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Instructions

• Explain your reasoning thoroughly, and justify all answers (even if the question does not
specifically say so).
• NO calculators or other aids are permitted.
• Duration: 2.5 hours.

Good luck, and enjoy the break.

Rules governing examinations
• Each examination candidate must be prepared to produce, upon the request of the
invigilator or examiner, his or her UBCcard for identification.

• Candidates are not permitted to ask questions of the examiners or invigilators,
except in cases of supposed errors or ambiguities in examination questions, illegible
or missing material, or the like.

• No candidate shall be permitted to enter the examination room after the expiration
of one-half hour from the scheduled starting time, or to leave during the first half
hour of the examination. Should the examination run forty-five (45) minutes or less,
no candidate shall be permitted to enter the examination room once the examination
has begun.

• Candidates must conduct themselves honestly and in accordance with established
rules for a given examination, which will be articulated by the examiner or invigila-
tor prior to the examination commencing. Should dishonest behaviour be observed
by the examiner(s) or invigilator(s), pleas of accident or forgetfulness shall not be
received.

• Candidates suspected of any of the following, or any other similar practices, may be
immediately dismissed from the examination by the examiner/invigilator, and may
be subject to disciplinary action:

(a) speaking or communicating with other candidates, unless otherwise authorized;
(b) purposely exposing written papers to the view of other candidates or imaging

devices;
(c) purposely viewing the written papers of other candidates;
(d) using or having visible at the place of writing any books, papers or other

memory aid devices other than those authorized by the examiner(s); and,
(e) using or operating electronic devices including but not limited to tele-

phones, calculators, computers, or similar devices other than those authorized by
the examiner(s)–(electronic devices other than those authorized by the examiner(s)
must be completely powered down if present at the place of writing).

• Candidates must not destroy or damage any examination material, must hand
in all examination papers, and must not take any examination material from the
examination room without permission of the examiner or invigilator.

• Notwithstanding the above, for any mode of examination that does not fall into the
traditional, paper-based method, examination candidates shall adhere to any special
rules for conduct as established and articulated by the examiner.

• Candidates must follow any additional examination rules or directions communi-
cated by the examiner(s) or invigilator(s).

Question Points Score

1 27

2 8

3 5

4 11

5 14

6 12

7 8

8 15

Total: 100
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I. Short Answer Problems. Put your answer in the box provided but show your
work also. Not all questions are of equal difficulty. Full marks will be given for correct
answers placed in the box; partial credit might be given for incorrect answers.

1. Determine whether the statement is True or False. No proofs required, but anything
illustrating your thinking might earn partial credit if the answer is incorrect. If you
recognize any named theorem, include its name.

(a)2 marks Elementary row operations can be expressed using matrix multiplication.

Answer:

(b)2 marks If A : R3 → R3 is given by the matrix
[

3 1 0
0 3 1
0 0 3

]
in the standard basis, then there does

not exist a basis of R3 in which the matrix of A is diagonal.

Answer:

(c)2 marks If A : R3 → R3 has characteristic polynomial pA(t) = (t−1)(t−2)(t−3), then there
exists a basis of R3 in the matrix of A is diagonal.

Answer:

(d)3 marks Given a linear operator A : V → W , we can choose a basis in V and a basis in W
such that the matrix of A with respect to these bases is diagonal with only 1s and
0s on the diagonal, with the number of 1s equal to the rank of A.

Answer:

(e)3 marks Given a linear operator A : V → V , there exists a linear transformation C : V → V
such that C−1AC is diagonal.

Answer:

(f)3 marks Let A : Rn → Rn. If A is injective, then A is surjective.

Answer:
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(g)3 marks Let A : Rn → Rn and rk(A) = n. Then det(A) 6= 0. Answer:

(h)3 marks For any A : Rn → Rn there exists B : Rn → Rn, such that AB is surjective.

Answer:

(i)3 marks Let A : Rn → Rn be a linear operator. If A2 = 0 then A = 0.

Answer:

(j)3 marks If V is a space of dimension n over the field Fp of p elements, and W is a space of
dimension m over Fp, then V ×W is a linear space consisting of pnpm elements.

Answer:
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2. Let F be a field. Decide if U is a linear subspace of a vector space V in all the questions
below. (You can assume that V is a linear space). If U is a linear subspace, determine
its dimension.

(a)2 marks V = Mn×n(F ) – the space of all n× n-matrices with entries in F ;

U = {A ∈ V | A−1exists}.

(b)2 marks V = Mn×n(F ),
U = {A ∈ V | AtA = Id}.

(c)4 marks V = M2×2(F ), and let B =

[
1 2
0 1

]
.

U = {A ∈ V | AB = BA} − the set of matrices commuting with B.
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3. Let

A =

[
1 2 + i
−1 3

]
(a)3 marks Find A−1. Write the answer in the form that does not use i in any denominators.

(b)2 marks Is A diagonalizable?
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II. Long Answer questions. In the following questions, include complete
proofs and show all your work.

4. (a)6 marks Let

A =

1 2 3
4 5 6
7 8 9


Find a basis for ker(A) and for Im(A).
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(b)5 marks Let V be the R-vector space of all polynomials with real coefficients. Find the
dimension of the subspace of V spanned by the polynomials

p1 = (1 + x) + 2x2 + 3x3,

p2 = 4(1 + x) + 5x2 + 6x3,

p3 = 7(1 + x) + 8x2 + 9x3.

Include a complete proof!
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5. Let A be the matrix

A =

1 2 2
2 1 2
2 2 1


(a)3 marks Find the characteristic polynomial of A.

(b)3 marks You can assume that the roots of the characteristic polynomial of A are λ1 = 5 and
λ2 = −1 with multiplicity 2. Find a basis for each of the eigenspaces of A.
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(c)4 marks Find an orthogonal matrix P such that P−1AP is diagonal.

(d)4 marks Find A25 (you can leave the answer as a product of matrices).
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6. Let U be the plane in R3 (with the standard inner product) defined by the equation

x+ y + z = 0

(a)2 marks Find a basis for U .

(b)4 marks Find an orthonormal basis for U .

(c)2 marks Find an orthonormal basis of R3 that contains a basis of U .

(d)4 marks Let PU : R3 → R3 be the orthogonal projector onto U . Write a matrix for PU in the
standard basis of R3 (you can leave it as a product of matrices).
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7.8 marks Let V be a Euclidean space, and let W be a subset of V . Prove that W contains a basis
of V if and only if the following condition holds:

If v ∈ V satisfies 〈v, w〉 = 0 for all w ∈ W , then v = 0.
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8. In this problem, please do not use methods from multivariable calculus. Consider the
space R3 with the standard inner product.

(a)4 marks Find the maximum of the function f(x, y, z) = x + y + z on the unit sphere (the
unit sphere is defined by the equation x2 + y2 + z2 = 1).

(b)3 marks Find a linear transformation A : R3 → R3 that takes the unit sphere to the ellipsoid
defined by x2 + 4y2 + 9z2 = 1 (in the standard coordinates).

(c)3 marks Define an inner product on R3 such that the unit sphere with respect to the new inner
product is defined by the equation x2 + 4y2 + 9z2 = 1 in the standard coordinates.

(d)5 marks Find the maximum of the function f(x, y, z) = x+ y+ z on the ellipsoid defined by
x2 + 4y2 + 9z2 = 1.


