VANISHING SUMS OF ROOTS OF UNITY AND THE FAVARD
LENGTH OF SELF-SIMILAR PRODUCT SETS

IZABELLA LABA, CALEB MARSHALL

ABSTRACT. We improve a special case of the Lam-Leung lower bound [22] on the number of
elements in a vanishing sum of N-th roots of unity. Using this result, we extend the Favard
length estimates due to Bond, Laba, and Volberg [3] to a new class of rational product
Cantor sets in R?.

1. INTRODUCTION

A wanishing sum of roots of unity is an expression of the form
(1.1) 21+ -+ 2, =0,

where z1, ..., 2, are N-th roots of unity for some N € N. In general, we do not require the
zj to be distinct or primitive N-th roots of unity. Vanishing sums of roots of unity have been
studied extensively in number theory, see e.g., [14], [10], [12], [13], [22], [23], [28], [29], [30],
[31]. Of particular interest is the following result, taken from [22].

Theorem 1.1. Let N = Hjil p?j, where py1,...,px are distinct primes and oy, ...,ax €
N. Suppose that (1.1) holds, where zy,...,z, are N-th roots of unity. Then there exist
nonnegative integers ay, ..., ax such that k = Zjil a;p;. In particular, k > min{p,}.

A key principle motivating our work is that (1.1) can be rephrased in terms of divisibility
of polynomials by cyclotomic factors. Recall that the s-th cyclotomic polynomial ®,(X)
is the unique monic, irreducible polynomial whose roots are the primitive s-th roots of unity.
In other words, z € C is a root of ®,(z) = 0 if and only if we have z = €>™¥/* for some d € Z
with (d,s) = 1. Alternatively, ®, can be defined inductively via the identity

(1.2) X" —1=]]®.(X).

s|n

Thus ®,(X) =X — 1, and

(1.3) T+ X+ X744 X" = [ @u(X) forn> 1.
s|n,s#£1

In particular, if p is a prime number, then ®,(X) =1+ X +--- + X?~!. Thus
0= q)p(ezm/p) =14 e2m/P ... 4 2milp=1)/p

provides an example of a vanishing sum of roots of unity. In general, however, such sums
can be much more complicated.
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Assuming that z,...,z; are (not necessarily primitive) N-th roots of unity, we have
2o = e2™/N for some a; € Z. Then (1.1) holds if and only if
(1.4) A(e*/NY = 0,

where A(X) =""""w(a)X* and
w(a) =|{¢e{1,... k}: 2z =N and a; = a mod N}|.

Since ®x(X) is the minimal polynomial of e2™/V it follows that (1.4) holds if and only if
O (X)[A(X).

The lower bound in Theorem 1.1 now takes the following form: suppose @y (X)|A(X),
where A(X) is a polynomial with non-negative integer coefficients as above. Then

N-1
1.5 A(l) = w(a) > minp;,
(1.5 ()= 3 (o) 2 ming,

where pq,...,px are the distinct prime factors of N.

We are interested in improvements to (1.5) when A(X) is assumed to have multiple cy-
clotomic divisors. In general, such improvements are not possible without some additional
assumptions on the cyclotomic factors of A(X). To demonstrate, consider the simple example

AX) =14+ X7 + X2 4. 4 X0 = (X,

where n € N and p < ¢ are distinct primes. For each o € {0, 1,...,n}, the number 7" “/»

is a p-th primitive root of unity, therefore a root of ®,(X). Thus A(e*"/P1") = 0, and
consequently ®,.«(X)|A(X), for all a € {0,1,...,n}; but we still only have A(1) = p. Since
n € N is arbitrary, we can find polynomials A(X) such that A(1) attains the lower bound of
Theorem 1.1, but A(X) has as many cyclotomic factors as we like.

