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Thursday, October
10

Note: 7% = 2401 = 1 Cmd 25]
-

What do we know about which moduli 184 = (7)" = 1 (mai 25)-

have primitive roots ? Still, we observe !

· Group Work Tues
· every printive foot

(moi 25)

- m= 1
,
2
,
4 do have primitive roots is a primitive roof (mars) is well;

-only other possibilities are : most (but not olD lifts of the

ph, 2pk for odd primes p primitive roots (mors) one also

· Mini-lecture The's primitive roots Coud 25)-

-primes p do
have primitinments - The ingeneral.

Today : look of pKfor odd p .

Soda when p
= 5 .

· The P($15)) =2 primitive roots (wors)
52

,
33
.

· The #P(253) = 8 petitive roots (mod 25)

one 52, 3 , 8
,
12
,
13
,
17
,
22
,
333

.

- missing 7, 18



1
-

Theorem: If g is a piltive root demo : If a his order hlmain

Lind p2 , then g
is also a primitive and dim

,
then the order of a (modd)

root (woop) divides h.

⑮ingobservation: Suppose =modp .of: a has order
(mot m

The ap-1 = (a-1)(La+-
=> abel (mod m)
=> a = 1 mor a)

·***+*+ 1) ; and both factors
= h is o multiple of the

orderof
one multiples of PisoP1Lma p2).

& Imoid . Y

Contropositive : if alp / morp), the

& Lip .

Proof of theorem : Suppose g is a palutive
-
root (mot put , so g has under 4)

=plpl.

Thus gP , g2p..., g(-2p#/(mod p2).

By the observation , g,g-, gp
Lmodp) , so g is a primitive

not (map.

X
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position:If g isa primitive root Thus the order (modp must be

Imoript with r32, the either pr2-1) or pr(-1)
prz(p) #Lmdpt . (*) (no intermediate divisors solace p is prime.

Moreover , it s is a primitive root. But it out be potted by ()
(mod pt) our (4) holds,

then

g is
also a primitive roof

(a pt. Theorems Primitive roofs exist

be if g
is : primitive roof (mapt, (wip2) for every prime p-

the g has order Apt
=p"(-1ppi)

our so (*) holds Confinition of order
-

- Supposea is a primitive root (map)
o holds. The order of g (moopt :
· divides q(p) = pt(p-1) (Euler's thi

· is a multipleofpr) spr2(p- 1)
Iprevious lene).
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Proof Let o be a primitive root (map). Thereas let ple onl prime,
We'll show that of the p lifts our let o be o primitive root

g++pGmp2) (ostepD) ,
all but

Co po for ra2 . The
one of the is a primitive roof (modpt

g is also a primitive root (morput).

By Proposition
,

it suffices to show

that there's- unique Oftp-1 such rolling:
let p

be on palme.

that ( fails, that is Any primitive root
(mos p2)

(g+tp)P
+
= 1(d p ·

(**)
is a primitive roof Crad pk)

Let f**XP" - 1 . Then g is o
root

for every kEIN-

of f(x) (oip) ; our f(g) = (p-Dg**

0 lamp , so g is a nonsingular
root
. By Hensel's lemmo , there is

exactly one solution to (4*)·
I
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Theorem: Let o be a primitive &

roof Got p-3 . By Proposition, Post
gpr2(p)# God pot; and we

·Whenk 3
,

Kr-Dr+ 1 Khock),

want to show (
*)

so (i) ukprl)"30 (mod p *).

gp
+ (p-1) #1 Lipip) , · When k=2

, (B)np
+1) =

require
s trot I

will be a primitive most (modp)P*2 p -p=n

&map by Ever's thm, on arrtea

(2)Lup--"So Lar prt1).
Therefore

Now gpr2p-D = Corp) by Eule'sthey
gp
*(i) (up

Soprzp-1-1 +up" forsome = l + p -

np
* = 1 + np(medpro)

n0 (morp) . Then by the since nE0 (morp) .
ThusL holds,

binomial theorem, Y
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Summary: Primitive nots exist We now know how to find the group

precisely for m- 1,2,4, p, 2pt for structure of Ma for my m32 :

or pales p.
· Chinese remaindertheorem - of

Decise let ple . Show that of m=pic.p the

↳, 2pk) , the the a ofa Low zpK)

equals the moder of 0 (mo ph.
Mm > Mpex MrX ... More

In particular , since plap) = PL24(pK)
· #) p is old, then primitive refs

=> #(p) , every primitive root (mople) exist [mip); so Mr = (p(p)
isalso a poliative root (mod zpk . /
⑭theory formulation: Let

· When p-2 :
-

CK-(p- 1) .
·Im be the cyclic group of order

m kl
,

Lo complete residue System (main),undert Mr K2,· Mm be the "multiplicative group" (morm :
Ekon

*E of k*3
reduced residue system Croom)

,
under X.

(size 4m)
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: Suppose m has primitive rests. The number of solutions to this

on (m) = 1 . The number of solutions lineer congruence is known
of X***

(mot m) equals from on earlie theorem.

Ed , if a
mid
= I (midm), ↳ The Sep26 Il

O
,
otherwise

, Special case nea, map old :
where as (n

,
4m)

(Special cose: of (n,4)= 1
the Emersenterion: Suppose pla.

always exactly 3 solution)
The number of solutions of

Irot: Leta beo pilutive root (modi, X & Lump) is

du wite Degblain an X-g
*
min) 52,
of- = (morp),

(ISYS4m). The 0
,
of D1E-1 (mp) .

**O lam) (g4)" =9 Lorm)

b (mm)Yb =0(min) [(4/2)2
= 1 Cmip by

↳ Ym = b (mod(m). Fernstsso/2=F1(mop)


