DECOUPLING AND NEAR-OPTIMAL RESTRICTION
ESTIMATES FOR CANTOR SETS

IZABELLA LABA AND HONG WANG

ABSTRACT. For any a € (0,d), we construct Cantor sets in R% of Hausdorff dimen-
sion o such that the associated natural measure p obeys the restriction estimate
Il fdpll, < Cpllfllz2¢u for all p > 2d/a. This range is optimal except for the end-
point. This extends the earlier work of Chen-Seeger and Shmerkin-Suomala, where
a similar result was obtained by different methods for o = d/k with k¥ € N. Our
proof is based on the decoupling techniques of Bourgain-Demeter and a theorem
of Bourgain on the existence of A(p) sets.

1. INTRODUCTION

We define the Fourier transform
f(g) = /e_%ig"ff(x)dx Ve € R
If 41 is a measure on RY, we will also write

Fin) = [ <pwyinte) v e R
We are interested in estimates of the form
(1) lgdpll, < Cllgllray Vg € L (w),

where the constant may depend on the measure ;1 and on the exponents p, ¢, but not
on f. If 1 is a probability measure, we trivially have ||gdullc < |9/ 11 < 1191l 29(d),

so that (1) holds with p = oo and all ¢ € [1,00]. In general, it is not possible to
say more than that. However, the problem becomes more interesting if we restrict
attention to specific well-behaved classes of measures.

There is a vast literature on restriction estimates for smooth manifolds (see e.g.
[19], [22], [23] for an overview and a selection of references). It is well known that
(1) cannot hold with p < oo (and any ¢) when p is supported on a flat manifold such
as a hyperplane. On the other hand, such estimates are possible if u is the surface
measure on a curved manifold M, with the range of exponents p, ¢ depending on the

geometry of M, in particular on its dimension, smoothness and curvature.
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In the model case when f is the Lebesgue measure on the sphere S%! C R? the
classic Tomas-Stein theorem states that (1) holds with ¢ = 2 and p > 22, Tt was
furthermore conjectured by Stein that for ¢ = oo, the range of p could be improved
top > dQle; this has been proved for d = 2, but remains open in higher dimension,
with the current best results due to Guth [9], [10].

The conjectured range p > f—i for the sphere, if true, would be the best possible.
This/follows by letting f = 1 and using the well known stationary phase asymptotics
for du. The range of p in the Tomas-Stein theorem is also known to be optimal.
Here, the sharpness example is provided by the Knapp construction where f is the
characteristic function of a small spherical cap of diameter § — 0.

We are interested in the case when p is a fractal measure on R?, singular with
respect to Lebesgue. Here, again, additional assumptions are necessary to make
nontrivial estimates of the form (1) possible. For example, if p is the natural self-
similar measure on the Cantor ternary set, an easy calculation shows that (1) cannot
hold for any p < co. However, if we assume that p obeys an additional Fourier decay
condition, then the following result is known. Here and below, we use B(z,7) to
denote the closed ball of radius r centered at z.

Theorem 1. Let ;1 be a Borel probability measure on R, Assume that there are
a,p € (0,d) and Cy,Cy > 0 such that

(2) w(B(z,r)) < Cir* Vx € R r >0,

(3) A < G+ 1E)™ Ve eR!
Then for all p > (4d — 4o+ 2f3) /B, the estimate (1) holds with q = 2.

Theorem 1 is due to Mockenhaupt [16] and Mitsis [15] in the non-endpoint range;
the endpoint was settled later by Bak and Seeger [1]. In the case a = f = d —1, this
recovers the Tomas-Stein theorem for the sphere.

The range of exponents p in Theorem 1 is known to be the best possible in dimen-
sion 1, in the sense that for any 0 < a < 8 < 1, there exists a probability measure
won R, supported on a set of Hausdorff dimension « and obeying (2) and ((3), such
that (1) fails for all p < (4 — 4o + 25)/0, see [12], [3]. The examples are based
on a construction due to Hambrook and Laba [12]: the idea is to modify a random
Cantor-type construction so as to embed a lower-dimensional Cantor subset that has
much more arithmetic structure than the rest of the set. This can be viewed as an
analogue of the Knapp example for fractal sets. A higher-dimensional variant of the
construction with d — 1 < a < < d is given in [13].

