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Definition

V(x, y) is the number of integers up to x whose prime Fiabo integers
factors are all at most y:

V(x,y)=#{n<x:pln = p<y}
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Definition

V(x, y) is the number of integers up to x whose prime Fiabo integers
factors are all at most y:

V(x,y)=#{n<x:p|n = p<y}

Asymptotics: For a large range of x and y,
log x
\U(va) ~ Xp<|ogy>a

where p(u) is the “Dickman—de Bruijn
rho-function”.

Interpretation: A “randomly chosen” integer of size X has
probability p(u) of being X'/U-friable.
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Definition

V(x, y) is the number of integers up to x whose prime Fiabo integers
factors are all at most y:

V(x,y)=#{n<x:p|n = p<y}

Asymptotics: For a large range of x and y,
log x
\U(va) ~ Xp<|ogy>a

where p(u) is the “Dickman—de Bruijn
rho-function”.

Interpretation: A “randomly chosen” integer of size X has
probability p(u) of being X'/U-friable.

In this talk: Think of u =log x/log y as being bounded
above, that is, y > x°© for some ¢ > 0.
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p(u) is the unique continuous solution of the
differential-difference equation up’(u) = —p(u — 1) foru > 1
that satisfies the initial condition p(u) =1for0 < u < 1.
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Definition

Friable integers

p(u) is the unique continuous solution of the
differential-difference equation up’(u) = —p(u — 1) foru > 1
that satisfies the initial condition p(u) =1for0 < u < 1.

For1<u<2,

p(u—1)

, 1
p(u)=— U :—E=>p(u)=C—Iogu.

Since p(u) = 1, we have p(u) =1 —logufor1 < u<2.
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Definition
p(u) is the unique continuous solution of the

differential-difference equation up’(u) = —p(u — 1) for u > 1
that satisfies the initial condition p(u) =1for0 < u < 1.

Friable integers

For1<u<2,

_p(u—1)

_ 1 Jw=c-logu.

p'(u) = m U

Since p(u) =1, we have p(u) =1 —logufor1 <u<2.

Consequence: Note that p(u) = 3 when u = +/e. Therefore
the “median size” of the largest prime factor
of nis n'/ve.
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Definition

Friable values of polynomials.

V(F; x,y) is the number of integers n up to x such that all
the prime factors of F(n) are all at most y:

V(F;x,y)=#{1<n<x:p|F(n) = p<y}
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Friable values of polynomials.

V(F; x, y) is the number of integers n up to x such that all
the prime factors of F(n) are all at most y:

V(Fx,y)=#{1<n<x:p|F(n) = p<y}

@ When F(x) is a linear polynomial (friable numbers in
arithmetic progressions), we have the same

asymptotic W(F; x,y) ~ p(122%).



Friable numbers among values of s
polynomials Greg Martn

Definition

Friable values of polynomials.

V(F; x, y) is the number of integers n up to x such that all
the prime factors of F(n) are all at most y:

V(Fx,y)=#{1<n<x:p|F(n) = p<y}

@ When F(x) is a linear polynomial (friable numbers in
arithmetic progressions), we have the same

asymptotic W(F; x,y) ~ p(122%).

@ Knowing the size of V(F; x, y) has applications to
analyzing the running time of modern factoring
algorithms (quadratic sieve, number field sieve).

@ A basic sort of question in number theory: are two
arithmetic properties (in this case, friability and being
the value of a polynomial) independent?
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How friable can values of special
polynomials be?

@ For binomials, there’s a nice trick which yields:

Theorem (Schinzel, 1967)

For any nonzero integers A and B, any positive integer d,
and any € > 0, there are infinitely many numbers n for
which An® + B is n¢ -friable.
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How friable can values of special
polynomials be?

@ For binomials, there’s a nice trick which yields:

Theorem (Schinzel, 1967)

For any nonzero integers A and B, any positive integer d,

and any € > 0, there are infinitely many numbers n for
which An® + B is n¢ -friable.

@ Balog and Wooley (1998), building on an idea of

Eggleton and Selfridge, extended this result to
products of binomials

L
HAn/+B
Jj=1
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Proof for an explicit binomial

For any ¢ > 0, there are infinitely many numbers n for which
F(n) = 3n° + 7 is n°-friable.
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Proof for an explicit binomial

For any ¢ > 0, there are infinitely many numbers n for which
F(n) = 3n® + 7 is n°-friable.

Define n, = 3% ~172%_ Then
F(ng) = 35(8k—1)+175(2k) +7 = _7((_347)10k—1 . 1)
factors into values of cyclotomic polynomials:

Fn)=-7 ] om(-3*7).

m|(10k—1)
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Proof for an explicit binomial

For any ¢ > 0, there are infinitely many numbers n for which
F(n) = 3n® + 7 is n°-friable.

Define nx = 38172k Then
F(nk) — 35(8k—1)+1 75(2k) L7 = _7((_347)10k—1 o 1)
factors into values of cyclotomic polynomials:

Fn)=-7 ] om(-3*7).

m|(10k—1)
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Proof for an explicit binomial

For any ¢ > 0, there are infinitely many numbers n for which
F(n) = 3n® + 7 is n°-friable.

Define n, = 38—172k_ Then
F(ny) = 35@K-D+175(K) 7 — _7((-3%7)10k~1 _ 1)
factors into values of cyclotomic polynomials:

Fin)=-7 J] om(-37).

m|(10k—1)
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Proof for an explicit binomial A

Greg Martin
For any ¢ > 0, there are infinitely many numbers n for which
F(n) = 3n® + 7 is n°-friable.
Define N, = 38k—1 72k_ Then :;\;l"tir:?:sc::?valuesofspec\a\

F(n) = 35(8k—1)+175(2k) +7 = _7((_347)10k—1 . 1)
factors into values of cyclotomic polynomials:

Fin)=-7 ] on(-3*7).

m|(10k—1)

° ¢m(X) _ H (X— eZTrir/m)
1<r<m
(r,m)=1

@ ¢, has integer coefficients and degree ¢(m)
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From the last slide

® F(n)=3m°+7 @ F(n)=-7 [] om(-3*7)
@ ny — 38k—172k m|(10k—1)

How friable can values of special
polynomials be?

