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Egyptian fractions

Definition
Let r be a positive rational number. An Egyptian fraction for r is
a sum of reciprocals of distinct positive integers that equals r.

Example
1 = 1/2 + 1/3 + 1/6

Theorem (Fibonacci 1202, Sylvester 1880, . . . )
Every positive rational number has an Egyptian fraction
representation. (Proof: greedy algorithm.)

Note: we’ll restrict to r = 1 for most of the remainder of the talk;
but everything holds true for any positive rational number r.
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Demoralizing Egyptian scribes

Question
How many terms can an Egyptian fraction for 1 have?

Cheap answer
Arbitrarily many, by the splitting trick:

1 = 1/2 + 1/3 + 1/6

= 1/2 + 1/3 + 1/7 + 1/(6× 7)
= 1/2 + 1/3 + 1/7 + 1/43 + 1/(42× 43) = . . .

But the denominators become enormous.

Better question
How many terms can an Egyptian fraction for 1 have, if the
denominators are bounded by x?
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A simple example

1 =
∑
n∈S

1
n , where:

S = {97, 103, 109, 113, 127, 131, 137, 190, 192, 194, 195, 196, 198, 200, 203, 204, 205, 206, 207, 208, 209, 210,
212, 213, 214, 215, 216, 217, 218, 219, 220, 221, 225, 228, 230, 231, 234, 235, 238, 240, 244, 245, 248, 252, 253,
254, 255, 256, 259, 264, 265, 266, 267, 268, 272, 273, 274, 275, 279, 280, 282, 284, 285, 286, 287, 290, 291, 294,
295, 296, 299, 300, 301, 303, 304, 306, 308, 309, 312, 315, 319, 320, 321, 322, 323, 327, 328, 329, 330, 332, 333,
335, 338, 339, 341, 342, 344, 345, 348, 351, 352, 354, 357, 360, 363, 364, 365, 366, 369, 370, 371, 372, 374, 376,
377, 378, 380, 385, 387, 390, 391, 392, 395, 396, 399, 402, 403, 404, 405, 406, 408, 410, 411, 412, 414, 415, 416,
418, 420, 423, 424, 425, 426, 427, 428, 429, 430, 432, 434, 435, 437, 438, 440, 442, 445, 448, 450, 451, 452, 455,
456, 459, 460, 462, 464, 465, 468, 469, 470, 472, 473, 474, 475, 476, 477, 480, 481, 483, 484, 485, 486, 488, 490,
492, 493, 494, 495, 496, 497, 498, 504, 505, 506, 507, 508, 510, 511, 513, 515, 516, 517, 520, 522, 524, 525, 527,
528, 530, 531, 532, 533, 536, 539, 540, 546, 548, 549, 550, 551, 552, 553, 555, 558, 559, 560, 561, 564, 567, 568,
570, 572, 574, 575, 576, 580, 581, 582, 583, 584, 585, 588, 589, 590, 594, 595, 598, 603, 605, 608, 609, 610, 611,
612, 616, 618, 620, 621, 623, 624, 627, 630, 635, 636, 637, 638, 640, 642, 644, 645, 646, 648, 649, 650, 651, 654,
657, 658, 660, 663, 664, 665, 666, 667, 670, 671, 672, 675, 676, 678, 679, 680, 682, 684, 685, 688, 689, 690, 693,
696, 700, 702, 703, 704, 705, 707, 708, 710, 711, 712, 713, 714, 715, 720, 725, 726, 728, 730, 731, 735, 736, 740,
741, 742, 744, 748, 752, 754, 756, 759, 760, 762, 763, 765, 767, 768, 770, 774, 775, 776, 777, 780, 781, 782, 783,
784, 786, 790, 791, 792, 793, 798, 799, 800, 804, 805, 806, 808, 810, 812, 814, 816, 817, 819, 824, 825, 826, 828,
830, 832, 833, 836, 837, 840, 847, 848, 850, 851, 852, 854, 855, 856, 858, 860, 864, 868, 869, 870, 871, 872, 873,
874, 876, 880, 882, 884, 888, 890, 891, 893, 896, 897, 899, 900, 901, 903, 904, 909, 910, 912, 913, 915, 917, 918,
920, 923, 924, 925, 928, 930, 931, 935, 936, 938, 940, 944, 945, 946, 948, 949, 950, 952, 954, 957, 960, 962, 963,
966, 968, 969, 972, 975, 976, 979, 980, 981, 986, 987, 988, 989, 990, 992, 994, 996, 999}

S has 454 elements, all bounded by 1000
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What’s best possible?