On the other hand, there exist specific measures on R? for which the range of
exponents in (1) can be improved further. If p is supported on a set of Hausdorff
dimension « < d, it is easy to see using energy integrals that (1) cannot hold outside
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of the range p > 2d/«, even if ¢ = co. (See e.g. [12, Section 1]; the counterexample is
provided by the function f = 1.) It turns out that there are measures for which this
range is in fact realized, with examples provided by Chen [2], Shmerkin and Suomala
[17], and Chen and Seeger [4]. In particular, Chen and Seeger [4] proved that for
d > 1 and o = d/k, where k € N, there are measures supported on a set of Hausdorff
dimension «, obeying (2) and (3) with 8 = «, for which (1) holds for all p > 2d/a.
The proofs are based on regularity of convolutions: assuming that o = d/k, the key
intermediate step is to prove that the k-fold self-convolution p * - - - % u is absolutely
continuous. This method, however, does not yield optimal exponents when a # d/k
with integer k.
Our main result is as follows.

Theorem 2. Let d € N and 0 < o < d. Then there exists a probability measure
supported on a subset of [0,1]? of Hausdorff dimension o such that:

o for every 0 < v < a, there is a constant Cy(vy) such that

(4) p(B(z,r)) < Ci()r" Yz eR% >0

o for every f < min(a/2,1), there is a constant Cy(5) > 0 such that
(5) (6] < Co(B) (1 + (€))7 VEeRY,

e for every p > 2d/a, we have the estimate
(6) lgdull, < Cs@)gllr2qy Vg € L ().

This complements the results of [2], [4], [17], and provides a matching (except for
the endpoint) result for all dimensions 0 < a < d that are not of the form a = d/k.

The first main ingredient of our construction is Bourgain’s theorem on A(p) sets [5]
(see also Talagrand [20]). In its full generality, Bourgain’s theorem applies to general
bounded orthogonal systems of functions. We state it here in the specific case of
exponential functions on the unit cube in RY. This provides an optimal restriction
estimate on each single scale in the Cantor construction.

Theorem 3. (Bourgain [5]) Let p > 2. For every N € N sufficiently large, there is
aset S=SycC{0,1,...,N —1}¢ of size t > coN?¥? such that

(7) 1Y ™ || paoae < C(P)O leal?)?
a€S acsS
with the constants ¢y and C(p) independent of N. (The set S is called a A(p)-set.)
To pass from here to restriction estimates for multiscale Cantor sets, we use the

decoupling techniques of Bourgain and Demeter [6], [7]. This produces localized
restriction estimates of the form

(8) 1f 2y < CB fll o (- p,may»
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or equivalently by duality,

(9) ||9dﬂ||LP([—R,R]d) < CeRengHLQ(/L)

for all € > 0, with constants independent of R. The R° factors account for the fact
that we lose a constant factor at each step of the iteration. We will try to minimize
these losses by applying Bourgain’s theorem to an increasing sequence of values of
N, but we will not be able to avoid them completely.

Finally, we use a variant of Tao’s epsilon removal lemma [21] to deduce the global
restriction estimate (6) from (8). This removes the R factors, but at the cost of losing
the endpoint exponent p = 2d/a. It is not clear whether the endpoint estimate can
be obtained with our current methods.

Our proof of the localized restriction estimate (8) is fully deterministic. How-
ever, the epsilon removal lemma requires a pointwise Fourier decay estimate for pu.
Randomizing our construction enables us to prove the estimate (5) via an argument
borrowed from [14], [17]. This proves the Fourier decay part of Theorem 2, and is
also sufficient to complete the epsilon removal argument.

If d <2 orifd>2and a>d-— 2, the Cantor set supporting p in Theorem 2
is a Salem set (i.e. its Fourier dimension is equal to its Hausdorff dimension). The
condition o > d — 2 is necessary for this type of constructions to produce a Salem
set, for the same reasons as in [17]. We note, however, that our proof of (6) with
p > 2d/a does not require optimal Fourier decay and that the estimate (5) for any
£ > 0 would suffice.

2. THE DECOUPLING MACHINERY

We will use the decoupling machinery developed by Bourgain and Demeter [6], [7].
In this paper, we will follow the conventions of [7], with the surface measure on a
paraboloid replaced by the natural measure on a Cantor set.

We use X <Y to say that X < CY for some constant C' > 0, and X ~ Y to
say that X <Y and X 2 Y. The constants such as C,C’, etc. and the implicit
constants in < may change from line to line, and may depend on d and p, but
are independent of variables or parameters such as x, N, R, j,{. For quantities that
depend on parameters such as €, we will write X (e) <. Y(e) as shortcut for “for
every € > 0 there is a constant C, > 0 such that X(e) < C.Y (¢).”

