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Chapter 1

Parametrized Curves

1.1 Curves and Vector-Valued Functions

1. Let C be the curve in the xy-plane that consists of the half-line y = —x, x <0, and
the half-line y = z, x > 0. Give an example of a vector-valued finction r : R — R?
which parametrizes C' and such that r(t) is differentiable for all t.

We are looking for a differentiable parametrization of the absolute value curve.
We claim that r(t) = (¢, [t?|) works. This parametrization is clearly a bijection
from R to C, the component z(t) = t* is differentiable for all ¢, and y(t) = |¢3] is
differentiable for all ¢ # 0. It remains to check that y(t) is differentiable at ¢t = 0:

lim |t*|/t = lim #*/t = lim #* =0,

z—0F z—07F z—07t

lim |#*/t = lim —t*/t = lim —t* = 0.
z—0~

x—0~ z—0+t

Since the one-sided derivatives exist and are equal, y(¢) is differentiable at ¢ = 0.

2. Suppose that r : [a, b] — R? is a parametrized curve such thatr andr' are continuous
on [a,b] and r'(t) # 0. Does there have to exist a ty € (a,b) such that r(b) —r(a) =
(b —a)r'(to)? If yes, prove it. If no, give a counterexample.

The answer is no. Let r = costi+sint j+tk and [a, b] = [0, 27], so that r(b) —r(a) =
i+ 27k —1i=27k. But 1/(t) = —sinti+ costj + k is never parallel to the z axis.

3. Let A_:> (a1,as) and B = (b1, by) be two points in R* such that |AB| = 1. Let also
a=0A= ali—i—agj.

(a) Find an orthogonal 2 x 2 matriz Q) such that
o det(@) =1,
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o the mapping L : R? — R2, defined by

satisfies L (8) = (Z;) and L (é) = (2;) :

We need to find Q) = (CH ?2) so that @) is orthogonal and the above equations
22

C21
(5 -sr= ()

hold. The first equation
is true for any Q). Let v = vi+ v,j, where v; = b; — a; and vy = by — as. Then the
second equation is

() =) = () = (o) (o) = () + ()

so that ¢;; = by —ay = v1 and ¢y = by — as = vs.
For () to be orthogonal, the second column must be orthogonal to the first one,

therefore a multiple of (_UUQ) We also have the condition det(Q) = 1:
1

(%1 _)\UQ

- 2 2
vy AUy = Moy +v3).

1 =det(Q) =

But v? +v3 = |AB|*> = 1 by assumption, so that A =1 and Q = <2; _1:2>

(b) Letr : [0,1] — R? be given by r(t) = ti+g(t)j, where g : [0,1] — R is continuous
on [0,1] and satisfies g(0) = g(1) = 0. This parametrizes a curve C.

Let L be as in (a). Then L(r(t)) parametrizes the curve obtained from C by trans-
lating and rotating it so that the initial point is moved to A and the terminal point
is moved to B. (This is a fact from linear algebra that you do not have to prove.)

Evaluate L(r(t)) in terms of components. Prove that we may choose a parametriza-
tion w : [0,1] — R? of the line segment AB, and a unit vector n perpendicular to

1@, so that
L(r(t)) = w(t) + g(t)n.
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We compute

- (o) (i)

= () = wio) + gtom,

as + tvg + v19(t)

where w(t) = a+ tv for t € [0,1] is a parametrization of the line segment from A

to B, and n = —wv,i+ v;j is orthogonal to v. We also have |n| = 1, using again that
|AB| = 1.

(c) Let C be the curve in R* parametrized by r(t) = ti+sin(wt)j, t € [0,1]. Let C; be
the curve in R? obtained from C by translating and rotating it in the plane so that

the initial point is moved to (3,4) and the terminal point is moved to (%,4 + ‘/7§>
Parametrize Cy.

Let A= (3,4) and B = (%,4 + ‘/7?;), and note that

V—z@ —1+—J

2

is a unit vector. We use (b) with n = —wei + v1j = —%gi + £j, and with the line
segment AB parametrized by

w(t):a+tv:(3i+4j)—|-t(%i—i—?j).

This gets us the parametrization

L(x(t)) = w(t) +sin(t)n = (3i 4 4j) + ¢ <%1 + §J> + sin(t) (J/;i + ;)
= (3+%—@> + <4+ﬁ 5”12()>j

1.2 Arc Length for Curves

1. Let C be the curve x = e, y = 2¢', 2 =t fort € R. Find the length of the curve
fromt=0tot=1.
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We have 1/(t) = 2¢*'i + 2¢'j + k, so that

[v/(t)| = Vet + 4e? +1 = 2e* + 1.

1
The length is f01(262t +1)dt =e? +t| =e?+1-1=¢2
0

. Let rv(t) = et cos(2t)i + e’ sin(2t)j be a parametrization of a curve C in R

(a) Let s(b) be the length of the curve r(t) from t = —oo tot =b. (This is defined
as the limit as a — —oo of the length of r(t) fromt = a tot =b.) Find s(b) as a
function of b.

We have
7' = €' cos(2t) — 2¢" sin(2t)
y = €' sin(2t) + 2¢’ cos(2t)
It'|> = e | cos?(2t) — 4sin(2t) cos(2t) + 4sin*(2t)
+ sin®(2t) + 4 sin(2t) cos(2t) + 4cos?(2t)
= 5e*
] = Vet
so that

s(b) = /_b Vietdt = v/5el.

(b) Use part (a) to give an arclength parametrization of C'.

Let s(t) = v/be! from (a), then ! = s/4/5, so that t = In(s//5). Therefore the
arclength parametrization of C' in terms of s is

r(s) = %cos (21n %)1 + %sin (21n %)J

. The paraboloid z = x> + y* + 1 intersects the surface 2> — 2z +y?> = 0 in a curve.
Prove that the length of this curve is less than 15.

Along the intersection curve, we have z = 2% + y* + 1 and 22 + y? = 2z, so that
z = 2x+ 1. Now, notice that the equation of the second surface can be rewritten as

(x_1)2+y2:17
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which is a right circular cylinder with the symmetry axis given by x = 1,y = 0.
This gives the parametrization

x=1+cost, y=sint, 2 =2(1+cost) + 1 =2cost + 3,
with 0 <t < 27. The arc length integral is

2 2
L= / V/(—sint)? 4 (cost)? + (—2sint)2dt = / V1 + 4sin® tdt.
0 0

Since |cost| < 1, we get

27
L < / VBt = 21V5 ~ 14.05 < 15.
0

1.3 Unit Tangent and Curvature

1. Let C be the curve;v:%—%, y:§+2t, z=/2t% fort € R.
(a) Find the arclength of the curve fromt =0 tot =1.
We have r/(t) = (2 — 2)i + (t? + 2)j + 2v/2tk, so that
O = (2 =22+ (P +2)2 + 8> =t* — 4t + 4+ t* + 47 + 4+ 82
= 2t* 4+ 82 + 8 = 2(t* + 2)?,
(6] = V2(* + 2).

The arclength is

/1 V2t + 2)dt = \/§<§ +2t>‘l = 7—\3/5

0

(b) Find the curvature at the point where t = 0.

We have r'(t) = (12 —2)i+ (12 +2)j+2v/2tk as above, so that v (t) = 2ti+2tj+2v/2k.
At t =0, we have |r'| = 2¢/2 (from part (a)), and

i j k
Uxr’=[-2 2 0 |=4V2i+4V2j,
0 0 2v2

¥ x| =\ (4V2)2 + (1v2)2 = V325 32 = VA = 8.

For the curvature, we have

<’ 8 1

TP 22 VB
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Letr(t) = ti+§j, t € R (a parabola in R?), and let T(t) be the unit tangent vector to
r(t). Suppose that r(u), u € I (for some interval I), is a smooth reparametrization
of the parabola such that

dT

—l=1
du

d
Find d_? as a function of t. Prove that the interval I is finite, and find the length
of it.

We have r(t) = (t,t2/2), and 7/(t) = (1,t). Therefore,

T ~{ = vim) = (e )

By a short calculation (you should do it!), we obtain |dT/dt| = H_Ltg Applying the
Chain Rule, we get

dT| |[dT dt|
du| | dt du|
Therefore
dt ) 1 1
dul |LE] /(1 412)
so that |2 = |2X| = . This is always positive, so du — e
To find the length of the interval I, we note that I is the image of ¢ — w(t) for
t € R. We have that Z—? = #, and so we can solve for u = arctan(t) + ¢ for some

constant c¢. The range of arctan(t) for ¢t € R is the interval (=7, 7), so that u has
range I = (=% 4 ¢, 5 + ¢), a finite interval of length 7.

Letr : R — R3 be given by

r(t) = cos(t)i +sin(t)j + f(t)k,

where f: R — R satisfies f(t) = f(t+2m). Assume that f and all its derivatives are
continuous. Thus r(t) parametrizes a closed smooth curve that lies on the cylinder
22 +y? = 1, with each t-interval of length 27 covering the entire curve. Prove that
there is a point r(ty) on the curve where k < 1.

With r(¢) as above, we have
r'(t) = —sin(t)i+ cos(t)j + f'(t)k, r"(t) = —cos(t)i —sin(t)j + f"(t)k,

so that
Iv'|> =sin®t +cos®t + (f'(1))> = 1+ (f'(1))?,
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i j K
' xr’ =|—sint cost f'(t)
—cost —sint  f"(t)

i

= (cos(t) [ + sin(t) )i + (sin(t) /" — cos(t) f)j + k,

' x r")* = (cos(t) " + sin(t) f/)* + (sin(t) f” — cos(t) f')* + 1
="+ () +1L

This gives us a formula for curvature,

(") + (f) + )2
A+

K =

We need to prove that there is a point on the curve where x < 1. This is equivalent
to k2 <1, or

S+ +1< A+ ()P =1+3()+ 30" + (f)°.

If we can find a point ¢y where f”(ty) = 0, then the inequality holds at that point.
To find such ty, we observe that since f is periodic with f(¢ + 27) = f(t), we also
have that f’ is periodic with f'(t) = f'(t + 27). In particular, f'(0) = f'(27). By
the Mean Value Theorem, there is a tg € (0,27) such that f”(t9) = 0. That gives
us the point we want.

. Let x(t) be a smooth vector-valued function, and suppose that there is a point P that
lies on every normal plane to r(t). Prove that the curve lies on the surface of a
sphere.

We may assume that P = (0,0,0). The equation of the normal plane to the curve
at r(to) = ($0,y0, Zo) is

I'/(tO) (= 20,y — Y0, 2 — 20) = 0.
If P lies on every such plane, it means that for all 7,
I'/(to) : I'(to) =0.

But this characterizes curves that lie on the surface of a sphere |r(t)| = ¢, as proved
in Worked Problems, Section 1.1.
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1.4 The Principal Normal and The Osculating Plane

1. Let
r(t) = (\/_t3/2, (t+ 2)3/2 (t — 2)3/2>, fort e (2,00).
(t

Find the unit tangent vector T(t), the principal normal vector N(t), and the curva-
ture k(t). Find the limit of N(t) as t — 2%. (No need for an ¢ — & proof here, it
suffices to use the general rules for limits.)

We calculate T and N as follows:

(1) = <3\/_t1/2

3
t+2)"% S (t —2)"?

3 /2 3
|r’(t)|:5(2t+(t+2)+(t—2)> = SVt =3VA,
r'(t) 3 1 2 2
T(t) = = <\/_\/t+ V 2>:— \/5,\/1+—,\/1—— :
O =501~ 23v > ERTE
1 1 ) 1 9 1 t t
T/(t) = 5 07 : o : _2> 9 2 <07 —27 —2>7
T = L (L RN B T A
S22 \t+2 t—2 242 2 — 4
1/ 212 \ Y2 1
:ﬁ(ﬁ—él t 2(t

N“)ZE:& t 2t2 <\/t+2 \/t—>
_ (t+2 t—2 < \/:\/?> <o,—\/?,\/?>.

