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(Z/n7Z)* is the multiplicative group of residue classes (mod n)
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Definition of \

(Z/nZ)* is the multiplicative group of residue classes (mod n)
that are relatively prime to n.

@ The size of the group (Z/nZ)* is ¢(n).
@ Euler proved that a®") = 1 (mod n) for every a € (Z/nZ)*.
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Definition of \

(Z/nZ)* is the multiplicative group of residue classes (mod n)
that are relatively prime to n.

@ The size of the group (Z/nZ)* is ¢(n).

@ Euler proved that a®") = 1 (mod n) for every a € (Z/nZ)*.

@ However, the exponent of the group (Z/nZ)* is often
smaller than ¢(n).
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Definition of \

(Z/nZ)* is the multiplicative group of residue classes (mod n)
that are relatively prime to n.

@ The size of the group (Z/nZ)* is ¢(n).
@ Euler proved that a®") = 1 (mod n) for every a € (Z/nZ)*.

@ However, the exponent of the group (Z/nZ)* is often
smaller than ¢(n).

Definition

The Carmichael A\-function A(n) is the exponent of (Z/nZ)*,
that is, the largest multiplicative order (mod ) of any integer
that is relatively prime to n.
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Definition of \

(Z/nZ)* is the multiplicative group of residue classes (mod n)
that are relatively prime to n.

Definition

\(n) is the smallest positive integer such that a*”) = 1 (mod n)
forevery a € (Z/nZ)*.

Definition

The Carmichael A\-function A(n) is the exponent of (Z/nZ)*,
that is, the largest multiplicative order (mod ) of any integer
that is relatively prime to n.
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Formulas for ¢(n) and A(n)

Easy to compute given the prime factorization of n:
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Formulas for ¢(n) and A(n)

Easy to compute given the prime factorization of »:

Euler ¢-function

@ ¢(p®) = (p — 1)p>~! for all primes p
O Gy X X pi) = ORY) X - X Hp)
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Formulas for ¢(n) and A(n)

Easy to compute given the prime factorization of »:

Euler ¢-function

@ ¢(p®) = (p — 1)p>~! for all primes p
O Gy X X pi) = ORY) X - X Hp) 1

@ \(p®) = (p — 1)p>~! for all odd primes p
@ A\(2) =1and A\(4) =2, but \(2%) =222 for a > 3
@ A(pi" x -+ x ppr) = lem[A(pY"), ..., A(p})]
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Formulas for ¢(n) and A(n)

Easy to compute given the prime factorization of »:

Euler ¢-function

@ ¢(p®) = (p — 1)p>~! for all primes p
O Glpf! x -+ X p) = HlpY) X X o) 1

@ \(p®) = (p — 1)p>~! for all odd primes p
@ A\(2) =1and \(4) =2, but \(2%) =222 for a > 3
@ A(pi" x -+ x ppr) = lem[A(pY"), ..., A(p})]

Note: \(n) divides ¢(n), and the same primes divide A(n) and
¢(n), but often with higher multiplicity in ¢(n) than in A(n).
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Connection to pseudorandom number generators

A toy pseudorandom number generator:

@ Choose a modulus n and a multiplier ¢ € (Z/nZ)*, and set
an initial value xo € (Z/nZ)*.
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Connection to pseudorandom number generators

A toy pseudorandom number generator:

@ Choose a modulus n and a multiplier ¢ € (Z/nZ)*, and set
an initial value xo € (Z/nZ)*.
@ Define {x;} recursively by x;1; = cxx (mod n).
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Connection to pseudorandom number generators

A toy pseudorandom number generator:

@ Choose a modulus n and a multiplier ¢ € (Z/nZ)*, and set
an initial value xo € (Z/nZ)*.
@ Define {x;} recursively by x;1; = cxx (mod n).

Since x; = cfxq (mod n), the period of this sequence is the order
of ¢ modulo n, which is at most A(n).
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Connection to pseudorandom number generators

A toy pseudorandom number generator:

@ Choose a modulus n and a multiplier ¢ € (Z/nZ)*, and set
an initial value xo € (Z/nZ)*.

@ Define {x;} recursively by x;1; = cxx (mod n).

Since x; = ckxq (mod n), the period of this sequence is the order
of ¢ modulo n, which is at most A(n).

This generator is easy to “crack”: given n, the multiplier ¢ can
be calculated from any two consecutive terms of {x;}.

How can this generator be “cracked” from {x;}, if you know
neither ¢ nor n?
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Connection to pseudorandom number generators

A better pseudorandom number generator:

@ Choose a modulus n and an exponent ¢ that’s relatively
prime to ¢(n), and set an initial value xy € (Z/nZ)*.
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Connection to pseudorandom number generators

A better pseudorandom number generator:

@ Choose a modulus n and an exponent ¢ that’s relatively
prime to ¢(n), and set an initial value xy € (Z/nZ)*.