However, we do have an improvement in the following case.
Theorem 1.2. Let A(X) be a polynomial with non-negative coefficients and distinct cyclo-
tomic factors @p, (X), ..., P, (X). Assume that there exist distinct prime numbers p, q, and
exponents o, B; € NU{0} such that m; = p®iq% for each 1 < j < k. Assume further that
q1 A(1). Then we have the lower bound
A1) > p" where E, = |{aq, ..., ax }|.

In words, E, denotes the number of distinct exponents o; appearing among the m; = p®ig’.

A similar statement holds with p and ¢ interchanged, so that if we assume that p 4 A(1)
instead of ¢ 1 A(1), we have an analogous lower bound in terms of ¢ and its exponents. If
neither of p, ¢ divides A(1), we may choose the maximum of the two lower bounds.

We note that the conclusion of Theorem 1.2 is immediate in the special case when m; = p®
are all powers of the same prime p, with aq,...,ar > 1. Indeed, it is easy to deduce by
induction from (1.3) that if p is prime and « € N, then

(1.6) Dpa(X) = Bp(XP" ) =14 X7 XWX > 1
Hence ®,0;(1) = p, and H?=1 @0, (X)|A(X) implies that p* = H;?:l @05 (1)]A(1). In par-

ticular, p* < A(1), as claimed. However, this argument does not apply to cyclotomic factors
of the form @pajqaj with a;, 8; > 1, since for such m; we have ®,, (1) = 1.

a—1 a—1
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Theorem 1.2 is motivated in part by its application to the Favard length problem for
rational product Cantor sets. We give a brief introduction to this problem now, and state
the relevant previous results, before presenting the extension derived from our Theorem 1.2.

Let A, B C N be finite sets with min(|A|, |B|) > 2. With L := |A||B|, define the sets Ay
and By recursively via the formulas A; == L7'A, Ay, := Ay + L™V"1A, and similarly for
BN. Let

(1.7) Sv=Ayx By +{r €R*:|z| < L7V}, NeN.

We may think of Sy as the N-th iteration (i.e. approximation) of a self-similar set S,, C R?,
whose construction is as follows.

Let {z}f., = A x B C R? since |A|,|B| > 2, these points are distinct and non-colinear.
Let T1,...,TL, : C — C be the similarity maps 7}(z) = %z—i—zj. We then define S, to be the

unique compact set such that S, = Ule T;(Sx). It is well known that such a set exists,
has Hausdorff dimension at most 1 (equality follows if the open set condition holds, see
[25]) and finite 1-dimensional Hausdorff measure.

For 6 € [0, ], let projy : R* — R be the linear projection defined by projg(x) = x; cos 0 +
1o sinf for x = (x1,z2) € R?%. Since the z; are not colinear, Sy, is unrectifiable, and it follows
from a theorem of Besicovitch that |projy(Sw)| = 0 for almost every 6 € [0, 7] (see [25]). In
particular, we must have the following “average” behaviour,

1 [7 ,
lim —/ |proje(Sy)|dd = 0,
0

N—oo T

where S is the L™"-neighborhood of S.,. We call the integrand in the above equality the
Favard length of the set S;V. In particular, we must then have:

(1.8) lim Fav(Sy) = Fav(Sy) =0,

N—oo

While S} is not necessarily equal to the finite scale set Sy defined above, it can be covered
by a bounded (independently of N) number of copies of Sy, and vice versa. Therefore any
quantitative estimates on Fav(Sy) and Fav(S)) are equivalent up to constants.

Although it is immediate that Fav(Sy) — 0 as N — oo, a more subtle question concerns
estimating the rate of decay, both from above and from below. There has been significant
interest in this issue, with Favard length estimates proved for various types of fractal sets in
[1], [2], [3], [4], 6], [7], [9], [19], [26], [33], [35]. Motivation and an overview is provided in
the review articles [17], [27], [34]; see also [5], [8], [11] for results of this type for curvilinear
projections.

The following theorem, proved by Bond, Volberg, and the first author in [3], gives an
asymptotic estimate for Fav(Sy) when A and B have small cardinality.

Theorem 1.3. Define Sy as in (1.7). If |A|,|B| < 6, then Fav(Sy) < N—¢/1glosN g5
some € > 0.