From the last formula, we have

lim N(t) = (0,0,1).

t—2t

With the work done so far, the easiest way to compute the curvature is

(1) 1 1 1

(6] 2B —4) 3vE 303220 —4)

K(t) =
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2. Let r(t) = ti+ t*j + t°k fort € R.
(a) Find the equation of the osculating plane at the point t = 0.

We have
r =i+ 2tj+ 3t’k, r” = 2j+ 6tk.

At t =0, we have r(0) = 0, '(0) = i, r"”(0) = 2j. The osculating plane is parallel to
both r'(0) and r”(0), therefore to i and j. It also passes through (0,0,0). Therefore
the osculating plane is the plane z = 0.

(b) For s,t € R such that s,t,0 are all distinct, find the unit vector n(t, s) normal to
the plane that passes through the points x(t), r(s), r(0). (There are two such vectors,
pointing in opposite directions; choose the one that has a positive k-component.)
Prove that

li t
s,tﬁl(}’,ns;étn( ’S>
is perpendicular to the osculating plane found in (a).

The vector n is perpendicular to ti+t2j+t3k and si+s2j+s3k, therefore to i+tj+t%k
and i+ sj + s?k. It must therefore be parallel to their cross product:

ij k
1t 2] =(@ts* —stP)i— (s> —t)j+ (s -tk
1 s s

= (s—t)(sti— (s—l—t)j—i—k),
so that

n(s,t) =

ey (sti — (s +0)3 + ). where g(s,1) = /(5072 + (s + 2 1 1.

As (s,t) — (0,0), we have g(s,t) — 1, st — 0, and s+t — 0, so that n(s,t) — k.
This is perpendicular to the osculating plane from (a) as claimed.

3. (12 marks) Let r(t) = ti + at®j for some a > 0.
(a) Find the center Q and radius p of the osculating circle at the point (0,0).
We have

r =i+ 2atj,
t'| = V1 + 4a?t?,

r’ = 2aj,
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so that
i j k
r' xr’" =11 2at 0| =2ak,
0 2a 0
a(t) = |/ x r”| _ 2a '
TE (1 + 4a22)3/2

At t =0, we have k = 2a, so that p = (2a)~!. The center @ of the osculating circle
lies on the positive y half-axis at distance p from (0, 0), so that Q = (0, (2a)™1).

(Alternatively, we could solve this using the calculations from Worked Problem 3.

You should think about how to do this!)

(b) Fort >0, find the center Q(t) and radius R(t) of the circle in the xy-plane that
passes through the points r(t), r(—t), r(0). Prove that Q(t) — Q and R(t) — p as
t — 0, where Q and p are the answers in (a).)

By symmetry, Q(t) lies on the positive y half-axis, so that Q(t) = (0,b) for some
b = b(t). The distance from Q(t) to all of the points r(t), r(—t), r(0) has to be the
same (and equal to R(t)). Let O = (0,0), P = (t,at?), and P' = (—t, at?), then
0Q(t)* =07,
PQ = [PQ)E = (0— 1) + (b — at?)?
=" + b — 2abt* + a’t".

For these to be equal, we solve for b as a function of ¢ with :

b =12 +b? — 2abt® + ot
0 =t — 2abt® + a*t* = t*(1 — 2ab + a*t?).

For t # 0, this implies that 1 — 2ab + a®¢* = 0, so that b = “L+L and

a’t? +1 a’t? +1
t) = t) =
o - (055 -

Ast — 0, we have Q(t) — (0, (2a)™') = Q and R(t) — (2a)~! = p.

. Let r be a parametrized curve in R? such that v and its derivatives of all orders are
continuous, r'(t) # 0 for t in some interval I, and |r(t)| = r for allt € I (i.e. the
curve lies on the sphere S of radius r centered at the origin O). Let P =r(t) be a
point on the curve.

(a) Prove that p = rcos@, where 0 is the angle between PO and N. Use this to
prove that k > 1/r.
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(Hint: Use arclength parametrization. We have r(s) - % = 0 (why?). If we dif-
ferentiate this in s and use that \%| = 1, what does it say about the dot product

PO -N?)

Let s be the arclength parameter. Since |r| = r is constant, we know from class
that 0 = r(s) - r/(s). Differentiating this in s, and then using that |r'(s)| = 1, we get

0=1'(s) - r'(s)+r(s) - r"(s) =1+r(s) - r"(s). (1)

Hence r(s) - r”(s) = —1. But r'(s) = T, so 1”(s) = 4€ = kN, therefore we get from
(1) that
r-sN=—1. (2)

Therefore k # 0. Let 6 be the angle between PO = —r and N, then, on one hand,
from (2) we have

- 1
PO -N=-r-N=-=p.
K
On the other hand, PO - N = |PO||N|cos = rcos 0, so that p = rcos6. (This in
particular implies that cos@ > 0.) Since 0 < cos@ < 1, we get that
1 1
> —.
rcosf — r

K =

(b) Prove that for any point P = r(t) on the curve, the osculating circle for the
curve at that point lies on the sphere S.

The osculating circle at P is the unique circle that lies in the osculating plane at
P, has radius p = 1/k, and its center () satisfies PZ) = pN. If () coincides with the
origin O, then the osculating circle is centered at O and has radius p = |OP| = r,
so it lies on the sphere. Otherwise, we claim that the vector OZ) is perpendicular
to both N and T, therefore to the osculating plane. To prove this:

o Consider the triangle OPQ. We have |OP| = r, |PQ| = p, and we proved
n (a) that p = rcos@, where 0 is the angle at P. Therefore OPQ is a rlght

trlangle with a right angle at @), so that OQ L PQ Since PQ = pN, OQ is
perpendicular to N.

e We also have OQ-T = (OP+PQ)-T = (r+pN)-T =r-T+pN-T = 0+0 = 0.
At the last step, we used that r-r’ =0, so that r- T = 0.

It follows that the osculating circle is centered at (), lies in the plane perpendicular
to OQ, and passes through P. Therefore the entire circle lies on the sphere.
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Let v be a closed, simple parametrized curve in R3. We use a “wrap-around”
parametrization: if r(t) for t € [0,a] parametrizes one full loop around C' re-
turning to the starting point, we extend r to a periodic function r : R — R3 so
that r(t + a) = r(t) for all t. (This is similar to parametrizing the unit circle by
r(t) = cos(t)i + sin(t)j, with period 2w.)

Assume that r and its derivatives of all orders are continuous, v'(t) # 0, and |r(t)| <
1 for allt (i.e. the curve lies in the closed ball of radius 1 centered at the origin O).
Prove that there is a point r(tg) on the curve where k(tg) > 1.

(Hint: Let f(t) = |v(t)|]?, then f(t) attains its mazimum at some point t = to,
What does this say about f'(to) and f"(to)? It may be helpful to use arclength
parametrization, starting from t =ty so that s(to) =0.)

Let s be the arclength parameter, measured from r(f,) so that s(ty) = 0. Let
f(s) = [r(s)[*, then
7/(5) = 2e(s) - ¥(s) = 2x(s) - T(s),
f"(s) = 2r'(s) - T(s) + 2r(s) - T'(s) = 2T(s) - T(s) + 2r(s) - kN(s)
= 2+ 2kr(s) - N(s)
Since f has a local maximum at s = 0, we have f'(0) = 0 and f”(0) < 0. This
means that
r(0) - T(0) =0,
2+ 2kr(0) - N(0) < 0.
Since |N(0)| = 1, we have r(0) - N(0) = |r(0)|cosf, where 6 is the angle between

r(0) and IN(0). Therefore
2 4 2k|r(0)] cos 6 < 0,
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so that x|r(0)| cos@ < —1. Since |r(0)| < 1 and |cosd| < 1, it follows that x(0) > 1.

1.5 Torsion

1. Let C be the curve x = e, y = 2¢t, 2 =t for t € R. Find all points on the curve
where the osculating plane is parallel to the plane x — 6y + 18z = 0. (If there are no
such points, prove it.)

We have 1/(t) = 2e*i + 2¢'j + k, so that r”(t) = 4e*i + 2¢'j. The vector normal to
the osculating plane is B, which is parallel to

i j Kk
r' x 1" = (2% 2e! 1| = —2e'i + 4e*j — 4’k = —2¢'(i — 2€'j + 2e*'k).
4e* 2e' 0

For the osculating plane to be parallel to x — 6y + 182 = 0, this vector needs to be
parallel to i — 6j + 18k, so that we need to have

2¢! =6, 2e* =18.

From the first equation we get ¢! = 3, t = In3. Then 2¢% = 2.9 = 18, so that
the second equation is also satisfied. The point where ¢ = In3 has coordinates
(x,y,2) = (9,6,1n3).

2. Prove that if v(t) is a smooth curve such that k # 0 and r + £k~ 'N (the center of
the osculating circle) is constant, then r(t) is a circle. (Hint: By the uniqueness
theorem for curves, it suffices to prove that K is constant and the torsion T is 0.)

We use the arclength parametrization. By the Frenet-Serret formulas, we have

dN

E = TB — K,T.
Therefore
d 1 dr d dN
- -IN) = == —x HN -1777
ds(r—Hi ) ds+(d3ﬁ N+ ds
d
=T+ (d—/i_l)N + Kk Y(=kT +7B)
s
d
= (d—sm_l)N + k7B,
By assumption, this is equal to O for all s. Since N and B are linearly independent,

it follows that both coefficients must be zero. Thus, %/{*1 = 0, so that k7! is

constant and therefore k is constant. Also, k= !7 = 0, so that 7 = 0. By the
uniqueness theorem for curves, r(t) is a circle.
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3. Let C be a smooth curve parametrized by r(t) : R — R3. Assume that (0,0,0) belongs
to the osculating plane at some point r(to). Prove that at t = to,

(rxr)-r" =0.

The normal vector to the osculating plane is B = parallel to r’ xr”. Therefore

the equation of the osculating plane at t = ¢ is

({z,y,2) = r(to)) - (r'(to) x r"(to)) = 0.

If (z,y,2) = (0,0,0) satisfies this equation, we have

r(ty)) - (r'(tg) x r"(t9)) = 0.

But this is the triple product:

x'xr”
[r/xx!|?

z(t)  yt)  =z(t)
r(t) - (c'() x r' (1)) = |2'(t) y'(t) =
2'(t) (1) (1)

so the last expression must be 0 at ¢t = t,.

1.6 Velocity and Acceleration

1. The position of an object is given by a smooth vector-valued function r(t). Let
v(t) =1'(t), and a(t) =r"(t). Assume that a(t) =k x v(t) for all t.

(a) Prove that the speed v is constant.

(b) Assuming that v is nonzero, prove that the angle 0(t) between v(t) and k is
constant.

(a) We have
d

dt<
since a is perpendicular to v. Therefore v - v = |v|> = v? is constant, so that v is
constant.

v-v)=a-v+v-a=0,

(b) Since a is perpendicular to u, we have

d
dt(v k)=a-k+v-0=0.
Therefore v - k is constant. We also have |k| = 1, and |v| = v is constant by (a)
and nonzero by assumption. It follows that
-k
cosf = >
v

is constant, as required.
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2. Assume that a(t) = cr(t) for some constant c. (This describes the motion of an
object under a central force.)

(a) Prove that w :=r X v is constant.

(b) Assuming that w # 0, prove that the curve r(t) lies in the plane passing through
the origin and perpendicular to w.

(a) We first prove that w is constant:

d
W’(t):E(rxv)zvxv+rxa:0+rx(cr)zO.

(b) It follows that r is always perpendicular to the fixed vector w, which we assume
to be nonzero. Therefore the curve lies in the plane r - w = 0.

3. Suppose that a curve C in R has a smooth parametrization v(t) for all t € R, the
curvature k s a positive constant, and the torsion T is zero. Prove, without using
the Fundamental Theorem of Calculus for curves, that C is a circle. (Hint: how
would you find the center of the circle? You may also want to use the Frenet-Serret
formulas.)