@ Define {x;} recursively by x;+| = x{ (mod n).
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Connection to pseudorandom number generators

A better pseudorandom number generator:

@ Choose a modulus n and an exponent ¢ that’s relatively
prime to ¢(n), and set an initial value xy € (Z/nZ)*.

@ Define {x;} recursively by x;+| = x{ (mod n).

Since x; = xgk (mod n), the period of this sequence is the order
of ¢ modulo the order of xo, modulo n, which is at most A(\(n)).
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Connection to pseudorandom number generators

A better pseudorandom number generator:

@ Choose a modulus n and an exponent ¢ that’s relatively
prime to ¢(n), and set an initial value xy € (Z/nZ)*.

@ Define {x;} recursively by x;+| = x{ (mod n).

Since x; = xgk (mod n), the period of this sequence is the order
of ¢ modulo the order of xo modulo n, which is at most A(A(n)).

This leads us to ask:
@ How large is A\(A\(n)) typically?
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Connection to pseudorandom number generators

A better pseudorandom number generator:

@ Choose a modulus n and an exponent ¢ that’s relatively
prime to ¢(n), and set an initial value xy € (Z/nZ)*.

@ Define {x;} recursively by x;+| = x{ (mod n).

Since x; = xgk (mod n), the period of this sequence is the order
of ¢ modulo the order of xo modulo n, which is at most A(A(n)).

This leads us to ask:
@ How large is A(A(n)) typically?

@ Each initial value xo generates a purely periodic cycle
inside (Z/nZ)*. How many such cycles are there?
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Definition of normal order

Definition

A function f(n) has normal order g(n) if there is a set of positive
integers S of asymptotic density 1 such that f(n) ~ g(n) for
S

In other words, there exists an increasing sequence {n;,na, ...}
of positive integers such that
o lim 2 =1
j=oo

f(m;) {

@ lim
j— g(n;)
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Normal orders for iterates of ¢

The function ¢(n) itself does not have a normal order.

Theorem (Schoenberg, 1928)

The quotient n/¢(n) has a distribution function: the asymptotic
density of the set {n € N: n/¢(n) < t} exists for every real t.
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Normal orders for iterates of ¢

The function ¢(n) itself does not have a normal order.

Theorem (Schoenberg, 1928)

The quotient n/¢(n) has a distribution function: the asymptotic
density of the set {n € N: n/¢(n) < t} exists for every real t.

However, the higher iterates of ¢ are tamer. Let ¢;(n) = ¢(n),

b2(n) = d(d(n)), d3(n) = ¢(d(d(n))), and so on.

Theorem (Erd6s—Granville—Pomerance—Spiro, 1990)
Foreachk > 1,

dx(n)

has normal order ke log log log n.

Prt1(n)
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A normal order result for \

Theorem (Erdés—Pomerance—Schmutz 1991)

log — )\( ] has normal order loglogn logloglogn.
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A normal order result for \

Theorem (Erdés—Pomerance—Schmutz 1991)

log — )\( ] has normal order loglogn logloglog n.
In particular,
An) = n _ n

e(1+o(1)) loglog nlogloglog n (log n) (140(1))logloglogn

for almost all .
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A normal order result for \

Theorem (Erd6s—Pomerance—Schmutz, 1991)

log % has normal order loglogn logloglog n.
n

In particular,

n n

= e(1+o(1)) loglognlogloglogn (10gn)(1+0(1))log]oglogn

A(n)

for almost all .

(Compare with ¢(n) > .

for every n.)
loglogn
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A normal order result for A o A

Theorem (M.—Pomerance, 2005)

A(n)

log W has normal order (log log n)2 logloglogn.
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A normal order result for A o A

Theorem (M.—Pomerance, 2005)

A(n)

log NO0) has normal order (loglog n)? log log log n.

In particular, A(A(n)) = " for almost all n.

- e(140(1))(loglogn)? log log log n
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A normal order result for A o A

Theorem (M.—Pomerance, 2005)

A(n)
8300

has normal order (loglog n)?* log log log n.

n

In particular, A(A(n)) = for almost all n.

- e(140(1))(loglogn)? logloglogn
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A normal order result for A o A

Theorem (M.—Pomerance, 2005)

A(n)

log has normal order (loglog n)?* log log log n.
A(A(n))

In particular, A(A(n)) = " for almost all n.