@ primes dividing F(nk) are < max |®,(—3%7)
m|(10k—1)



From the last slide

F(n)=3m+7 @ F(m)=-7 J] om(-3%7)
ny = 38k—172k m|(10k—1)

primes dividing F(nk) are < max |®y,(—347)
m|(10k—1)

®m(x) is roughly x?(m < x#(10k=1)

ny is roughly (347)%, but the largest prime factor of
F(nx) is bounded by roughly (347)#(10k—1)
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From the last slide

F(n)=3m+7 @ F(m)=-7 J] om(-3%7)
@ ny — 38k—172k m|(10k—1)

@ primes dividing F(nk) are < max |®p(—347)]
m|(10k—1)

@ &, (x) is roughly x?(m < x@(10k=1)

@ ny is roughly (3*7)*, but the largest prime factor of
F(nk) is bounded by roughly (347)¢(10k~1)

@ infinitely many k with ¢(10k — 1)/4k < ¢
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From the last slide

F(n)=3m+7 @ F(m)=-7 J] om(-3%7)
@ ny — 38k—172k m|(10k—1)

@ primes dividing F(nk) are < max |®p(—347)]
m|(10k—1)

@ ®p(x) is roughly x#(m < x#(10k=1)

@ ny is roughly (347)*, but the largest prime factor of
F(nx) is bounded by roughly (347)#(10k—1)

@ infinitely many k with ¢(10k — 1)/4k < ¢
How many such friable values? >f . log x, for n < x

¢ can be made quantitative n¢/'09'09logn_friaple values
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Polynomial factorizations

The polynomial F(x + F(x)) is always divisible by F(x). In
particular, if deg F = d, then F(x + F(x)) is roughly x? yet
is automatically roughly x ~9-friable.

X + F(x) = x (mod F(x))
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How friable can values of general
polynomials be?



Polynomial factorizations

The polynomial F(x + F(x)) is always divisible by F(x). In
particular, if deg F = d, then F(x + F(x)) is roughly x? yet
is automatically roughly x9°—9-friable.

X + F(x) = x (mod F(x))

Special case:

@ If F(x) is quadratic with lead coefficient a, then
Flx+F(x) = F(x) - aF (x + 3).
@ In particular, if F(x) = x2 + bx + ¢, then

F(x+ F(x))=F(x)F(x+1).
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How friable can values of general
polynomials be?



A refinement of Schinzel

@ Idea: use the reciprocal polynomial x?F(1/x).

@ Restrict to F(x) = x? + axx?=2 + ... for simplicity.
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A refinement of Schinzel rolynomials

Greg Martin

@ Idea: use the reciprocal polynomial x?F(1/x).

@ Restrict to F(x) = x? + axx?=2 + ... for simplicity.

P ro pOS i ti o n How friable can values of general
Let h(x) be a polynomial such that xh(x) — 1 is divisib/e by s
x9F(1/x). Then F(h(x)) is divisible by x°F(1/x). I

particular, we can take deg h = d — 1, in which case F (h(x))

is roughly x%° =9 yet is automatically roughly x® —29-friable.

h(x) =1/x (mod F(1/x))

Note: The proposition isn’t true for d = 2, since the leftover
“factor” of degree 2> — 2.2 = 0 is a constant.



Recursively use Schinzel’s construction

Dy,: an unspecified polynomial of degree m

deg F(x) = 4. Use Schinzel’s construction repeatedly:

Dy, = F(D3) = D4Dg
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Recursively use Schinzel’s construction

Dy,: an unspecified polynomial of degree m

deg F(x) = 4. Use Schinzel’s construction repeatedly:

Dy, = F(D3) = D4Dg
Dgs = F(D21) = DogDgDyg
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Recursively use Schinzel’s construction

Dy,: an unspecified polynomial of degree m

deg F(x) = 4. Use Schinzel’s construction repeatedly:

Di» = F(Ds) = D4 Ds
Dgs = F(D21) = DogDgDssg
Dagga = F(Dog7) = D1316 D376 Dag Dooos
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Recursively use Schinzel’s construction Friable values of
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Dy,: an unspecified polynomial of degree m

deg F(x) = 4. Use Schinzel’s construction repeatedly:

How friable can values of general
polynomials be?

D12 = F(D3) = D4Dg “score” = 8/3
Dgs = F(D21) = D2gDgDuss “score” = 16/7
Daggs = F(Dog7) = D1316 D376 DagDoogs “score” = 736/329




Recursively use Schinzel’s construction

Dy,: an unspecified polynomial of degree m

deg F(x) = 4. Use Schinzel’s construction repeatedly:

D12 = F(D3) = D4D8 “score” = 8/3
Dgy = F(D21) = D28D3D48 “score” = 16/7
Daggs = F(Dog7) = D1316 D376 DagDangg~ “score” = 736/329

@ For deg F = 2, begin with F(D4) = DD, Dy.
Specifically,

F(x+ F(x)+ F(x+ F(x))) = F(x)-aF (x + 1) - Ds.

@ For deg F = 3, begin with F(D4) = D3D5D;.
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How friable can values of general
polynomials be?

1
ui(d)=d—1and u,-+1é )= u(d)? -2
@ 5(2) = s(4)/4 and s(3) = s(6)/4
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How friable can values of general
polynomials be?

. b 1
(] > 4. = -
d > 4: define s(d) djl} (1 u,-(d)>’ where

u(d) = d — 1 and uj1(d) = u(d)? — 2
@ 5(2) = s(4)/4 and s(3) = s(6)/4
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How friable can values of general
polynomials be?

> 1
@ d > 4: define s(d) =d (1 —>,where
(d) /H uj(d)

uy(d) = d — 1 and s+ (d) = ()2 — 2
@ 5(2) = s(4)/4 and s(3) = s(6)/4

(Schinzel, 1967) Given a polynomial F(x) of degree d > 2,
there are infinitely many numbers n for which F(n) is
n*(9)-friable.
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How friable can values of general
polynomials be?

@ d > 4: define s(d) =

s 1

djl} (1 - u,(d)) where
u(d) = d — 1 and uj1(d) = u(d)? — 2

@ 5(2) = s(4)/4 and s(3) = s(6)/4

(Schinzel, 1967) Given a polynomial F(x) of degree d > 2,
there are infinitely many numbers n for which F(n) is
ns(9)-friable.