Reverse-engineering from the conclusion, if C were a circle, then C would be its own
osculating circle at all points. In particular, the center of the osculating circle should
remain fixed as we travel the curve.

Now, we do not actually know that C is a circle — we need to prove this. As a first
step, we will try to prove that the center () of the osculating circle remains at a
fixed point. Let w = O@ =r+ pN, where p = 1/k. Since & is constant, so is p. We
want () to be independent of t. To prove this, we check the derivative with respect
to s (this is easier here than differentiating in ¢):

d d
= N) =T+ —(pN
ds(rﬂ) ) +d5(p )

d
=T+r'—N
+ K s
=T+ r(—kT) =0,

where at the last step we used Frenet-Serret. So () is constant as claimed.

Based on this, we need to prove that C is a circle centered at ). In Section 1.5 of
this manual, this was done using the Fundamental Theorem of Calculus for curves.
Here, you are asked to find an alternative proof that does not rely on the theorem.
It suffices to prove the following two facts:



16

CHAPTER 1. PARAMETRIZED CURVES

e The distance from @ to r(¢) is constant: this follows from
vt —0Q| = |r — (r+ pN)| = [pN| = p.

e The curve lies in a fixed 2-dimensional plane through ). Indeed, we claim
that the binormal vector B is constant, and that the curve lies in the plane
(r —0Q)-B = 0. To see this, we first verify that B is constant:

d
YB- _sN=0
ds 4 ’

using Frenet-Serret again. Finally, we check the equation of the plane:
(r—0Q)-B=(—pN)-B = 0.

The two bullet points together imply that the curve is a circle.

Let C' be a curve on the sphere S of radius 1 centered at 0. Suppose that C' has
a smooth parametrization r(t) such that the velocity r'(t) is never zero and the
acceleration v"(t) is always perpendicular to S at r(t). Prove that the curve is
contained in a great circle of S (that is, a circle where S intersects a plane through

0).
Let b=1r' x r. Then:

e b is constant since

—('xr)=r"xr+r'xr'=r"xr.

dt

Since r” is perpendicular to S, it is parallel to the normal vector to S, therefore
parallel to r. It follows that the last cross-product is zero, and so b is constant.

e b is nonzero: since |r| = 1 for all ¢, 1’ is perpendicular to r, so that |b| =
|v" x r| = |r'||r| = |r'| # 0 by assumption.

e r-b =0, since b=r' x r is perpendicular to r.

Therefore r lies in the plane through the origin perpendicular to b, as claimed.

Let v(s) : R — R3 be a smooth curve, parametrized by arc length. Assume that
% =1 X w for all s, where w is a fized nonzero vector. Prove that this is only

possible when % =rxw=0 forall s.
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(Hint: suppose that there is a value of s where r x w # 0. Prove first that there are
scalar functions A(s), p(s) such that % = Ar + pw near that point. What does this

imply about d 5?)

As per hint, assume towards contradiction that r x w # 0 for some s. By continuity,
this is also true on some neighbourhood of that point. In particular, we may find a
part of the curve where r x w # 0.

’ dr

We always have \ |'T| = 1, so that d %= is perpendicular to 5. But we know

that d oz isalso perpendlcular tor and w, and these two vectors are nonzero and not
parallel to each other. Therefore Zg must belong to the span of these two vectors,
so that 2 = Ar + puw for some scalar functions A(s), u(s).

Next, differentiating this in s and using that w is constant, we get

Pr  d

gz~ g5 W)
d\ dr du
A Nl i
ds' * ds * ds
dA du
=T + A(Ar + pw) + AL

This is a linear combination of r and w. But d 2 was also supposed to be perpen-
dicular to both of these vectors. Therefore 1t is also perpendicular to any linear
combination of its vectors, including itself. Hence

contradicting our assumption.
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Chapter 2

Vector Fields

2.1 Introduction to Vector Fields

1. Find and sketch the field lines of the vector field F(z,y) = —23i+yj in R%. Indicate
the flow direction in your sketch.

For a field line r(t), we have r'(t) = cF(r(t)) with ¢ > 0, so that

dx 5 dy
= —cx’, — =
Todt

% = Ccy.

If 2,9 # 0, we have —% = cdt = d—yy. Integrating this, we get

T

1
Infy| =55 +C, ly| = eCet/? |y =Che

1/222
x2 ’

where C} = +e is a constant. If z = 0, we get

dx 0 dy
—_— = —_— = C
at a7
which corresponds to the two half-lines on the y-axis, oriented away from the origin.
Similarly, if y = 0, we get

dr 3 dy

i cx’, dt—O,

which corresponds to the two half-lines on the x-axis, oriented towards the origin.
At (0,0), we have F = 0, so that this is a stationary point with no field lines through
it.

19
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o
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2. Let f(x,y) = 2% + 4y*. Find the field line of the vector field F = V f which passes
through the point (2,6).

We are looking for a field line that satisfies
(@'(t),y/'(t)) = V f(z,y) = (22, 16y")

and that passes through (2.6). We will assume that z(0) = 2,y(0) = 6 (for a field
line that passes through (2,6) at time to, replace t by t — ). This means

' =2z, z(0) =2,
y' = 16y°, y(0) =6.
We solve for z(t) and y(t):
x(t) = Cre*, 2 =2(0) = C, x = 2,

Yy dy 1 1 1
=1 = — [ 16dt, —— = 16t - _ -
y? 6 /y3 /6 T 22 6f +Cs, G 262 72’

2 = 2 ( 16t 1 71— ! 32t -
vy = 72 ~ 36 )
1 —1/2
= (= — 392t
v=(55-5)

(we took the positive square root because y(0) =6 > 0).
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3. Find all field lines of the vector field F = #i +12j, using the following procedure.

(a) Assuming that z, 1—x2, and y are all non-zero, solve the corresponding ordinary
differential equation using the Method of Separation of Variables. (You may have to
consider multiple cases.)

We have the differential equation

d d
& Tt (2.1.1)

y2 1 — 2

If we integrate both sides, we get

1 T
——+C= d
v /1—902:6

We substitute u = 22 to get

1 1 1 1 1
-4+C== du==Inju—1]==In|z? -1
y—l— Q/u—lu 2n|u | 2n|9: l,

which gives us

1 1
—=_In|2* - 1|+C, y=
y 2

2
In |22 — 1| +2C"

where C'is a constant. Alternatively, we can let D = 2, so that 2C = In D. Then
the field line equation can be rewritten as y = where D is a positive
constant.

-2
In(D|z2—1|)>

(b) What happens when x = 0, 1 —2? = 0, or y = 02 Are there any field lines
corresponding to these cases?

e The vector field F is undefined at x = 0, so there are no field lines there.
o If 1 —22 =0, then F = 3?j. This gives two vertical lines at z = 1 and = —1,
oriented upwards.

1;x2i. The corresponding field lines lie on the x-axis,

o If y =0, we have F =

with orientation depending on the sign of

1—a?
panp
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(¢) Draw a picture of the field lines you found. Make sure to indicate their orien-
tation. (You can check that by evaluating F at sample points.) You should have
exactly one field line through every point where F # 0.
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Figure 2.1: The field lines of F(z,y) = %i + y2j overlain on the vector field. The
solutions corresponding to x = —1,2 = 1 and y = 0 are the heavy red lines.

2.2 Conservative Vector Fields

1. Let F(x,y,2) = e¥i+ (we¥ — cos 2)j + ysin z in R3. Prove that F conservative, and
find a potential function f.

We look for a potential function such that F = V f:

0
%f(l',i%Z) = Fl = eya f(I,y,Z) = e’ +g(ya 2)7

agf('ra Y, Z) = ze’ + a_g(yv Z) = ze’ — cos Zs
Y )
9(y, z) == —ycos z + h(z),
%f(l’?y,z) =ysinz+h'(z) = F3 = ysinz, h(z)=c

The field is conservative, with f(x,y, z) = eV — ycos z + ¢ for any constant c.
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2. Consider the vector field

_Rl@),, B).
G= F2) +F3(z)‘]+k’

where Iy, Fy, F3 are smooth functions on a domain D C R? and Fy is never zero
on D. Does G have to be conservative on D? If yes, prove it. If no, give a
counterexample.

The answer is no. Let Fy(z) =1, Fy(y) = 1, F3(z) = z. Then
. . 1. 1.
G:G11+G2J+G3k2 ;1+;J+k,

is defined on the domain z > 0, but G does not satisfy the necessary condition of
Proposition 1.5 for a conservative vector field in R?. Namely, we have:

001 aGS

1
B - 270"y

contradicting Proposition 2.2.5 in Section 2.2.

3. Give an example of two smooth vector fields F and G on R? such that F and G
have the same field lines, F is conservative, and G is not conservative.

(Hint: Worked Problem 1 of this Section might be helpful in constructing a simple
conservative field ¥. Then, try modifying it to make a G that has the same field
lines but is non-conservative.)

Take F = e¢*i and G = e”"¥i. For both fields, the vectors are always non-zero and
pointing in the direction of i, so the field lines are lines y = C, oriented in the
direction of increasing x. The field F is conservative, as a special case of Practice

. . . T+y
Problem 1. On the other hand, G is not conservative, since 86—31 = 8%—!/ = e and
0Gs __
o = 0.

4. Find all functions f(y) and g(z), where f(y) depends only on y and g(x) depends
only on x, such that the vector field F(z,y) = f(y)i+ g(x)j is conservative on RZ.
For such f and g, find the potential function for F.

For F to be conservative, we must have

5 0) = 5o0@)

But since the functions f and g depend only on one variable each, so do the functions
a% (y) = f'(y) and 2 g(z) = ¢'(z). Therefore f'(y) = ¢'(x) = A has to be constant.



24 CHAPTER 2. VECTOR FIELDS

This means that f(y) = Ay + B and g(y) = Az + C, where B and C are also
constants. In that case, integrating in z and y we get

¢(z,y) = Avy + Bx + Cy + D,

where A, B, C, D are constants, so that F is indeed a conservative field. (The con-
stant D is optional, since the potential function is defined only up to a constant.)

2.3 Line Integrals

1. Evaluate the integral [, /2> +y?ds, where C is the parametrized curve r(t) =
(tcost,tsint), 0 <t < 2.

We have \/z(t)% + y(t)2 = Vt2cos?t + t2sin’t = ¢ and

ds = |r'(t)] = \/(—tsint + cost)? + (tcost + sint)2dt
= (*sin*t — 2tsint cost + cos®t + t* cos t + 2t costsint + sin’ t) V20t

= Vt2 + 1dt.

Hence the integral is

2m 1 (t2 + 1)3/2
V2 4+ 1dt = ———F—
/o T

2w

— %((zm2 +1)%2 — 1).

0

2. Evaluate the line integral [, f ds, where f(z,y,2) =z —x and r(t) = e 'i+ V2tj +
ek, 0<t<1.

We have r'(t) = —e~'i + /2j + €'k, so that
) = VETTR T et o

/Cf ds = /01(6lt —e (e +eh)dt = /01(62t — e ?)dt

et e 21 e? +e?
2 t=0 2

3. Ewaluate the line integral fo 2yzds, if C is parametrized by r(t) = ti + 2¢'j + ¥k
for0<t<1.

We have 1/(t) = i+ 2¢'j + 2e%k, so that

ds = |v'(t)|dt = V1 + 4e + detidt = (1 + 2> )dt,



2.3. LINE INTEGRALS 25

1
/ 2yzds :/ 4e* (1 + 2¢*)dt
c 0
1
(4€ 4 8™ dt

0

44 8yt 4 4 8 5
—Z St (B 1) 4 2P = 1),

36 +5€ . 3(6 )+5(e )

4. FEvaluate the line integral fC xydr — zy?dy, where C is the curve with equation
2 =53, from (—=1,1) to (1,1).

Parametrize the curve as x = 3,y = t2, —1 <t < 1. Then

1 1
/ vydr — vy’dy = / (32 382 — 31 - 2t)dt = / (37 — 2t%)dt
C _

1 -1

1 4

o3t 2t?