- e(140(1))(loglogn)? logloglogn

The proof uses primarily elementary methods and:

@ the Brun-Titchmarsh inequality and a weak form of the
Bombieri-Vinogradov inequality
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A normal order result for A o A

Theorem (M.—Pomerance, 2005)

A(n)

log has normal order (loglog n)?* log log log n.
A(A(n))

In particular, A(A(n)) = " for almost all n.

- e(140(1))(loglogn)? logloglogn

The proof uses primarily elementary methods and:

@ the Brun-Titchmarsh inequality and a weak form of the
Bombieri-Vinogradov inequality

@ the Turan-Kubilius inequality for the variance of an additive
function
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Cycles of the modular power map

Theorem (M.—Pomerance, 2005)

For any fixed integer ¢ > 2, the number of cycles when iterating
the map x — x¢ (mod n) is at least

exp ((1 4 o(1))(loglog n)? loglog log n)

for almost all n.
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Cycles of the modular power map

Theorem (M.—Pomerance, 2005)

For any fixed integer ¢ > 2, the number of cycles when iterating
the map x — x° (mod n) is at least

exp ((1 4 o(1))(loglog n)? loglog log n)

for almost all n. Furthermore, this is the actual number of cycles
for almost all n, if GRH is true (for Kummerian fields, as in
Hooley’s proof of Artin’s conjecture).
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Cycles of the modular power map

Theorem (M.—Pomerance, 2005)

For any fixed integer ¢ > 2, the number of cycles when iterating
the map x — x° (mod n) is at least

exp ((1+ o(1))(loglog n)* log log log n)

for almost all n. Furthermore, this is the actual number of cycles
for almost all n, if GRH is true (for Kummerian fields, as in
Hooley’s proof of Artin’s conjecture).

The proof of this theorem uses results of Kurlberg—Pomerance,
one of which itself uses the theorem on the previous slide.
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The ¢-function enters the picture

Theorem (M.—Pomerance, 2005)

has normal order (loglog n)?* log log log n.

8 30m)

Idea: The prime factors of n and of A\(\(n)) are quite different in
general; however, the prime factors of ¢(¢(n)) and A(A(n)) are
very similar.
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The ¢-function enters the picture

Theorem (M.—Pomerance, 2005)

n
log ——— has normal order (loglog n)? loglog log n.
A(A(n))

Idea: The prime factors of n and of A\(\(n)) are quite different in
general; however, the prime factors of ¢(¢(n)) and A(A(n)) are
very similar. Since
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The ¢-function enters the picture

Theorem (M.—Pomerance, 2005)

has normal order (loglog n)?* log log log n.

8 30m)

Idea: The prime factors of n and of A\(\(n)) are quite different in
general; however, the prime factors of ¢(¢(n)) and A(A(n)) are

very similar. Since

and n/¢(é(n)) < (loglogn)?,
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The ¢-function enters the picture

Theorem (M.—Pomerance, 2005)

has normal order (loglog n)?* log log log n.

8 30m)

Idea: The prime factors of n and of A\(\(n)) are quite different in
general; however, the prime factors of ¢(¢(n)) and A(A(n)) are

very similar. Since

n n  ¢(o(n))

AAm) — d(p(n)) A(A(n))

and n/¢(¢(n)) < (loglogn)?, it suffices to show that

P(¢(n)) p
log NO) has normal order (loglogn)- logloglog n.

lterates of the Carmichael A-function

Greg Martin



Meet the A-function Normal orders Sketch of the proof Further questions
0000 00000 0000000 0000000000

Decomposition into individual prime factors

We want to show
Jog 20)

has normal order (loglog n)* log log log 1.

A(A(n))
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Decomposition into individual prime factors

We want to show
Jog 20)

has normal order (loglog n)* log log log 1.

A(A(n))
Strategy: Compare ¢(¢(n)) and A(A(n)) one prime at a time.
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Decomposition into individual prime factors

We want to show
Jog 20)

has normal order (loglog n)* log log log 1.

A(A(n))

Strategy: Compare ¢(¢(n)) and A(\(n)) one prime at a time. If
v,(m) denotes the multiplicity with which p divides m,
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Decomposition into individual prime factors

We want to show
Jog 20)

has normal order (loglog n)* log log log 1.

A(A(n))

Strategy: Compare ¢(¢(n)) and A(A(n)) one prime at a time. If
v,(m) denotes the multiplicity with which p divides m, then

log fgf&i; = zp: (VP (¢(o(n))) = vp ()\(/\(n)))> log p. J

Iterates of the Carmichael A-function Greg Martin
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Decomposition into individual prime factors

We want to show
log 20)

has normal order (loglog n)* log log log 1.

A(A(n))

Strategy: Compare ¢(¢(n)) and A(\(n)) one prime at a time. If
v,(m) denotes the multiplicity with which p divides m, then

B(6(n)
2 3 ()

> (v(6(6(m)) = vp(AA(m)) ) logp

p
has normal order (loglogn)?loglog log n.

