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In place of Z, consider Fq[T].
The prime numbers are replaced by monic irred. P € Fq[T].

Prime counting function : for a fixed monic m € Fq4[T], and
(a.m) =1,

n(N;m,a) = #{P: P=amod m, deg P = N}
n(N) = #{P: degP = N}

An easy PNT

If (a,m) = 1, then n(N; m, a) = (¢(m))~" - q—,sl + O(ﬂN/Z). Here
p(m) = #(Fq[T]/(m))*.
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1. A function field analogue

In place of Z, consider Fq[T].
The prime numbers are replaced by monic irred. P € Fq[T].

Prime counting function : for a fixed monic m € Fq4[T], and
(a.m) =1,

n(N;m,a) = #{P: P=amod m, deg P = N}
n(N) = #{P: degP = N}

An easy PNT

If (a,m) = 1, then n(N; m, a) = (¢(m))~" - q—,sl + O(ﬂN/Z). Here
p(m) = #(Fq[T]/(m))*.

Idea : factorize T9" — T over Fq[T] and use Mobius inversion.

ANT II Analogues of prime number races




1. A function field analogue

Potential inequities are detected by :
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Use an explicit formula and relate to Dirichlet L-fcts.
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1. A function field analogue

Potential inequities are detected by :

Em (X - 3% Z( (N; m, a) - (N)).

Use an explicit formula and relate to Dirichlet L-fcts.
Dirichlet char. mod m : gp morphism y: (F4[T]/(m))* — C*.

Dirichlet L-functions for F4[T]

Lsx)= ). ’% (Re(s) > 1).

feFq[T], monic

Remarkable feature : let u := g~5; one has
® if x # xo, then L(s,x) = [17%5(1 =% (x)u), byj(x)l € (1, V@),

nP|m —ydeP
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Dirichlet L-fcts in function fields

Set L(u,x) = L(s,x) (recall u = g~®). One has :
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Dirichlet L-fcts in function fields

Set L(u,x) = L(s,x) (recall u = g~®). One has :
Liwy)= [] (1-x(PufeP)T,
P monic irr.

Next, get an “explicit fomula” :
d N
u—du log L(u,x) = E en(xy)u™,

where cy(x) :Z Z x(PN9).

d|N Ptm,deg P=d
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Dirichlet L-fcts in function fields

Set L(u,x) = L(s,x) (recall u = g~®). One has :

Lux) =[] (1 -x(Puer)™.

P monic irr.

Next, get an “explicit fomula” :
ui log L(u, Z cen(x)u
au g X) N

where cy(x) :Z Z X(PN/d)'

d|N Ptm,deg P=d
Also : L(u,x) = Hdm(1 - aj(x)u), (x # xo),

L(u,xo) = %. Therefore for y # xo :
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Dirichlet L-fcts in function fields

Set L(u,x) = L(s,x) (recall u = g~®). One has :

Liux)= [] (-x(Pu®eP)™

P monic irr.

Next, get an “explicit fomula” :
d N
u—du log L(u,x) = E en(xy)u™,

where cy(x) :Z Z x(PN9).

d|N Ptm,deg P=d
Also : L(u,x) = Hdm(1 - aj(x)u), (x # xo),

L(u,xo) = %. Therefore for y # xo :

N
en(y) = Z Yi()"s cn(xo) =q" +O(1).



Chebyshev Bias in fct fields : relevance of squares

By Fourier analysis, relevant quantity :
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By Fourier analysis, relevant quantity :

D x(@en(x).
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Indeed :

Nzchm pm)(N; m. 2) =
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Chebyshev Bias in fct fields : relevance of squares

By Fourier analysis, relevant quantity :

D x(@en(x).
X

Indeed :

ao(m, a)ﬂ,\,/2 + O(ﬂN/g) (N even),
N/3

1 -
N ;X(a)CN(X)_SD(m)"(N; m,a) = O(qT) (N odd).

Here, reminiscent of Rubinstein—Sarnak’s analysis, we define :

o(m,a) = Z 1.
be(Fq[T]/(m))*
b?=amod m
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Chebyshev Bias in fct fields : relevance of squares

By Fourier analysis, relevant quantity :

D x(@en(x).

Indeed :

ao(m, a)ﬂ,\,/2 + O(ﬂN/g) (N even),
N/3

1 -
N ;){(a)CN(X)_SD(m)”(N; m,a) = O(qT) (N odd).