Suppose that there are t denominators, all bounded by x, in an
Egyptian fraction for 1. Then

1 =
t∑

j=1

1
nj
≥

x∑
n=x−t+1

1
n
∼ log

x
x− t

.

So e &
x

x− t
, giving an upper bound for the number of terms:

t .

(
1− 1

e

)
x
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Even better best possible

Lemma (“No tiny multiples of huge primes”)
If a prime p divides a denominator in an Egyptian fraction for 1
whose denominators are at most x, then p . x/ log x.

Proof
If pd1, . . . , pdj are all the denominators that are divisible by
p, then 1

pd1
+ · · ·+ 1

pdj
can’t have p dividing the denominator

when reduced to lowest terms.
Its numerator lcm[d1, . . . , dj]( 1

d1
+ · · ·+ 1

dj
) is a multiple of p.

If M = max{d1, . . . , dj}, then
p . lcm[1, . . . , M] log M < e(1+o(1))M.

Therefore log p . M ≤ x
p .
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Even better best possible

Lemma (“No tiny multiples of huge primes”)
If a prime p divides a denominator in an Egyptian fraction for 1
whose denominators are at most x, then p . x/ log x.

Note: most places in this talk, when I say “prime” I really should
be saying “prime power”.

Using this lemma, it’s easy to show that the number t of terms
in an Egyptian fraction for 1 whose denominators are at most x
satisfies

t .

(
1− 1

e

)
x− δ

x log log x
log x

for some δ > 0.
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Dense Egyptian fractions

Theorem (M., 2000)
Given x ≥ 6, there is an Egyptian fraction for 1 with
(1− 1

e )x + O(x log log x/ log x) terms and every denominator
bounded by x.

Method of proof (Croot; M.)
Start with a large set S of integers not exceeding x so that
A
B =

∑
n∈S

1
n is approximately 1.

Considering the primes q dividing B one by one, delete or
add a few terms of S so that q doesn’t divide the new
denominator B. Make the deleted/added elements large,
so that their small reciprocals don’t affect the sum much.
Sincerely hope that everything works out in the end.

Dense Egyptian fractions Greg Martin



Introduction Main theorem and proof Surprise bonus

Dense Egyptian fractions

Theorem (M., 2000)
Given x ≥ 6, there is an Egyptian fraction for 1 with
(1− 1

e )x + O(x log log x/ log x) terms and every denominator
bounded by x.

Method of proof (Croot; M.)
Start with a large set S of integers not exceeding x so that
A
B =

∑
n∈S

1
n is approximately 1.

Considering the primes q dividing B one by one, delete or
add a few terms of S so that q doesn’t divide the new
denominator B. Make the deleted/added elements large,
so that their small reciprocals don’t affect the sum much.
Sincerely hope that everything works out in the end.

Dense Egyptian fractions Greg Martin



Introduction Main theorem and proof Surprise bonus

Dense Egyptian fractions

Theorem (M., 2000)
Given x ≥ 6, there is an Egyptian fraction for 1 with
(1− 1

e )x + O(x log log x/ log x) terms and every denominator
bounded by x.

Method of proof (Croot; M.)
Start with a large set S of integers not exceeding x so that
A
B =

∑
n∈S

1
n is approximately 1.

Considering the primes q dividing B one by one, delete or
add a few terms of S so that q doesn’t divide the new
denominator B. Make the deleted/added elements large,
so that their small reciprocals don’t affect the sum much.
Sincerely hope that everything works out in the end.

Dense Egyptian fractions Greg Martin



Introduction Main theorem and proof Surprise bonus

Dense Egyptian fractions

Theorem (M., 2000)
Given x ≥ 6, there is an Egyptian fraction for 1 with
(1− 1

e )x + O(x log log x/ log x) terms and every denominator
bounded by x.

Method of proof (Croot; M.)
Start with a large set S of integers not exceeding x so that
A
B =

∑
n∈S

1
n is approximately 1.

Considering the primes q dividing B one by one, delete or
add a few terms of S so that q doesn’t divide the new
denominator B. Make the deleted/added elements large,
so that their small reciprocals don’t affect the sum much.
Sincerely hope that everything works out in the end.

Dense Egyptian fractions Greg Martin



Introduction Main theorem and proof Surprise bonus

Dense Egyptian fractions

Theorem (M., 2000)
Given x ≥ 6, there is an Egyptian fraction for 1 with
(1− 1

e )x + O(x log log x/ log x) terms and every denominator
bounded by x.