8 9

t—1 9

5. FEvaluate the line integral fc xdy — ydz, where C' is the oriented line segment from
(1,0,0) to (3,1,6).

We parametrize the line segment as
r(t) = (1 —1)(1,0,0) +(3,1,6) = (1 +2t,¢,6t), 0 <t < 1.

Hence the integral is
1 1 )
/ (1+2t)dt—t-6dt:/ (1—4t)dt =t —2t°| =1-2= -1
0 0

6. Evaluate the integral [, ydx + xdy, where C is the arc of the circle (x —1)>4+y* =1
from (0,0) to (1,1) in the first quadrant of the xy-plane.

Parametrize the arc by z =1 — cos 6, y =sinf, 0 < 0 < /2. Then

/2
/ ydr + xdy = / (sin@)(sin @) + (1 — cos 0)(cos 0)db
c 0

w/2 /2
= / (sin? @ + cos § — cos® 0)df) = / (cos O — cos(20))do
0 0

— ind — sm;20)

w/2
=1-0=1.

0
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. Bvaluate the integral fCF -dr, where F = yi — zj and C s the part of the curve of
intersection of the surfaces x +y+z =2 and y = 2* from (0,1,1) to (2,0,0).

If we use the parametrization z = ¢, y = t?, x = 2 —t —t2, 0 < t < 1, then
this parametrizes the curve C, but in the opposite direction (from z = 0 to z = 1,
instead of the other way around). We are going to use this parametrization anyway
and just add a minus sign. We have r/(t) = (=2t — 1)i + 2tj + k, so that

/oF cdr = —/0 [t2(—2t —1)— t(2t)] dt = /0 (2t + 3¢*)dt

S| 3
= 41=r".

= — 4+
* t=0 2 2

2

. Bvaluate the integral fCF -dr, where F = yi + zj + 2%k and C is the intersection
curve of the surfaces z = y* and x® +y? = 4, oriented counterclockwise when viewed
from the direction of the positive z-axis.

We use the parametrization = 2cost, y = 2sint, z = y> = 4sin’t, 0 < t < 2m.
Then r'(t) = —2sinti+ 2costj+ 8sintcostk, so that

2m
/ F.dr = / [(2 sint)(—2sint) + (4sin®t)(2cost) + (4 cos® t)(8sint cos t)] dt
c 0
2m
:/ [—4sin2t+8sin2tcost+32COSStSint dt
0
We have cos(2t) = 1 — 2sin®t, so that

2 2
/’e@wwa:/(%%myam:@mm—mﬁz—m,
0 0

and also
] 2
8sin®tcostdt = {— sin® t} =0,
3 0

2

|
27
/ 32cos® tsint dt = [—8 cos? t} 3” = 0.
0
Therefore
/F-dr: —4r 4+ 04 0= —4m.
C

. Consider the integral fc fds, where f(x,y,z) = e~ @42 and O is the line where
the planes v +vy — 2z = 0 and x + 2y + z = 0 intersect. Prove that this integral is
finite.
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(Hint: if you set up this integral using the “usual” parametrization of a line where
the velocity is constant, you will get an improper integral. If you do not know how
to evaluate it, it will suffice if you use inequalities to prove that the integral is finite.

Solution 1. We first parametrize the line. From the first plane equation we have
xr = z — gy, which we plug into the second equation:

O=z+2y+z=(:z-y)+2y+z=y+2z, y=-2z, v=z—y=2z—(—2z2) =3z

We get a parametrization r(t) = 3ti — 2tj + tk, with |r'| = v/14. The line integral is

/deZ/ e M/ 14 dt.
C —

o0

One way to complete the proof is to use the fact that ffooo e dr = /7. (This
can be done using polar coordinates in the plane — see if you can find it in your
textbook!) Then by a change of variables u = tv/14, du = dt\/14,

/Cfds:/:euzdu:ﬁ.

Solution 2. Start as above, but if you do not know or do not remember the last
integral, there are alternative solutions using inequalities. For example, we can use
that e 14 < 1 for [¢t| < 1 and e < eIl for |t| > 1. Then

/fds:2/ e /14 dt
c 0

1 [e’e)

§2/ \/ﬂdt+2/ e '\14 dt
0 1

=2v14 + 2V14 [ 7] = 4V/14,

which again is finite.

Solution 3. Since (0,0,0) lies on both planes, the line C' passes through it. Now,
notice that f(x,y, z) = e~ +¥"+5") ig radially symmetric! Therefore the integral of
f on any line passing through the origin is the same. So, instead of integrating on
the line indicated, we can makezour lives easier and integrate on the x-axis instead,

with r = ti and f(x,0,0) = e *":

/Cfds:/ze—%t:ﬁ.
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2.4 Path Independence

1. Let F(z,y,2) = e®i+ (axe® + be?)j — 3ye”k. Find the values of a,b for which F is
conservative, and the corresponding potential function. For these values of a and b,
evaluate fc F - dr, where C is a piecewise smooth curve from (1,1,0) to (0,1, 3).

For F to be conservative, we must have

0 0
8—ye2y = %(axe% +be?), 2e* =ae*, a=2,

%(2:0623/ +be*) = (%(—Byez), be* = —3e*, b= —3.
Let a = 2,b = —3, and solve for ¢ such that F = V¢:

%_6211

2y
T, 6= a4 [(y,2)

(%(xe% + fy,2)) = 2we™ + % = 2ze? — 3¢, fly, z) = =3ye* + g(2),

0
o7 (€™ = 3ye” + g(2)) = —3ye” + ¢'(z) = =3ye”, g(2) =C
In particular, we may take C' = 0, so that

¢ = ze*¥ — 3ye.

Finally,

/CF-dr:qb(O,l,S) —¢(1,1,0) = (0 — 3€®) — (¢ — 3) =3 — 3¢ — ¢”.
2. Find all values of the parameters a, b, c such that the vector field
F(x,y,2) = 4vy*i+ (az’y® + beos 2)j + (ysin z + ccos 2)k
is conservative on R®. For all such a,b, c:
(a) find a potential function f such that F =V f,
(b) evaluate the integral [, F-dr, if C is the line segment from (0,1,0) to (1,1,7/2).

(a) Suppose that F is conservative, with F = V f. Then we must have

0
%Jf(%ya Z) = Fl = 4[Ey3,
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so that f(z,y,2) = 22%y® + g(y, z). We must also have

0 0
a—yf(m, y,z) = 62%y* + a—yg(y, z) = Fy = az®y* + beos 2,
so that a = 6 and g(y,z) = bycosz + h(z). So far, we have f(z,y,z) = 22%y> +
by cos z + h(z). Finally,
0

a—f(x,y,z) = —bysinz + h'(z) = F3 = ysinz + ccos z,
z

so that b = —1 and we can take h(z) = csin z, with no restrictions on ¢. The answer
isa=6,b=—1,ceR, and f(z,y,2) = 22%y> — ycos z + csin z.

(b) With f as above, we have

| Fdr=0,12) - 1(0.1,0)
C
=2-04¢)—(0—-140)=3+c.

3. Let F : R? — R? be a C! vector field. Assume that the following holds: for any
P,Q € R?, and for any two curves C1,Cy from P to () that are unions of at
most 5 line segments each, we have [, F-dr = [, F-dr. Does it follow that
F is conservative? Prove your answer.

The answer is yes, and we can prove it by modifying the argument from class just
slightly. Assume that F has the path independence property on R?, and define

meledn

where C' is any path connecting the origin O = (0,0) to P = (z,y) and consisting
of at most 5 line segments.

We need to prove that
0] 0¢
— =F, —=F,.
O 1, ay 2
To prove the first identity, let C' be the path consisting of 2 line segments: C) from
(0,0) to (0,y), and Cy from (0,y) to (z,y). (This is a valid choice because the
domain of R is all of R?.) Then

6z, 7) ::/ClF-dr—k/CQF-dr.
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We now keep y constant and differentiate in . The integral on (] is independent
of x, so the derivative is 0. For C5, we have

/F-dr:/ Fu(t, y)dt
Co 0

0
a/CQF'dr—Fl(x,y)

as claimed. The proof of the second part is identical but with x and y variables
interchanged, so that we use a path consisting of the line segments from (0,0) to
(x,0), and Cy from (z,0) to (z,y). Path independence guarantees that both of the
above paths get us the same function ¢.

so that

Additional comments:

e We did not even need to use 5 line segments—paths consisting of at most 2
line segments would have been sufficient.

e [t is also possible to solve this by approximating arbitrary piecewise smooth
curves by paths consisting of increasing numbers of line segments. This is fine
if done correctly.

4. Let f and g be two C* functions on D. Let F = Vg and G = gV f. Prove that F
has path-independent line integrals if and only if so does G.

We have
F+G = fVg+gVf=V(fg),

so that F 4+ G has path independent line integrals.

Let P, P, € D, and let ',y be two piecewise smooth curves C7,Cy from P; to
P,. Then

G -dr — G - dr
Cl 02

:(/Cl(F+G)~dr—/ClF~dr)—</Cz(F+G /CF dr>
:(/CI(F-I—G)-dr—/@(FnLG)-dr)—(/ F- dr—/CQF dr)
:/ F-dr—/ F . dr.

Co C1

Therefore the left side is always zero if and only if the right side is always zero, and
the conclusion follows.



Chapter 3

Parametric Surfaces and Surface
Integration

3.1 Area Integrals

1. Ewvaluate the surface integral ffs VadS, if S is the parametrized surface r(u,v) =
(w2, v,u+v) with0<u<1,0<wv<1.

We have r, = (2u,0,1), r, = (0,1,1), so
i

n=r, xXr, = |2u

0

In| = V1 +4u? + 4u? = V1 + 8u?.

Therefore, with the substitution Su? + 1 = w, 16udu = dw,

1 1
//\/EdS:/ / uV'1 + 8u? dvdu
S
/uvl—|—8u2du

e
27r—1 26 13

(3/2 16) 24 24 12

— O .

k
1| = —i — 2uj + 2uk,
1

2. A parametric surface is given by the equations x = uv,y = u?® —v?, z = u? +v?, with
u,v > 0. Find the equation of the plane tangent to the surface at the point P where
(u,v) = (2,1).

31
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We have r, = (v, 2u, 2u) and r, = (u, —2v, 2v), so that the normal vector is
ik
n=r,xr,= v 2u 2u|=_8uvi— (20— 2u?)j+ (-20* —2u )k .

u —2v 2v

The point P has coordinates (2, 3,5), and the normal vector at P is n = 16i + 6j —
10k. Therefore the tangent plane is

16(z — 2) + 6(y — 3) — 10(z — 5) = 0,
which can be simplified to 8(z —2) +3(y —3) —5(2 —5) =0, 8z + 3y — 5z = 0.

3. Let S be the surface r(u,v) = (ucosv,usinv,v) with 0 <u<1,0<v <.

(a) Find the tangent plane to the surface at the point where u=1/2,v = 7/6.

We have r, = cosvi + sinvj and r, = —usinvi + ucosvj + k, so that
i j k
n=, cosv sin v = sinwvi — cosvj + uk

—usinv wucosv 1

At (u,v) = (1/2,7/6),

1 1l 77 V31l
r= (- —, —sin—,—)={( —,—, =
2P 266 146/

T T 1 1
n <sm6, cos6,2> 2(, V3,1),

so the equation of the tangent plane is

<:B—\/T§>—\/§(y—i)+(z—%>:0,

which simplifies to  — v/3y + z = 7/6.
(b) Bvaluate the surface integral [[o(z® + y*)'/?dS.

