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Somemiscellanyinvolving the sum-of-divisors Therefore n is perfect if our only of
function otn) = Ed = id11· 2din

The uncient Greeks classified numbersa Let's forter the first four perfect numbers :
as obyrdont, perfect, or doefcient depending 6-2 .3-2(221)
on whether the sun of the por divioss 28=4

= e(2-1)

ofn was greater this equal t, or 496 = 16 . 31 = 2(2- 13

less than n. In particular n is perfect 8,128 = 64 . 127 = 2%* 17 .
wher

n=[d -onn.# is primehe

dan
n= 20+q + 2i-1(2P- D is perfect

For example 6 = 1 +2+3 an Reworks : # 21 is prime, then k

28 = 102+ 4 + 7 + 14 one perfect ; the has to be pulme , since if keed the

next two perfect numbersore 496 and 8
,

128
.
21 + (2%D(2dEd.   +

Note that o is multiplicativeond that
ButK prile is not sufficient : 2"-1 = 23 : 89

.
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Pains of the form 21-1 or called 2m = 2n = a(n) = -(2k'm)

Morsenne [q= 2 - 1] =a(yk- 1)o(m)primes .

Proofy: The divious of n+ 2 a one
= (2k - Do(m) .

1
,
2
,
22, ..., 2 ; 9 ,2989 ...,22 ;

The /2"-11 / 2m ; since (2"-1
,
2 =1

our these add to 29-2n . ↑ we deduce that L2"-DIm
.
Wate

Complete list since his prine) msL2"-Dl , so that

2 -olzq) = 02"Jota) 24(1)l) = (Dom)

2"l = alm).
· ep(at =-2 Note thatm and I are

distinct divisors of m

Converse is almost tri (sinicK32 !) ; thus

#born :If his on en perfect number, 21 =vmYm+-E-1lt = 2
*l.

then there existsa peie p with g+24-1 We conclude that(m) "mili in particular,
also prime such that no 20g I has only two divisors

Imand ll
, so m

of: Write -2m whe K2 no
mis is prime . Since m=

*-Al
,
we conclude

odd . Since n is perfect, that 171 ; or 2"-1 is pare EKis prime
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We've just proved a 1-1-1 corresponse between

Meseme primos 24-1 and even perfect
Example: Let's prove that=
& 2 .71828 is inational

.

numbers 2P" (2P-1.
· We know S2 Merseme priles: bycontradiction : Assume e=-
p
+2
,
3
,
5
,
7
,

13
, ...,

136
,
279

,
841

.

with b. 2
,
beIN · Then beeIN,

· Theis a specific periality tot for numbers our only b!e IN · Define

& the for 29-1-and foste there m =ble-on a
can find loge pied.

· Conyture:There are infinitely moneym
Meseme poines/even perfect numbers.

Note each summerd is of most ' the

jective: There are no odd perfect
numbers - previous summond,' by induction ,

-iphoutineapproximation : thetopic of (b+ 1 +k) !
*

findingvational numbers % near given real
m=!↳numbers X ("new" interms of the denominate

b). Thus 0xms1 - contradiction. I

49
-



1
-

Template for provingo numbe is initial : Remarks:
· Easier to prove but

· By contraction suppose XS
· Do somethy clear to construct (from

· Best possible (take x = with .
& ,
b) some integer in that's Deot: Define the

fr

gational part function
between O and I . & 5y3 = y - Ly) . Strategy : iO EbxE is
em: IfJo, a de distinct national

closed our b the X is close to
sointeger

number
,
then 18-17 in Consider the n numbers EXT

,
52x], --, Enxis

- Convention : we'll alwayswnt national numbers
as the nt interols

with positive denominators (but notnecessarily
inbwist terms). [0,) , Int , .... [, D .

ef *** ad-be to ; here Mah organt : suppose 1 of these interols

1-= contains two of these EjXY
,
SkG·

Theorem(Dirichlet) L XEIR and new .
(Wol 18< KE) The

There exists*0 with Leban suchth 1553/ not · Toke = (x)Lix)
I

o b= kj; thenbin and

(x- ) = b(n)-



1
-

(x- ) =1
=15

We're done unless no interval contains

2 [13o Fr this case
,
either

[ii] or [not
,

D catons some3.

· # S] 0 [0,i), choose a
= Lk)

on bok; then

(x-=
· # 513- [n

,

D
,
choose a=(+ 1

a b=k:

(x)=


