Math 308, Section 101
Solutions for Homework #3
(due September 29, 2004)

L (Baragar, p. 28, #1.42) Let N ABC be an arbitrary triangle. Let A’, B', and C’ be the midpoints
of the opposite sides. Draw lines through A’, B/, and C' that make an angle of 60° with each side,
as in Figure 1.19(a). These lines intersect at A”, B, and C" as shown. Prove that AA"B"C" is
similar to ANABC.

We use the fact that the four angles in a quadrilateral add to 360°. In particular,
LA'BC' + /BC'B" + ZC'B"A" + ZB"A'B = 360°. But ZB”A’B = 60° by assumption,
and ZBC'B" = 180° — LAC'A” = 180° — 60° = 120°. Therefore ZA'BC’' + ZC'B"A’ =
360° — 60° — 120° = 180°. On the other hand, ZC'B" A’ +- ZA’B" A" = 180° as well. We
conclude that ZA'BC' = ZA'B"” A’, which is to say that ZCBA = ZC"B"A”. The same
reasoning proves that ZACB = ZA"C"B”, and since the angles in both triangles AABC
and AA”B"C"” must add to 180°, we see that /ZBAC = /B"” A”C" as well. This shows
that AABC ~ ANA"B"C", as desired.

(Note that we never used the fact that the three indicated angles measured exactly
60°—we only needed them all to be congruent to one another. We also never used at all
the fact that A’, B/, and C’ were the midpoints of their sides; any points on those sides
would be fine.)

1. (Baragar, p. 29, #1.43) In an arbitrary triangle ANABC, let the interior angle bisector at A
intersect the side BC at D. Show that

|BD| _ |AB|

[Dc| — Jacl
Hint: Construct the line parallel to AD and through B, as shown in Figure 1.19(b). let this
intersect AC at E. Show |AB| = |AE|.

Following the hint, we consider the triangle AABE. Since EB and AD are parallel, we
have ZABE = ZBAD (opposite interior angles) and ZAEB = ZCAD (corresponding
angles). But D was chosen so that /BAD = ZCAD, and so we conclude that ZAEB =
ZABE. Therefore, by the converse to pons asinorum (Exercise 1.24), we have |AE| = |AB|.

On the other hand, by Theorem 1.7.1, we find that

|ICE| _ |CB|

[CAl - |eDf
Because |CE| = |CA| + |AE| and |CB| = |CD| + |DB| by the “equality” case of the trian-
gle inequality, this becomes
|AE| _ |CA|+|AE| _ |CD|+|DB| _ 14 |DB|
ICA| — |cA]  |cpD|]  |CDJ
Finally, we may subtract 1 from each side of the equation and use the substitution |AE| =
| AB| from the first paragraph to get

1+

|AB| _ |DB|

ICA| — [CD|’
which finishes the proof.



II1. (Baragar, p. 29, #1.44) The pentagon in Figure 1.20(a) is regular and each side has length one.
Show that

|AF| 145

[FD| 2

As a first step, we prove that the segments AC and ED are parallel. We saw in class
that each angle of a regular pentagon measures 108°. In particular, ZBAC and ZBCA
must add to 180° — ZABC = 180° — 108° = 72°. However, since |AB| = |BC|, the
triangle AABC is isosceles, and so Z/BAC = ZBCA, which forces /BAC = % -72° = 36°.
Therefore Z/CAE = ZBAE — ZBAC = 108° — 36° = 72°. Finally, we have ZCAE +
ZAED = 72° 4 108° = 180°, which implies at last that AC and ED are parallel (this
follows from Euclid’s version of Axiom 5, as described in class).

Now that AC and ED are parallel, we quickly see that ZCAF = ZFDE and ZACF =
ZFED (alternate interior angles) amd that ZAFC = ZDEF (vertical angles), this proving
that AACF ~ ADEF. Therefore by Corollary 1.7.4,

|AF|  |AC|  |AC|
|FD| ~ |[ED| 1
On the other hand, because the pentagon is regular, we certainly have |AE| = |AB],
ZAED = ZABC, and |ED| = |BC|, and therefore AAED = AABC by the SAS theorem.
It follows that |AC| = |AD|. But certainly |AD| = |AF| + |FD| by the “equality” case of
the triangle inequality. Our equation thus becomes
|AF|
|FD|
Finally, the argument in the first paragraph extends to show that /BAC = /ZBCA =
£ZDAE = ZADE = ZECD = ZCED = 36°. Then ZCAF = ZEAB — ZDAE — ZCAB =
108° — 36° — 36° = 36°, and the same argument applies for ZACF. Now we can say
that ZCAF = 36° = ZCAB, ZACF = 36° = ZACB, and |AC| = |AC|, and so AACF =
A ACB by the ASA theorem. In particular, |AF| = |AB| = 1, and so our equation becomes

1
—— =1+ |FD|,
or equivalently (multipling both sides by |FD| and subtracting 1)
0= |FD|* +|FD| — 1.