Here, reminiscent of Rubinstein—Sarnak’s analysis, we define :

o(m,a) = Z 1.
be(Fq[T]/(m))*
b?=amod m

However, L(u, x) being algebraic,
d(x)
> x@en(x) ="+ > x(@ Y )" +0(1).
X =1

X#X0 =
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Function fields : explicit formula

Proposition (Cha, ’08)

_ |o(m,a) -1 (N even) _
Let B(m, a, N) = {O (N odd) , then :
N/2
o(m)r(N; m, a) - n(N) = - B(m, a, N)qT
o) .
5 5@ e+ o %)
X#)(o j=
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Function fields : explicit formula
Proposition (Cha, ’08)

¢ ~ Jo(m,a) -1 (N even) _
Let B(m, a, N) = {O (N odd) , then :
N/2
o(m)n(N; m, a) — n(N) = - B(m, a, N)qT
) .
N 2@ 2t + o %)
X#)(o j=

Theorem (Cha, ’'08)

Let Bo(X) = {\F/( 1) (X odd)

4/(q—1) (X even) , then :

Ema(X) = (1~ o(m, a)Be(X) - Y @02 4 o(1).

X#X0
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Function fields : limiting distribution

From there, Rubinstein—Sarnak’s limiting distribution machinery
may be applied.
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may be applied.

Fix a4,..., ar invertible residue classes mod m. Consider the
main term in the asymp. exp. of Ep 4,(X) :
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may be applied.

Fix a4,..., ar invertible residue classes mod m. Consider the
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Function fields : limiting distribution

From there, Rubinstein—Sarnak’s limiting distribution machinery
may be applied.

Fix a4,..., ar invertible residue classes mod m. Consider the
main term in the asymp. exp. of Ep 4,(X) :

ERat(X) = (1 - o(m, a))Bq(X Z)( "”X’
X#X0

Set £747(X) = (Epin(X), -+, ERan(X)).

(a) m.a
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Function fields : limiting distribution

From there, Rubinstein—Sarnak’s limiting distribution machinery

may be applied.
Fix a4,..., ar invertible residue classes mod m. Consider the
main term in the asymp. exp. of Ep 4,(X) :

ERat(X) = (1 - o(m, a))Bq(X Z)( "”X’
X#X0

Set E/17(X) = (Ei(X), -+ , EB1(X)).
The validity of RH in the function field setting implies
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Function fields : limiting distribution

From there, Rubinstein—Sarnak’s limiting distribution machinery
may be applied.

Fix a4,..., ar invertible residue classes mod m. Consider the
main term in the asymp. exp. of Ep 4,(X) :

ERat(X) = (1 - o(m, a))Bq(X Z)( "”X’
X#X0

Set £747(X) = (Epin(X), -+, ERan(X)).

m,ay

The validity of RH in the function field setting implies

Proposition (Cha, ’08)
For all continuous bounded f on R’, the following limit exists

i 1 . main
lim — > f((EGY (X))
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Function fields : limiting distribution

Consequence : unconditional existence of a limiting
distribution :
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Function fields : limiting distribution

Consequence : unconditional existence of a limiting
distribution :

Theorem (Cha, '08)

There exists a Borel prob. measure u = um 5) oOnR" s.t.,
denoting Ep, (2)(X) = (Em.a (X), ..., Ema, (X)), one has for any
bounded continuous f on R" :

o1
| fdu= lim - X; f(Ema)(X)) -
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Function fields : limiting distribution

Consequence : unconditional existence of a limiting
distribution :

Theorem (Cha, '08)

There exists a Borel prob. measure u = um 5) oOnR" s.t.,
denoting Ep, (2)(X) = (Em.a (X), ..., Ema, (X)), one has for any
bounded continuous f on R" :

n

o1
| fdu= lim - X; f(Ema)(X)) -

As in the classical case, one gets precise information about u
assuming the Linear Independence hypothesis.
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Function fields : limiting distribution

Consequence : unconditional existence of a limiting
distribution :

Theorem (Cha, '08)

There exists a Borel prob. measure u = um 5) oOnR" s.t.,
denoting Ep, (2)(X) = (Em.a (X), ..., Ema, (X)), one has for any
bounded continuous f on R" :

fdu = lim 1 D (Emay(X)).

n—oo N
R X—

As in the classical case, one gets precise information about u
assuming the Linear Independence hypothesis.