We write [N] = {0,1,...,N — 1} and B(x,7) ={y € R?: |z —y| < r}. We use
| - | to use the Euclidean (£?) norm of a vector in R?, the cardinality of a finite set,
or the d-dimensional Lebesgue measure of a subset of R?, depending on the context.
Occasionally, we will also use the /> norm on R%: if z = (z1,...,24) € RY, we write
|2]0o = max(|z1],...,|zq4]). We will also sometimes use F for the Fourier transform,

so that Ff = f.
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Following [7], we will use cube-adjusted weights. An R-cube will be a d-dimensional
cube of side length R, with all sides parallel to coordinate hyperplanes. Unless stated
otherwise, we will assume R-cubes to be closed. If I is an R-cube centered at ¢, we

define
wy(x) = 1+|x—c| o
= R

1 1/P
Pl = (o7 [ 10wr)

If n: R — [0,00) is a function (usually Schwartz), and I is as above, we will write

nr(x) =1 (x}_% C) :

If g: R — Cis a function, [ is an interval, and o is a measure (which will usually
be clear from context), we will write

Erg = F Y1;g9do).

We will use the following tools from Bourgain-Demeter, which we restate here in a
version adapted to our setting.

and

Lemma 1. (Reverse Hoélder inequality, [7, Corollary 4.2]). Let 1 < p <gq. IfI
is a 1/R-cube and J is an R-cube, then

(10) 1Ergl 20w,y S 1E191 L2 w)
with the implicit constant independent of R, 1, J, g.
Lemma 2. (L? decoupling, [7, Proposition 6.1]). Let I be a k/R-cube for some

keN, andlet [ =1, U---Uly be a tiling of I by 1/R-cubes disjoint except for their
boundaries. Then for any R-cube J we have

(11) 1Bl 200,y S D 1Bl 200,)-

J

Lemma 3. (Band-limited functions are locally constant, cf. [8, §2.2]) There
is a non-negative function n € LY(R?) such that the following holds. For every
R > 0, and every integrable function h : R® — C supported on a 1/R-cube I, there
is a function H : R — [0, 00) such that:
e H is constant on each semi-closed R-cube J, := Rv + [0, R)¢, v € Z4,
o |h(z)] < H(x) < (|h] xng)(x) for all x € R, where nr(y) = %n(%). In
particular,

(12) | H || 1 @ay < |9l 22 mayl| Pl L1 (may-
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Proof. Replacing h by h(- — ¢) and E(az) by 6_27”'6'”%(3:) if necessary, we may assume
that 1 = [0,%]%. Let x be a non-negative Schwartz function such that x = 1 on
0,1]¢ and that Y(z) is non-negative, radially symmetric and decreasing in |x|. Then
X(R-)=1on I, and x(R) = z7X(%). Define

—

n(xz) = sup x(y)
|y_$|oo§1

and

H(z) == sup{|h(y)| : z,y belong to the same .J,}.

Clearly, 7 is integrable and H is constant on each J,. We have |/f2( )| < H(x)
by definition. To prove the second inequality, we note that h = hy(R-), so that

h=hx m Suppose that x € J, for some v € Z%, then for each y € J, we have

)l < [ )] %

Since |z — yloo < R, we have |42 — 22| = |[425] < 1, so that by the definition of
n we have n(*% ) > X(¥%°). Hence

) z

)l < [ R g 0"z = (] < nm)a),

and the desired inequality follows upon taking the supremum over y € J,. Finally,
by Fubini’s theorem and rescaling we have

1 |y < ([Pl o2y 2] 2 ey = 1Al 2@y 1] 21 ey-
U

Corollary 1. For every R > 0, M € N, every integrable function h : R — C
supported on an (MR)™'-cube I, and every R-cube J, we have

~ 1 ~
(13) Illorcun S 5rallflles ey

Proof. Let L, = MRv + [0, MR)? for v € Z%. Let H be the function provided by
Lemma 3 with R replaced by MR, so that on each L, we have H(z) = H, for some
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constant H,, > 0. Then

\|h\|L1(wJ)</H x)wy(x dx—ZH / wy(z)dx
< Hy/w
2,
= ZHVRd/QU[O’l]d(.T)d.T.
5 R

Let Cy 1= [pq wyo yja()dx, then

7]z wJ)<OIZH R = MdZH (MR)?

/H

< <rallPll e,

where at the last step we used (12). O

3. SINGLE-SCALE DECOUPLING

We begin with a single-scale decoupling inequality for Cantor sets with A(p) al-
phabets. We will need the following “continuous” version of Theorem 3.