We have shown that the length |FD| is a root of the quadratic equation x> + x — 1 = 0.
The two roots of this equation are (v/5 — 1) /2 and (—+/5 — 1) /2. Since |FD| is positive, it
must be the case that [FD| = (/5 — 1) /2. Finally,

|AF| V-1 541

|FD| 2 2
as claimed. (Note that | AC| = 2 cos 36°, and so this exercise actually proves that cos 36° =

(1++/5)/4)

— |AC).

— |AF| + |FD|.

— |AF| + |FD| =1+



IV. (Baragar, p. 31, #1.51) Theorem 1.8.1 is also true if the point P lies outside the circle, as in
Figure 1.25(a). Prove it for this case.

Since QRR’Q’ is a cyclic quadrilateral (that is, all four vertices lie on a circle), its oppo-
site angles ZQRR’ and ZQQ'R’ sum to 180° by Exercise 1.36. On the other hand, ZQRR’
and ZQRP sum to 180° as well, and therefore ZQQ'R’ = ZQRP. By the same argument,
ZRR'Q" = ZRQP. Of course ZQPR = ZQPR as well, and so APQR ~ APR'Q’ by the
definition of similarity. By Corollary 1.7.4, we can conclude that

PQ| _ |PR|
PR~ 1PQ

or [PQ[[PQ'| = |PR||PR'|.

V. Let ABCD be a quadrilateral. Prove that ABCD is a parallelogram if and only if the segments
AC and BD bisect each other.

First we assume that ABCD is a parallelogram and prove that the diagonals AC and
BD bisect each other. We begin by showing that the opposite sides AB and CD are con-
gruent. Since AB and CD are parallel, the opposite interior angles ZABD and ZCDB
are congruent. Since AD and BC are parallel, we also have ZADB = ZCBD. Clearly
|BD| = |DB]| as well, and so by the ASA theorem, AABD = ACDB. We conclude that
|AB| = |CD|.

Now let P be the intersection of the diagonals AC and BD. Again we have two pairs of
opposite interior angles that are thus congruent, namely ZABP = ZCDP and ZBAP =
ZDCP. Furthermore, the vertical angles ZAPB and ZCPD are congruent as well. There-
fore, AABP ~ ACDP. By Corollary 1.7.4, we conclude that

|AB| |AP| |BP|

ICD| — |CP|  |DP|’
However, we showed already that | AB| = |CD|. Therefore |AB|/|CD| = 1, which implies
that |AP| = |CP| and |BP| = |DP)|. This shows that the segments AC and BD bisect each
other.

Now we assume that AC and BD bisect each other and prove that ABCD is a parallel-
ogram. By hypothesis, we have |AP| = |CP| and |BP| = |DP|. Also, the vertical angles
ZAPB and ZCPD are congruent. Therefore AABP = ACDP by the SAS theorem. In
particular, ZABP = ZCDP, and so the lines AB and CD are parallel by Corollary 1.4.4.
The same argument, applied to the triangles AADP and ABCP, shows that AD and BC
are parallel.




V1. Recall that there is no “SSA theorem”. In other words, let the lengths c and a of two sides of
a triangle and the measure of ZC be given (for the purposes of this problem, we will assume that
a > c); then the length of the third side b is generally not uniquely determined. However, there are
only two possible values for b, corresponding to the two possible locations for the vertex A relative
to B and C. (You don’t have to prove this.) Call the two possible values by and b;.

A? A
‘. 2
¢ ¢/ c by ¢
B« ~ C B . C B . C

(a) Prove that bib, = a® — c? by using the power of the point C with respect to the circle
Co(B).

(b) Prove that b1by = a* — ¢ by using the Law of Cosines.

(c) Find and prove a formula for by + by in terms of a and ZC.

(a) Draw the circle of radius ¢ around the point B. It intersects the ray coming out of C
in the two points marked A? in the diagram, which are at distances b; and b, from
C. Therefore, with respect to the circle C,(B), we have TT(C) = b1b,. On the other
hand, the same circle intersects the line BC in the two points that are at distance c
from B. The distances of these two points from C are thus a — c and a + c. Therefore
M(C) = (a—c)(a+c) = a®? — c? as well, proving that b1by = a® — 2.

(b) The Law of Cosines is ¢> = a? + b?> — 2abcos C, which can be rewritten as b* —
(2acos C)b + (a* — c?) = 0. Consider the expression f(b) = b? — (2acos C)b +
(a®> — ¢?) as a polynomial in b. Both by and b, make the equation f(b) = 0 valid
(because they result in valid triangles); in other words, they are both roots of the
polynomial f(b). But the product of the roots of the polynomial x*> + Mx + N
is simply N; in this case, the product b1b; of the roots must be a> — c2. (Note:
this fact about the product of the roots of a quadratic polynomial should be well-
known from algebra, and it can also be recovered by expanding out (x —r1)(x —17)
where r1 and r, are the roots.)

(c) The sum of the roots of a polynomial x> + Mx + N is —M. Therefore, by the same
argument as in part (b), we can immediately deduce that by + by = 2acos C. (The
same conclusion can be formed by drawing the line through B perpendicular to
the ray out of C, which bisects the segment between the two points called A? in
the diagram.)