Linear Independence (LI) hypothesis

As y runs over non principal char’s mod. m, the multiset
{6 € [0,n]: v = v/ge" inverse zero of L(u,x)} U {2}
is Q-linearly independent.
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LI and limiting distribution

Theorem (Cha, '08)
Assume LI; then one computes the Fourier transform of y :

#(&) = Bm@© [1 [ X'y_"'1||z a)é]).

X#xo0 Im(y, )>0
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#(&) = Bm@© [1 [ X'y_"'1||z a)é]).

X#xo0 Im(y, )>0

where Jy is the Bessel function and
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Theorem (Cha, '08)
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LI and limiting distribution

Theorem (Cha, '08)
Assume LI; then one computes the Fourier transform of y :

#(&) = Bm@© [1 [ X'y_"'1||z a)é]).

X#xo0 Im(y, )>0

where Jy is the Bessel function and

The factor B, ;) (¢) is “responsible for the bias”.
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Validity of LI over function fields

Can LI be proven in the context of function fields ?
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Can LI be proven in the context of function fields ?
No... sometimes LI fails in the context of function fields.

Ex. (Cha,’08):q=p=3, m=T3+2T +1, y = yqua the quad.
char. mod. m:
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Validity of LI over function fields

Can LI be proven in the context of function fields ?
No... sometimes LI fails in the context of function fields.

Ex. (Cha, ’08) g=p= 3, m= T3+2T—|—1,/\/ = Xquad the quad_
char. mod. m: £(u,x) = (1 — uy1)(1 - uy7) where y; = V3e/S.
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Validity of LI over function fields

Can LI be proven in the context of function fields ?

No... sometimes LI fails in the context of function fields.

Ex. (Cha,’08):q=p=3, m=T3+2T +1, y = yqua the quad.
char. mod. m: £(u,x) = (1 — uy1)(1 - uy7) where y; = V3e//,
However, if one considers the “non-residues” vs “residues”

race, where only xy = xquad COMes into play (besides xo), one
can prove “LI on average restricted to {xquaa}”
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Validity of LI over function fields

Can LI be proven in the context of function fields ?
No... sometimes LI fails in the context of function fields.

Ex. (Cha, ’08) g=p= 3, m= T3+2T—|—1,/\/ = Xquad the quad_
char. mod. m: £(u,x) = (1 — uy1)(1 - uy7) where y; = V3e/S.

However, if one considers the “non-residues” vs “residues”
race, where only xy = xquad COMes into play (besides xo), one
can prove “LI on average restricted to {xquaa}”

The “prime comparison” function here is

x X
Em;quaa(X) = o2 A;(reer(N) —res”(N))
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Validity of LI over function fields

Can LI be proven in the context of function fields ?
No... sometimes LI fails in the context of function fields.

Ex. (Cha, ’08) g=p= 3, m= T3+2T—|—1,/\/ = Xquad the quad_
char. mod. m: £(u,x) = (1 — uy1)(1 - uy7) where y; = V3e/S.

However, if one considers the “non-residues” vs “residues”
race, where only xy = xquad COMes into play (besides xo), one
can prove “LI on average restricted to {xquaa}”

The “prime comparison” function here is
x X
Emaua(X) = —x75 D (resT(N) = res™(N))
A
where res*(N) = #{P € F4[T]: xquaa(P) = =1, deg P = N}.
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Function fields : “residues vs non-residues”

Theorem (Cha ’08)

K .
Emaua(X) = ~84(X) =2 )" Re[eX yy—_’1) +0(1),
j=1 d

where the ;s are the inverse zeros of L(U, xquaa) @and we recall

Vq/(g—1) (X odd)
q/(q—1) (X even)

0|
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Function fields : “residues vs non-residues”

Theorem (Cha ’08)

K .
Emaua(X) = ~84(X) =2 )" Re[eX yy—_’1) +0(1),
j=1 d

where the ;s are the inverse zeros of L(U, xquaa) @and we recall

Vq/(g—1) (X odd)
q/(q—1) (X even)

0|

Assume m is squarefree of odd degree 2g + 1.
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Function fields : “residues vs non-residues”

Theorem (Cha ’08)

K .
Emaua(X) = ~84(X) =2 )" Re[eX yy—_’1) +0(1),
j=1 d

where the ;s are the inverse zeros of L(U, xquaa) @and we recall

Vq/(g—1) (X odd)
q/(q—1) (X even)

o]

Assume m is squarefree of odd degree 2g + 1.