Lemma 4. Let p > 2, and let S C [N]? be as in Theorem 3. Then for all h supported
on E =S +[0,1]% we have the inequality

(14) 17l ooy S C ()| L2 (ray
Proof. We have

H 2 Col 2mia-x

2mia-x
Lr([0,1]4 ) Sub <f Z Ca® >

a€S HfHLP’([O,l]d) acsS
= sup <f E Ca a>
HfHLP’([o,l]ri) a€S

= sup Z Caf(a)

|‘fHLp,<[071](i>:1 acsS
By (7), it follows that

sup sup Z caf(a) < C(p),

lleallezs) =11l o7 0, 10) =1 aes
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so that

-~

1f(@)llezs) < COII L 0,179
Similarly, for any translate S 4 z of S we have

~

1 (@)llez(s+2) < CON SN 0,150
Integrating in z € [0, 1]¢, we get

(15> ||f||2L2(E) = /[ y Hf(a)HZ?(S—irz)dz < C(p)2|’f||2Lp’([071]d)‘
0,1
Arguing again by duality, we have

| flle2ey =  sup /glEfdx

||9HL2<E>:1
= sup F(glg) fdz
||9HL2(E):1

Using (15), and taking the supremum over f with || f|| 1 (o 1ja) < 1, We get

1F(91e)lLeqoe S CO)9llL2e),
which is (14) with h = glg. O
We note that the conclusion of Lemma 4 remains true if we assume that h is
supported on S + [—1/2,3/2]¢ instead of E. This is proved by writing h as a sum of

2¢ functions supported on translates of E and applying Lemma 4 to each of them.
We can now prove our first decoupling inequality.

Lemma 5. Let S C [N]? be a A(p)-set as in Theorem 3, and let E = S+ [0,1]%. Let
[ R = C be a function such that g := f = is supported on E. For each a € S, let
9o = 9lasjoa)e, and define f, via fo = go. Then

(16) 1 1 Zown) S C@* D N fallZogun
aesS
for any 1-cube I.
Proof. We first rewrite the right-hand side of (16) using Lemmas 2 and 1 with o
equal to the Lebesgue measure. We have
Eoii0199 = Ja = fa,  Epneg =9 = f,
so that
Hf”%%w,) ~ Z ”fa”%%w,) ~ Z ”fa“%l’(wj)'
acsS

a€sS
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Therefore to prove (16), it suffices to prove that

(17) 1 1 wn S COPN 200

Let 1 be a nonnegative Schwartz function such that n(z) = n(—z), n > 1 on [-1,1]¢

and Supp\//\ﬁ C [—%, %]d. We will prove that

(18) £ 2oy S CO2NFIIZ2)
for every 1-cube I. By a covering argument [7, Lemma 4.1], this implies (17).

We may assume that [ = [0,1]%. (If I = 2+0,1)%], we may replace f by f. = f(-+
z) and observe that f,(¢) = 2™ f(£) is again supported in E.) Let h = g (V1)
so that h = [/ and h is supported on S + [—1/2,3/2]%. Since /5 > 1 on [0,1]¢,
we have || f||zr0179) < |If v/l Lr(0,1)- By Lemma 4 and the remark after its proof
applied to h,

£ vl eroey S C)Al 2wy = 1 vallezw) = 1|2

as claimed.

4. THE CANTOR SET CONSTRUCTION

Our proof of Theorem 2 is based on the construction of a “multiscale A(p)” Cantor
set of dimension . Let o € (0,d), p = 2d/c, and let {n;},en be a sequence of positive
integers. For the construction of the measure p in Theorem 2, we will assume the
following conditions on n;:

(19) np<ms < ..., ng— o0,

(20) Ve>03C.>0Vk €N ngpy <Ce(ny...ng)".

However, large parts of our proof work under weaker assumptions. In particular, our
localized restriction estimate in Lemma 8 continues to hold if n; = n for all j. We
also note here that in order for (20) to hold, it is enough to assume that (19) holds
and that n; grow slowly enough, for example

niy gt 1

TL]' ]

(21)
will suffice.
For each j € N, let
Y = %(nj,t;,c0,C(p)) = {S C [nj]*: |S| =t; and (7) holds with N = n;}

By Theorem 3, there are ¢y, C(p) > 0 (independent of j) and t; with t; > con?d/ P
such that ¥; is non-empty for all j. Henceforth, we fix these values of ¢y, C(p) and
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t;. By the well known upper bounds on the size of A(p) sets (see [5]), we must in
fact have

(22) conf»d/p <t; < clnjz-d/p

for some constant ¢; independent of j.
Let N, = ny...n, and T}, = ty...t,. We construct a Cantor set E of Hausdorff
dimension « as follows. Define