F(n) | canbe n’-friable | F(n) | can be n’-friable
degree 1 degree 5 3.46410
degree 2 0. 55902 degree 6 4.58258
degree 3 1.14564 degree 7 5.65685
degree 4 2.23607 degreed | ~d—-1-2/d
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polynomials be?



Polynomial substitution yields small lower
bounds

Special case

Given a quadratic polynomial F(x), there are infinitely many
numbers n for which F(n) is n®%5%%2-friable.

| N

Example
To obtain n for which F(n) is n®-¢-friable:
D168 = F(D84) = D42D42D28D8D48 “score” = 4/7 > 0.56

A
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Polynomial substitution yields small lower

bounds

Special case

Given a quadratic polynomial F(x), there are infinitely many

numbers n for which F(n) is n%-%5°02-friable.

| N

Example

To obtain n for which F(n) is n®%-friable:

D168 = F(Dg4) = D42D42D28D8D4g “score” = 4/7 > 0.56
D7g96 = F(Ds94s) “score” = 92/329

= D1974D1974 D1316 D376 Dag Dooosg

< 0.56

A
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Polynomial substitution yields small lower
bounds

Special case

Given a quadratic polynomial F(x), there are infinitely many
numbers n for which F(n) is n%-%5°02-friable.

| A

Example
To obtain n for which F(n) is n®%-friable:

D168 = F(Dg4) = D42D42D28D8D4g “score” = 4/7 > 0.56
D7g96 = F(Ds94s) “score” = 92/329
= D1974D1974 D1316 D376 Dag Dooosg < 0.56

The counting function of such nis about x'/3948,

N
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Polynomial substitution yields small lower
bounds

Special case

Given a quadratic polynomial F(x), there are infinitely many
numbers n for which F(n) is n%-%5°02-friable.

| A

Example
To obtain n for which F(n) is n®%-friable:

D168 = F(Dg4) = D42D42D28D8D4g “score” = 4/7 > 0.56
D7g96 = F(Dsg4s) “score” = 92/329
= D1974D1974 D1316 D376 Dag Dooosg < 0.56

The counting function of such nis about x1/3948

N

“Improvement” Balog, M., Wooley can get x>/3%48 and an
analogous improvement for deg F = 3.

Friable values of
polynomials

Greg Martin

How friable can values of general
polynomials be?



Can we have lots of friable values? ke
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Our expectation

For any € > 0, a positive proportion of values F(n) are
n¢-friable.

We know this for:

@ linear polynomials (arithmetic progressions)




Can we have lots of friable values? ke
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Our expectation

For any € > 0, a positive proportion of values F(n) are
n¢-friable.

We know this for:

Can we have lots of friable values?

@ linear polynomials (arithmetic progressions)

@ Hildebrand, then Balog and Ruzsa: F(n) = n(an+ b),
values n°-friable for any ¢ > 0

@ Hildebrand: F(n) = (n+1)---(n+ L), values
n®-friable for any g > e~ 1/(t=1)

Note: p(e="/t)=1—-1,s03 > e "tistrivial



Can we have lots of friable values? ke

Greg Martin

Our expectation

For any € > 0, a positive proportion of values F(n) are
n¢-friable.

We know this for:

Can we have lots of friable values?

@ linear polynomials (arithmetic progressions)

@ Hildebrand, then Balog and Ruzsa: F(n) = n(an+ b),
values n°-friable for any ¢ > 0

@ Hildebrand: F(n) = (n+1)---(n+ L), values
n®-friable for any g > e~ 1/(t=1)

Note: p(e="/t)=1—-1,s03 > e "tistrivial

@ Dartyge: F(n) = n? + 1, values n°-friable for any
3> 149/179
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Theorem (Dartyge, M., Tenenbaum, 2001)

Let F(x) be any polynomial, let d be the highest degree of
any irreducible factor of F, and let F have exactly K distinct
irreducible factors of degree d. Then foranye > 0, a
positive proportion of values F(n) are n@=/K+=friable.

Remark: for friability of level n°=" or higher, only irreducible
factors of degree > d matter

Trivial: n9-friable

Can we have lots of friable values?
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Theorem (Dartyge, M., Tenenbaum, 2001)

Let F(x) be any polynomial, let d be the highest degree of
any irreducible factor of F, and let F have exactly K distinct
irreducible factors of degree d. Then foranye > 0, a
positive proportion of values F(n) are n@=/K+=friable.

Can we have lots of friable values?

Remark: for friability of level n°=" or higher, only irreducible
factors of degree > d matter

Trivial: n9-friable

Can remove the ¢ at the cost of the counting function: the
number of n < x for which F(n) is n®='/K-friable is

X
log x)K(logd—T+2)"

1
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0 Introduction

Friable values of polynomials

9 Bounds for friable values of polynomials

eral

e Conjecture for prime values of polynomials
@ Schinzel's “Hypothesis H” (Bateman—Horn conjecture)  conjecture for prime
@ A uniform version of Hypothesis H values of polynornials

of friable values?

e Conjecture for friable values of polynomials




Schinzel’s “Hypothesis H” (Bateman—Horn
conjecture)

Definition

m(F;x)=#{n<x:
f(n) is prime for each irreducible factor f of F}

Friable values of
polynomials

Greg Martin

Schinzel's “Hypothesis H”
(Bateman—Horn conjecture)



Schinzel’s “Hypothesis H” (Bateman—Horn M oonomiats
conjecture) Greg Martin

Definition

m(F;x)=#{n<x:
f(n) is prime for each irreducible factor f of F}

Conjecture: w(F; x) is asymptotic to H(F)li(F; x), where:

Schinzel's “Hypothesis H”
(Bateman—Horn conjecture)



Schinzel’s “Hypothesis H” (Bateman—Horn M oonomiats
conjecture) Greg Martin

Definition

m(F;x)=#{n<x:
f(n) is prime for each irreducible factor f of F}

Conjecture: w(F; x) is asymptotic to H(F)li(F; x), where:

dt Schinzels “Hypothesis H*
° || F’ X)) = . (Bateman—Horn conjecture)
70 | wEw R
0<t<x
min{|F (D)1,....,| FL(t)|} >2