= > (v (6(6m) = v (\Am)) ) logp.
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Large primes usually stay around

We want to show ) (v,, (6(6(n))) — vp()\()\(n)))> log p has
normal order (loglogn)? log loglog n. ’

o Always A(A(n)) | ¢(#(n)), 50 v, (6(6(n))) = v, (A(A(n))).

Iterates of the Carmichael A-function Greg Martin
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Large primes usually stay around

We want to show ) (v,, (6(6(n))) — vp()\()\(n)))> log p has
normal order (loglogn)? log loglog n. ’

© Always A(A(n)) | 6(o(m), 50 v, (#(6(n))) = vy (MA(M)))-

Almost all n < x have the property:
If p > (loglogx)*> and p | ¢(¢(n)), thenp | A\(A(n)).
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Large primes usually stay around

We want to show ) (v,, (6(6(n))) — vp()\()\(n)))> log p has ’

normal order (loglogn)? log loglog n.

o Always A(A(n)) | ¢(#(n)), 50 v, (6(6(n))) = v, (A(A(n))).

Almost all n < x have the property:
If p > (loglogx)*> and p | ¢(¢(n)), thenp | A\(A(n)).
Consequently, for almost all n < x,

>> (w(oem) = w(AKm)) ) logp

p>(log log x)?

= > (w(6060) — () logp

p>(loglog x)?
\'/,((,’)((’)(”)))22

Iterates of the Carmichael A-function Greg Martin
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Not many large prime squares

For almost all n < x:

S (w(@@m) — v (AA@)))) Togp < (loglog)?
B
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Not many large prime squares

For almost all n < x:

Z (Vp (6(6(n))) ) logp < (loglogx)?
p>(loglog x)?
vp(@(¢(n))) =2
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Not many large prime squares

For almost all n < x:

S (w(6(60) = v (AAm)) ) logp < (loglog x)* ()
o2

@ I'm lying: we need a function ¢)(x) going to infinity (however
slowly we want).
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Not many large prime squares

For almost all n < x:

> (w(66m) = (AA®))) logp < (loglogx)w(x)
o2

@ I'm lying: we need a function ¢)(x) going to infinity (however
slowly we want).

@ Then “almost all n < x” means “for all but O(x/(x))
integers up to x”.
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Not many large prime squares

For almost all n < x:

S (w(@@m) — v (AA@)))) Togp < (loglog)?
B
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Not many large prime squares

For almost all n < x:

S (w(@@m) — v (AA@)))) Togp < (loglog)?

p>(log log x)?

D . -
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Not many large prime squares

For almost all n < x:

> (w(6(6m) — v (MA®M)) ) logp < (loglogx)?

p>(loglog x)?
D =

We want to show )~ (vp (6(p(n))) — vy (A(A(n)))) logp

p<(loglog x)?
has normal order (log log n)? log log log n.
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Small primes in A o A are negligible

We want to show Z (vp (¢(p(n))) —vp ()\()\(n)))) logp

p<(loglogx)?
has normal order (loglog n)? log log log n.
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Small primes in A o A are negligible

We want to show > (v,,(¢(¢(n))) - vp()\()\(n)))) log p

p<(loglogx)?
has normal order (loglog n)? log log log n.

@ Because of its definition as an lcm instead of a product, A
has many fewer small primes dividing it usually.
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Small primes in A o A are negligible

We want to show (vp(¢(¢(n)))—v,,(A(A(n))))logp

p<(loglogx)?
has normal order (loglog n)? log log log n.

@ Because of its definition as an lcm instead of a product, A
has many fewer small primes dividing it usually.

> v (AAn)) logp < (loglogx)* for almost all n < x.
p<(loglogx)?
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Small primes in A o A are negligible

We want to show <vp((/)(q/)(n)))—vp()\()\(n))))logp

p<(loglogx)?2
has normal order (loglog n)? log log log n.

@ Because of its definition as an lcm instead of a product, A
has many fewer small primes dividing it usually.

Lemma

Z vp(AM(A(n))) logp < (loglogx)?* for almost all n < x.
p<(loglog x)2

We want to show E Vp (Qj‘ ((z)“ (ﬂ))> logp has normal order
p<(loglog x)? m e
(log log 71)2 log log log n.
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Reduction to an additive function

For almost all integers n < x,

ogféf%;ﬁ/ > vp(¢(6(n)))logp
p=<(loglogx)?

Further questions
0000000000
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Reduction to an additive function

For almost all integers n < x,

ogféiﬁ:g;ﬁ/ > vp(¢(6(n)))logp
p=<(loglogx)?

