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2) $4) : Multiply both sides of

I doSeptemberdeesdoy X =X (main by X , & get

1 = x2 (modn) -

Lemmi : Given meIN and XI, (1) $22) :
Finte (1,m) = 1

,
we

consider these statements :
know (x&m) = 1

,
ou so <X

,
m) = 1

.

(1) X2= 1 (modm) ;
Thus exists

,
and multiply both

(2) X= x (moim);
side of the congruence by X .

(3) X= 11 (mor. Finally , prove
(1) * /3) if m is prime :

· ForOny meIN
(1) ()(2) X=) (maim) implies

our (3) (1) . m/(x-1) = (x-D(x+ 1)
. By Endid's

·If m is prime ,

the < * (3) lenna m/(x-1 ar m1(x+1)

By #
Iss on three are equivalent)

. X = 1[mim-
x=- (maim)

[some statement from end of Tuesday sun'sTheorem :

of: Start with general m. Let p
be prime.

Then (p-D ! = -+ (mup

(3) EL1) : Square both sides of
Example : 101 divides 100 ! -1 .

X = - 1 (imem)
.
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Ple (p-2,3 by hind) Assume >S · butis is
,
more simply , al intragers

Poir up
residue closses 52, 3, ..,ph congrent $ 1 or 2 (m 5).

ho poirs Saa"3. Note that Definition : Given a polynomial

nothing heris Asownmuse, byprus
with nee cefiea

(f(Xe[[X]) and moIN
,

(7) ! = 1 + 203a na(p -z) + (p- define Elms to be number of

=>I pos efthe form-1) residue closses (mom that satisfy
Sal the congruence

fL@ =0 Ladm)

= I x <P2x(1) = - 1 moequivalently, Om#Semi FL h
Solutions of polynomial congruences Womple. Let f(x) = X2-1

.

Howmany solutions
does By today's first lenmis(p) =2

X" +2x3 oX + 1 =0 (m05) have ?
for only ofd prime p Love of

( = 1) .

The set of solutions is Onthe other hand,
5. ..., 14,

13,
9

,
8

,
-4,

3
,

1
,
2

,
67 11,

12
, .Es (24) = 8

.
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Lineor congruencesore quick Nowassume glb .

Write

-herem:m
= 19 ,

b= g, mong .

Thex = b (mrm) ()

Then O (m) =
0 unless glb ,

in agX = Bg Got pg) <)

whichse (m) = g. CX = B (mospl .

Examples f(x) = 5X-10
,

m= 100. Note (
,)

=(c ,c = 1
,

Solutionsore 514
,

34
,
54

,
74

,
94BC20), so amim) exists ; this

the

so Glic) = 5 = 15
,
100). Noteto solution is = Lmaipl.

g(X) - 5X-71 : 15
,000471

,
our This single residue closs

(mob us

indeed no solutions
,

is the union ofg residue

roof' F(x -O (madmi man ab mini .

Classes (mos no 4

This implies &X=b (mod g) ,
which is

050x = b high .

Thus if olutions

X exist then glb .
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&m strategy for evaluating O
Hence ((m)= (p)E)--p

· Reduce to thecose where m
· Reduce further to the cose

of prime modulus.
isopemepowerso pora

- Tool : "Hesel's Lemmy"

of powers of distinct primes ,
then · Theoretical stuff about op()

(pp) = 1 for on it j (poirwise
: Special families of :

relativelyprime) ,
Mo so by the Chinese - f(x) = Xt-

remainder Theorem,
- quodetic f(x)

f(x)= 0 (mosm)

is equivalent to

f(x) = 0 Lmad pi)
f(x) = 0 (mod par)& i

f(x) =O [moo pil.



1
-

q

Hensei'sLemma : Ho be proved in is a root of X22 (mob 49).

Group Work #3)
· Let f(x)E[X] Lone we check fla) = 20 = :

and let ps be o prime power (j). #0 (m))
.

Suppose that f(a)= 0 Lun pi) # turns out to be 39 = 4 +5 · 7 :

our I'll 0 (moip. Then there 392-2 = 1
,

519 = 49 . 31
.

existso unique integer USEEp-1 Insight : the residue class olme pl)
such that flatpi) =0 (m00 pjo). is the union of the presidue closses

Note: I'means what
you think

: *+pi (mot pit) (ostepl -

(EX' = [KX* · Note f(a++pi) =0 (morp
**)
,

The fla + +pi=r (mowp")Wouples f(x) = X2-2
,
a = 4

, My

pi = + Confirm F(a) = y22 =1 =0 (nor y
%). fla) =0 (mosp)).
So ifa is not a not of f(x) <marp),

Hensel's Lemo says that exactly oneof
the none of attpo or roots of

Sattp" : octep-13 = 54 +t: St 03 f(x) (mod pit) ,

- 54
,

11
,
18

,

25
,
32

,
39

,
463
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· Give a roof f(x) (mw pic 4 of a to o root of f(x)
o jai , o If of t to o root (mot pi) .

- o unique residue

offle know pit is some intego coss of (op) with
c =b(pt) such that flo (m) .

Oj (modp) our

· Hensel's Lemo says, in the situation flop =0 (mopi) -

of mesingularrouts of f(x) (morp")
- where "nonsingular" means Inpotientf (map
& L0 Lmoip-

one nonsiligular, the
evey roof a turp) has o

unique life to o
roof (mod pot). (pi)= (p)

for oh
j32 .

rollory: Let f(x)TEX] , and let There are versions of Hensel's lemm
& be root of f(x) <morp with

that deal with singular roots
fld) #0 (map) .

The for every
see Niven/Zuckemon/Montgomery,

533 there exists a unique lift Theorem 2.24
·