L: the number of distinct irreducible factors of F



Schinzel’s “Hypothesis H” (Bateman—Horn M oonomiats
conjecture) Greg Martin

Definition

m(F;x)=#{n<x:
f(n) is prime for each irreducible factor f of F}

Conjecture: «(F; x) is asymptotic to H(F)li(F; x), where:

dt Schinzels “Hypothesis H*
° || F,X — . (Bateman—Horn conjecture)
(Fx) | wEw R
0<t<x
min{|F (D)1,....,| FL(t)|} >2

- TI(-3) (-5

L: the number of distinct irreducible factors of F

o(F; n): the number of solutions of F(a) = 0 (mod n)



A uniform version of Hypothesis H A
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Hypothesis UH

H(F)t
(log t)L+1
uniformly for all polynomials F of degree d with L distinct

irreducible factors, each of which has coefficients bounded
by & in absolute value.

mw(F;t)— H(F)li(F; t) <g5 1+

A uniform version of Hypothesis H
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Hypothesis UH

H(F)t
(log t)L+1
uniformly for all polynomials F of degree d with L distinct

irreducible factors, each of which has coefficients bounded
by & in absolute value.

m(Fit) — H(F)li(F; t) <g5 1+

A uniform version of Hypothesis H

@ li(F; t) is asymptotic to m for fixed F

@ For d = K =1, equivalent to expected number of
primes, in an interval of length y = x© near x, in an
arithmetic progression to a modulus g < y'—¢

@ Don't really need this strong a uniformity, but rather on
average over some funny family to be described later
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° Introduction
9 Bounds for friable values of polynomials
e Conjecture for prime values of polynomials

e Conjecture for friable values of polynomials
@ Statement of the conjecture
@ Reduction to convenient polynomials
@ Translation into prime values of polynomials Conjecture for friable
@ Shepherding the local factors velues ofpabynomials
@ Sums of multiplicative functions



What would we expect on probablistic M oonomiats
g rO U ndS ’? Greg Martin

Let F(x) = fi(x)---f.(x), where deg fj(x) = d. Let u > 0.

@ fi(n) is roughly n%, and integers of that size are
n'/U-friable with probability p(dju).

Statement of the conjecture



What would we expect on probablistic M oonomiats
g I’O U ndS ? Greg Martin

Let F(x) = fi(x)---f.(x), where deg fj(x) = d. Let u > 0.
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What would we expect on probablistic M oonomiats
g I’O U ndS ? Greg Martin

Let F(x) = fi(x)---f.(x), where deg fj(x) = d. Let u > 0.

@ fi(n) is roughly n%, and integers of that size are
n'/U-friable with probability p(dju).

@ Are the friabilities of the various factors f;(n)
independent? This would lead to a prediction involving

L

x 1 r(du).

j=1 Statement of the conjecture

@ What about local densities depending on the arithmetic
of F (as in Hypothesis H)?



Conijecture for friable values of polynomials = "anomias..

Let F(x) be any polynomial, let f1, ..., f; be its distinct
irreducible factors, and let d, . . ., d; be their degrees. Then

Greg Martin

£ X
W(F; x,x"/Y) = pr(dju) + O()

e log x

for all 0 < w.

If Firreducible: W(F;x, x‘/“) = xp(du) + O(x/log x) for aicioncmannt
0<u.

Remark: Rather more controversial than
Hypothesis H.



Conjecture for friable values of polynomials

Theorem (M., 2002)

Assume Hypothesis UH. Let F(x) be any polynomial, let
fi, ..., fp be its distinct irreducible factors, and let d;, . .., d;
be their degrees. Let d = max{di,...,d.}, and let F have
exactly K distinct irreducible factors of degree d. Then

L X
V(F;x, x"") = x ][ p(dju) + o<—>

e log x

forall0 <u<1/(d—-1/K).

If Firreducible: W(F; x, x"/¥) = xp(du) + O(x/ log x) for
O<u<1/(d—1).

Trivial: 0 < u < 1/d.

Friable values of
polynomials

Greg Martin

Statement of the conjecture



Conijecture for friable values of polynomials = "anomias..
Greg Martin

Theorem (M., 2002)

Assume Hypothesis UH. Let F(x) be any polynomial, let
fi, ..., fp be its distinct irreducible factors, and let d;, . .., d;
be their degrees. Let d = max{d,...,d.}, and let F have
exactly K distinct irreducible factors of degree d. Then

L X
\II(F;X,XV”)_pr(d,-u)+O( >

e log x

forall0 <u<1/(d—-1/K).

If Firreducible: W(F;x, x‘/“) = xp(du) + O(x/ log x) for Fewcon it
O<u<1/(d-1).

Trivial: 0 < u < 1/d.

Reason to talk about more general K: There is one part of
the argument that causes an additional
difficulty when K > 1.



Reduction to convenient polynomials M oonomiats

- - Greg Martin
Without loss of generality, we may assume:

@ F(x) is the product of distinct irreducible polynomials
fi(x), ..., fk(x), all of the same degree d.

@ (1) is acceptable since the friability level exceeds x?".

Reduction to convenient
polynomials
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(x)is the product of distinct irreducible polynomials
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© F(x) takes at least one nonzero value modulo every
prime.

@ (1) is acceptable since the friability level exceeds x?".

@ (2) is not a necessary condition to have friable values
(as itis to have prime values). Nevertheless, we can
still reduce to this case.

Reduction to convenient
polynomials



Reduction to convenient polynomials M oonomiats

- - Greg Martin
Without loss of generality, we may assume:

OF

(x)is the product of distinct irreducible polynomials
fi(x), ..., fk(x), all of the same degree d.

© F(x) takes at least one nonzero value modulo every
prime.

© No two distinct irreducible factors fi(x), fi(x) of F(x)
have a common zero modulo any prime.

@ (1) is acceptable since the friability level exceeds x?".

@ (2) is not a necessary condition to have friable values Reduction o converlrt
(as it is to have prime values). Nevertheless, we can povnemes
still reduce to this case.

@ Both (2) and (3) are achieved by looking at values of
F(x) on suitable arithmetic progressions F(Qx + R)
separately.



Reduction to convenient polynomials

Without loss of generality, we may assume:

Q F X) is the product of distinct irreducible polynomials
fi(x),..., fk(x), all of the same degree d.

© F(x) takes at least one nonzero value modulo every
prime.

© No two distinct irreducible factors fi(x), fi(x) of F(x)
have a common zero modulo any prime.

