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*

= SOA : f() +03
.

Then

Definitions The Dirichlet convolution of * is in obelwin group
under * :

-

witter
Inverses exist in AT (HW#8 problem)·two outhmetic functions fore 9

-xg ,
is the outhmatic function defined by In particular, M is the inverse of

(feg)(n) = [f(g(r(d) 3 (at = c) , which justifies Mobing
d I

-> [f(a)g(d-[fL4dgLd inversio F =f(] f = FkM.
an Technical note: * isassociative -

↑
we can show

Recalli -> - (((h)(n)=-- Tg(L)
Cabstract olgebra comments : = = (fa (gh)(n) ·

let A = 5011 f : IN
+ IR3. Then Dirichlet

convolution * is a commutative binary Bonus foot: Sou multiplicative functions

operation on A ; and (n=5b, if not , is a subgrap of At . (
is the identity element for

0f n5

*. A iso "monoid".
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let's practice some Dirichlet convolutions. Formally, we'dmew to show

Recoll un) = Ed is the sum-of

divisors function .
In

Prove th oh =
[Pd) P =r(pt P
din

= ((+)
++-D(-j+1)

([(1)- divisio o n)

Prof1 : Both sides are multiplicative,
Pyt2: T = pc(1c])

so id suffices to chock olpt
= [4GDT(r/d). - (4*1)k]
dl pr - id + 1 = 5. /

-
84-) p 1 pl- p2(p-1

T(pr) 2 3 4

(PKT)(pt) 1(1 PC peps + 2p(px)
zp-1 +3(-D + 4

- Computes (kg)(pr)
without knowing the onsive
whead of time -)
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Observation: Diricht convolutions an
-

prime powers looks like convolutions

of sequences
- the way

we colcubte mple: Recoll that

ceficients of products - of polynomials S(n) = El , of his o square
8, otherse.

or of power series ·
In other words,

if = feg the we ham the /formal
Let's reprove that Sk() = 1.

power seres identity Solutio: All functions are multiplicative

Ship
-

=
= 1+X-

And

=