L(U, xquaa) €quals the numerator of the zeta function of the
curve Y2 = m(X). Itis a u-polynomial of degree 2g.
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Function fields : “residues vs non-residues”

Theorem (Cha ’08)

K .
Emaua(X) = ~84(X) =2 )" Re[eX yy—_’1) +0(1),
j=1 d

where the ;s are the inverse zeros of L(U, xquaa) @and we recall

Vq/(g—1) (X odd)
q/(q—1) (X even)

o]

Assume m is squarefree of odd degree 2g + 1.

L(U, xquaa) €quals the numerator of the zeta function of the
curve Y2 = m(X). Itis a u-polynomial of degree 2g.

Family considered : Fix f(T) € Fq4[T] monic sqf of degree 2g.
For each ae U(F,) = Fq \ {zeros of f}, one sets
ma(T) = (T -a)f(T),  Ca: Y?=my(X).



“Sieve for Frobenius” : generic LI for yquaa

Let La(u) be the numerator of the zeta function of C,/Fq i.e.
La(u) = L(U, xquaa) relative to Fq[T]/(ma(T)).
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“Sieve for Frobenius” : generic LI for yquaa

Let La(u) be the numerator of the zeta function of C,/Fq i.e.
La(u) = L(U, xquaa) relative to Fq[T]/(ma(T)).

Theorem (Kowalski, '08)

|U(Fq)|#{a € U(Fq4): LI does not hold for L,(u)}

<<g qf1/(2A)(|Og q)176

where A=2g? +g+2and 126~ (8g)" (g — ).
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“Sieve for Frobenius” : generic LI for yquaa

Let La(u) be the numerator of the zeta function of C,/Fq i.e.
La(u) = L(U, xquaa) relative to Fq[T]/(ma(T)).

Theorem (Kowalski, '08)

ae U(F,): Ll does not hold for L5(u
<<g qf1/(2A)(|Og q)176

where A=2g? +g+2and 126~ (8g)" (g — ).

Recently improved by Bailleul-Devin—Keliher—Li
(arxiv:2302.13665).
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“Sieve for Frobenius” : generic LI for yquaa

Let La(u) be the numerator of the zeta function of C,/Fq i.e.
La(u) = L(U, xquaa) relative to Fq[T]/(ma(T)).

Theorem (Kowalski, '08)

#{ae U(F4): LI does not hold for L,(u)}

|U(Fq)l
<<g qf1/(2A)(|Og q)176

where A=2g? +g+2and 126~ (8g)" (g — ).

Recently improved by Bailleul-Devin—Keliher—Li
(arxiv:2302.13665).

Consequence (Cha, '08)
The limiting distribution pm, quad associated with Ep, quad €Xists,

and except for a proportion <4 g~'/?A(log q)'~° of a € U(Fy),
one has pm, quad((—20,0]) > 3.
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2. Number field analogue

Prime number races for AP’s :
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2. Number field analogue

Prime number races for AP’s :
Can it be adapted to study a “potential bias” in the dist. of
primes p s.t. 2 is a cube mod. p?
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2. Number field analogue

Prime number races for AP’s :
Can it be adapted to study a “potential bias” in the dist. of
primes p s.t. 2 is a cube mod. p?

Starting point : equidistribution ?

#{psx:azeZ,z?’szmodp}_l?

#{p < x} 2

Should we expect Xlim
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Prime number races for AP’s :
Can it be adapted to study a “potential bias” in the dist. of
primes p s.t. 2 is a cube mod. p?

Starting point : equidistribution ?

#{psx:azeZ,z352modp}_1?

#{p < x} 2

NO; the correct limitis § + & = £, i.e. primes p = 2 mod 3 are
not the only ones contributing.

Should we expect Xlim
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2. Number field analogue

Prime number races for AP’s :
Can it be adapted to study a “potential bias” in the dist. of
primes p s.t. 2 is a cube mod. p?

Starting point : equidistribution ?

#{psx:azeZ,z352modp}_1?

#{p < x} 2

Should we expect Xlim

NO; the correct limitis § + & = £, i.e. primes p = 2 mod 3 are
not the only ones contributing.

. #{p<x:p=1mod3,3z€Z z>=2mod p} 1
lim = —.
X—>00 #{p < x} 6
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2. Number field analogue

Prime number races for AP’s :
Can it be adapted to study a “potential bias” in the dist. of
primes p s.t. 2 is a cube mod. p?