Under (1), we want to prove that

W(F; x, x'Y) = xp(du)¥ + O<Iogx>

forall0 < u<1/(d—-1/K).

Friable values of
polynomials

Greg Martin

Reduction to convenient
polynomials



Inclusion-exclusion on irreducible factors ke

Greg Martin

Proposition

Let F be a primitive polynomial, and let F4, . .., Fx denote
the distinct irreducible factors of F. Thenforx >y > 1,

V(Fix,y) =[x+ > (- > M(Fi ... Fiixy).

1<k<K 1<i1<~~-<kaK

Translation into prime values of
polynomials



Friable values of

Inclusion-exclusion on irreducible factors rolynomials

Greg Martin

Proposition

Let F be a primitive polynomial, and let F4, . .., Fx denote
the distinct irreducible factors of F. Thenforx >y > 1,

V(Fixy) =+ 30 (0 30 MIF - Fixy)

1<k<K 1<ih<---<ikx<K

Definition

M(f; x,y) = #{1 < n < x : for each irreducible factor g of f,
there exists a prime p > y such that p | g(n)}.

Translation into prime values of
polynomials
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Proposition

Let F be a primitive polynomial, and let F4, . .., Fx denote
the distinct irreducible factors of F. Thenforx >y > 1,

V(Fix,y) =[x+ > (- S M(F,...Fi:xy).

1<k<K 1<i1<~~-<kaK

If we knew that M(F;, ... F; x, x"/Y) ~ x(log du), then

Translation into prime values of
polynomials



Inclusion-exclusion on irreducible factors ke

Greg Martin
Proposition
Let F be a primitive polynomial, and let F4, . .., Fx denote
the distinct irreducible factors of F. Thenforx >y > 1,
V(F;x,y) = |x]+ Z Z M(F, ... Fi;x,y).
1<k<K 1<ip<---<ik<K

If we knew that M(F;, ... F; x, x'/¥) ~ x(log du), then

V(Fx,x") ~x+ Y0 (=1 > x(log du)”

1<k<K 1<i<--<ixk<K
— x<1 + > (§)(~log du)") S
1<k<K

= x(1 —log du)* = xp(du)¥.



Friable values of

Inclusion-exclusion on irreducible factors rolynomials

Greg Martin

Definition

M(f; x,y) = #{1 < n < x : for each irreducible factor g of f,
there exists a prime p > y such that p | g(n)}.

Translation into prime values of
polynomials

We want to prove M(F;, ... F;; x,x"/") ~ x(log du)*. To do
this, we sort by the values n; = F;(n)/p;, among those n
counted by M(F;, ... F; x, x"/4).



Friable values of
polynomials

Proposition
Forf=fi...fx and x and y sufficiently large,

Mfxy)= 3 - > 3,

m<&/y  mk<&/y bER(fim,...,nk)
(ni,nj)=1 (1<i<j<k)

x—b
(Tl'(fm...nk’b; m) — 7T(fn1...nk’b; 77n1,m7nk)> o

Greg Martin

v

Translation into prime values of
polynomials



Friable values of
polynomials

Proposition
Forf=fi...fx and x and y sufficiently large,

Mfxy)= 3 - > 3,

m<E )y m<&/y bER(fim,...,Nk)
(ni,n)=1 (1<i<j<k)

X—b
(F(fm...nk’b; f71—> — (faq-ne b 77,,1,,”7,,,()).

.nk

Greg Martin

v

DON'T PANIC

Translation into prime values of
polynomials
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Friable values of
et polynomials
Proposition
Greg Martin

Forf=fi...fx and x and y sufficiently large,

Mfxy)= 3 - > 3,

m<&/y  mk<&/y bER(fim,...,nk)
(ni,nj)=1 (1<i<j<k)

X—>b
(W(fm---nk,b; ) —7T(fn1---nk,b;77n1,“.,nk)>-

ny--- Nk

v

not important

NMny,...,ne = (y max{m ey nk})1/d(n1 coc nk)

ion into prime values of
polynomials

It's here only because the large primes dividing f;(n) had to
exceed y. (Later we'll take y = x'/Y))



Friable values of
g polynomials
Proposition
Greg Martin

Forf=fi...fx and x and y sufficiently large,

MEixy)= D - D >

m<&/y  m<&/y beER(fin,....nk)
(ni,np)=1 (1<i<j<k)

X—b
(w(fm...nk,b; ) — (faq-ne b 77,,1,,”7,,k)>.

ny--- Nk

v

fairly important

R(fim,...,nk)={b(mod ny---ny):
n | f1(b), no | fz(b)7 ooy Nk | fk(b)} Translation into prime values of

polynomials
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Forf=fi...fx and x and y sufficiently large,

Mfxy)= 3 - > 3,

m<&/y  mk<&/y bER(fim,...,nk)
(ni,nj)=1 (1<i<j<k)

X—b
(ﬂ(fm...,,hb; n17> — (faq-ne b 77,,1,,”7,,,()).

.nk

v

rather important

n1 .. nk Translation into prime values of
polynomials




Friable values of
et polynomials
Proposition
Greg Martin

Forf=fi...fx and x and y sufficiently large,

Mfxy)= 3 - > 3,

m<&/y  mk<&/y bER(fim,...,nk)
(ni,nj)=1 (1<i<j<k)

X—b
(ﬂ(fm...%b; n17> — (faq-ne b 77,,1,,”7,,,()).

.nk

v

rather important

f(ny---nkt+ b
fononeb(t) = LT 2 il ) € Z[x]

ny--- Nk Translation into prime values of
polynomials

In fact, a good understanding of the family f,,...,, » is
necessary even to treat error terms. However, we'll only
include the details when treating the main term.



Proposition

Forf=fi...fx and x and y sufficiently large,

M(fixy)= 3 - )

m<&/y  m<&k/y
(ni,np)=1 (1<i<j<k)

X—0>b
(ﬂ'(fm---nk,b; m) - 7T(fn1---nk7b; Mnq,...,nk ))

Friable values of
polynomials

Greg Martin

D

beR(f;ny,...,Nk)

v

First: concentrate on

(f x—b
™ e by T
ny---Nk n1 . nk

Translation into prime values of
polynomials



Understanding M(f; x, y) inside out

@ Look at 7 ( fy,...n, b;

X—Db

Ny -« Nk

— 7(fayeme b My .. o1i)

Friable values of
polynomials

Greg Martin

Friable integers
Friable values of polynomials

How friable can values of special
polynomials be?