From (a), we have |n| = (sin®v + cos?v + u?)"/2 = /1 4+ u2. Now

™ 1
//(332 +9%)%dS = / / uv 1+ u? dudv
S o Jo

We substitute t = 1 + u?, 2udu = dt, u?> =t — 1, so that the last integral is

1 [ [? 1 [™2 1 2
—//\/%dtdv:—/ ~13/2
2 )0 N 2/, 3

2 ™
dv = —/ 20232 _ 1)du = Z(2%2 — 1)
1 2J)y 3 3
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4. Let S be the surface parametrized by r(u.v) = (u + sinu,v 4 sinv, 1 — cos(u + v)),
0<u<m, 0<wv<m (the boundary of the rectangle is not included).

(a) Find all (u,v) such that the tangent plane to the surface at r(u,v) is parallel to
the xy-plane.

We calculate the normal vector:

r, = (1 4 cosu,0,sin(u + v)),
r, = (0,14 cosv,sin(u + v)),
n=r, Xr,
= —(1 + cosv)sin(u + v)i — (1 + cosu) sin(u + v)j + (1 + cosu)(1 + cosv)k.

For the tangent plane to be parallel to the zy-plane, n needs to be parallel to k, so
its first two components should be 0:

(14 cosv)sin(u +v) = (1 + cosu) sin(u + v) = 0.
Since 1 4 coswu and 1 + cosv are nonzero for u,v in (0,7) (remember that we are
excluding the boundary), we must have sin(u+v) = 0, u+v = 7. The corresponding

points on the surface are

r(u,m—u) = (u+sinu,m™—u-+sinu,2), 0 <u <.
(b) Prove that the area of S is less than 5m?.
The area is / / |n(u, v)|dudv. From part (a), we have
o Jo

In|* = (1 + cosv)?sin(u + v)* + (1 + cosu)?sin(u + v)* + (1 + cosu)?*(1 + cosv)>.

Since sine and cosine are always between —1 and 1, the first term on the right is
at most 4, the second term is at most 4, and the third term is at most 4 - 4 = 16.

Hence |n| < v4+ 44 16 = v/24, so that
area < / / V24 dudv = V247? < 512,
o Jo



34  CHAPTER 3. PARAMETRIC SURFACES AND SURFACE INTEGRATION

5. FEwvaluate the integral ffs(a:2+4y2+1) dS, if S is the part of the paraboloid z = x—;—i—yQ
that lies above the region D = {(x,y) : *> +4y*> <1 and y > 0} in the xy-plane.

We parametrize the surface by r(z,y) = (z,vy, %2 +y%). Then r, = (1,0,z) and
r, = (0, 1,2y), so that

k
x

i
n=r,xr,=|1 0 = —xi—2yj+k,
0 1

DO

Y

In| = a2 +4y? + 1,

//(x2—|—4y2+1)dS://(x2+4y2+1)\/x2—|—4y2+1d/1
s D

= // (2 + 4y* +1)%2dA
D

To evaluate this integral, we use modified polar coordinates x = rcos@, y = %r sin @,

1
= §rc0829+§rsin29 = g

cos % sin

—7sin 6 %r cos 6

With that substitution, % + 4y* = % cos® 0 4+ 4 - 1r?sin® 0 = r?, so that

1 s
//(x2+4y2+1)d52/ / (r> +1)* Zabdr
S 0 0 2
T 1

-7 / (1% + 1)"2(2r)dr

0
o (r? +1)°/2

1 T2 -1  m(2%%-1)
4 52

=0 4 5/2 10

6. LetC be a smooth simple curve in the plane z = 0, parametrized by r(t) = x(t)i+y(t)j
with a <t <b. Construct a surface S in three dimensions by taking the union of all

line segments that connect points r(t) on the curve to the fized point P = (0,0,1).
Prove that

1
é(length of C) < (area of S).
Give an example of C such that equality holds in the above formula.

(Hint: How would you parametrize the surface? You may want to start by parametriz-
ing each line segment separately.)
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First, the length of the curve is

b b
= / |r’(t)]dt = / V(@) + (y')2dt (3.1.1)
Next, we parametrize the surface by the vector-valued function R(¢, s):
R(t,s) = (1—9s)k+sr(t), a<t<b 0<s<1.

Using this parametrization, we have

ik
n=r,xr,=[st'(t) sy(t) 0|=—syi+sa'j+ (sz'y— szy)k,
x(t) ylt) -1
so that
0| = s\/(2')2 + () + (2'y — ay/)
> sy/(2')? + (y')?

The area of the surface is

// ds = // s/ (2 + (2'y — xy’)?dsdt

= [ | VP R e

—5 | V@ e P
[ -

as required.

For an example where the equality holds, let C be the line segment from (0, 0,0) to
(1,0,0). Then C has length 1. The surface S is the right triangle with vertices at
(0,0,0), (1,0,0), and (0,0,1), and has area 1/2, which is half of the length of C.
7. Let D be a planar domain such that
22 P
D : <64 and —+ = >1
C{(z,y): 2>+ an 36+49_ }.
(This is just an inclusion and D does not have to be equal to the set on the right.)

Let S be the part of the sphere x? + y* + 22 = 64 that lies above D. Prove that

(area of D) < —(area of S).

A~ w
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We have vo
(area of §) = // ds = // | |d:cdy,
p |G|

where G(x,vy,2) = #? + y*> + 22. We have for (z,y,z2) € S,

36

VG| = vda? + 42 + 422 = 2¢/a? + 32 + 22 = 16,
G| =22 =21/64 — 22 — 32

On D, we have

72 2 2 2
L
36 36 — 36 49

so that 22 4+ y? > 36 and /64 — 22 — y? < /64 — 36 = /28. Therefore

>

Y

5
|
[\
5
I
B
L W~

(area of S) > // édxdy = Z—l(a]rea of D).
53 3

8. ( Let S be the part of the sphere x* + y* + 2% = 1 that lies above the cone z =

x? 4+ y?. Consider the integral
/ Va2 4+ y2dS.
S

A student has evaluated this integral as follows.

The unit normal to S s the vector N = xi + yj + zk. The angle

between N and k is v = ¢ in spherical coordinates, so that the area
L — L Also in spherical coordinates, /x% + y? =

element is o7 = 5@
sin¢ on the sphere Therefore

x2+y

fvas= [T [T
/%/ :;I;Zdwe
_QW[ ln(cosqb)]0/4
- 27T( — In(cos(r/4)) + In(cos 0))

= 21(—In(v2/2) — In(1)) = —27In(v/2/2).

Is this solution correct? If not, explain where the student has made a mistake (if
there is more than one error, indicate all of them), and provide the correct solution.

VI hde
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The mistake is that the area element is dS = Cols = @da:dy in rectangular
coordinates. In spherical coordinates, we have d.S = sin ¢pdpdf, and

2n  pw/4
// \/x2+y2dS:/ / Va2 4+ y?sinododb
S

/Qﬂ/ sin? ¢ de df

/4] — cos(29)
= 27r/0 — do

[¢ B 8111(22925)]2/4

-3

3.2 Flux Integrals

1.

Let S be the surface r(u,v) = (ucosv,usinv,2v) with 0 < u <2, 0 < v < 27,
oriented with N pointing up. Fvaluate the integral ffs F.dS, where F = —yi+ (x +
y*)j + 2k
We have r, = (cosv,sinv,0), r, = (—usinv,ucosv,2), so
i j k
n=r, Xr,=| cosv sinv 0] = 2sinvi — 2 cosvj + uk.

—usinv wcosv 2

Using this n, we get

//F dsS = // —usinv)(2sinv) + (wcosv + v’ sin® v)(—2 cos v) + 2vu| dvdu

27
= / / (—2u — 2u?sin®vcosv + 2uv)dvdu

2 2 27
= / (—2uv — “u?sin®v +w?)|  du
0 3 v=0
2
:/ (—47mu + 47°u)du
0 ) 2
=4n(m — 1)/ udu = 2m (7 — 1)u? .= 8n(m —1)
0
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2. Evaluate the integral [[¢F-dS, where F = zi+y?j and S is the part of the cylinder
2?24+ y? =4 where v >0, y > 0, 0 < 2 < 1, with the normal pointing away from the
Z-QTiS.

We parametrize the surface using r(f,z) = (2cosf,2sin@, z), with 0 < 0 < 7/2,
0 <z < 1. Then ry = (—2sin#,2cos6,0), r,=(0,0,1), so

i j k
n=rgxr, = |—2sinf 2cosf 0| =2cosli—+ 2sinbj.
0 0 1

This vector points away from the z-axis as required. We have
F-n = 2zcosf + 8sin? fsin 6.

Therefore,

1 pr/2
//F dS:/ / (22 cos 0 + 8sin? § sin 0)dOd=
0

/ (2zcosf + 8(1 — cos® 0) sin 0)dfdz

Iy
/

=)
3
~

8 w/2
2zsinf — 8COS(9+§COS 9)’ dz

0 ( 0=0
1 1 16 1621 19
/0 (z—i— ) z /o (z—|—3> z = + 3 1 3

3. Fwvaluate the surface integral //F -dS, if F = zk and S is the rectangle with

S
vertices (0,2,0), (0,0,4), (5,2,0), (5,0,4), oriented so that the normal vector points
upward.

The plane in which the rectangle lies has the equation 2y + 2z = 4 (by inspection,
or you can use any method you know for finding the equation of a plane passing
through any three of these points). We can rewrite this as z = 4 — 2y, so that

dS = (2j + k)dxzdy.

We need to evaluate the area of it that lies above the rectangle 0 < x < 5,0 <y < 2.

This is
// 23+kdydx—//zdydx—// 4 — 2y)dydx
_/ (4y — y)|0dx—/ 4dx = 20.
0 0
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4. Bvaluate the surface integral [[(F - dS, where F = 2% and S is the part of the
plane x + % +§ =1 that lies in the first octant (x,y,z > 0), with the normal vector
pointing up.

With S parametrized by x, y, and given by the equation G(z,y, z) = 0 for G(x,y, z) =
3T + %y + z — 3, we can use the formula

VG

a. dzxdy = (3, § , 1)dxdy.

ds =

(Note that the k-component is 1 > 0, so the normal vector points up.) The range
of z,yis 0 <x <1,0<y<2—2x. Therefore

5. Evaluate the integral [[¢F - dS, where F = i+ 2j + 2k and S is the surface
parametrized by r(u,v) = (uv,u? — v u? +v?) with 0 < u < 1, 0 < v < u,
with the normal vector pointing up.

We have r, = (v,2u,2u), r,= (u,—2v,2v), S0
i j k
n=r,xr,=v 2u 2u|=_S8uwi— (20®—2u?)j+ (—2v* - 2u?)k.
u —2v 2v
The last component of this is negative, so we need to use —n instead. We have

F - n = 8uv + 2(—2v* + 2u?) + 2(—2v* — 2u®) = Suv — 8v°.

Therefore,

1 u
//F-dS:—//(Suv—éSvQ)dvdu
S 0 Jo
8

u
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6. Evaluate the integral [[ F-dS, where F = x*i+y'j and S is the part of the surface
xy*z = 3 that lies above the rectangle 1 < x < 2, 1 <y < 3, with the normal vector

pointing up.

Our surface S has the form G(x,y, 2) = 3 with G = xy?z, so that

VG i 2ayzj+ay’k oz, 2z

ds =—i+—j+k
G, xy? :rl+y‘]+
3/xy?.  6/xy?, 3. 6,

_ 3y Oy RN
oy Yy -y ry
P B

y T

2 3 2
//F~dS://<%+6—y)dydx:/ (—§+3i)
S 1 J1 \Y x 1 Yy x

2 2 2 24
:/ <—1+3+—7—§)de/ <2+—>da:
1 T T 1 T
2
=22 +24lnx| =2+ 241n2.
1




Chapter 4

Main Theorems of Vector Calculus

4.1 Divergence and Curl

1. Let F = (y + 2)%i+ yj + zk. Find the divergence and curl of F.

divF=0+1+1=2,

i i k
curlF =| 0, Oy 0, =0i+2(y+2)j—2(y+ 2)k
(y+2)* y =

2. (a) Let F = xcosyi+ e*j + cosyk. Find the curl and divergence of F.

divF =cosy+0+4+0=cosy
i j k
curlF=| 0, 0, 0, |=(—siny—e’)i+xsinyk

rcosy e cosy

(b) Is it true that V X F is always perpendicular to F for all C* vector fields F in
R3? Explain why or why not.