Ay =N{'S), B =A +[0,N; 1Y,
for some S; € 3. For every a € A;, choose a A(p) set Sy, € Xo with |Sy,| = to,
and let
Agg=a+ Ny'Sy,, Ay= U Asg, Ey= Ay +[0, Ny 1%
a€A;
We continue by induction. Let £ > 2, and suppose that we have defined the sets A,

and E;, j =1,2,... k. For every a € Ay, choose Ski1,4 € Xpi1 With [Skt1.4] = tit1,
and let
App10=0a+ N;;llskﬂ,m Apy1 = U Apt1.0, Ery1 = Ay + [0, N;;rll]d-
a€Ay
This produces a sequence of sets [0,1]Y D F; D Ey D E3 D ..., where each E;
consists of T} cubes of side length N j_l. For each 7, let
L 1
Hj = =7 1E;-
ToEl

We will identify the functions p; with the absolutely continuous measures p; d. It is
easy to see that 11; converge weakly as j — oo to a probability measure p supported
on the Cantor set £, := ﬂ;’il E;. We note that for each Nj_l—cube 7 of F;, and for
all £ > j, we have 1;(7) = po(7) = p(7) = Tj_l.

For the time being, the specific choice of the sets Ay, does not matter, as long as
they are A(p)-sets of the prescribed cardinality. Our multiscale decoupling inequality
in Proposition 1 and the localized restriction estimate in Corollary 2 do not require
any additional conditions. However, additional randomization of these choices will
become important later in proving our global restriction estimate.

Lemma 6. Assume that (19) and (20) hold. Then the set Ew, has Hausdorff dimen-
sion a. Moreover, for every 0 < v < « there is a constant C1(y) such that

(23) w(B(z,r)) < Ci(y)r" Vx eRY, r>0.
Proof. We first note that (19), (20) and (22) imply that
(24) Nja_;lk 56 Nj‘?‘*ﬁ 56 7} 55 Nj‘?‘+€ 56 Nja—Jr12€~
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Indeed, from (22) we have Cg)NJ‘?‘ <T; < C{N]‘?‘, which implies N7~ S T <Se
by (19). The remaining two inequalities in (24) follow from (20)

We first prove (23). If r > N; ', then (23) holds trivially with C; = Ny. Suppose
now that N}y <r < N; ' for some j > 1. Then any ball B(x,r) intersects at most

a bounded number of the N '-cubes of Ej, so that u(B(z, R)) ST; ' Sy Ny <17
for all v < a (the second inequality in the sequence follows from (24))

To prove the dimension statement, we only need to show that E., has Hausdorff
dimension at most «, since the lower bound is provided by (23). To this end, it
suffices to check that for every ¢ > 0, and for all » > 0, the set EOo can be covered
by C.r=®~¢ balls of radius r. Again, it suffices to consider r > N;'. Suppose that
Nj_+11 <r< Nj_l, then E, C E,i1 can be covered by < Tj1; balls of radius NH,
hence also of radius r. Since Tj1; S N f*e < r~® ¢ the desired bound follows. [

a+e€
N. J

5. MULTISCALE DECOUPLING

Our goal in this section is to derive the following multiscale decoupling inequality
for finite iterations of Cantor sets. For a € Ak, let 7., = a+ 0, Nk_l]d. If f:RY— C

is a function, we define f;, via fk a=1;, f

Proposition 1. There is a constant Co(p) (independent of k) such that for any
Ny-cube J, and for any function f with suppf C E), we have

1/p 1/2
(25) (Z HfHLP(wI ) < OO(p)k <Z ka,a”%ﬂwﬂ) g

IeT ac€Ay
where J = J;e7 I is a tiling of J by 1-cubes.

Proof. The idea is to iterate Lemma 5. Applying it to the set N; - F; and a rescaling
of f by Ny, we see that there is a constant C(p) such that for any function f with

supp ]?Q E1, and for any Nj-cube J, we have
(26) 110w,y < Cilp)? Z 110l 20 -
a€A;

Similarly, applying Lemma 5 to a rescaling of f;, by N;;; for each a € A;, we see
that for any N yi-cube J and for any function f with supp f C F;;; we have

(27) 1fiall oy < Cr@* D I fiveliog
bEAjJrl,a

with the same constant C(p).
To connect the steps of the iteration, we will need a simple lemma on mixed norms.
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Lemma 7. Let {c;;} be a double-indexed sequence (finite or infinite) with c;; > 0.
Then for p > 2,

(28) Z (chjyz]/z < (Z (Zc’fj>2/p>p/2.

i 7 J )
Proof. Let Fj(i) = c};, and G(i) = 3, Fj(i) = >_, c3;, so that
p/2\ 2/p
Gl = (D (Zc?j) )
i J

On the other hand, by Minkowski’s inequality
2/p
G2 < 2 IE 0l =3 (>e)
j i
and the lemma follows. 0

We will prove (25) by induction in k. For an m-cube J with m € N, let J =
Ulez(J) I be a tiling of J by 1-cubes. Let Cs be a constant such that

(29) Z wr S CQU)J.
1€Z(J)

It is easy to see that such a constant exists and can be chosen independently of |J|.