How friable can values of general
polynomials be?

Can we have lots of friable values?

Schinzel's *Hypothesis H”
(Bateman—-Horn conjecture)

A uniform version of Hypothesis H

Statement of the conjecture

Reduction to convenient
polynomials

Translation into prime values of
polynomials

Shepherding the local factors

Sums of muttiplicative functions



Understanding M(f; x, y) inside out A
X — b Greg Martin
@ Look at 7T<fn1...nk,b; m) - 7T(fm---nk,b; 7]n1,“.,nk)
@ Upper bound sieve (Brun, Selberg): Pt s ol s

b H(fnon )X/ -
’/T<fn1‘..nk,by n1nk> + O( (log x)F+

Translation into prime values of
polynomials




Understanding M(f; x, y) inside out A

X — b Greg Martin
@ Look at 7r<fn1...nk,b; P nk) — (fayeme b Moy .. om)
@ Upper bound sieve (Brun, Selberg): P avesfponomias
) X—b H(fm---nk,b)x/m <o Ni

@ Main term for 7(f; x) (we use Hypothesis UH here!):

H(fm...nk,b) li <fn1~~~nk,b; nj(i b > + O( H(f”1"'nk.,b)x ) fenemesen et

- Nk ny - - - nk(log x)k+1




Understanding M(f; x, y) inside out s

X—Db
n---ng/ 0 T e

Greg Martin

@ Look at 7r(f,,1...nk,b;

@ Upper bound sieve (Brun, Selberg):

7T<fn1"'nk,b; X — b > + O(H(fn1"'nk,b)x/n1 .. 'nk)

ny - ng (log x)k+1

@ Main term for 7(f; x) (we use Hypothesis UH here!):

. x—>b H(f,,... X
H(fm...nk,b)ll <fn1---nk,b; P ) + O( ( n nk,b) )

- Nk ny - - - nk(log x)k+1

Translation into prime values of
polynomials

@ li is a pretty smooth function:

H(fy..nep)X/ 11 -+ Nk N O( H(fn,...n.b)X )
log(&1/n) - - - 1og(&x/ k) m - - i (log x)k+




Understanding M(f; x, y) inside out

For f = f;...fx and x and y sufficiently large,

M(ixy)= > - > )

m<&/y  m<&/y bER(finy,....nk)
(ni,n)=1 (1<i<j<k)

<7r(f,,1...,,k,b; n:(_[;k) — (-3 Ty, .., nk)>
DS ( 3 H(fm...nk,b)>

m<&/y  m<&/y ~beR(fini,...,nk)
(ni,n/):1 (1<f<j<k)

/N - 1
" Tog(& /)'(”'1;7 |0r;k(§k/”k) (1 - O(|09X))

Friable values of
polynomials

Greg Martin

@ Now we have:

H(fm~-nk,b)x/n1 < Nk H(fm__.,,k,b)x
10g(&1/m) - - log(&/m) O(”1 nk(log X)"“)




Understanding M(f; x, y) inside out

For f = f;...fx and x and y sufficiently large,

M(ixy)= > - > )

m<é&/y <&k /y bER(f;n1,...,Nk)
(ni,n)=1 (1<i<j<k)

n1'nk """

xX—b
<7T(fn1-~~nk,b; ) - 7T(fn1~~nk,b; Ty nk)>

>y ( > H(fnr..nk,b))

m<&/y  m<&/y ~bER(finy,...,nk)
(ni,nj):1 (1 <f<j<k)

x/n1 - Nk 1
* Tog(ér/m) - 10g(&x /i) (1 +0(iogx

)

Friable values of
polynomials

Greg Martin

y Translation into prime values of

Next: concentrate on Z H(fa,...ne.b)
beR(f;ny,...,nk)



Friable values of

Nice sums over local solutions rolynomials

Greg Martin

Shepherding the local factors



Friable values of

Nice sums over local solutions rolynomials

Greg Martin

o(f; p) = {a(mod p) : f(a) = 0 (mod p)}

Shepherding the local factors



Friable values of

Nice sums over local solutions rolynomials

Greg Martin

R(finy,....,nk)={b(mod ny---n):
ni | fi(b), n2 | f(b), ..., ne | fi(b)}

Shepherding the local factors



Friable values of

Nice sums over local solutions rolynomials

0-0(-3) (-242)

Recall

R(fin,...,ng)={b(mod ny---ny) :
n | f1(b), no | fz(b)7 ey N | fk(b)})

> H(fr.n6) = H(F)g1(m)- - gk(nk), where

beR(f;ny,...,nk)

gm =11 (1—qu”>1Gd&PU-—0m7T+W).

p¥||n;

p

Shepherding the local factors

N




Nice sums over local solutions

Proving this proposition . ..

... is fun, actually, involving the Chinese remainder theorem,
counting lifts of local solutions (Hensel's lemma), and so on.

S H(fnenoe) = H(N@1(m) - gi(ne), where

beR(f;n,..., N )

gim =TT (1~ ZEB) ™ (o) - 2270,

p¥|In;

A\

Friable values of
polynomials

Greg Martin

Shepherding the local factors



For f = f; ... fx and x and y sufficiently large,

Mixn= Y - % (X Moo

m<é& /)y nk<&x/y ~bER(fini,...,nk)
(nj,n)=1 (1<i<j<k)

/ 1
X g o &) (1 - O(ng))

= xH(1 )( +O<Iogx>>

x 3 91(n) - gk(ni)/m -+ Nk

m<&/y  m<&/y
(n,-,n,-):1 (1 SI<]S/()

log(&1/n1) - --log(&/nk) -

Friable values of
polynomials

Greg Martin

Shepherding the local factors



For f = f; ... fx and x and y sufficiently large,

M(f;x,y)= > o > ( > H(fn1-~nk,b)>

m<&/y  m<&/y " beER(fin,....nk)
(nj,n)=1 (1<i<j<k)

/Ny n 1
g oo ETR) (1 * O(ng))

- xH(f)(1 + o(IO;X)>

X z gi(n) - gk(nk)/ny -~ Nk

m<&/y  m<&/y
(ni,nj)=1 (1<i<j<k)

log(&1/n1) - --log(&/nk) -

Therefore: consider Z Z g1(m)-- Ge(m)

m<&ly <&y M
(nj,ny)=1 (1<i<j<k)

