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Thursday,
December S * = kn * -hurib

Today we'll look of how
the convergents y= kna + Mnb .

the bestObservation 1: x0 and y to.
hi/k; to a

real number 5 ars
-#the so (since

rational approximations 3. Linkul=1) = mhn and b =men

There Fix n50
.
If a c I

,
beIN but the 163-x1=m/KShul *

satisfies /b5-x < 1km3-huls then
-# thesh

b-kn+ -
=mharic bmkn - Kna *-)

Interpretation: In the "how close toSolving for b :
on integer is 15"game , the world-record b==xktyksetters are precisely 15-5 , E, 15, et
Exercise: verify that 1km3-hmil < /13hul . Tobservation 2 : x and y have opposite signs-

(suppose nord .) Certomb X
,Y<0 is impossible ;bycontradiction: Suppose that

165-alIkhul but b < Know Define
da xyto RIS 3 K+kno knowbe

X
,y by Nunoth= (b5-a) (hnkn+-Kuhno +D

*(b5-d)

have the some sign . Consequentl,
165-a) > /X(k5hn)/7/kn5-hnl . *



1
-

&llay : Lubo .#15then b > kn : Tz

I

U ↑↳
bycontradictions- Suppose

-
-.....

-

15-8/5-m but bak .
Multiplying :&efinition : Theendaryconvergents

15 are the numbers

165= / < /knBhul - but that ihjy +hi

implies b> knol by thethere, * .
ri=Tthy

1. is I
.

Interpretation : In the "how close is to Note:: rj
,
0
= rj.

&"gone , the convergents are world-record ·
,
i is
the mediatofii , and rigo,

holders ; but there cor be others.

It believe that all other work
record ·joh

holders came from "secondary convergents" :
3

isi
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2roll: 1k3 - hj1 = (b5 -1 = b13-5) ·
· Dirichlet's theorems if SCRIQ, = 15-hi/kil zt :

then there are infinitely mony% such Since
that 15-51j +

·If s o convergent of 5, the ~ *z
13-

-> intSemi-converge :

thorn #f 13-fol, the bak,
o is o converged $ 5. #ren(Hurwitz) : If GeRVQ , ther
NOR: WLG Lob) =-

one infinitely many t with152:

bycontradiction : Suppose % is not

a convergent. Choose joNo such that
-Several profs; in N2M (Theorem 7. 17)

,

ki = b < Kjei By today Theorem, they show that oneofj+ Five

must satisfy this
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# turs of V is the best possible Let's connect continued froctions to
constant : the golden rotici ergodic theory (dynamical systems).

has onlyfinitely many convergents ↳ T : (
,
0) *4,2) by Th = si

I
it lots2 (froctional pat) , no that 3jx1 =T(3j)

inThe Process-
# turs out : if we remove the countably (technically 4,)/Q)

mony numbers of the few 80 whereI has on "invent mesure" an (10) :
↳bad1

,
then we can bulx.

This man

furtherpare the Us to. is SC4,0) is open,
the

- I shore that this is now best possible,
db Sark) = & art) . Consequently,

- if we remove
,rod) we can improve S T'(S)

: - for almost all 50 (10) , the testes

related to "Logrange Spectrum" and TLE)
,
TLLTN

,
...

one equidistributed
with respect to dMCD-

"Morkov spectrum" -
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In particular , the proportion ofI such Conjectured successes:

that 3, [m,mel) is iT
,
olgebraic As of degree 33,

glog( +min everything else we've ever

word of
Exercise : Show&

Observation :

·2038y
:--- kjx(on+1)(0g+D

-- (oj+D .
~minion

&

Consequently , for almost
all real numbers

·

Sostatistiof
3
, approximately 41

.
5% of its portio Then (Khinchin

quotients & equal 10 & 17. 0% equl
2
,

For almost all BEIR,

9
.

3% equal 3 , and so or. lim l =C whoe

j+0 TP/12lg2
Exceptions: Q , queductic irrationals , C = e 83

.
2758.

e
, od,


