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Thursday,

October 31 #oren: Let f be multiplicative ,

T our defin F(n) = [f()
Recall : f : I-IR ismultiplicative if din

↑(mm) = f(m) f2) wherever (mm) = 1
. (the sum is over oh divisors of n).

& is totally multiplicative of Hmn) = f(m)f(n) The F is also multiplicative.
-

J
ToOMmonCn) denote the number Example Joke f(n)-3(n) . Their

F(u) = [1() = [1 = this ;
&

of distinct prime factors of n ,
on dlu din

of(v) the number
of prime factors of so this isa third prof that the

n
counter with multiplicity. number-of-divisors function is multiplicative

Example
with n= 720 = 24325, : Let Linn) = 1 ; we need to prov

w(26) = 3 while 1) = 4+201 :7 . that F(m) = F(m)
F(u)

. By HW

#terise.
For only Cent, show

that problem 2167& the divisors o of my

any in 1-41 corresponcance with pairs
Twis is multiplicative , and Ch is

(b) where olm our bla land obd).

totally multiplicative. A
since (mn)-1 . So
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F(mm) = [f(d) =[f(a) -xploration : Let start with F(n) =cul ,
alum

blu · the [f(d) = in)-SkusSince olm our blu
,
wehave lo

,b) /mn) =1. din

Hence since of is multiplicative, Some values

· n= 1 : f(D) =i (D= 1
-

F(mm) =[fof(b) =(E) ·

n=2: (x) = f(z) = c(2)-[f(
blu <Z

- F(m) Ful - Y = 0-f() = -1.
We might worke whether the converse More geneally f(p)-1(p) - f(D) = - 1

is true .
More generally , how canwe n=p * f(p2)5(<2) - [f(d)

deduce information aboutf from info de
about F ? We observ that given F,

= (2) - (f(i+f(p))
there's exactly are f such that FluEf(a) : = 0 - (1 - 11

= 0.

One can prom by inductions
that

flD=F() , while for 152, fis
alu

f(pk) -o far on 132
-

defined recursively by · n=pq= ()= f(p2)
+ cq - (f(x +f(p)+f(q)
= o- (1 - 11) - 1

f(u) = F(n)-Ef · n = pzq = () = f(p2q = c(p2) - (f() ++()
+ f(p2)

+f(q +f(pt))so=(1 - 1 +o - 1+ 1) = 0
.
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Definition: Thebusfunction MC) with(d = j . Therefore

is the multiplicative function characters [m=()(de

by : M(p) -Gr,2 = (1 + (i)k = 0 = (n) .

din
Fu

otherwordpw nissant
so it suffices to show that they're

#heorems[md=n= equal on prime powers-but
we've

8) ready done that in the explorationy
Note: this property of M is used way

Ennotation: Wherever we see
we're

more often than the actual definition
about to do a "PerifI" type prof

no stop and look for 'Prof2" type prof.

dIn arefie
#f his k distinct prime factors,

the

theeone squarifice divisies d of
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Theorem: (Mobius invasion famulo Eyerie The converse
is also time·

Given f : NBIR, define Fli[fl). Work: This forml
hos regaleso

The flu-[F(d)m(u/d) of whetherF
are mutiplicative .

da -xmple: We've seen that [P) -n
din-ident.Note

:[Fucrid)
= [Faml

Then Mobius inversin tells asC
,
dEIN

-EMLFu EmDid
din

&of: By the definition of FC -dIn

[MLF(Ym) = Ema[f(b) (We can reconfirm this by checking on
din buld

prime powers,
since both sides are multiplicativesdirmblu dlub

baln

=[f(b))
&mmm
alpr

=> f(n) - 1

+[fo-f,
= ! +y++- = 1-)
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Definition: The Dirichlet convolution of Theorems If If our gove both

two outhmetic futationsford g ,
written

multipliztive, the so iskg.

-xg ,
is the outhmatic function defined by Prof . Let <min)-1; we need to

show

(feg)(n) = [f(g(r(d) that (f* (mm) = (f(g)(m) (fag) (n) :
d I

-[fagLd[fy (askmn)=& f()g(mulan

Cdin -Ef
~[fob)g

[(m
,
n)= 1

=gxf)n) ..
=> (b) = 1

,

Notationptio: blu
(8
,
5) = 1]

· #g-1 ,
then (f*](n) =[fI -[faf(b) gla)glo)

=[fa imf)([f)· We've seen that pat-id bin
und 141 = c.

· Mobius inversion formula
: - (fkg)(m · (eg)(r)

y
-++,

f =F
ifand only of
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mak: We sow earlie that if min is also multiplication. Here

fis multiplicative, the So s F=84] Skil isalso multiplicative.

-Ef. On prime power
,e

Now we can prove the converse:

(sk2pr) = [siui(d)
if F =&1] is multiplicative, alp-

ther by Mobius invering fo F&M = s(pr)) + Sp->M + s(p
+2)pp4)+ -

is the Dirichlet convolution of two = s(pt - 1 + s(p
+) : / + Ox ...+o

multiplication functions, which we've = s(p) +s(p
+1) = 1

.

just proved is itself multiplicative. Weuctsi
#omplex let ski) be the indicator

function of squares : SCE1 inisosavive,
of square fee number; hence

O
,
otherwise (52)() = [s(@Mild

let's identify Sk(m) . (infact
, M2= Inl)

cdsn

=Seden : ciso square ,
d is sauer

Note that s is multiplicative :

-> I
.

Exaphi if noz'y"go",
Ora)

in fact, s<pr)-S risera the nied whos c = (3 .5 . (2)
,
d =25

.


