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ursday,
November 28 Then theand 3; are the some as

what we'd get from The Process
,
so that

emmo : Every quidratic irrotional

r +si
,
wher riseQ ord CIN 5=-j) .

Moreover ,

thot is not a square (ceINVIN), 96 [ ou ajl(d-mp) for all 30.

can
be written as Intra)/9 where

mineE , doNvW?, one alld-mit
. schofprofthede

of: #f we water- or see with =juse definitiate
& common denominator , the

visise ,t
us both sides em

e Showing 967 mon showing 91(dmp).

-EQuadratic Erotimol Process :
But module &j.

Let 3 = mont , whe Mo
,
9,

deNWN? d-mi = d - (4 ,95-1my=)
90

o gold-mal. For j50, define
= d-1o-my) = -mp , =omaint

by definition.
+3)

,
Mix jaj-ms , E,dm now on //

a Ej-
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Theorem: Given - quadratic irrational Stores let de INVIN" and Set : Lra)·

Let (ai) our (ii) be from the Quadratic Then card his o amely periodic
Frational process . continued fraction To pr ,

7
.

(1) The sequence Laj) is eventally positive (Note 2. = 22 .) It follows that
(e) The Lasbord(m;) are bounded .

3) The continued fraction for 5 is
= (k) whoe Gr = 2c .

eventually periodic. mple U = (0 :2212] (res)

To >(5;2, 3, 10). (=4)

suchproa hot nontrivial . See Theorem Proof omitted; uses the Quadratic Frictional

7. 19 in Nive/Zuckerman/ Montgomery. Process onO (Chopte Y of N&M) ·

LITe[2) : Note that ajaj +my,& ; Facts coming out of the prof:

once the an one positive , we deduce that ·aj never equals-1;
Imjt , 1 < Ed andGjr d. ·

as equals 1 of and only if r/j
22) * (3) : Since (j) our (a) on bounded,

Where is the perod)-
there on only finitely more possibilities for
Tip -M ; once (5) his o duplicate,

Ejt) -he whole sequence repects .//
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He'sequation : We want t solve s = (x-ya)(x+y() =(x -y()2yva ;
X2-ay2 =#1 in integers X

,
Y
,
for

s x-ya
de IN IN?

"Pell" has < E to do with Pell's equation - -rat
History :
· d+ 2 cose goes bottd 4thcatwy BCEThere's o theorem that if - 3 is

LIndio
,
Greece)- small enough

, the is a convergent . 1
· General cose : 7th century CE , India So we core about the values

(Brahmaguptal..... hidk ,
where hilks are the

· Europe: 17th century ,
Brouncker -

· Euler mistortely said It was due t Pell .
Unvergents to r . But we sow

potten from GroupWork 10: with9;

Theorem : Let doI2 ,
our le xysI fromthe Quadratic Frotional Process,

#)/xdy2)d , then is o convergent h- =(y
**

95x1
tod. (Theorem 1. 22 in N&M)

Batchof profs If xi-dy" = s where Ipsof uses;if atbid-t bird,
s is "small"

,
then Isoy x,y>0) then oth and bot)
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Theremsolving Pell's equation Theorems (Theore 7 .26 in N2M)
(Therm 1.25 in NEM) All positive solutions ↓ X-dy2=+/
L deIin2

,
our let hi/l be the

are given by <xj,; ) where

convergents toEd
,
our let be the

period of the continues froction ↓ d. Xj + y,a = (X ,
+ y,) -

· All positive solutions & X-&#1 Temples· For M , the fundamental

or X-hir , 7- Kire , forel j0 .
solution is X

,
+32
, y, 5 .

(Note h = 1, 10 is a solution + [6;2, 12) , so rob is
old.

· # r is even, the hirak S 322- 41 .52 = -1 .

always , our X-ap = -1 has no solutions . The next solutions come from

· Ifwis odd
,
the hi-dky equals (32+50

2
=2
,
049+320V ,

- 1 when j is odd , our equets of when,
j is even

Definition: Lt the domatalsolution to - no solutions to X228y2= -1 .

*al =# be X, Kris y= Kri - fundamental solution is X= 127, 1,
524 ·

- 427 + 248) ..
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Observations suppose X-dy2 =-1- Whe &NVN2, the ring
The X-5-1 (modd ; this implies [] was infinitly many
that 144d and no prime of the form its celementsof multiplicative
4k+3 divides d. inverse)

,
of the form

- #) 31d, the the period of
the

Xyl whee x2dy= 1.& If for o has even length-

((y((x -y(a) =x -a)
But this is not sufficient : there

are

moduli d for which I is a quadratic

residue, yet X2-dy2+
hosnoy,

is thefundun
a

Solutions
.

of the fol #55 for some
B : d. 34

,
d= 205 . je]

[Algebraic number' thory : Fundamental unt bis er small

QD]
- lying about a few details "Clossgro" of "closs number"of