If » has prime factors, ¢, such that ¢ — 1 has prime factors, ¢,
such that ¢ = 1 (mod p), then factors of p will arise in ¢(¢(n)).
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Reduction to an additive function

For almost all integers n < x,

og ?\Ei\f:i; N Z Vp ((b(ﬁb(”))) logp
p=<(loglogx)?

If » has prime factors, ¢, such that ¢ — 1 has prime factors, ¢,
such that ¢ = 1 (mod p), then factors of p will arise in ¢(¢(n)).
The contribution from such primes is counted by the function

W=(X X o)

Ln N q|(f—1) p<(loglogx)?
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Meet the A-function
00000
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Reduction to an additive function

For almost all integers n < x,

som)
Ay~

log

If n has prime factors, ¢, such that ¢ — 1 has prime factors, g,
such that ¢ = 1 (mod p), then factors of p will arise in ¢(¢(n)).
The contribution from such primes is counted by the function

h(n)—Z( > vp(ql)logp>

Ln ~q|(f—1) p<(loglogx)?

Although there are other ways for p to divide ¢(¢(n)), this
additive function is typically the dominant contribution.
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The Turan-Kubilius inequality

It suffices to show (loglog n)?loglog log n is the normal order of

= (X X wla- ).

fn *ql(£=1) p<(loglog x)?

Iterates of the Carmichael A-function Greg Martin



Meet the A-function Normal orders Sketch of the proof Further questions
0000 00000 0000008 0000000000

The Turan-Kubilius inequality

It suffices to show (loglog n)?loglog log n is the normal order of

= (X X wla- ).

fn gl(£—1) p<(loglogx)?

Turan-Kubilius inequality

If h(n) is additive, then >~ _ (h(n) — M;)* < xM,, where

n<x

MlzzL(m and MZZZM-

p<x p<x p
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The Turan-Kubilius inequality

It suffices to show (loglog n)?loglog log n is the normal order of

= (X X wla- ).

fn gl(£—1) p<(loglogx)?

Turan-Kubilius inequality
If h(n) is additive, then >

(h(n) — M)?* < xM, where

n<x

MlzzL(m and MZZZM-

p<x p<x p

In particular, if My = o(M?), then the normal order of h(n) is M.
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How many iterations does it take . ..

... togo from nto 1 using ¢?
Let F(n) denote the smallest integer k such that ¢ (n) = 1.
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How many iterations does it take . ..

... togo from nto 1 using ¢?

Let F(n) denote the smallest integer k such that ¢ (n) = 1.

@ From the inequality ¢(n) > n/loglogn, we get
F(n) > (logn)/logloglogn.
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How many iterations does it take . ..

... togo from nto 1 using ¢?

Let F(n) denote the smallest integer k such that ¢ (n) = 1.

@ From the inequality ¢(n) > n/loglogn, we get
F(n) > (logn)/logloglogn.
@ It turns out that F(n) =< logn for all integers n.
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How many iterations does it take . ..

... togo from nto 1 using ¢?

Let F(n) denote the smallest integer k such that ¢ (n) = 1.

@ From the inequality ¢(n) > n/loglogn, we get
F(n) > (logn)/logloglogn.
@ It turns out that F(n) =< logn for all integers n.

... togo fromnto 1 using A?

Let L(n) denote the smallest integer k such that A\x(n) = 1.
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How many iterations does it take . ..

... togo from nto 1 using ¢?

Let F(n) denote the smallest integer k such that ¢ (n) = 1.

@ From the inequality ¢(n) > n/loglogn, we get
F(n) > (logn)/logloglogn.
@ It turns out that F(n) =< logn for all integers n.

... togo fromnto 1 using A?

Let L(n) denote the smallest integer k such that A\x(n) = 1.

@ Certainly L(n) can be as large as (logn)/log 3: just take n
to be a power of 3.
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How many iterations does it take . ..

... togo from nto 1 using ¢?

Let F(n) denote the smallest integer k such that ¢ (n) = 1.

@ From the inequality ¢(n) > n/loglogn, we get
F(n) > (logn)/logloglogn.
@ It turns out that F(n) =< logn for all integers n.

... togo fromnto 1 using A?

Let L(n) denote the smallest integer k such that A\x(n) = 1.

@ Certainly L(n) can be as large as (logn)/log 3: just take n
to be a power of 3.

@ It turns out that L(n) can be a lot smaller.
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Two tries

L(n) is the smallest integer k such that \¢(n) = 1 |

First try

@ \(n) is always even unless \(n) = 1.
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Two tries

L(n) is the smallest integer k such that A\¢(n) = 1 |

First try

@ \(n) is always even unless \(n) = 1.

o If mis even, then A\(m) < Im.
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Two tries

L(n) is the smallest integer k such that A\¢(n) = 1 |

@ \(n) is always even unless \(n) = 1.

o If mis even, then \(m) < im.