Method of proof (Croot; M.)
Start with a large set S of integers not exceeding x so that
A
B =

∑
n∈S

1
n is approximately 1.

Considering the primes q dividing B one by one, delete or
add a few terms of S so that q doesn’t divide the new
denominator B. Make the deleted/added elements large,
so that their small reciprocals don’t affect the sum much.
Sincerely hope that everything works out in the end.

Dense Egyptian fractions Greg Martin



Introduction Main theorem and proof Surprise bonus

A desired congruence

Definition
Given an Egyptian fraction A

B =
∑

n∈S
1
n and a prime q dividing

B, define a ≡ A(B/q)−1 (mod q).

When deleting elements from S: want to find a set K such
that qK ⊂ S and

∑
m∈K m−1 ≡ a (mod q). Then the

denominator of
∑

n∈S\qK
1
n = A

B −
∑

m∈K
1

qm is no longer
divisible by q.
When adding elements to S: want to find a set K such that
qK ∩ S = ∅ and

∑
m∈K m−1 ≡ −a (mod q).

To keep all new terms distinct, make sure the prime factors
of the elements of K are always less than q.

Notation: qK = {qm : m ∈ K}
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Adapting Croot’s technique

Proposition (suitable for large primes q)
Given a prime q, let log q < B < q. Let M be a set of at least
B2/3(log q)2 integers not exceeding B, each of which is of the
form p1p2. Then for any integer a, there exists a subset K of M
such that

∑
m∈K m−1 ≡ a (mod q).

Proof: The number of such subsets equals (with e(x) = e2πix)∑
K⊂M

1
q

q−1∑
h=0

e
(

h
q

( ∑
m∈K

m−1 − a
))

= 1
q

q−1∑
h=0

e
(
−ha

q

) ∏
m∈M

(
1 + e

( hm−1

q

))
.

A pigeonhole argument (on the divisors of some auxiliary
integer A, which is where the form p1p2 is used) shows that
for h 6= 0, lots of the hm−1 (mod q) must be reasonably
far from 0, which gives cancellation in the product.
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Small prime powers, explicitly

For the small prime powers q1 = 2, q2 = 3, q3 = 4, . . . , we
add to S the single denominator nj = lcm[1, . . . , qj]/b, where
b ∈ [1, qj − 1] is chosen to make the earlier congruence hold.

Denominators are small enough, but not too small
The nj are less than x when qj < (1− ε) log x, say.
Since nj is at least lcm[1, . . . , qj]/(qj − 1), the sum of their
reciprocals is (as Croot observed) less than the
telescoping sum

∞∑
j=1

qj − 1
lcm[1, . . . , qj]

=
∞∑

j=1

(
1

lcm[1, . . . , qj−1]
− 1

lcm[1, . . . , qj]

)
= 1.
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The construction

To start: Let S be the set of all integers between x
e and x that are not

divisible by a prime larger than x/(log x)22.
Cardinality of S is (1− 1

e )x + O(x log log x/ log x)∑
n∈S

1
n ∼ 1− 22 log log x/ log x

Large q: Delete a few elements from S for every large prime, by the
earlier proposition.

In all, delete O(x/ log x) elements from the original S∑
n∈S

1
n . 1− 22 log log x/ log x

Small q: Finally, add at most 1 element to S for every small prime,
as in the previous slide.

Final cardinality of S is & (1− 1
e )x + O(x log log x/ log x)

0 <
∑

n∈S
1
n . (1− 22 log log x/ log x) + 1 < 2

Denominator of
∑

n∈S
1
n is not divisible by any prime

Conclusion:
∑

n∈S
1
n = 1!
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The largest denominator

“Impossible integers”
Which integers can’t be the largest denominator in an Egyptian
fraction for 1?

We’ve already seen “no tiny multiples of huge primes”; so the
number of these impossible integers up to x is

&
x log log x

log x
.

Erdős and Graham asked:
Does the set of impossible integers have positive density, or
even density 1?

It turns out the answer is no.
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The largest denominator

Theorem (M., 2000)
The number of integers up to x that cannot be the largest
denominator in an Egyptian fraction for 1 is � x log log x/ log x.

Proof.
Let m be any integer such that p | m implies p < m(log m)−22.
The previous construction works for the rational number
r = 1− 1

m , since the initial set S of all integers between m
e and

m− 1 that are not divisible by a prime larger than m/(log m)22

contains all prime factors of the denominator of r.

