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Thursday, March 27
Group Work #9 next Tuesday imtiaGXm,define at

-
=> RECALL (modiAXnichletcharacter, is a completely L(s ,X) = EXrisns
multiplicative function X:+ & with

Let's figure out" the obscias of
perioda, whose support is Eni (n,a) = 13. Labsolutel convergence for L1,X).
Example: For every ge1, there is o

nincipal trivial character ·
Nol =Sol, conveye when71; so

1 .

· If X Lung is fixed, then
Exercise: Show that the series defining
(4

,
X) does not converge absolutely,

=E one that (11
,
Xo) does not converge oall.

Laint : Look only of not (mg) (

· If not is fixed, the From the exercise
,
we conclude

(*) [X() =54) ,
i nelmog, ·

a
= 1 for on X

X (nor a) o
,
ifn m GE for Xo lonyg)

"Orthogonality relations"
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Since X & completely multiplicative, Note that (#) + periodicity mons that

we have the Euler product if X is nonprincipol, the [XC) = 0
mcnsm+q((s

,
X)=(1 +X +X for ony met . Consequently given XCIN,

P

=> T(1-X With Vautw for veouo

for 071 .
P the if Ax() = [X(n), welove

n1X

Exercises If No is the principal character Ax(X) -EXEX(n) = [N;
(wood , show that when oxI, nsw

=1 (blgnske
new

( X .

) = 3(s) TL1-5) . in particular,
Pla

Conclude that LiXo] con be continued (A) [Ixcull SW19 .
meromophically to all of D,

with its #ercise: gett better bound lay()-
only pole beingo simple pook of sol ByTheorem 1 .3,

with resideq. ·msuum
Exercise: Show that log X

*

EIAGn'S = -(,X -riseVerify 230 · Legis look of soo)
n5]

for 00.
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&goal: nonvonishing of LU,X). Exercise. Prove the ohologous inequality
Standard profs of L4,X) 0 divide 1(la

,
Xo) Llot it,X)

*
Lotzit
,
XE131

.

Dirichlet characters into three categories :

· X is pencipol (nonvonishing is trid If (4 + it
,X) - 0, then the function

because of pole) Ls
,
X. LLs + it,X)"LstLibX) ,

ot Sol ,
· X is amydratic , meaning X2s No

Lequivalently , X takes only real values ( has (triple pole) - (ot losto quadruple zend

the re charactersore principal or quodtic)
- Lanalytic near S

= 1)
~true is

to
· X iscomplex , moning X No or X is complex·

IX tikes of least me nonvol value ,
and thus would haveo ze of sil,

contradicting the exercise inequality (just
Here isa sltch ofo proof that of X

to the right of STD.
is complex, the LL1 + it

,
X1 to for only

toIR
,

and in particular ((ix) 0 - Thisargument proves

We recoll the inequality · LL + iO,X) to for only X and

13(2)"3u+it)" 3(us2t) = /
any teR\S03;

· LLiX) *0 for only complex X.
for> 1 .
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thfeata
· Onthe other how, of 5-y2,
&

din Erbinmm
n= 1

· Chapm3: r(n)30 , and r(m) 1.

Prof: r is multiplicative , so it
suffres 3 m =

to check prime powers .
6 the series diverses of =%2.

r(pk) = X(D+Xy) +x(( + ...+ X(p)" .
Beautwithmetic progressions : Extend

() as follows : if logs# -thepu, X
· For RLs) Erlan = L

,
X)3(s)

.

XLuig

·If L4,X) =0 , then RLs) would
be -N

analytic for all of 0. = E if in (mg)

By London's theorem (Chopte 1), opplicable o
,
otherwise

&

since rubso , Erhin's must converse
nj) for > 0 · => Sm,S
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Consequently , for as 1, The sun is analytic near so

[ n =[ X (because nonprincipal (1s,X)

neIN * [mosa) have no poles and
don't vanish ofS.

n= x(moda)

- Thus the RHS hos osimplo a
of s= 1 (of residue YoG) .

- i [ 24X)
In particular,

und
X(moda)

lim 2-
[Ahin's ... =ENT .

We nelAs

NEIN

n (mod &"M by Monotone Converse.a

naudt)
Let's natethis as

[AlnS =-LsX Alo
,[nei nspk

n5(mod
-i

So

132

[sp =0.

X&a p= (moiq)

INFINITELYMor