@ So A(n) > IA(A(n)) > JA(A(A(n))) > - - -, which means

L(n) < logn

lo'
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Two tries

L(n) is the smallest integer k such that A\¢(n) = 1 ]

@ \(n) is always even unless \(n) = 1.

o If mis even, then \(m) < im.

@ So A(n) > IA(A(n)) > JA(A(A(n))) > - - -, which means

L(n) < log2 logn

@ A consequence of the definition of A is
Alem(ny, ..., nj]) =lem [A(nmy), ..., A(m))].
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Two tries

L(n) is the smallest integer k such that A\¢(n) = 1 ]

@ \(n) is always even unless \(n) = 1.

o If mis even, then \(m) < im.

@ So A(n) > IA(A(n)) > JA(A(A(n))) > - - -, which means

L(n) < log2 logn

@ A consequence of the definition of A is

A(lem[ny, ... nj]) =lem [A(n1), ..., A(n;)].
@ |t follows that

L(lem[ny, ...,n]) = max {L(n1),...,L(nj)}.
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Quickest known descent

L(n) is the smallest integer k such that A\x(n) =1 )

@ L(n) < @logn

@ L(lem[ny,...,n]) = max {L(ny),...,L(n))}

Second try, continued

Therefore if we take N = lem[1,2, ..., m]
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Quickest known descent

L(n) is the smallest integer k such that A\x(n) =1 )

@ L(n) < @logn

® L(lem[ny,...,n]) = max {L(ny),...,L(n))}

Second try, continued

Therefore if we take N = Iem[1,2, ..., m], we see that
L(N)=L(lem[1,...,m]) = max{L(1),...,L(m)}
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Quickest known descent

L(n) is the smallest integer k such that A\x(n) =1 )

@ L(n) < 10;2 logn

@ L(lem[ny,...,n]) = max {L(ny),...,L(n))}

Second try, continued

Therefore if we take N = Iem[1,2, ..., m], we see that
L(N)=L(lem[1,...,m]) = max{L(1),...,L(m)}

log 1 logm

<
~ max{logZ"' * log2
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Quickest known descent

L(n) is the smallest integer k such that A\x(n) =1 )

@ L(n) < @logn

@ L(lem[ny,...,n]) = max {L(ny),...,L(n))}

Second try, continued

Therefore if we take N = Iem(1,2, ..., m|, we see that
L(N) =L(lem[1,...,m]) = max{L(1),...,L(m)}

log 1 logm ]Og ]0g N
log2’ "7 log2 ~ 10g2

< max {
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Quickest known descent

L(n) is the smallest integer k such that A\x(n) =1

@ L(n) < @logn

@ L(lem[ny,...,n]) = max {L(ny),...,L(n))}

Second try, continued

Therefore if we take N = Iem[1,2, ..., m], we see that
L(N) =L(lem[1,...,m]) = max{L(1),...,L(m)}

log 1 logm log 10gN
log2’ "7 log2 ~ 10g2

< max {

A

Theorem (M.—Pomerance, 2005)

There are infinitely many integers N with L(N) < 525",
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Questions about L(n)

Theorem (M.—Pomerance, 2005)

There are infinitely many integers N with L(N) < .

S o2 loglogn.
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Questions about L(n)

Theorem (M.—Pomerance, 2005)

There are infinitely many integers N with L(N) < 10;2 loglog n.

What usually happens?

Conjecture: L(n) < loglogn for almost all integers n.
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Questions about L(n)

Theorem (M.—Pomerance, 2005)

There are infinitely many integers N with L(N) <

10g2 loglogn.

What usually happens?
Conjecture: L(n) < loglogn for almost all integers n.

Can we descend extremely quickly?

@ One can improve L(n) < 10gzloglognto L(n) < 2 loglogn
for infinitely many integers n.
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Questions about L(n)

Theorem (M.—Pomerance, 2005)

There are infinitely many integers N with L(N) < loglogn.

10g2

What usually happens?
Conjecture: L(n) < loglogn for almost all integers n.

Can we descend extremely quickly’?

@ One can improve L(n) < log2 loglogn to L(n) < 2 loglogn
for infinitely many integers n.

@ Conjecture: L(n) < logloglogn for infinitely many n.
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Questions about L(n)

Theorem (M.—Pomerance, 2005)

There are infinitely many integers N with L(N) < loglogn.

10g2

What usually happens?
Conjecture: L(n) < loglogn for almost all integers n.

Can we descend extremely quickly’?

@ One can improve L(n) < log2 loglogn to L(n) < 2 loglogn
for infinitely many integers n.