Starting point : equidistribution ?

#{psx:azeZ,z352modp}_1?

#{p < x} 2

Should we expect Xlim

NO; the correct limitis § + & = £, i.e. primes p = 2 mod 3 are
not the only ones contributing.

. #{p<x:p=1mod3,3z€Z z>=2mod p} 1
lim = —.
X—>00 #{p < x} 6

(Chebotarev for the normal closure of Q(2%)/Q (group S3).)
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@ L/K gal. ext. of number fields ; G := Gal(L/K).

@ p C Ok an unram. ideal in L/K.

@ Frob, c Gal(L/K) the Frobenius conj. class at p (lifts to G
the Frobenius aut. on the level of residual fields x — xV?).
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@ L/K gal. ext. of number fields ; G := Gal(L/K).
@ p C Ok an unram. ideal in L/K.

@ Frob, c Gal(L/K) the Frobenius conj. class at p (lifts to G
the Frobenius aut. on the level of residual fields x — xV?).

Chebotarev Density Theorem
Let C c Gal(L/K) be a conj. class, then

n1k(x; C) = #{p € Ok unram. : Frob, = C, Np < x} ~ %Li(x),

0 X
as x — co and where Li(x) = [, i -
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@ L/K gal. ext. of number fields ; G := Gal(L/K).

@ p C Ok an unram. ideal in L/K.

@ Frob, c Gal(L/K) the Frobenius conj. class at p (lifts to G
the Frobenius aut. on the level of residual fields x — xV?).

Chebotarev Density Theorem
Let C c Gal(L/K) be a conj. class, then

n1k(x; C) = #{p € Ok unram. : Frob, = C, Np < x} ~ %Ll( ),

X dt
2 Togt -

as x — co and where Li(x) =

v

“Chebotarev race” : let Cy, Cs be conj. classes of G. Investigate
the log-density of

G

||c (o 02)}

.16l .
{x22. o LK (xi C) >




Artin L-functions

L/K Galois extension of number fields, G = Gal(L/K). Artin
L-fcts replace Dirichlet L-fcts.
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Artin L-functions
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If K=Q and L = Q({q), we recover the classical case :

e G~ (zZ/qz2)%,
@ p is identified to its char. y, a Dirichlet char. mod q.
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Artin L-functions

L/K Galois extension of number fields, G = Gal(L/K). Artin
L-fcts replace Dirichlet L-fcts.
p: G- GL(V)irr. rep., char. y = Trop.

Ls, LK) =[] Llsx)  (Re(s)>1),
p prime
of Ok

Ly(s,x) = det (Id — (Np)~°p(Froby) s )

If K=Q and L = Q({q), we recover the classical case :

e G~ (zZ/qz2)%,
@ p is identified to its char. y, a Dirichlet char. mod q.

Hypotheses : GRH can be stated for L(s, L/K, x) ; analytic
continuation is conjectural as well.
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Number fields : generalization of L1?

Under GRH and Artin’s conjecture (i.e analytic continuation of
L(s,L/K,x) to an entire function if y € Irr(G) \ {1}),
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Under GRH and Artin’s conjecture (i.e analytic continuation of
L(s,L/K,x) to an entire function if y € Irr(G) \ {1}),
Rubinstein—Sarnak’s analysis can be generalized to Galois
extensions of number fields (case K = Q : Ng’s Thesis, 2000).
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Subsequent work (e.g. Bellaiche ’16, Fiorilli-J. *19, Bailleul '20)
explores the behaviour of the error term in Chebotarev’s
Theorem over families of Galois extensions L/K.
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Number fields : generalization of L1?

Under GRH and Artin’s conjecture (i.e analytic continuation of
L(s,L/K,x) to an entire function if y € Irr(G) \ {1}),
Rubinstein—Sarnak’s analysis can be generalized to Galois
extensions of number fields (case K = Q : Ng’s Thesis, 2000).

Subsequent work (e.g. Bellaiche 16, Fiorilli-J. *19, Bailleul '20)
explores the behaviour of the error term in Chebotarev’s
Theorem over families of Galois extensions L/K.

Generalizations of LI ? An example due to Serre

@ L =Q(0); 6= complex root of x® —205x® + 13940x*
-378225x2 + 3404025.
Gal(L/Q) ~ Hg = {1, i, +f, +k : i’ = j> = k? = ijk = -1}

v

ANT II Analogues of prime number races




Number fields : generalization of L1?

