to kg, k’,n where

k
K =kp—

K (VI.3a)
n=e(k) .

Here, k’, the projection of k onto the Fermi surface, runs over the sphere krS%~! and
plays the réle of all the angular variables in spherical coordinates. The role of the radial
variable is taken by 7. Note that, for k near the Fermi surface n = 5= (|k|+kr)(|k| —kr) =
const (|k| — kr). The measure

k d—1
dk = (%) dk'd|K|
F

m (k%"
:_<_> dk’dn (VL.3b)
kr

m om \ ¥/21
where the surface measure dk’ on kzS% 1 is normalized so that f 1 dk’ is the surface area

of kpSd—1.

Then, the eigenvalue is

—)\L/dk’d 42 e (k)2
(2m)%r (A T

>W—ﬁ—@—@amq/ A p(k)?--

= +00 .

So Y, Ay, is a geometric series with, in this case, a ratio matrix A(¢) that has an eigenvalue
much larger than plus one for all small q. The series diverges. The analogous calculation for
the renormalization group flow shows that the Gaussian fixed point at A = 0 is unstable.

Next consider the ladder using the propagator

C(k) = C(k)" = p(k) - 6(11)03 —A
. Zko —+ 6(k)0'3 + A
= EwE

appropriate for the symmetry broken model. Here F(k) = y/e(k)? + A2. One rung of the
ladder now takes the value

M) = =7 [k p(0p(ic+a) [o3i(k°+q°) Telktq)o® + A] [ giko + e(K)o® + A

(ko + q0)% + E(k + q)2 kg + E(k)?
(VL.4)
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Define

p(k)?
'yz—)\/dk 2E(K)

We now prove that

Lemma VI.1 a) The matriz norm of A(q) is bounded by

p(k)?
NI <IN [ B e

b) For all sufficiently small q

2

% 2 ql?
A <7~ cold 2 — 2oy x4

for some nonzero constants.

c¢) For concreteness, take A = Ayo'.The vector [0,1,—1,0]" is an eigenvector of A(0) of
eigenvalue y. All other eigenvalues of A(0) are of magnitudes strictly smaller than ~.

Remark. The vector [0,1,—1,0]* = [0,1,0,0]*+[0,0, -1, 0]*. In the notation of (VI.1) the
first term has o = 1, 0 = 2 while the second term has o« = 2, 6 = 1. Thus the dominant
eigenvector corresponds to a Cooper pair of momentum zero.

Proof of a): Because we have chosen an ultraviolet cutoff that doesn’t involve ko, the
ko integral can be done explicitly by contour integration. There are two poles in the upper
half plane, with kg = —qo + iE(k + q) and ko = +iE (k) respectively, so that

/dko [ggi(ko-i-(ﬂ)) +e(k+q)o® + A] [a3ik0 + e(k)o® + A]
2 (ko + q0)* + E(k + q)? k2 + E(k)?

_ [03 ~E(k+q) + e(k+q)o’ + A} [03 —igo — E(kc+q) + e(l)o® + A]
2E(k + q) (=qo +iE(k +q))? + E(k)?
N [ 3190 — E(k) + e(k+q)o> + A} [03 —E(k) +e(k)o® + A]
(90 +iE(k))? + E(k+q)?

1 3 5[ (E+ Ey) eqg 3, A e 53 A

= Al VAN DU - | -q = e =

(E+Eq)2+q(2)0 ®0{ 5 ® U+ Eqa -I-Eq ® 5’ -l-E
.qo e 3. A eqg 5. A

+ 1= []l@ (—O’ +—) — (—a —I——> ®]l] }

2 E°TE E,” T E,
1 (E+ Eq) 3 3 €q AP e Ab
- - B el 1+t
(E+Eq)2+q§{ 5 [ 0" Ro” + Eq -I—qu ® E +ZE

0 (oo (Eg4 B (ayy A g8
+z2[a ®<E]1+ZE) (E]l-l—zE QR0
v
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where we use E, e, F, and eq as short forms for E(k),e(k), E(k+ q) and e(k + q) respec-
tively.

The four 4 x 4 matrices

e A e A A e A
11 L34 = —o3 4+ = 1 Zq .3, = 1
o1 (o g)e(zors) 10(3°+3) (Rr+m)e

are mutually commuting and self-adjoint. Furthermore, since %03 + % is traceless with

determinant — A% = —1, the eigenvalues of the matrix inside the brackets { } of the

second last line of (VI.5) are, for each k, q,
0 0 —(E+E)—igp - (E+E,)+iq

Consequently, the norm of the matrix inside the brackets {  } is at most |E + E, + igo

and p(k)p( )
k)p(k+q
Al < A dk
A ()] < | |/ 1B (k) +E(k+q)+zq<)\
<LM/‘k zp(k)” + 5p(kt+a)”
1E(k) +E(k+q)+qu\

oK)’
"\‘/dk )+ E(k+ Q)+ ido]

where we have used the change of variables k -+ —k — q in the second half of the integral.

Proof of b): We Taylor expand

k 2
1 / ik pk)
E(k + q) +iqo]
to second order in ¢q. Since
0 -1/2
— [(E(k) +E(k+q))2+q§] == %
9qo

[(B) + Bk + a)” + q%]w

we have that

and



Before moving on to the spatial directions we show that 62—L( 0) is O(2). Suppose

that the ultraviolet cutoff restricts k to {k ‘ le(k)| < 1} and make the change of variables
(VL.3), followed by n = |A|¢ where |A| = /A + AZ:

d/2—1
p m , 2m 1
A dk = |\ dk'dn | 1 4+ —
| '/ A )ik /|n|§1 "( " k%"’) 8P + A2

/21
Al m / , ( 2m|A| )d 1
=A™ dx'de (1 + -
A? (2m)%kF Jici<1/1a] ‘ k% ¢ 8(¢2 +1)3/2

Al m d—1 / ( 2m|A| )d/2_1 1
= ————Vol(kpS d¢ {1+ _
A2 (27T)dkF © ( F ) ICI<1/|A| C k%w C S(CZ -+ 1)3/2

As |A| — 0, the main contribution to the integral is

1 o0 1
lim i :/ )
1A1=50 Jici<ayia) 8(C2+1)32 U 8(¢% + 1)3/2

> =

The rest of the integral is bounded by

d/2—1
/ ¢ (1 T Qmwg) —1
cI<1/1A

K
by the mean value theorem. Hence it is down by a factor of O(|A]).

