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Mursday,
October 3 then f(x) -g(X) = X(x-1) -(X-G-D)h(X)

Temple: Consider f(x) = X
*-X

.

=> (XP -X) h(X) (mp).

By Ferrot's little
theorem

, every
The "converse"

iswko tries

residue closs (mos p is a rotofheren : Let up denoke the set of

-x) (moi p). # follows that residue closses (mod p) . Let

f(x) = X(X-1(x- - - - (X-(p-1)g(, f : I be oy functi.

The there exists
o unique polynomial

- but g(D) must be the constant I

by composing degrees
and leading crefficients - g(X) (moip) of Regre of most p-

such that f(@) = g(d) (modp) for
S XP-X = X(X -D(X -2) --(X-(-)

(meip) every
de Ip

Extro gift: comeov conflicits of X' : oof uniqueness: Let g(X), hX be
- 1 =(DP

-

(p -D ! = (p -1 ! (modp) - two such polynomials . The g(x) =fle) = h(a)
Wilson's theorem- (worp) for oh Is so

Same idea gives o stronge statement : g(x) - h(x) = (xP-X)k(X) (morp) ;

if fla -gld) would for every of1, by compone degrees, we
must here

kX) isthe zero polynomial-
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⑮existence: rollar 4 Example) : Supposed /(p-1).
11) Note that for ony of

I, Then X"-I his exactly

if y(morp ,
a roots (morp.1 - (y - a)

+
-59 Hysa(morp).esWe have the factorizationIs

by Ferrot's lite theorem . Then take

g(X)= (1-(X XP()MP
(2) There are pr functions from Epto By lost closs , 11) has of most a

Ep .

There one pr polymonists of the roots our (2) has of most (p-1-d)
roots (moop) - But XPI has

formPX* whereGe P-1 distinct roots 1
,
2
,..,p-1mol

But each such polynomial represents By counting, 4) our 12) must, have
different function (by uniqueness); their maximum number of roots.
hence (by counting) may function K
is represented by some polynomia- Inprimitive roots&
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&Recoll : if = 1 Ludmi
, the Lam= 1 .] of let h be the order of ocmodm)-

Definition: Given Lm) = 1
,
the Wate K=hatr where Or

< h.

uplicative)order of 0main. Then ak-that--labar
is the smallest KEIN such that =>~= (mid m

ak = 1 (moi m). ·#f = 0
,
the hik and kekmam .

-ple: m= 11
,
0=3 .

Fr3o ,
the /k .

Also

#1 Land m) , because
u is smaller

S then h
,
the order of a /

541

whose the once of 3 (D) is 5. Proposition: Leta have orderrmodi
-

hmm :
Given (m) = 1:= / (mom) ond b have order s

Lum). If

cond only of the order of a (main) t is the order of
ob Lumin

,
then

divides kn tmins,o
- In particular : the order

of a Fri I to
(morm) always divides 41m) In particular, if (s)= 1

,
then

Ly Euler's theorems)- t = rs .
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Proposition: Let o have orderrmod rist)

ond b have order s
Lum). If

t is the order of ab 1moim) ,
the I

tmins,o It .

Gine(s))
Fri I to The symmetric organet

shows

Prof: Let's note that It
Lab

knSrsh
=Crys)(bsjs Since (c 1)

,

we

= plus,/mom's conclude that sin to

by the previous lemmo , kn[rs] is a Y
emno: #f a hos order h <mad m)>

multiple oft
then the order of ak (mod my

Also, n

&
st
=stjt =(b)t) = 1 moom; equalsit

so r (the one ofa must divide st -ph: The orderof
Land mi

by the previous lenmo . But quils She his evea
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Y
emno: #f a hos order h <mad m)>
then the order of ak (mod my Definitiaisiroa
equals c equals #m (which is as love

Prof. The following statements
about jeIN as it could bet.

ore equivalent
->ple m= 11 . 4m) - 10

.

43 (aky5 = 1 Crud m -j(2 h1kj

↳ in II
(mod 11) Thus 2

,
6
,
7
,
8 one all primitive

roots (m (1).
CL cas· Note: 521 , 22 , 23, ...,23
In particular, the smallest positive

=> [2,4,8 , 5, 10, 9 , 7, 3,
6
, 13

integerj satisfying (1) Love have
-reducedresidue system-

(Das well) is j=cY
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Lemmo : If m has o primitive roof,
the it has exactly(4(m)
primitive roots-

Bot. Leta be o primitive roof Goom)·

The Eg
, 92, -.., gam)} forms a

reduces residue system (mod m).

By the previous lenme, the order of

& is in particlea

the order of gl equals flus precisely
when (KP(m))=1- or

therefore &(4) such integers

11/[$(m).
4