We will prove that (25) holds with Co(p) = Cy(p)Cy/?.
To start the induction, let J be an Nj-cube, then by (29) and (26),

Z 1oy < Collf 1oy

IeZ(J
< (X Mhali)

acAq

This is (25) for k = 1. Suppose now that we have proved (25) for k = j. Let J be
an Njii-cube, and let J = |J, . I be a tiling of J by N;-cubes. Then

Z 1y = D D 1 o

Iez(J LeL IeZ(L)

< (X Wsaltoiuny)

LeL acA;
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by our inductive assumption. Using Lemma 7, a rescaling of (29), and (27), we see
that

p/2

2/p
Z 1 p ) < >y (Zﬂfaaﬂm wL)

Iez(J acA; \LEL
p/2

< Co(p)PCy Z Hfj,aH%p(wJ)

aEAj
p/2

< Co(p)’"C2Ci(p) Z I fi+t.allZo(w,)

a€A; 1

This ends the inductive step and the proof of the proposition.

6. FROM DECOUPLING TO LOCALIZED RESTRICTION

Lemma 8. Let Ej and pg be as in Section 5. Let J be an Ni-cube. Then for all
g € L*(du), we have

d/p n—1/2
lgdplacsy S Colp) Ny Tl gl 2am
with the implicit constants independent of k.

Proof. Tt suffices to prove that for all £ > k, and for all g € L*(R) supported on Ej,
we have

d —1
lgdiellrery S Co)* NP T gl 2 e

with the implicit constants independent of k and ¢. The claim then follows by taking
the limit ¢ — oo.

We continue to use the Cantor set notation from Sections 4 and 5. For a € A;, let
Gia = 1a+[o,+Nj*1}d9- By Proposition 1 and Lemma 1, we have

Hgd,uEHLP(J) < Co(p ( Z ||9k adWHLP (wy) )

a€Ay
ks~ 2 2 1/2
~ Co) Ny (D NgwadpelEoca) )
a€Ay

For each a € Ay, let By, be the set of ¢-th level “descendants” of a (more precisely,
Bra =1{b€ A, : b+ [0,N/ "¢ C a+[0,N.']%}. Note that |B,,| = T;/T}. By
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Cauchy-Schwartz,

. . T, 1/2 o 1/2
I gradriell oy < geodhell 2 < (7> (> Ngeadreli3aa)

bEBg’a beBl,a

so that

lgdpell o) S Colp)"N;

_a (T,\ M2 _ 1/2
(7)) (X taidia,)

bEAg

aa (TNY2 [N\ Y2 - 12
s () (%) (S ladilt)

beA,

At the last step, we applied Corollary 1 to the functions (gepdpe)(-) * (gepdpee)(—-)
supported on 2N[1—Cubes.
Since

Z 1 gendpiell 2y = Z 19esdpiel|72 )

beAy beAy

= llgdpel| 72y = NET, 9l

we finally have

- a1 /T, 1/2 N, d/2 N 1/2
oo S N () (5) () oo
d —1/2
= Cop)" N 1,729l 2

as claimed. O

Corollary 2. (Localized restriction estimate) Assume that (19) holds. Then
for any € > 0 we have the estimate

(30) lgdpl| ey < CR||gll 22 (ap)-

for all R > ny and for all R-cubes J. The constant C, depends on €, but not on g,
R or J. Equiwvalently, for any [ supported in J, we have

(31) 11 22y < CeREF Nl o -



DECOUPLING AND NEAR-OPTIMAL RESTRICTION ESTIMATES FOR CANTOR SETS 15

Proof. Suppose that Ny < R < Ngy1, and let J' be an N i-cube containing J. By
Lemma 8 and (19), we have

d 1
()N T P g 2

lgdplle sy < llgdpllrm) S Co
< Cylp )k+1Nd/p (c +1N2d/p) 1/2
,S

k+1 k+1 9]l 22 (ap)
(Co(p)ey ) lgll 2
Se Bl gllz2(an)
as claimed. The second part (31) follows by duality. OJ

