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Shredoy, Jonnary 23 Detour: the definities of o product
&

converging obsolutely is :

RECALL :

"TI11ton) converses obsolutely
"

There1 .9 : let Flsfin's we
means &land contages-

f is multiplicative. The FIG has
Heuristic for Theorem 1 .9 :

the Fulor product T = (1 + f(z)is +f(2)23 + -.)
-

F(s) = T(1+ (10f(B 35 + fly2)2s .. )

P P

wherever we to thoois
,
wherever 1 . 1 . 1 ·

(2) . f(D) It : 1 : 10 %. -

fin conve. -
- f(539)539

· 1 · f(3)51 . fLDDT's · 1 : flis) 13 - --

Rework: Almost the some proof shows that

these Enter products converge absolutely; (2) 22f(33) 535f(g)
gs--

in particulor, the product can't equal o

unless one of the factors equals 0.
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·Pay
Proof: For each price ps ny-friable

11+ =1fr a [lfheno
n not

-Elf(n)In yefrisbe
y-friable

by assumption . So weEn "infiniteFoth"

- finite number of fortos:
< [1f()n

asy

TL) Ef C
which tendsIs 0 as y+

Pay ny-friable since FLs) is obsolutely convergent.

teebeyibhubslol? HereIm
Thes Y
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Notation: So for o 1
, by the theorem,

· wh = #distinat price forters on's Nin=/+·Mh)= Eprime forters ofa with

multiplicity3 P

&samples 53977211
,
so v(S39) =2 and

=/1 -
M(539) = 3. P

· The Liouville Lombdo-function is = T) = (1 +p .

x(n)ren? (Note that p

x(n) =M(r) if and only
of n is squarefree)) Exercise

: Show that
*

Enns-3
let's find on Euler product for

#

for wel.

Xin (since bal is tou

tiplicativa)
Note that

=
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oneor wtheFulerd, (7)=ps,
P

auf s

logTCs) = [l(-p) onnO others.

Define A(n)be the von Mongoldt
- Eli Lombdo-function

- All = Skyp, if n =ph for som
keN,

O otherwise
-

(by absolute convergence). This is a Dirichu

series : 197-sn,
The3

Toky derivatives of both sides Exercise: Show that [la) =logn
din

(tem-by-tem othe RHS, by Thus ** 1 = log ; so for oh I,
b6

local uniform convergence of Dirichletseness1 . 3Cs)= -51s).
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Recoll y(s)=D C2) Note that DV" is multiplicative !

We'll prom twice that u/s) = (1-2"ICs) - it takes the value -I o on 24

for L 1 -

and the value + I ou only add p?
(1) For =1 , So for of 1 we have the etale product
((s) = 1 + (25 -2 . 23) +3

- (4)- 2 .45) +55 (2 .53) .. (15) = #(1+P

= (1 +2 +3
5

+4 + -) -2(2+4+8)

- 32s) - 2 .2(1 +2 +35 + =)
-(1)

-> 3(s) - 2 . 25 . Es)
· =

(t-- -
--)
T+)-

Lit + ++

-
Y

.
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n(s)=n=l23 Nation: Ex3 = X - LX) is the

fractional-part function- For example

&
[1 .

233 = 0
.
23

, 57 .233 = 0.47Observic Weproved this identa b
33 = n- 3

,
55393 = 0

.

thato , o that ulD is Flexible representation of JCS) :

moticThe Them1 . 12 : Forany X0, and for

any S1 with of O,

contration o 315) So 3(s) =[n+
nX

denominator has zers
- >jou3551du .

& s =I of Start by assuming 07 1 .

The

Exercises show using (*) this 55 3(s)
=Ens+[&

has a simple pole of 51 with residue 1.
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NowEnsu 1Ed de
- du) - Cas dis converges for o 0 here

-(b) the RHS A(*) is onlytic

everywhere in 50003 except -1 .
=0-10- So holds byinolytic continuation.

+Gu3(sidu. Consequences of (4) ! Y

This
proves# for it 1 . But · When x=1

,
we set

&

Ens is molyticevery-
nX ThusI(S)-st, has o numerable
except soli more, singularity of st, with value

This 3) = st +C +0(1st) <= 1 - Purdu 0 .
572

.

near S-1 -
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· Also for ot0,
St :

En
=(

So : If 531
,
the

= 3+(x
ofOc1 ,

then

+O

=+