Under GRH and Artin’s conjecture (i.e analytic continuation of
L(s,L/K,x) to an entire function if y € Irr(G) \ {1}),
Rubinstein—Sarnak’s analysis can be generalized to Galois
extensions of number fields (case K = Q : Ng’s Thesis, 2000).

Subsequent work (e.g. Bellaiche 16, Fiorilli-J. *19, Bailleul '20)
explores the behaviour of the error term in Chebotarev’s
Theorem over families of Galois extensions L/K.

Generalizations of LI ? An example due to Serre

@ L =Q(0); 6= complex root of x® —205x® + 13940x*
~378225x2 + 3404025.
Gal(L/Q) ~ Hg = {1, i, +f, +k : i’ = j> = k? = ijk = -1}
® 4i(s) = L(s)L(s. (2))L(s. (H1)L(s. (BB))L(s. L/Q.xs)?
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Number fields : generalization of L1?

Under GRH and Artin’s conjecture (i.e analytic continuation of
L(s,L/K,x) to an entire function if y € Irr(G) \ {1}),
Rubinstein—Sarnak’s analysis can be generalized to Galois
extensions of number fields (case K = Q : Ng’s Thesis, 2000).

Subsequent work (e.g. Bellaiche 16, Fiorilli-J. *19, Bailleul '20)
explores the behaviour of the error term in Chebotarev’s
Theorem over families of Galois extensions L/K.

Generalizations of LI ? An example due to Serre
@ L =Q(0); 6= complex root of x® —205x® + 13940x*
—-378225x2 + 3404025.
Gal(L/Q) ~ Hg = {1, i, +f, +k : i’ = j> = k? = ijk = -1}
® £1(s) = ¢(S)L(s, (2))L(s, (H1))L(s. (BR))L(s, L/Q. x5)?
@ We may also factorize in the ext. L/[Z(Hs) :
1(8) = {ze (S)L(S, L/ L7E), 5).

v

ANT II Analogues of prime number races




Number fields : generalization of L1?

Under GRH and Artin’s conjecture (i.e analytic continuation of
L(s,L/K,x) to an entire function if y € Irr(G) \ {1}),
Rubinstein—Sarnak’s analysis can be generalized to Galois
extensions of number fields (case K = Q : Ng’s Thesis, 2000).

Subsequent work (e.g. Bellaiche 16, Fiorilli-J. *19, Bailleul '20)
explores the behaviour of the error term in Chebotarev’s
Theorem over families of Galois extensions L/K.

Generalizations of LI ? An example due to Serre

@ L =Q(0); 6= complex root of x® —205x® + 13940x*
—-378225x2 + 3404025.
Gal(L/Q) ~ Hg = {1, i, +f, +k : i’ = j> = k? = ijk = -1}
@ £1(8) = £(S)L(s, (2))L(s. (A1)L(s, (B2))L(s, L/Q, x5)?
@ We may also factorize in the ext. L/[Z(Hs) :
1(8) = {ze (S)L(S, L/ L7E), 5).
@ We obtain L(s, L/L?"e) &) = L(s, L/Q, x5)>. )
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Chebyshev bias in number fields : setting

Relative case : Artin L-functions enjoy “induction properties”.
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Chebyshev bias in number fields : setting

Relative case : Artin L-functions enjoy “induction properties”.

L/F/K tower of nb fields with L/K Galois of group G*;
G := Gal(L/F). Then y™, induced to G* by y € Irr(G)
decomposes :

xt = Yrem(a+) N - T and one has :

LsL/Fx)= []| UsLiK)™.
relr(Gt)

Can be applied to prime counting.

For L/K/Q with L/Q Galois, fix t: G = Gal(L/K) — C constant

on conj. classes (e.g. t = l'%h;1 - %102), define

W(x; LIK, 1) := " t(Frob§) log(Np)1 yex

p<Ok
k>1
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Tools from group theory :
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Rep. theory of finite groups

Tools from group theory :
@ fi,f: G — C constant on conj. classes :

1 _
(fi, ) = Ie] Z f(9)k(9).

geG
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Rep. theory of finite groups

Tools from group theory :
@ fi,f: G — C constant on conj. classes :

1 B
(fi, ) = Ie] Z f(9)k(9).

geG

@ square root counting function on G :
9geG, rs(g)=#lheG: R*=g)