(take care of logarithms later, via
partial summation)

Friable values of
polynomials

Greg Martin

Shepherding the local factors



For f = f; ... fx and x and y sufficiently large,

M(f;x,y)= > o > ( > H(fn1---nk,b)>

m=<&/y  m<&/y " bER(finy,...,nk)
(nj,n)=1 (1<i<j<k)

/ 1
X g o &) (1 " O(ng))

- xH(f)(1 + o(IO;X)>

X Z g1(n1) - - gk(nk)/ M - - - Nk

m<é&/y n<&k/y
(ni,nj)=1 (1<i<j<k)

log(&1/n1) - --log(&/nk) -

Therefore: consider Z Z 91( n1 g1(m) -~ g«(m)

Nk
m<&/y  m<&k/y
(ni,n)=1 (1<i<j<k)

First: consider more general sums of
multiplicative functions

Friable values of
polynomials

Greg Martin

Shepherding the local factors



Multiplicative functions: one-variable sums

Definition

Let’s say a multiplicative function g(n) is « on average if it
takes nonnegative values and

3 g(p)logp

p<w

alogw.

Friable values of
polynomials

Greg Martin

Sums of multiplicative functions.



Multiplicative functions: one-variable sums

Definition

Let’s say a multiplicative function g(n) is « on average if it
takes nonnegative values and

3 g(p)logp

p<w

alogw.

Note: we really need upper bounds on g(p*) as well ...

Friable values of
polynomials

Greg Martin

Sums of multiplicative functions.



Multiplicative functions: one-variable sums

Definition

Let’s say a multiplicative function g(n) is « on average if it
takes nonnegative values and

3 g(p)logp

p<w

alogw.

Lemma

If the multiplicative function g(n) is o on average, then

.5 90) _ ¢(g)(iog 1),

n<t

eroctg) =T (1 1) (1422 85, )

p

Friable values of
polynomials

Greg Martin

Sums of multiplicative functions.



Multiplicative functions: one-variable sums

Definition

Let’s say a multiplicative function g(n) is « on average if it
takes nonnegative values and

3 g(p)logp

p<w

alogw.

Lemma

If the multiplicative function g(n) is o on average, then

Z g(n 9)(log )%,

wherec(g)_H(1 1>u<1 L9, 9(p) +>

p

Friable values of
polynomials

Greg Martin

Sums of multiplicative functions.



Multiplicative functions: more variables A

Greg Martin

From previous slide

C(Q)—];[(1—;)a<1+gfom+g(§)+...)

By the lemma on the previous slide, we easily get:

If the multiplicative functions g1(n), ..., gk(n) are each 1 on
average, then

Z Z gi(m)-- gk(”k)N c(g1)--- c(gk)(log t)k.

n P
m<t  m<t 1 Nk

Sums of multiplicative functions.



Friable values of

Multiplicative functions: more variables oo

Greg Martin

From previous slide

C(Q)—H(1—;)a(1+gfom+g(§)+...)

p

By the lemma on the previous slide, we easily get:

If the multiplicative functions g1(n), ..., gk(n) are each 1 on
average, then

Z Z gi(m)-- gk(”k)N c(g1)--- c(gk)(log t)k.

n P
m<t  ne<t 1 Nk

However, we need the analogous sum with the coprimality Sums of multpicatve functors
condition (n;, ;) = 1. (This is where K > 1 makes life
harder!)



Multiplicative functions: more variables A

From previous slide Greg Martn
N\, 9 , 9rp*) )
c = 1— — 1= 4+ = 74 ...
. 1;[ ( p) ( P p?
We get:
Proposition
If the multiplicative functions g1(n), ..., gk(n) are each 1 on
average, then
n n
Do G )l (g1 + -+ gk)(log t)~.
ny--- Nk
m<t  m<t
(nin)=1 (1<i<j<k)
However, we need the analogous sum with the coprimality Sums of multpicatve functors

condition (n;, ;) = 1. (This is where K > 1 makes life
harder!)



Multiplicative functions: more variables
From previous slide

C(Q)—H(1—;)a(1+gfom+g(§)+...)

P
We get:
Proposition
If the multiplicative functions g1(n), ..., gk(n) are each 1 on

average, then

Sy gi(ny)-- gk(nk)NC(Q1+...+gk)(|Ogt)k-

n P n
m<t  ne<t 1 k
(ni,ny)=1 (1<i<j<k)

However, we need the analogous sum with the coprimality
condition (n;, n;) = 1. (This is where K > 1 makes life
harder!)

Never mind that g4 + - - - + gk isn’t multiplicative!

Friable values of
polynomials

Greg Martin

Sums of multiplicative functions.



Partial summation: return of the logs

The proposition on the previous slide:

If the multiplicative functions g1(n), ..., gk(n) are each 1 on
average, then

Z 291’71 9k (Nk)

Nk
m<&/y  m<&/y
(n,,n/):1 (1 <I</<k)

c(gr + -+ gk) Hlogfi.

Jj=1

Friable values of
polynomials

Greg Martin

Sums of multiplicative functions.



Partial summation: return of the logs Mochnomials.
Greg Martin
The proposition on the previous slide . ..
.. gives, after a k-fold partial summation argument:

If the multiplicative functions g1(n), ..., gk(n) are each 1 on
average, then

g1(m) - - gk (k)
B m - nlog(&1/ny) - - - log(&k/ i)

m<&/y  m<&k/y
(m,nj)=1 (1<i<j<k)

log §;
logy"

(g + - +%HP%

Sums of multiplicative functions.



Partial summation: return of the logs

The proposition on the previous slide . ..
.. gives, after a k-fold partial summation argument:

If the multiplicative functions g1(n), ..., gk(n) are each 1 on
average, then

DY 91(n) - -~ gr(k)
Jo, L, M ndog(&/m) - 1og(&x/ )
(m,nj)=1 (1<i<j<k)

0
~c(gr +- +gk)HIog logfj.

For our functions, gj(p) = (1 — #)_ (o(fiip) — f” ))

=o(fip)(1+ O(;—))) and o(f; p) is indeed 1 on average by
the prime ideal theorem.

Friable values of
polynomials

Greg Martin

Sums of multiplicative functions.