For the vector field F from (a), we have
F-(VXxF)=uzcosy(—siny — e*) + rsinycosy = —xe® cosy

which is clearly not always zero. Therefore the statement is false.

41
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3. Prove that if f and g are two C? functions on an open set X C R3, then V - (V f x
Vg) = 0.

We first compute

i j k
vf X Vg - arf ayf azf = (fygz - fzgy)i - (fxgz - fzgx)J + (fa:gy - fygl‘)kv
Org Oyg 0.9

so that

V- (Vf X Vg) = (fa:ygz + fyga:z - fa:zgy - fzga:y)
- (f:]cygz + f:vgyz - fyzgz - fzgacy)
+ (fa:zgy + fa:gyz fyzgx - fygacz)

4. Let F be a 2-dimensional C? wvector field on an open set U in the xy-plane. Let
P €U, and let v(t) be the field line of F that passes through P. Assume that:

o F has constant magnitude 1 on a neighbourhood of P,

e the field line r(t) has curvature a at P.

Find the curl of F at P. Prove your answer.

Let F = Fii + F,j, and let r(¢) be the field line as indicated. We use the curvature
formula
x|

'f?

(4.1.1)

For a field line, we have

r'(t) = F(r) = (Fi(r), F5(r))

r’(t) = (VFi(r) v/, VE(r) - 1)
(

(
= (VEi(r) - F(r), VFy(r) - F(r)).

We have |r'| = |F| = 1 in a neighbourhood of P. The cross product is
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Therefore
|I‘l X I'H| = |F1(F27$F1 + FQWFQ) — FQ(Fl,xFl + Flva2)| s (412)

with everything evaluated at r. Now we use that |F| = 1 is constant in the neigh-
bourhood of P. Therefore in that neighbourhood,

0
0:%|F|2: (F12—{—F22):F1F1,x+F2F2,x7

0
o
0= L |Ff = S (F2 4 ) = PR, + PP

oy oy Y i
so that FiFy, = —FyFy, and FoFy, = —F1F,. Going back with this to (4.1.1)
and (4.1.2), we get

0=t x| = |F(FouFy — FiFy,) — Fo(—FyFoy + FryF)|
= [(F} + F})Fop — (F? + F3) Fy |
= |F|?|curlF|
= |curlF|

Therefore curl F(P) = +ak, with the sign depending on which way the field line is
turning.

4.2 Green’s Theorem in Two Dimensions

1. The curve x = sint, y = 72 — 12, —1 < t <, is simple and closed. Use Green’s
Theorem to find the area bounded by this curve.

The orientation of the curve is clockwise (this can be checked in various ways, e.g. y
is increasing for —m < ¢ < 0 when x < 0, and decreasing for 0 < ¢ < 7 when = > 0).
Using Green’s theorem, and taking the orientation into account, we compute the
area:

Area = —/ xdy = —/ sint - (—2t)dt = / 2tsint dt
C -7 -7

T

= 4.

-7

= —2tcost

—|—/ 2costdt = —2(—27) + 2sint

—T

2. Use Green’s Theorem to evaluate the line integral [,(zy* + y°) dx + (doy + 2%y +
cos(y?)) dy, where C' is the boundary of the region enclosed by the parabola y = x*
and the line y = x, oriented counterclockwise.
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Let F be the vector field F = (xy? + ?)i + (4zy + 2%y + cos(y?))j. Then

oF, OF:
(VxF)~k:a—;—a—y1:(4y+2xy)—(2xy+2y):2y,

so that

1 T 1
/C(a:'y2 + %) do + (4ovy + 2%y + cos(y?)) dy = / /2 2ydydx = / e
0 T 0

T

dx

2

xT

:/1(1’2—{1}4)d1’:x—3_$—5’1:l_1:_
0 3 5lo 3 5 15

3. Use Green’s Theorem to evaluate the integral fC ydzx + xdy, where C' s the arc of
the circle (x —1)*>+y? =1 from (0,0) to (1,1) in the first quadrant of the xy-plane.

Since curlF - k = % — g—z = 0, we have fc = fCl +f02, where C is the line

segment from (0,0) to (1,0) and Cy is the line segment from (1,0) to (1,1). On C4,
y=dy=0,50 [ =0. On Cy, drv =0and z = 1, so that

1
/ydm—l—xdy:/ ldy =y
Co 0

Therefore [, ydx +xdy = [, ydo +xdy = 1.

1
=1.

y=0

Optional: For comparison, here is an alternative solution where we compute the
integral directly. Parametrize the arc by z = 1 — cosf, y = sinf, 0 < 0 < 7/2.
Then

/2
/ ydzr + zdy = / (sin®)(sin ) + (1 — cos #)(cos 0)db
c 0

/2 w/2
= / (sin? @ + cos @ — cos® 0)df) = / (cos @ — cos(20))dd
0 0

_ sin(260) /2 1—0=1

— sinf
Sin 2

0

4. Use Green’s Theorem to evaluate the integral fc y3dx — 23dy, where C is the circle
22 + 9% = 4 oriented counterclockwise.
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Let D be the disc 22 + y* < 4, then

_.3 3
/ygdx—x3dy: // o(—’) — o) dxdy
C D O dy
= // (—32? — 3y*)dxdy
D
2 2
:/ / —3r2 . rdrdf
o Jo

—3r4 2
4T — 21 (~12) = —24r.

=27

0

5. Let F = (e + 422y)i+ (e %" — y2x + 42)j. Use Green’s Theorem to evaluate the
integral fCF -dr, where C' s the boundary of the rectangle 0 < x <1, 0 <y < 3,
oriented counterclockwise.

We have
0

0
curl F - k = %(6_4?42 — v’z +4x) — 8_y<ez2 +42%y) = —y? + 4 — 42%

Thus by Green’s Theorem, the integral in question is equal to

1 3 1 %
/ / (4 — 42® — y*)dydx = / (4y — 42y — Z)
o Jo 0 3
1

1
=3—4=—1.
0

3
dz

y=0

1
= / (12 — 122% — 9)dz = / (3 — 122%)dx = (3z — 42?)
0 0

6. Let F = (y3+42)i+ (3x — 42®)j. Find the simple, closed, oriented counterclockwise
curve C' for which the integral fC F - dr is mazimized (in the sense that fC F.-dr >
fC, F - dr for any other simple, closed, oriented counterclockwise curve C"). If no
such curve exists, explain why.

By Green’s theorem, we have

/C (43 + da)dw + (32 — 42%)dy = / /D (8(3”” - ) a(y?’az 4x>>dxdy

= // (3 — 122% — 3y*)dzdy,
D

where D is the region bounded by C'. The function 3 — 122 — 3y* = 3(1 — 42% — y?)
is positive inside the ellipse 422 +9? = 1 and negative outside it. Hence to maximize
the last integral we should take C' to be the ellipse 42% + y? = 1.




46 CHAPTER 4. MAIN THEOREMS OF VECTOR CALCULUS

7. Let

(4.2.1)

0 ifx <0 orx>1,
glx)=9 4 . .
sin(Z)  if 0 <x <1

Prove that the graph of y = g(x), © € R, is a smooth curve, with smooth parametriza-
tion r(z) = zi+ g(x)j. (This means that v is C* and v’ is never zero. The main
part is to prove that v'(x) exists, is continuous, and is nonzero at x = 0.) Prove
further that the graph of y = g(x) for —1 <z <1 has finite length.

We parametrize the graph by r(x) = zi+ g(z)j as suggested. We first note that this
graph is a continuous curve since

lg(z)| < |2°| = 0= g(0) as © — 0.

Next, r'(x) = i+ ¢'(z)j. This is always nonzero as long as ¢'(z) exists, but we
do need to prove existence and continuity. To prove that ¢'(0) exists, we need to
examine the limit

i 9@) =0

im .

z—0 X

But since |g(z)| < |2?|, we have |g(z)/z| < 2* — 0 as z — 0. Thus ¢'(0) = 0.

We now prove that ¢'(z) is continuous. For z < 0, we have ¢'(z) = 0, so that ¢’ is
continuous for x < 0 and continuous at 0 from the left. For x > 0,

J(z) = 32° Sin(g) + 2 sin(g) : (—%) = (32% — 7x) sin(%).
This is clearly continuous at all x > 0, and
g/ ()] <32° +7x <Txfor 0 <z < 1. (4.2.2)

Since 7x — 0 as © — 0, ¢’(x) is also continuous from the right at x = 0. Finally, the
last inequality also gets us an estimate on the length of the graph for —1 < x < 1:

1 1
length:/ \/1—|—|g’(:zc)\2d:£:1—|—/ 1+ 9@ Pdz
-1 0
1 1
§1+/ \/1+49d:c§1—|-/8d91;—9.
0 0

We could get a better estimate, but here we just need to know that the length is
finite.

8. Let g(x) be the function in (4.2.1). Let C be the closed curve, oriented counterclock-
wise, consisting of:

e the graph of y = g(x) for —1 < x < 1, oriented in the direction of decreasing
xﬁ
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e the line segment from (—1,0) to (—1,—2),
e the line segment from (—1,—2) to (1, —2),
e the line segment from (1,—2) to (1,0).
Let also F be a C* vector field on R?, and let D be the planar region enclosed by C.

(This region cannot be split into finitely many regions that are both x-simple and
y-simple.) Prove that Green’s Theorem remains valid in this setting, as follows.

(a) Forn =1,2,..., let C, be the closed curve, oriented counterclockwise, consisting
of:
e the graph of y = g(x) for n™' < x < 1, oriented in the direction of decreasing
x)

e the line segment from (n',0) to (—1,0),
1,0) to (—1,—2),
e the line segment from (—1,—2) to (1,—2),
e the line segment from (1,—2) to (1,0).

(
e the line segment from (
(

Prove that §CRF ~dr — fCF-dr as n — 0o.

After cancelling out the parts where C' and C,, overlap, and reversing the orientation,
the difference ¢, F -dr — ¢, F - dr is equal to

/ F.dr— ]{ F - dr, (4.2.3)
Cl,n C2

,n

where:

e (', is the graph of y = g(z) for 0 < x < n~ !,
e (Y, is the line segment from (0,0) to (n™!,0),

both oriented in the direction of increasing x. (If you prefer to keep the original
orientation with decreasing x, you need to switch the signs above.) We need to
prove that (4.2.3) goes to 0 as n — oco. We will actually prove that this is true for
each integral in (4.2.3) separately.

Since F is C! everywhere, it is bounded on any bounded and closed rectangle R.
Taking R to be any rectangle containing C' and C,,, say R = {(z,y) : |z| < 10,|y| <
10}, we see that there is a constant M > 0 such that |F| < M and |F3| < M on C
and C,,. Therefore

/ F - dr
Cl,n

1/n 1/n
/0 (Fy + Fog(2))de| < / (R + |Fallg (@)} de

1/n
g/ 8M dx = 8M /n,
0
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which goes to 0 as n — co. We used (4.2.2) to estimate |¢'| < 7. The second integral

is easier:
1/n 1/n
Com 0 0

1/n
S/ M dx = M/n,
0

which also goes to 0 as n — oo.

(b) Forn=1,2,..., let D, be the planar region enclosed by C,,. Prove that

// (V><F)«de—>//D(VxF).deasn%oo.

We have

// (VxF)-de—//D(VxF)-de
://DR\D(VxF)-de—//D\Dn(VxF)'de.