@ Property : rg is a class fct, and for t = ||—Cj||101 - %102,
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Rep. theory of finite groups

Tools from group theory :
@ fi,f: G — C constant on conj. classes :

1 B
(fi, ) = Ie] Z f(9)k(9).

geG

@ square root counting function on G :

9eG, ra(g) = #the G: B? = g}

@ Property : rg is a class fct, and for t = %101 - %102,
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t,rg) =
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Rep. theory of finite groups

Tools from group theory :
@ fi,f: G — C constant on conj. classes :

1 B
(fi, ) = Ie] Z f(9)k(9).

geG

@ square root counting function on G :

9eG, ra(g) = #the G: B? = g}

@ Property : rg is a class fct, and for t = %101 - %102,
ra(C1)  re(Ce)

t,rg) =
{tre) = =e] 1Cal

o mdg (I81¢) = %1@, where G < G and C* the coni.

class of G* containing the G-conj. class C.
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Unconditional Chebyshev bias in number fields

1st ingredient : L/K Galois of group Gand t: G — C aclass
function (i.e. constant on conj. classes).
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Unconditional Chebyshev bias in number fields

1st ingredient : L/K Galois of group Gand t: G — C aclass
function (i.e. constant on conj. classes).

Lemma (transfer of prime counting functions)

If L/Q is Galois then
Y(X: L/K, 1) == " 1(Frobk) og(A'p)Tnpmex = w(X: L/Q, 1),

p<Ok
k=1

2nd ingredient. Let 7k (x; 1) = X y0, t(Froby).
Np<x

Lemma (Fiorilli—J.)

Same notation; rg(g) := #{h € G: h*> = g}. One has :
X dy(u; L/K, t X
nL/K(X;t):fz di{ui L/K. 8) VX

logu {t.ra) log x

\/)7).

log x

+of

ANT II Analogues of prime number races



Unconditional Chebyshev bias in number fields

Now we need t s.t. (t,rg) # 0 and t™ = 0, so that :
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Unconditional Chebyshev bias in number fields

Now we need t s.t. (t,rg) # 0 and t™ = 0, so that :

7TL/K(X; t)

W—)—(t,f@,), (X—)oo)

ANT II Analogues of prime number races



Unconditional Chebyshev bias in number fields

Now we need t s.t. (t,rg) # 0 and t™ = 0, so that :

7TL/K(X; t)
Vx/log x

The construction :

- —(t, rg), (x = o).
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Now we need t s.t. (t,rg) # 0 and t™ = 0, so that :

7TL/K(X; t)
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The construction :
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Unconditional Chebyshev bias in number fields

Now we need t s.t. (t,rg) # 0 and t™ = 0, so that :

7TL/K(X; t)
Vx/log x

The construction :
o Gt = Sg, G=((12)(34),(5678)) (Abelian of order 8),
® g1 = (12)(34), g2 = (57)(68), t = |Gl(1g, — 1),

- —(t, I’G), (X - OO)
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Unconditional Chebyshev bias in number fields

Now we need t s.t. (t,rg) # 0 and t™ = 0, so that :

7TL/K(X; t)
Vx/log x

The construction :
o Gt = Sg, G=((12)(34),(5678)) (Abelian of order 8),

® g1 =(12)(34), g2 = (57)(68), t = |GI(1g, —1g,),
@ rg(g1) =0and rg(g2) = 4, thus (t, rg) # 0,

- —(t, rg), (x = o).
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Unconditional Chebyshev bias in number fields

Now we need t s.t. (t,rg) # 0 and t™ = 0, so that :

7TL/K(X; t)
Vx/log x

The construction :
o Gt = Sg, G=((12)(34),(5678)) (Abelian of order 8),
® g1 =(12)(34), g2 = (57)(68), t = |GI(1g, — 1g,),
@ rg(g1) = 0and rg(g2) = 4, thus (t, rg) # 0,
@ gy and g» are conjugate in Sg and so ™ = 0.

- —(t, I’G), (X - OO)

Theorem (Fiorilli-J., ’22)

Unconditionally, there exists infinitely many Galois ext. of nb
fields L/K and conj. classes of same size Cy, Cs in Gal(L/K)
giving rise to an extreme bias; precisely, for x big enough,
ﬂ'L/K(X; C1) > ﬂL/K(X; CQ)
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Thanks for your attention!
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