@ Conjecture: L(n) < logloglogn for infinitely many n.

@ Wild conjecture: For any k, we have L(n) < log, n for
infinitely many n.
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First and second iterates

Consider the six functions:
p(n), ¢(é(n)), A(n), d(A(n)), A¢(n)), A(A(n))
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First and second iterates

Consider the six functions:
p(n), ¢(é(n)), A(n), d(A(n)), A¢(n)), A(A(n))

Given the results mentioned in this talk, we know the normal
order of

log (fi(n)/f;(n))

for any two functions f;(n), f;(n) from the above list
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First and second iterates

Consider the six functions:
p(n), ¢(é(n), A(n), #(A(n)), A¢(n)), A(A(n))

Given the results mentioned in this talk, we know the normal
order of

log (fi(n)/f;(n))

for any two functions f;(n), f;(n) from the above list .

. except log (A(¢(n))/A(A(n))).
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First and second iterates

Consider the six functions:
p(n), ¢(é(n)), A(n), ¢(A(n)), A(¢(n)), AM(A(n))

Given the results mentioned in this talk, we know the normal
order of

log (fi(n)/f(n))
for any two functions f;(n), f;(n) from the above list .
. except log (A(¢(n))/A(A(n))).
Theorem (Vishaal Kapoor, UBC, 2010)

A(B(n)
2 3 w)

has normal order loglogn logloglogn.
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Conjecture for higher iterates of A

Q log (ﬁ) has normal order loglogn logloglogn

n

@ iz (55

) has normal order (loglogn)?logloglogn

lterates of the Carmichael A-function Greg Martin



Meet the A-function Normal orders Sketch of the proof Further questions
0000 00000 0000000 0000080000

Conjecture for higher iterates of A

Q log (ﬁ) has normal order loglogn logloglogn

n

A(A(n))

Q log<

) has normal order (loglog n)* log log log n

(loglog n)* log log log n.

) has normal order

1
(k—1)!
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Conjecture for higher iterates of A

Q log (ﬁ) has normal order loglogn logloglogn

n

A(A(n))

Q log<

) has normal order (loglog n)* log log log n

(loglog n)* log log log n.

log ( ) has normal order

n 1
Ai(n) (k—1)!

What are the challenges to proving this conjecture?
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The “supersquarefree case”

@ Mentioned earlier: the “large” primes dividing ¢(¢(n)) and
A(A(n)) typically occur to the same multiplicites.
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The “supersquarefree case”

@ Mentioned earlier: the “large” primes dividing ¢(¢(n)) and
A(A(n)) typically occur to the same multiplicites.

@ To confirm this, we needed to bound v,(¢(¢(n))) on
average for “large” primes p.
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The “supersquarefree case”

@ Mentioned earlier: the “large” primes dividing ¢(¢(n)) and
A(A(n)) typically occur to the same multiplicites.

@ To confirm this, we needed to bound v,(¢(¢(n))) on
average for “large” primes p.

@ This requires answering: how might p” divide ¢(¢(n))?
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The “supersquarefree case”

@ Mentioned earlier: the “large” primes dividing ¢(¢(n)) and
A(A(n)) typically occur to the same multiplicites.

@ To confirm this, we needed to bound v,(¢(¢(n))) on
average for “large” primes p.

@ This requires answering: how might p™ divide ¢(¢(n))?

The most common way:

Supersquarefree case

There exist m distinct prime factors /1, . .., ¢, of n, each with a
corresponding prime g; = 1 (mod p) satisfying ¢; | (¢; — 1).
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Uncommon ways for p™ | ¢(¢(n))

The most common way: Supersquarefree case

There exist m distinct prime factors ¢y, ..., ¢, of n, each with a
corresponding prime ¢; = 1 (mod p) satisfying ¢; | (¢; — 1).
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Uncommon ways for p™ | ¢(¢(n))

The most common way: Supersquarefree case

There exist m distinct prime factors ¢y, ..., ¢, of n, each with a
corresponding prime ¢; = 1 (mod p) satisfying ¢; | (¢; — 1).

Other possibilities all require at least one of the following:
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Uncommon ways for p™ | ¢(¢(n))

The most common way: Supersquarefree case

There exist m distinct prime factors ¢y, ..., ¢, of n, each with a
corresponding prime ¢; = 1 (mod p) satisfying ¢; | (¢; — 1).

Other possibilities all require at least one of the following:
e p’|n
@ n has a prime factor £ = 1 (mod p?)
@ n has two distinct prime factors ¢; = ¢, = 1 (mod p)
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Uncommon ways for p™ | ¢(¢(n))

The most common way: Supersquarefree case

There exist m distinct prime factors ¢y, ..., ¢, of n, each with a
corresponding prime ¢; = 1 (mod p) satisfying ¢; | (¢; — 1).