For f = f, ... fx and x and y sufficiently large,

M(f; x, y) = xH(f) (1 + o(—)>

1
log x

x Z g1(m)---gk(nk)/ny - - Nk
m<&/y  m<&/y log(&1/n1) - - - 10g(&k/Nk)
(ni,n)=1 (1<i<j<k)

= H(f)c(gr +--- + gk)

k
log &
. X(Elog Iogy)(1 -

o(55))

Friable values of
polynomials

Greg Martin

s of polynomials

How friable can values of special

ding the loca

Sums of multiplicative functions



For f = f, ... fx and x and y sufficiently large,

M(f; x,y) = xH(f)(1 + 0(1))

log x

x > gi(m) -~ g(nk)/ns - -~

log(&1/n4) - - - log(&k/ i)

m<&/y  m<&/y
(ni,nj)=1 (1<i<j<k)

= H(f)c(g1 +--- + gk)

x x( (log du) ><1+O<Io::_1x))'

Recall: & = fi(x) ~ x9, and we care about y = x'/. Then
log(log&;/logy) ~ log du.
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For f = f, ... fx and x and y sufficiently large,

M(f; x,y) = xH(f)<1 + 0(1))

log x

X Z g1(m) - gk(nk)/ny - - g
m<&/y  m<&/y log(&1/n1) - - - log(&k/Nk)
(ni,n)=1 (1<i<j<k)

= H(f)e(gs + -+ - + k)

X x( (log du)* ><1+O<Io;x)>'

Recall: & = fi(x) ~ x9, and we care about y = x'/. Then
log(log&;/logy) ~ log du.

We have the order of magnitude x(log du)* we wanted ...
but what about the local factors H(f)c(gi + -+ + gk)?

Friable values of
polynomials

Greg Martin
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Friable values of

The magic moment for H(f)c(g1 + - - - + g«) polynomils
Greg Martin
(*]
9(p) . 9(p°)
e (JEN R I
+ ) + P +
—1 v+
We have g;(p”) = (1 . U(;p)) <U(’? o) — o(fp"" )>’

Sums of multiplicative functions



Friable values of

The magic moment for H(f)c(g1 + - - - + g«) polynomils
Greg Martin
4
9(p) , 9(p*)
e B W BT
° i . i = n
; -1 v+
We have g(p") = (1 - U(;p)) <o—(f,-; p) - O'U‘F:;W)
and so (g1 +o+ gk)(pl/)

Sums of multiplicative functions



Friable values of

The magic moment for H(f)c(g1 + - - - + g«) polynomils
Greg Martin
()
g(p) , 9(p®)
° 14+ 2 2 7
p P2
: -1 . pr+1
we have g(p) = (1- ZE20 ) (o(gpr) - L)),
and 5o (914 + 90(P")
pl/
~ 33 (1 7R () A
pz/ /:1 pl/ py+1
_ <1 B O'(f; p)) (U(f; pV) B O'(f; p1/+1)) Sums of multiplcative functions
p pV pu+1

since the f; have no common roots modulo p.
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Greg Martin

The magic moment for H(f)c(g1 + - - - + g«) polynomils
4
9(p) , 9(p*)
14+ 22 -
° Tp T
Therefore

1+Z 91 +gk)(,0)

—1
Z ;P) O'(f; pu) U(f;pVH
v=1 p pu pl/+1

)
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The magic moment for H(f)c(g1 + - - - + g«) polynomils
Greg Martin
4
9(p) , 9(p*)
° ) o A
et T
Therefore
1+Z(g1+-~-tgk)(p”)
v=1 P
o(f;p)>‘1 S (ff(f;p”) a(f:pv*‘))
=1+ (1-—= .
+ ( p Z pl’ pl/+1

v=1
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The magic moment for H(f)c(g1 + - - - + g«) polynomils
Greg Martin
4
9(p) , 9(p*)
° ) o A
et T
Therefore
1+Z(g1+-~-tgk)(p”)
v=1 P
a(f;p))“ S (ff(f;p”) a(f:p’/“))
=1+ (1-—2 .
+ ( p Z pl’ pl/+1

v=1

This is a telescoping sum ...

Sums of multiplicative functions



Friable values of

The magic moment for H(f)c(g1 + - - - + g«) polynomils
Greg Martin
o
gp) , 9(p?)
° P 8 o SV
p P2
Therefore

1+Z(Q1+"'p1‘9k)(P)
v=1

1+ (1 - U(ZP)>_1 <<T(l;p))

This is a telescoping sum ... tada!

Sums of multiplicative functions.



Friable values of

The magic moment for H(f)c(g1 + - - - + g«) polynomils
Greg Martin
o
gp) , 9(p?)
° P 8 o SV
p P>
Therefore

1+Z(Q1+-~-p-iu-9k)(P)
v=1

12 () (4]

And this whole expression simplifies . ..

Sums of multiplicative functions



The magic moment for H(f)c(g1 + - - - + k)

o
a(p) , 9(p?)
° I ===
p PP
Therefore

— 14 (1 - U(Zm)“ (o(gp)) _ (1 ) d;p))‘{

And this whole expression simplifies ... nicely.

Friable values of
polynomials

Greg Martin
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Friable values of

The magic moment for H(f)c(g1 + - - - + g«) polynomils

n-1I(-3) (-

p

o ctg)=[I(1-1) (1+92+ LD, )

p

Greg Martin

)

We conclude that

H(f)c(g1 + -+ 9k)

Son(yi(ose
- H(f)l;[ <1 - ;>k<1 B U(';p)

) - 1
Sums of multiplicative functions



Friable values of

The magic moment for H(f)c(g1 + - - - + gk) :Z:‘;A':::
o H(f) = 1;[ (1 _ ;)k(1 _ 0(2;)))
° C(Q)=l;[(1 —;>a<1 +g§:)+g£)22)+...)

Sums of multiplicative functions.

.. amazing!



Friable values of

SU m mary polynomials

Greg Martin

@ There are lots of open problems concerning friable
values of polynomials—and many possible
improvements from a single clever new idea.

@ The asymptotics for friable values of polynomials
depends on the degrees of their irreducible
factors—but shouldn’t depend on the polynomial
otherwise.

Notes to be placed on web page

www.math.ubc.ca/~gerg/talks.html

Summary
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