We will prove that the last two integrals go to 0 as n — oo. Since both D,, \ D and
D\ D,, are subsets of the set

1
DZIZ{(x,y): O<z<—, |y|§2},

we have

‘//DH\DWXFVW’ S//Dn\DlwxF)-kldAs//%\<vxF>.k\dA

and similarly for D\ D,,. So, it suffices to prove that the last integral above goes to
0 as n — oo. Since F is C' everywhere, its partial derivatives are bounded on any
bounded and closed rectangle R. Taking R to be any rectangle containing C' and
Ch, say R = {(z,y) : || < 10,|y| < 10}, we see that there is a constant M’ > 0

such that
or

En

Since D!, C R for all n, we have

e, |2

< M on R.

— ?

ox

// |(V><F)-k|dA§// 2M'dA < 2M' - 4n~' = 8M'n,
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which goes to 0 as claimed.

(¢) Assuming that Green’s Theorem holds for each C,, and D,,, conclude that it also
holds for C' and D.

Applying Green’s Theorem to each C,, and D,,, we get

%}F-dr:// (V x F)-kdA.

Taking the limit as n — oo on both sides, and using (a) and (b), we get Green’s
Theorem for C' and D, as claimed.

4.3 The Divergence Theorem

1. Compute the flux of the vector field ¥ = zi+yj—xk out of a closed surface consisting
of the part of the cylinder x* + y* = 4 between the planes z = 0 and z = 3, together
with the discs at the top and bottom, with the normal vector pointing outward.

Direct computation: We write the flux integral as f f s = f f s T f f s, T f f Ss where
S is the disc at the top, Ss is the disc at the bottom, and S3 is the surface of the
cylinder.

e On &1, we have N = k, so that

//SIF-NdS://Sl(—x)dS.

By symmetry, this integral is 0.
e On Sy, we have N = —k; so that

//SQF-NdS://SZde.

This integral is also 0 by symmetry.
e On 83, the unit normal N points in the direction of zi + yj, so that

ri+yj 1, ..,

Thus F- N = (22 + ¢?) = 2, and

N —

// F - NdS = 2(area of S3) =2 - 47 -3 = 24r.
S3
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Adding up, we get that [[ F - NdS = 24r.

Alternative solution using Divergence Theorem: We have

0 0 0
divF= "ot Pyt T(a)=1414+0=2.
iv axa:Jr 8yy+0z( x) +1+40

Applying the Divergence Theorem to the closed surface S, we get

//S F.dS = ///D 2dV = 2(volume of D) = 2(127) = 247

where D is the part of the solid cylinder between the given planes.

2. Evaluate [[(F -dS, if F = (e — 2¥)i+ (¥ + ¢*)j + ¢’k and S is the sphere
22 +y? + 22 = 1, oriented so that the normal vector points outward.

We use the Divergence Theorem, with S as above and D = {(x,y,2) : z?+y*+2? <

1}:
//SF-dS://DV-FdV:///D(—Ba:z+2y)dV
:///D(—zx?)dv (since [[[,, ydV = 0)
- / / /D (2 +y* + 23)dV  (by symmetry in the z,y, z variables)

1 27 T
= — / / / R?R?sin pd¢ df dR
0 0 0

1 T
:—/ R4dR-27r-/ sin ¢pd¢

0 0
R5 1 T
=%, 27 (—Cosgb)o
4dm
- .. 2= "
5

3. Evaluate [[¢F-dS, if F = (°+y*)i+2%j+k and S is the half-sphere 2 +y*+2* = 1,
z > 0, oriented so that the normal vector points away from the origin. (Hint:
complete the sphere to a closed surface, then apply the Divergence Theorem.)

We apply the Divergence Theorem to the region R = {(x,y,2) : z? +y*+ 2? <
1, z > 0}. The divergence of F is 2x, so

///RV~FdV:///RQde:O,
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by symmetry. The oriented boundary of R consists of S and D := {(z,9,0) :
x? 4+ y* < 1}, with the normal on D equal to —k. So

O://RV.FW://SF’dS“L//DF'dSv
//SF'dS:_//DF-(—k)dsz//DldS:ﬂ,

4. Bvaluate the integral [[(F -dS, if F = y*siny cos zi+ x* cos wsin zj + (2> + 1)k and
S is the surface consisting of the cylinder x*> +y?> =1, 0 < 2z < 2, together with the
disc at the top, oriented so that the normal vector points away from the origin.

We apply the Divergence Theorem to the region R = {(z,y,2) : 22 +3y> <1, 0 <
z < 2}. The divergence of F is 2z, so

[[[v¥- ///Q,zdv
R
// / 2z dzdydx
z24+9y2<1
—// 22 dzdydx
x24+9y2<1

0

= // 4 dydx = 4m.
z24+92<1

The oriented boundary of R consists of S and the disc at the bottom D := {(x,y,0) :
r? + y* < 1}, with the normal on D equal to —k. On D, we have z = 0, so that

F-N=-1and
//F~dS:// (~1)dA = —m.
D x24y2<1

Therefore, by the Divergence Theorem,

47r:///RV-F://SF-dS—7r,
//SF-dS:éhr—(—w):Sw.

5. Suppose that g(x,y,z) is a smooth function on all of R3, that the level surface
S ={(z,y,2): g(x,y,z) =0} is closed, and that Vg # 0 on S.

(a) Prove that there is a point where the vector field ¥ = Vg has nonzero divergence.
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Suppose for contradiction that V - FF = 0. By the Divergence Theorem, it follows

that
O:// V~F://F-dS://F-NdS,
R S S

where N is the unit normal vector pointing outward. Since S is a level surface of g
with Vg # 0, we have N = :i:Iv E with the choice of + sign depending on whether
Vg points inward or outward. Since both N and % are continuous on S, the +
sign is in fact the same for all points on §. So

0://F-NdS:i//V V9 45— i//|Vg|dS.
s s Vgl s

This is a contradiction, since Vg # 0 on S.

(b) Does there have to exist a point where F = Vg has positive divergence? If yes,
explain why. If no, give a counterexample.

No. For example, let g(z,y, 2) = 4—2*—y*—2? with S = {(,y, 2) : 22 +y*+2? = 4}.
Then F =Vg=—-22i—2yj—2zk#0on S,and V-F = -6 < 0.

6. Assume that a solid D in R® and its boundary S satisfy the assumptions of the
Divergence Theorem. Let f,g:R3 — R be C? functions. Prove that

J[va=gv-as = [[[ (rora—gvrpav

Here sz:V ) fzz+fyy+fzz~

Let F = fVg — gV f. We have

I(f9z) N (fgy) N d(fg-)

V- (fVg) = ox dy 0z

= (foge + f9zz) + (fy9y + fuy) + (f20: + f9.2) = V- Vg + fV?qg,
and similarly, V - (¢Vf) = Vg - Vf + gV2f. Hence

V-F=V-(fVg—gVf)=Vf-Vg+ fV’g—Vg-V[f—gVf
= [V?q—gV?f,

which together with the Divergence Theorem implies the claimed equality.
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7. Let F be an incompressible smooth vector field such that its field lines are the hy-
perbolas
2*+y? =c(z*+1), ax+by =0,

for ¢ > 0 and a,b € R, all oriented towards increasing z. (For ¢ = 0, this is the

z-axis.) Suppose that
// F kdS = In(A+1)
Dy

for all A >0, where Dy = {(x,y,0) : 2% +y? < A%}.

What is [[(F -dS, if S is the disc {(x,y,4) : 2* 4+ y* < 9} with the normal vector
pointing up? Justify your answer.

Let &' = SUS; US,, where:

9
e S is the part of the hyperboloid z* + y* = 1—7(22 + 1) that lies between the

planes z = 0 and z = 4, oriented with the normal vector pointing away from
the z-axis,

9
o S, is the disc 22 + ¢* = T in the plane z = 0, with N = —k.

Then &' is an oriented closed surface bounding a region R C R3. By the Divergence

Theorem,
//F-dS:// V-FdV =0,
s D

where we used that F is incompressible. Therefore

0://,F-dS://SF-dS%—//SlF-dS%—//SQF-dS.

From the assumption above, we have

//82F.dS:—//\/9/_17F.de:_ln(\/erl).

Also, since the field lines of F passing through points of the hyperboloid z?* + y* =
9

ﬁ(ZQ + 1) lie on that hyperboloid, it follows that the vectors of F are tangent to
the hyperboloid, therefore perpendicular to the vector normal to the hyperboloid.

Therefore
/ / F.dS—0.
S

Putting everything together, we get

//SF'dS:_//S F - dS =In(y/9/17 + 1).
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4.4 Stokes’s Theorem

L. Evaluate [[scurlF -dS, if F = (2% — 2y)i+ (cosy)j + zsin(zy)k and S is the part
of the paraboloid z = 9 — x? — y? that lies above the xy-plane.

We apply Stokes’s Theorem twice, first to S and its boundary C' = {(z,y,2) :
22 +y* =9, z = 0} oriented counterclockwise, then to C and D == {(z,v, 2) :
2 4+9y* <9, 2 =0}

//curlF~dS:/F‘dr:// curl F - kdA.
S c D

On D, we have curlF - k = B(C;;y) - 8("”48;23’) = 2, so that the last integral is

//2dA:2-(areaofD):2-97T:187r.
D

2. Use Stokes’s Theorem to evaluate [ (x—z)dx+(x+y)dy+(y+2z)dz, if C is the ellipse
where the plane z = y intersects the cylinder x> +y? = 1, oriented counterclockwise
as viewed from above.

Let F = (z — 2)i+ (z +y)j + (y + 2)k. By Stokes’s Theorem, we have

/CF.ds://S(vXF).ds,

where § is the region in the plane z = y bounded by C. We parametrize § as
{(x,y,y) : (z,y) € D}, where D is the disc #* + y* = 1 in the zy-plane. Then
n=—j+kand VxF =1i-—j+k (you should verify this!), so that

//S(V xF)-dS = //D 2dxdy = 2(area of D) = 2r.

3. FEvaluate the integral fCF -dr, where C' is the curve of intersection of the cylinder
22 +y? = 1 and the paraboloid z = 100 — (z —2)*— (y+4)?, oriented counterclockwise
when viewed from above, and F = (3x2%y + y3)i + 2'k.

We apply Stokes’s Theorem to C' and to the surface S consisting of:

e the part S; of the cylinder 22 + y?> = 1 between C and the xy-plane, with
normal pointing inward,

e and the disc D = {(z,y,2) : 2 + y* <1, z = 0}, with normal k.
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By Stokes’s Theorem, [, F -dr = [[;curlF -dS. The curl of F is

i ik
curlF = Oy 9, 0. =—(32"+ 3y k.
32%y +y* 0 2

On the cylindrical surface, curl F - N = 0. Therefore

(AFm;—/@x+@MA

27
// 3r? . rdfdr
Irin

37r
— 9 _‘ _
T e T T2

4. Let R be the cube whose one face is the square in the xy-plane with vertices (£1,+1,0),
and the opposite face lies in the plane z = 2 and has vertices (£1,+1,2). Let

F = 2y2%i 4 xy’j + 2*yzk.

FEvaluate ffS(V x F)-dS, if S is the surface consisting of the 4 vertical faces and
the top of R (without the bottom), oriented so that the normal vector points away
from the origin.