Other possibilities all require at least one of the following:
e p’|n
@ n has a prime factor £ = 1 (mod p?)
@ n has two distinct prime factors ¢; = ¢, = 1 (mod p)

@ n has a prime factor ¢ with two distinct primes
q1,92 = 1 (mod p) satisfying gqiqz | (¢ — 1)
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Uncommon ways for p™ | ¢(¢(n))

The most common way: Supersquarefree case

There exist m distinct prime factors ¢y, ..., ¢, of n, each with a
corresponding prime ¢; = 1 (mod p) satisfying ¢; | (¢; — 1).

Other possibilities all require at least one of the following:
e p’|n
@ n has a prime factor £ = 1 (mod p?)
@ n has two distinct prime factors ¢; = ¢, = 1 (mod p)
@ n has a prime factor ¢ with two distinct primes
q1,q2 = 1 (mod p) satisfying qiq2 | (¢ — 1)
Each of these possibilities is suitably rare when p is large.
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The “supersquarefree case”

The generalization requires asking: how might p” divide ¢y(n)?
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The “supersquarefree case”

The generalization requires asking: how might p™ divide ¢x(n)?
We believe the most common way is still:

Supersquarefree case
There exist distinct primes ¢; 1,.... g1 | n,
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The “supersquarefree case”

The generalization requires asking: how might p™ divide ¢x(n)?
We believe the most common way is still:

Supersquarefree case

There exist distinct primes g;.1,...,q1m | 1,
distinct primes q2,1 | (th = 1), - q2.m ’ (qu — 1),
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The “supersquarefree case”

The generalization requires asking: how might p™ divide ¢x(n)?
We believe the most common way is still:

Supersquarefree case

There exist distinct primes g;.1,...,q1m | 1,
distinct primes ¢2.1 | (g1 — 1), ..., q2.m | (q1m — 1),
...,and
distinct primes i1 | (ge—1,1 —1)s -, Gieom | (Ge—1,m — 1)
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The “supersquarefree case”

The generalization requires asking: how might p™ divide ¢x(n)?
We believe the most common way is still:

Supersquarefree case

There exist distinct primes g;.1,...,q1m | 1,
distinct primes 2,1 | (q1,1 — 1), qom | (q1m — 1),

...,and
distinct primes g1 | (qk—1,1 — 1)y« -y @i | (@e—1m — 1)
with ¢x 1 = -+ = gi,n = 1 (mod p).
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The “supersquarefree case”

The generalization requires asking: how might p™ divide ¢x(n)?
We believe the most common way is still:

Supersquarefree case

There exist distinct primes g;.1,...,q1m | 1,
distinct primes 2,1 | (q1,1 — 1), qom | (q1m — 1),

...,and
distinct primes gx1 | (gx—1,0 = 1)s -, Giym | (Gr—1,m — 1)
with gx1 = -+ = giw = 1 (mod p).

Challenge 1

Enumerate all other possibilities, and bound the frequency of
each one on average over “large” primes p.
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Normal order of the corresponding additive function

The supersquarefree case is important for “small” primes too,
encoded in the additive function

=X > D> wlg-1logp.

rln q|(r—1) p<(loglog x)?
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Normal order of the corresponding additive function

The supersquarefree case is important for “small” primes too,
encoded in the additive function

=3 > XYY wla—logp.

ailn @|(¢1—1) qr|(gr—1—1) p<(loglog x)*
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Normal order of the corresponding additive function

The supersquarefree case is important for “small” primes too,
encoded in the additive function

=3 > XYY wla—logp.

qiln 2l(qi=1)  qxl(gx—1—1) p<(loglog x)*

Challenge 2

Find the normal order of &;; in particular, find an asymptotic
formula for the sum over primes ,_ 7 (¢) /Y.
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Normal order of the corresponding additive function

The supersquarefree case is important for “small” primes too,
encoded in the additive function

=3 > XYY wla—logp.

qiln 2l(qi=1)  qxl(gx—1—1) p<(loglog x)*

Challenge 2

Find the normal order of &;; in particular, find an asymptotic
formula for the sum over primes ,_ 7 (¢) /Y.

A heuristic evaluation, using the main terms in asymptotic
formulas for primes in arithmetic progressions, suggests that 7,
has normal order ﬁ(log log n)* log log log n; but the required
uniformity in the error terms is problematic.
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The end

These slides
www.math.ubc.ca/~gerg/index.shtml?slides

—

Our paper “The iterated Carmichael A-function and the

number of cycles of the power generator”

www.math.ubc.ca/~gerg/
index.shtml?abstract=ICEFNCPG
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