7. GLOBAL RESTRICTION ESTIMATE

Proposition 2. Assume that ny obey (19) and (20). Suppose furthermore that j
obeys a pointwise decay estimate

(32) ()] S 1+ Jal)~”
for some 3 > 0. Then for any q > p we have the estimate

(33) lgdpllLar) < 119l 22 (dp)-

The implicit constant depends on the measure pu and on q, but not on g. Equivalently,

(34) £l 2@y S 1L )

To prove this, we adapt Tao’s epsilon-removal argument, see [21, Theorem 1.2]. Tt
suffices to prove Lemma 9 below; once this is done, the proof of the proposition is
completed exactly as in [21], with Lemma 9 replacing Tao’s Lemma 3.2.

Lemma 9. Assume that ng,tg,pu are as in Theorem 2, and let R > 0 be large
enough. Suppose that {I,..., Iy} is a sparse collection of R-cubes, in the sense
that their centers 1, ..., x5 are RPMP-separated for some large enough constant B
(depending on (). Then for any f supported on U]Ail I;, we have

1F 1|22y Se BN Nl my-

Here and below, the constant C' in the exponent may depend on B, and may change
from line to line, but is independent of R, M, e, or f.

Proof. We follow the outline of Tao’s argument, with modifications necessary to
adapt it to our setting. We first note the following estimate: if f is supported in an
R-cube J with R < Ny, then

(35) 122y Se B o
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The implicit constant depends on €, but not on f, R or J. This is proved as in
Lemma 8 and Corollary 2, except that we do not take the limit £ — oo in the proof
of Lemma 8.

Let k € N be such that N, < R < Njy1. We have |E,| = TN % by (24), this
implies that

(36) RS Bl S0 RP M
Let f =Y fi¢i, where supp f; C I; and ¢; = ¢y, for a fixed Schwartz function ¢ such

that ¢ >0, ¢ > 1 on [—1,1]% and supp¢ C [—1,1]%. Note that ¢;(z) = Rip(Rx),
and in particular ¢; is supported in [-R~!, R71]¢. Then

F=>0fi=> oix 1.

By the support properties of ;ﬁ\i, for x € E we actually have

Z¢z f'L 1Ek )

where we abuse the notation slightly and use Ej to denote both the k-th stage set
from the Cantor iteration and a C'N, L_neighbourhood of E. This is harmless since
either set can be covered by a bounded number of translates of the other.

We claim that the following holds: for all » € [1,2], and for any collection of
functions Fy, ..., Fy; € L*(R?), we have

(37) | SR, S BB Y I e,

Assuming the claim (37), we complete the proof of the lemma as follows. Let
F; = fi1g,, and observe that

W1 E ey = 1 ill g

Applying (37) to F; with r = p/, and then using (35), we get
||f||L2(dM H ZF % ;( . REC|Ey| ™ /zz 1517, &%
Se RC&Z 15il172
< RO Z A,

~ R%||f|

LP' (R4)

as required.
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It remains to prove (37). We will do so by interpolating between r = 1 and r = 2.
For r = 1, it suffices to prove that for each i,

(38) 1E; % dill 12 Se BEIER ™| Fill 2y,

since this implies (37) by triangle inequality. To prove (38), we interpolate between
L' and L* estimates. First, we have by Fubini’s theorem

17+ 6l < [[ 1R — )11y duta)

= [1rl ([ 16— wldnte) ) au

S Rsupp(x + [-R™ RN F 11 rey
SRRV Pl
Se RC€|E1€|_1”EHL1(R‘1)
where at the last step we used (36). Interpolating this with the pointwise bound
SUp | Fy % ()] < |1 Fill e gy 19110 ey S 1l

we get (38).

To complete the argument, we need to prove (37) with » = 2. Define the functions
gi via g; = F;, so that ||g;||r2r) = || Fil| z2(r) and F; * ¢; = gi¢;. We thus need to prove
that

o b

2
< Ce —1 112
gy S OB S e

By translational invariance and the rapid decay of ggi, it suffices to prove (39)

with q/ﬁ\l replaced by 1p,. Let R be the operator R(h) = E\E By Corollary 2, R
is a bounded operator from LP(J) to L?*(u) for any bounded cube J (with norm
depending on J). We have to prove that

B 1/2
[RZ 0|, S BB (3 91l aqe)

By the T*T argument, it suffices to prove that

9 1/2
SRR a1
J

%

B 1/2
Se BB (3 N6l

L2(Rd)
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By Schur’s test, this follows from
(40) sup ([ LR RLL | oy Se RETER T ]l 2 ey
Ty