We apply Stokes’s Theorem twice:

/S(VXF)-dS:/CF-dr
:/Dwayﬁ

where D is the square with vertices (1, 1, 0) in the xy-plane, oriented with N = k,
and C' is the common oriented boundary of both § and D. The curl of F is

i j  k

curlF=| 9, 9, 0, |=2"i- (32%yz— 2zy2)j + (y* — v2°)k.

ryz? xy? 2dyz

In the zy-plane, we have z = 0, so that curl F = y%k. Therefore

//(VxF)-de:/ygdA
D D
1l 1 203 11 4
:/ / dexdy:/ 2y2dy:i = —.
—1J-1 1 3 -1 3
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Chapter 5

Differential Forms

5.1 Introduction to Differential Forms

1. Let u = (1,-1,0,5), v = (3,2,6,—1), w = (5,-2,3,1). Ewvaluate dzy N dxs A
dzy(u, v, w).

1 3 5
dxy Ndxs Ndxy(u,v,w) =0 6 3| =6+45—-150+3 = —96
5 1

—1

2. Letu=1(2,1,4,-1), v=(1,3,5,0), w = (2,7, —2,3). Evaluate:
(a)

2 1 2
dry Ndxs Ndxg(u,v,w)=|1 3 7
-1 0 3
1 2 21
=y gt
= (=1)(1) +3(5)
=14

where we expanded the 3 x 3 determinant along the third row.

(b)

13
45
— —7-2(3)
= —23.

dxs A drs(u,v) — 2dzy A dey(u, w) = ‘ ‘ —2‘ 2 2‘

-1 3

o7
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Calculate and simplify the wedge product ¢ A . Write the dx;’s in the answers in
icreasing subscript order.

(a) gb = d[El A deg A dlE4, ¢ = aldxl + agdl’g + agde’g.

O N = (dxy A dxs A dxy) A (ardzy + agdzs + azdes)
= ay(dzy A dxs A\ dxy A dxy) + ag(dey A dzs A deg A dzs)
+ az(dxy A dxg A dxg N dxs)
= a1(—1)*(dzy A dzy A dog A dxy) + ag(—=1)?(doy A dog A das A dag)
+ az(—1)(dzxy A dxs A dxs A dxy)
= ag (dzy A dxg A dxg A dxy)

(b) ¢ = dxg A dxs + dxy A dxy, ¥ = 4dxy A dxy — dxy A dxsg + 5dxg A drs.

O N = (dxg A dxs + dxy A dxg) A (ddxy A dxg — dxy A dzs + Sdxg A dzs)
= 4(dxy N\ dxs A\ dxy A dxe) — (dxe A dxs A dxy A dxs)
+ 5(dxe A dxs A dxs A drxs) + 4(dxy A dzg A dxy A das)
— (dxy Ndzg N\ dxy Adzs) + 5(dxy A dzg A dxg A dzs)
= 5(—1)*(dzy A dzy A ds A day)
=5dxy Ndxy Adrs Adry

. Calculate and simplify the wedge product ¢ N\ 1. Write the dx;’s in the answers in

increasing subscript order.

(a) ¢ = 3dxy A\ dxsz — Tdry A dry, Y = 2dxy + 3dxs — dxy

¢ AN ¢ = (3d.232 N d.l?g — 7d$2 VAN d.ﬁE4) VAN (2de1 + 3d.232 - dil)4)
= 6dl‘2 N d[L‘g VAN d[L’l — SdlL’Q VAN dZL’3 VAN dl’4 - ]_4de'2 N d[L‘4 VAN d[L’l
= 6dxr1 A dxo N\ drs — 14dzy A dao N\ dxy — 3das N dxs N day,

where in the second line the three missing terms vanish because they each have two
appearances of some dz;.

(b) ¢ = dxg A dxs A dxy, Y = 3dzy — Hdxs
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= 3dxo Ndxs A\ dxg A dzy
= —3dl‘1 N de‘Q VAN d[E3 VAN dl’4.

(¢) ¢ = 2dxy A dxs, Y = —2dxy A dry + 3dzy A dzy.

= 6d.§C1 N dil?g N dﬂ?Q N d.T4
= —Gdl‘l A d!lfg N dl’g N d$4.

5. Compute the exterior product ®1 A Po, if &1 = x1dxy ANdxg Ndxy and Py = xydry +
Todxs + x3dry in R, Give your answer in the form f(x1, T2, x3, x4)dx1 Adzy Adxs A
d$4.

UAD= T1T9 d(L’l N dIQ N dl‘4 VAN dlEg
= —x1ZTodxy A dxe N drs N dxy.

5.2 Exterior Derivative

1. Let ¥ = x% dxy A dxs — x5 dxs A dxy in R

(a) Compute WA @, if & = x5 dxy A dzy. Give your answer in the form
f(ZL‘h To, T3, ZL‘4)dl’1 A dl’g A dlL‘g N de‘4.

(b) Find dV. Simplify your answer.

(a)

UYAD= x%xg dri Adzrs A\ drg A dxy

= —x%xg dxy Adxre A\ drs A dzy.

dV = 221 dxy ANdry ANdaxs — drs A daeg A dzy
= dl’g A d[L‘g N dIL‘4
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2. Calculate the exterior derivative of the differential forms:

(a) ® = zydy + 222%dz

d® = d(xydy + 2°2*d>)
= d(zy) A dy + d(z*2*) A dz
= (ydx + xdy) A dy + (222%dx + 20%2dz) A dz
= ydx A dy + 2x2%dx A dz.

(b) ® = (z1 + x3)dx; A dg + T cOS(73)dTy A dy
d® = d ((z1 + x3)dxy A dzg + 35 cos(s)dzs A day)
= d(xy + 23) A dry A dzg + d(x3 cos(z3)) A dzg A dry
= (dzy + 2xodxs) A dxy N dxg + (cos(z3)dry — 29 8In(23)dx3) A dg A dy

= —xysin(xz)drs A dxg A dxy

= xysin(xg3)dry A dxs A dxy.

3. Calculate the exterior derivative of the differential forms:

(a) P = 51’2 dCL’l A dl’g + (35(]3 — l‘l) dl‘g N dIE4

dd = 5d1‘2/\dl’1/\d$3 —dxl/\dxg/\dm
= —5dxi Ndxo ANdxs — dxy A dzs N\ dry

(b) ¥ = zy23dxy Adas A dry + 2iwg doy A des A duy.

dV = 2x129 dxe N dzy A dxs A dxy
= — 25(]11‘2 d[El VAN dlEQ VAN dZL'3 VAN dl’4

(c) ® = em1=%dxy A dag A day + ¥ 5%3dxy A ds A day.

dd = —e™ T dxs A dxy A dxs A dey + 4e*275%3dxy A dxy A das A diy
= (—e”“’m3 - 464“’“2’5“) dxy A dxe A drs Adzy.
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4. Find the exterior derivative of the 3-form xyxixs dxy A drs A dzy in RY. Give your
answer in the form g(xy,xe, x3,x4) dry A\ dae A drs A dxy.

dV¥ = 2931:17293§ dre Adxy N\ drs A dxy
= —2x1x2$§ dri A dzre A drs A dxy

5. Let U = xydz + 2°dy and ® = (2y + 2)dz A dy + (xy + 22)dy A d=.
(a) Find U A ®. Simplify your answer.
(b) Find d® and dV.

(a)
UA®=ay(2y+ 2)dz Adx Ady + xy(zy + 22)dx Ady A dz
+ 222y + 2)dy A dx A dy + 22 (xy + 22)dy Ady A dz
= ay(xy + 2%)dx A dy A dz.

d® =dz Ndx Ndy + ydz Ndy N dz
=(14y)dz Ndy Ndz

dV¥V = xzdy N\ dx + 2zdz N\ dy
= —xdx Ndy — 2zdy N dz

5.3 Integrating Differential Forms

1. Compute fM W, of M s the parametrized manifold
r(u,v) = (u® — v, v*, w? v?v), 0<u<3, 0<v <2,
and U = dxy N\ dre + 2dx3 N dzy.
We have the tangent vectors r, = (3u?,0,v?, 2uv) and r, = (—1, 3v?, 2uv, u?). Now
U(r,,r,) = dry Adrs(ry,r,) + 2drs A drg(ry, r,)

3u? —1 v2 2uv
0 32

2uv  u?
= (9u*v?) + 2(=3uv?)

= 3u*?

+2
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Thus

3
/ U(r,,r,) dudv

/ 3u?v? du dv
0

2. Integrate ® = 4dxy A dxy — x3dx3 A dy on the 2-manifold x = (t, s, t cos s, tsin s),
0<t<1,0<s<2m, inR%

The tangent vectors are x; = (1,0, cos s,sins) and x, = (0,1, —tsin s, tcoss). We

first evaluate the 2-forms:

10

0 1‘:1’

dxy A dzo(xs, Xs) = '

CoSs $ sin s
—tsins tcoss

1 27 4 3
/ / (4 — s*t)dsdt = 87 — -
0 Jo 3

5.4 Orientation on Manifolds

radrs A dry (X, X,) = 82 = s%t,

so that the integral is

1. Compute fM U, if U = 22dxy Adxs—x3das Adxy and M is the parametrized manifold
r(u,v) = (u,v,uv,u? —v?), 0 <u <1, 0 < v <2, oriented consistently with this

parametrization.

We have r, = (1,0,v,2u), r,=(0,1,u,—2v), so

dxy A dzs(ry,r,) = ‘(1) Z = u,
dxe A dzy(ry,1,) = ‘0 2u = —2u

1 —2v
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Therefore,

1 p2
// \I/:/ / u? + 2uv dvdu
M 0o Jo
1

2

:/ (vPv +u*v?)|  du

0 v=0

1
:/ 2> + 4u? du

0
_u4 4u3‘1_1+4_11
2 310 2 3 6

2. Compute [,, W, if M is the parametrized manifold r(u,v) = (u*, v* u+ v, u* —v),
0<u<1,0< v <1, oriented consistently with this parametrization, and ¥ =
3$1d!L‘2 A d$4 + [L’Qdﬁg VAN dl’4.

We have the tangent vectors r, = (2u, 0, 1,3u?) and r, = (0, 2v, 3v?, —1). Now

U(r,,r,) = 3u’dry A doy(r,, r,) + vidos A deg(r,, T,)

0 2v 1 3v?
3u? —1 3u —1

= 3u*(—6uv) + v* (=1 — 9u’v?)
= —18u*v — v? — 9t

1
/ U :/ / U(ry,r,) dudv
M o Jo

1
:/ / (—18u4v—v2—9u27j4) du dv
o Jo
1

1
1r 1
= / {——8u5v —w? — 3u3v4} dv
0 d 0

VA
= / <——8U —v? = 31}4) dv
0 5

= 3u? + v?

Thus

5,
9 1 3
5 3 5
41
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3. Compute fM U, if U = 2x4dx; A dxo N dxy and M is the parametrized manifold
x(u,v,t) = (ucost,usint,u +v,v), 0 <u<1,0<0v <2 0<t< 2w, oriented
consistently with this parametrization.

We have r, = (cost,sint, 1,0), r, = (0,0,1,1), ry = (—usint,ucost,0,0),

cost sint 0 cost sin
dxy N\ dxg N\ dxy(ry,r,, 1) = 0 0 1| = — ‘—u sint wcost| = ¥
—usint wcost 0

1 2 por
//\IJ:/// —2uv dtdvdu
M o Jo Jo
1 2
:—27r/ uv? du
0 v=0
1
:—27r/ du du
0

1
= —A4r.
0

= —4gu?

4. Let M be the manifold parametrized by
r(u,v) = (u+v,u —v,ucosv,usinv),

with )0 <u<2,0<v<m7.
(a) Prove that the differential form w = dxy A dxo orients M.
(b) Compute [,, ®, if & = x1xodxs Adxy and M is oriented by the form w from (a).

The tangent vectors are

r, = (1,1, cos v, sinv),

r, = (1,—1, —usinv,ucosv).

(a) We have

1 1
w(ry,r,) = ‘1 _1’ = -2

This is always nonzero, so that the form does orient the manifold.

(b) Since w(r,,r,) < 0, we need to reverse the order of the tangent vectors in the
computation:

O(r,,r,) = = —

Y

—usinv wcosv
COS v sin v
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2/
2

JL=1
J

65

’UQU—U

$dvdu

W(u2 —v?)(—u)dvdu = /02 /OW(

——u%} du
3 v=0
T3
M—Wug} du
3
2 472 3
2
A R R
4 1. 3