Conjecture
The number of integers up to x that cannot be the largest
denominator in an Egyptian fraction for 1 is ∼ x log log x/ log x.

Dense Egyptian fractions Greg Martin



Introduction Main theorem and proof Surprise bonus

The largest denominator

Theorem (M., 2000)
The number of integers up to x that cannot be the largest
denominator in an Egyptian fraction for 1 is � x log log x/ log x.

Proof.
Let m be any integer such that p | m implies p < m(log m)−22.
The previous construction works for the rational number
r = 1− 1

m , since the initial set S of all integers between m
e and

m− 1 that are not divisible by a prime larger than m/(log m)22

contains all prime factors of the denominator of r.

Conjecture
The number of integers up to x that cannot be the largest
denominator in an Egyptian fraction for 1 is ∼ x log log x/ log x.

Dense Egyptian fractions Greg Martin



Introduction Main theorem and proof Surprise bonus

The largest denominator

Theorem (M., 2000)
The number of integers up to x that cannot be the largest
denominator in an Egyptian fraction for 1 is � x log log x/ log x.

Proof.
Let m be any integer such that p | m implies p < m(log m)−22.
The previous construction works for the rational number
r = 1− 1

m , since the initial set S of all integers between m
e and

m− 1 that are not divisible by a prime larger than m/(log m)22

contains all prime factors of the denominator of r.

Conjecture
The number of integers up to x that cannot be the largest
denominator in an Egyptian fraction for 1 is ∼ x log log x/ log x.

Dense Egyptian fractions Greg Martin



Introduction Main theorem and proof Surprise bonus

The largest denominator

Theorem (M., 2000)
The number of integers up to x that cannot be the largest
denominator in an Egyptian fraction for 1 is � x log log x/ log x.

Proof.
Let m be any integer such that p | m implies p < m(log m)−22.
The previous construction works for the rational number
r = 1− 1

m , since the initial set S of all integers between m
e and

m− 1 that are not divisible by a prime larger than m/(log m)22

contains all prime factors of the denominator of r.

Conjecture
The number of integers up to x that cannot be the largest
denominator in an Egyptian fraction for 1 is ∼ x log log x/ log x.

Dense Egyptian fractions Greg Martin



Introduction Main theorem and proof Surprise bonus

The second-largest denominator

The next Erdős–Graham question
Which integers cannot be the second-largest denominator in an
Egyptian fraction for 1? Positive density?

Theorem (M., 2000)
All but finitely many positive integers can be the second-largest
denominator in an Egyptian fraction for 1.
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The next Erdős–Graham question
Which integers cannot be the second-largest denominator in an
Egyptian fraction for 1? Positive density?

Theorem (M., 2000)
All but finitely many positive integers can be the second-largest
denominator in an Egyptian fraction for 1.

Proof.
Given a large integer m, choose an integer M ≡ −1 (mod m)
such that p | M implies p < m(log m)−22. Then apply the
previous construction to r = 1− 1

m −
1

Mm = 1− (M+1)/m
M .
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The second-largest denominator

The next Erdős–Graham question
Which integers cannot be the second-largest denominator in an
Egyptian fraction for 1? Positive density?

Theorem (M., 2000)
All but finitely many positive integers can be the second-largest
denominator in an Egyptian fraction for 1.

The splitting trick immediately implies: for any j ≥ 2, all but
finitely many positive integers can be the jth-largest
denominator in an Egyptian fraction for 1.
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Issues to settle computationally

All of the implicit constants in the above theorems are
effectively computable; so in principle, we know enough to
settle the following questions:

Conjecture 1
If m ≥ 5, then m can be the second-largest denominator in an
Egyptian fraction for 1. (Note that m = 2 and m = 4 cannot.)

Conjecture 2
If m ≥ 2 and j ≥ 3, then m can be the jth-largest denominator in
an Egyptian fraction for 1. (Our methods establish this for j ≥ j0,
where j0 is some effectively computable constant.)

Note: By splitting trickery, Conjecture 1 implies Conjecture 2.
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The end

Relevant papers of mine
Dense Egyptian fractions
www.math.ubc.ca/∼gerg/index.shtml?abstract=DEF
Denser Egyptian fractions
www.math.ubc.ca/∼gerg/index.shtml?abstract=DrEF

These slides
www.math.ubc.ca/∼gerg/index.shtml?slides
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