We claim that

(41) 1R RLLA 2y Se REIER IRl 22y
and
(42) H]'IiR*R]'IthL2(Rd) S M_2||h||L2(Rd)> i 7& j?

with constants independent of ¢, j. Together, these two imply (40).
We first prove (41), By Lemma 2, Hélder’s inequality, and by (36), we have

HR]‘Iih

|2 Se B0l o ey
<e RORE || 2 o)
Se RC€|Ek|—1/2||h||L2(Rd)-

This implies (41) by the T*T" argument with a fixed 1.
For i # j, we note that R*Rh = h * [i, so that 1, R*R1;, is an integral operator
with the kernel

Kij(z,y) = 15, ()1, ()1l — y).
By (32), [|K(z,y)|dy < |I;|M~B°R=5BF < M~% if B was chosen large enough de-
pending on /. The claimed estimate (42) now follows from Schur’s test.
O

8. FOURIER DECAY

To complete the proof of Theorem 2, it now suffices to prove that the Cantor set
in Section 4 can be constructed so that (19), (20), and (5) all hold. Since (5) implies
(32), the restriction estimate (6) will follow from Proposition 2.

In all our intermediate results so far, it did not matter how the A(p) alphabet sets
Sk.a Were chosen, as long as they had the prescribed cardinalities. Here, however, it
is crucial to randomize the choice of Sj,.

Theorem 4. Let {ny}ren and {ty}ren be two deterministic sets of integers such
that (19), (20), (22) all hold, and that ¥y is non-empty for each k (as provided by
Bourgain’s theorem). Let {ju}renujoy be a sequence of random measures on [0, 1]%
such that:
® Lo = 1jgqja,
® (i, Lo, ... are constructed inductively via the iterative process described in
Section 4,
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o for each k € N, the sets Sk, are chosen randomly and independently from
Y, with probability distribution such that

(43) E(pue(2)|En) = pr—r(2) Vo € [0,1]"

Then the limiting Cantor measure p almost surely obeys all conclusions of Theorem

2.

An example of a random construction of yy that meets the condition (43) is as
follows. Choose ny and t; as indicated in the theorem (recall that for (20) to hold,
it suffices to assume (21)). For each k € N, choose a A(p) set By C [ng]? such that
|By| =ty > conid/p and (7) holds with n = ng, for some ¢y, C(p) independent of k.
Let

B, = {Bkﬂ} TV E [nk]d}, Bk,v C [nk]d, Bk,v =v+ B, mod (nkZ)d
Then By, C Xy (ng, tr, co, 22C(p)), since any function supported on By, is a sum of
at most 2¢ functions supported on translates of By.

Set Ag = {0}. Let now k£ > 1, and assume that A;_; has been constructed. For
each a € Aj_1, choose a random v(k,a) € [ng]? so that P(v(k,a) = v) = n; * for each
v € [ng]¢ and the choices are independent for different a € A;_;. Let Ska = Brv(a)
a “‘random translate” of Bj, and continue the construction as in Section 4. Then
(43) holds by translational averaging, and all other assumptions of the theorem hold
with C(p) replaced by 2¢C(p).

Instead of using random translates of a single set B;, for each k, we could choose
a set By, € ¥ for each a € Ay, then let Sy, = B(k,a) + v(k,a) mod (nyZ)?,
where v(k, a) is a random translation vector in [n;]? as above, chosen independently
of By, and independently of the choices made for all other a. Bourgain’s theorem
[5] shows that a generic subset of [N]? of size about N~2%P is a A(p) set, so that
Yk (with an appropriate choice of ¢y and C(p)) should be large for most values of
t; in the indicated range, providing many sets available for the construction. Other
variants are possible.

We now turn to the proof of the theorem.

Proof. By Lemma 6, E,, = supp i has Hausdorff dimension «, and u obeys (4) for all
0 < v < a. The Fourier decay estimate (5) is proved by a calculation almost identical
to that in [14, Section 6] for a special case in dimension 1, and in [17, Theorem 14.1]
(see also [18, Theorem 4.2]) for more general measures in higher dimensions. The
proof in [17, Theorem 14.1] can be followed here almost word for word, except for the
trivial changes in parameters to allow a variable sequence {n;} instead of a constant
one (see e.g. [3]). Tt is easy to check that the proof goes through as long as

log Nkv1 Se N, keN.
Since log Nj41 = log Ni,+log 1 Se Ni+ng, 4, this is a weaker condition than (20).
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Finally, the restriction estimate (6) holds by Proposition 2 and by (5).
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