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Thursday,
October 17 2: The product of all reduced residue

Theroll from Tuesday : clossesImip is (p-1) ! = -1 (map) by

Definition: "If p is on add prime , define
Wilson's theorem. Let's poir these closses:
· Fer every (bp) = 1

,
there's o unique

the Legendresymbol (a) as
(spis 1 such that bed Lmaip-

I
,
If a isa quidrabic Linded , c = GLD).) This is

residue (moi p),
~ true poining (b5 ca (mop)(* -[+, i w is a quicrodic

nonresidue (mudp), If bis pained with itself,
the bba

O
,f pla Crodp , or 6250 (miph-

Theore # p is on old prime, the
- #fo is a quadrat's nonresidue,

the

(* ) = -1/2 (marpl) - 1 = (p -D!=( pois
b, multiplied(

I pla cose is obvious
,
so issume px)

Pol: Euler'swriterion : X** (moip) a =>11/2 (mdp) .

2 solutions
,
if * = 1 (marp,

- If a =b (modp). then

has - = - 15(p-D! = (b)(
-b)( pairs)

(p-D/zO solutions
, of-1 (mp

↑
(p-3)2

= - d=- - X

↑ Lmip
,
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Observation : since each quidrodic - I = (p-D ! = 1 - 2 .. - .-D
&

residue has exactly 2 square roote, = 1 .2 --- () ... (2) - i)

thereone exactly bt quadratic residues =(i) ! ·(1)+(4) !
as here I quidotic nonresidues.

Special cose of Theorems a = -1 .
=]!" / Crop

There
,
(i) =(D*2 Lmodp) . Thes (i) is a square

root of 1.

-Employing
similarexp

p
=23 ,
s = 11.

.

Since bothsides areIf
,

in food 2I! = 2" (
.2 .
.... (1) =(2 .3.6 ... 22)

(E) =[4)
= 2 -4 .6.8 . 10 .( 1)(-g) (-7)(-5)(3)()

= II ! (1)Lui 23) ;
so

Exymple: X
*
3+1 (moo107) has

no solutions

2" =ED= 1 (2). But
byTheoremS

but X= ) Lund 109) has I solutions

Fun trick : Suppose p= Lun I.
z_() (m 23)

.
So

asot happens :
The () = 1

.

(solutionsore 15 (mi23))
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Trem (Sportamoa one then count how many ended up
in the right holf.

=3

Formul : (5) =( p(p
2
- 1/8

.

Similar orguments can show that

Prof: Let <=P .
Using the some ( depends only on p Lad 41)

.

argumentis
in the previous example. But there's a moste relationship

(2) 4 ! = 2a! = 2 .4. 6
... (2) that does all o of

once:

=a
.

ED* Cop ,wheremocratic Reciprocity Theorem :

u = #415j : 2j33 # pand a one our pries, then

The chedoses : re &
(PD/4

,
if pelmet , () =(1)*

<p+1/4
,
if p=3 (mis4) So (5) =1) wherher port is

* chreck the theorem in each case. 1Cre 4);

Concelling the2 gives (B) = 1-D"/ (&=() when oth p =q3(mod 4) .
Picture'

.

↓
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Strategy where #SKF: (1) <R3.
That is,# ① TI a=Tk (mop

Emi)= (a (map) , a Grode)
I (

,
b)cL kT

Count how money dots end up
in Re ② IT b = <Do k

(mode

Station ·

<=P and B= G,b)cL

· F =[1 : (Kpg) = 13 cmpq) Claims : we will show
· LHS of D = - 1)

B (morp)
· L = 51*p-By 515b ·HSQ =-DCE1* (moq

Crop (modg)
For

ony TL
= (KInsip) , Khodg)) ·

·RHSD 5(13DP() (mp

either (KK) = L , or 11gk]@R
on ther RHS=EIJEI()(modd) ·

(-k)eL- Assuming the clams :D becomes

Check: The Like our the ElkeL(↑)
perfectly fill 1 . Therefore : The E becomes

I# ( ,b) EDL/=-) .(a
,
b) th

I > =>
000 . --
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Claims : We will show
· LHSAN -EllPLmmpV Useful Rock :

- 1(q-D !=-
·HSD =-DCED* (moq) k= p+ /

·RHSD 5(13DP() (mp =>
p! Fi((a -k)Gn)

· RHS= IJE](mod) .
k=B+1

= p ! p ! CDP Lig;
① TI a=TT k (mop

so List]2 = -DB+ (marq)
(
,
b)cL kT

② Tb =DTk(mog.HSQ: (b)
G,b)cL Let

L = 51aspi + 51b3 .

- (pDP =((p1))d
"B

So LHSD =( =(t jp
+

1j4 =((((y)
= ((p-y ! )B =( yB We'll do RHS ofDa ② ento

by Wilson's theorem. slight complication because

F=513 .