;<const/ dC2m‘A| ¢
@+ =y TR s

For spatial directions ¢ = 1,2,3 the first derivative, with ¢5 = 0,

0 1 _ 1 e(k +q) ki +q;

0g; E(k)+E(k+q)  (E(k)+E(k+q)’ Ek+q m

leads, to the second derivative

0? 1

‘ . 6(1{) 1 6(k)2 — A? kz kj
6qi8qj E(k) + E(k—|— q) q=20 N

D PP A Bt el
I4E&Pm T 4E(K)® mm

so that
9 L
= [N&i; [ dk p(k)? 4 —
S0 = Wi [ ik o007

e(k) e(k)? — A? k?
4mkE (k)3 4E(k)5 m?
Again make the change of variables (VI.3) followed by the scaling n = |A[(. For |A|

small, and it is very small indeed, the dominant contribution to the integral comes from
e(k) ~ 0. As in the calculation above, we can replace the Jacobean from the change of

a0



variables and k? by positive constants without affecting the leading contribution. Then
the integral becomes

— A2
‘A|5Z’7j dn { —ca il 372 +c1 il 573
In|<1 (n? + A2) (n? + A2)
Ca ¢ 1 (?-1
S I [ S =
Ao cl<1/1A] { Al 2 +1)%? A2y 1)5/2}

¢ a ¢ -1
~ A9 dC{ \A|W+FW}

for |A| sufficiently small.

Proof of c¢): Using the notation

al,lB a,]_72B
we have
—1 0 0 0
s 3 |0 1.0 0
TOT=1 g g1 o0
0 0 0 -1
_ eeq e—;eq Al e—;eq Al A%
e+e 2 e+e
€q Al e Al 1 AW eeq A7 5t A1
—1 e s —1 - ] = ete
<Eq —HE‘q)@ <E Ty EE, | -, —A? eeq e p,
| A2 —EN, A ee,
-0 A, —A; 0
L Af 1]-Ay 2 0 A
s Eq A _ (g8 1 1 2 1
U®<E]I+ZE> (E]HZE)@U E| A 0 =2 -A;
L0 —-A;, A, 0

The expressions eq, £ — ¢,e and E appear in different places here than in (VL.5). That’s
permissable because we can make judicious use of the change of variables k - —k — q to
symmetrize the integrand. In the basis

e = €y =

1
0 o —
0 3=

==
o= = o
—_

-1

o1



the matrices become

—1 0 0 0
s 5 |0 -1 0 0
e R
L 0 0 0 1
ree,+A? 0 0 0
eq AF e AP 1 0 eeq—A (eteq)Aq 0
1 - s 1 - 1 = q 1 q
(Eq +2Eq>® (E +2E> EE, 0 —(eteg)Ar  eeg—A? 0
L 0 0 0 eeq+ AT
[0 0 0 O
! Al 2
s (€eq A (e  AF 3200 0 0 A
O'®<E]1+2E> (E]I+ZE>®0 Zlo o o0 e
| 0 —Al e 0

Still in basis e;, 1 <1 < 4, but specializing to ¢ = 0 we have

0 0
—A%/E? eA,/E?
—eA/E?*  €*/E?

0 0

A(0) = —,\/ dk p(k)2F1(k)

SO OO
_— o O O

so that e; is an eigenvector of eigenvalue 0 and e4 is an eigenvector of eigenvalue ~.
The matrix

_ [ -Al/E®)?  elp)A/E(p)?
Alp) = [—e(p)Al/E(p)2 e(p)?/E(p)? }

- 5 L [ @)

has eigenvalues 0 and (e? — A?)/E? with corresponding eigenvectors [e, A1]* and [Aq, e[t
Because

AT(p)A(k) — e(p)e(k) + A% [_Al

E(p)?E(k)? e(p)] [—A1 e(k)]

is of norm % , which is strictly less than 1 except on the set of measure zero
{ (p,k) | e(p) = e(k) }, the norm

2

=\ /dkdp p(k)%(pfmAT(k)A(P)H

< )\2/ dk dp P(k)2p(P)2m =7

HA/ dk p(k)2ﬁ(k)A(lﬂ)
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We just showed in Lemma VI.3 that show, for ¢ small,

2 2
@ 2 L1
A < v — CO‘)\‘AOQ_ - gﬁ‘MF (VL.6)

for some nonzero constants. This then implies that the full ladder obeys

> An(t,s,q)
n=1

The BCS equation (IL.6) tells us that, to first order in A, v = 1. But, as was shown
in §III, the (amputated) four point function as the sum of generalized ladders whose
“rungs” consist of all channel two particle irreducible four point functions. The “rung”
A(q) is just the first order contribution to the generalized rung. The BCS equation should
be interpreted as putting the above bound exactly on the radius of convergence of the
geometric series when ¢ = 0 so that

g N
= Ty + W(eg] + ZaalaP) /A2

oo

> An(tss,q)

n=1

1
+ 3erla?)/A7
Coqpy T 3C11Q

(VL7)
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