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& Why does this result in infinitely monyRecall :

em: IfJo, a de distinct national distinct t ? Given theequility
number

,
then 18-17 in

D (x-515bis is impossible once

here we userem(Dirichlet) Let XeIR our neI +1-+& XQ .

There exists& with 16 In suchthat
Y

(x- ) = bem) J termo : Let p(X) - TEX] have degreed
,

rollory: If XIRIQ , the they are
on # GeQ

. # plat to , the

infinitely mony distinct rotional numbers o Ip(aga.
such this IX- Demok the d=1 case is Lemmo D

He work : #) X= ↑ were rational
,
then p(X) = nx-m ,

ou (p)=-m
1x-5 is impossible when bad,

= 15-
by Lenno *

Prof: For every new, Pirichlet'sthere

gives us some i with 6 en and
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tem ! Let p(X) - TEX] have degreed,pless - "Algebraic of degree J2 is

on # GeQ
. # plat to , the the some as "rational" : G is o

Ip(aga. roob of p(X) = bX-X
· 537 isulgebote degree 2 :

rot: ht p(x) =X- ,X*.. p(X) s X2-537 .
- EX* + &X + 6 , where Ge I and ·Y isalgebraic of degre 15

:

a to .

Then

p(X) + (x -4) - 6 . Sisisable -
bp(b) = (x" + G-,b +...
↓2+aba-ocbe 2503 .

· Notell olgebrate numbers can be
watten

with "nested rodicily" - Golois theory -
Thus 1bpla) 1 . /

Exercise: Prove that the degree of on
&initions Let <R . We say a

is

olgebraic number is unique . Hint :

algebrare of degreed if there
exists on

↓ a
,

b(x) OX[X] inreducible t>day O-

irreducible polynomial p(X) :][X] of o do-blah the note
degreed such that plat = 0 . #fa b(X) = a(x)q(X) + rX) with
is notalgebraic tomny degree dall , we

collrnscendental de r dog an
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theorem (Liouville, b8YD : Let a be = (p(s)) = k- (p(t)
algebraic of degreed . There exists some -k-Ec .

I
constant Classo such that for only

Corollory: Transcendental numbers exist !
Se , its , we have 19-5 fLionville) : Choose

2works Lemm A is the case d= 1. ↳ - 0
.
110001000000 000o

Proof. If we restrict (L)
51
,
then we I ! 2! 3. 000001

...

only hoveto
look of with K-5/1 - lr, so bu The

Let pLX) -IND be irreducible of degreed

with pla= o ; the plat to I-r
Ech sum

(since is plat= 0 the pLN-(bX*q()) A most the previous summond ,
so

The
plat = p(o) -p( =L

-b)p(t)k-
for some t between a one t LeonValueTheord-

# a weref agreed,sToke ((a) = minEl
, Y5p1 : totalasi]] theY

-we conclud from the previous lemmo that but impossible forre
klorge . I



1
-

Remarks. It's not ho to show that Definition: Themy sequenceof orderin,
the set ofalgebraic numbers B countable denotedI [lmotha F-n] , is the

this is another proof that transcendental ordered sequence of reduced proper

numbers exist land
are plantiful). froctions with denominator of mosta

But Contar didn't prove his stuff Example
until decodes offer Lionvlle-

Question : How to find the neighbours of
Various improvements of the "d" in 5
over the years.. culminating in

:

Opposition: If 50 In , then the not element

Therem (Roth, 1955) : let < be olgebraic of In is 5
,

wher ya-a (mod b)

of degree &32 . For only 230,
there

and nbsysh , one X-*
exists Cla , 3) -o such that

&roof : First, wyt1 = x*) + 1 =0 (mob)
,

xX
-

-- And you, so enjandbate-
LN: 18 d=2 then a isn't Now suppose that: In solisfies

necessary)
- The :
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(a -5) + (5a) = y -5 batcy Tod +dy
clboy) = aloth) .

=>h ,
by definim Conta: #f < are consecutive

However, by LemmoA
in J

,
the boysnol .

(n-) +( - G) -d +ay Lor else& would ben)

· We can reprse Dirichlet's theorem
a contradiction . Il

using Forey sequences (!).

allory1:# are consecutive

in F
,
the bx-y-1 .

rollory2: #fde consecutive

in In
,
the equals the "Forey mediary"

-
# From Corollory),

be-ad = 1 ou dx-cy= 1

which hiply be-ed-dx-cy and se
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ThereDrinbyColloyovollay 3
I

(x- ) = b(n)- (x- =han
of : Without baof genelity, X

[0
,
13
.

Consider In with the given n
Cojez= Suppose Xl

· #fxe Inc take=x . The choose
- If XI, the choose Lessentially the some prof ,

/
* consecutive m E with

-
Gosli suppose X The sett

Check:

(x- ) = X-

data