Here, the notation Fav(Sy) < N~¢/1°81¢ N means there exists a constant C' > 0, indepen-
dent of N, such that Fav(Sy) < CN~/1gleN for all N large.
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The proof in [3] relies upon the cyclotomic divisibility properties of certain polynomials
associated to A and B. Specifically, define:

(1.9) AX) =) X,

acA

and similarly for B. We are assuming that A, B C N, so that A(X) and B(X) are polyno-
mials in Z[X]. For our present purposes, it will suffice to consider A and B separately; and
so, we present these requirements for the polynomial A(X). Recalling that L = |A||B|, we
define the following factors of A(X).

Definition 1.4. We have A(X) = [[;_; AD(X), where each AD(X) is a product of the
irreducible factors of A(X) in Z|X], defined as follows (by convention, an empty product is
identically equal to 1):

o ADX) = Leom ®(X), S5 = {s € N: & (X)|AX), (5, L) # 1},
o AD(X) = )

D(X) = I,eq0 2s(X), S = {seN: &,(X)|A(X), (s,L) =1},

o A®)(X) is the product of those irreducible factors of A(X) that have at least one Toot
of the form e*™ & € R\ Q,

o AW(X) has no roots on the unit circle.

We then define the good and bad factors A’ and A" of A:
(1.10) A(X) = AD(X)AD(X)AD(X), A"(X) = AP (X).

Theorem 1.3 is then a consequence of the following more general result. We retain the
notation of [3] below; however, we will later provide a notation better-tailored to our aug-
mentation of the theorem.

Proposition 1.5. [3] Let A, B be as in Theorem 1.3, but without the assumption that
max(|A|,|B|) < 6. Define

(1.11) Sa:={s: DA and (s,L) =1} = {s: P,(X)|A"(X)}, sa:=lem(Sa).
Suppose we can factor s4 = 51,4524, With 14,524 € N such that:

o 594 < |Al
o O (X) does not divide A(X) for any s|s1 4.

Assume also that the same holds for B. Then Fav(Sy) < N~/181eN for some € > 0.

It is verified in [3] that the assumptions of Proposition 1.5 must hold if max(|A|, |B]|) < 6,

hence Theorem 1.3 follows. The same proof also yields a stronger result in the case when
AB) = BB = 1.

Theorem 1.6. [3] Let A, B be as in Theorem 1.3 or Proposition 1.5. Assume that all roots
of A(X) and B(X) on the unit circle are roots of unity. Then Fav(Sy) S N™¢ for some
e> 0.

Combining the framework of [3] with our Theorem 1.2 leads to the following result.
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Theorem 1.7. Define Sy as in (1.7). Let A(X) = > .4 X and similarly for B(X).
Define Sy and sa as in (1.11), and similarly for B. Assume that sx and sp have at most
two prime divisors each (not necessarily the same ones). Then

FCLU(SN) 5 N—e/ log log N

for some € > 0. If, in addition, all roots of A(X) and B(X) on the unit circle are roots of
unity, we have the improvement Fav(Sy) < N™¢ for some € > 0.

Remark 1.1. The assumptions of Theorem 1.7 do not imply that the sets A, B satisfy the
assumptions of Proposition 1.5; see Section 6.1 for an example.

Remark 1.2. [t is not difficult to see that elements of Sa cannot be prime powers. Indeed,
by (1.6) we have ®,0(1) = p if p is prime and o € N. Hence ®pa(X)|A(X) implies that
plA(1) = |A|, and in particular that p* cannot be relatively prime to |A|.

It follows that if Sa is nonempty, then sy must have at least two distinct prime factors.
Thus Theorem 1.7 represents the simplest rational product case that goes beyond [3].

We are also able to increase the cardinality bound in Theorem 1.3.

Theorem 1.8. Theorem 1.3 and Theorem 1.6 continue to hold with the assumption that
max(|A|,|B|) < 6 replaced by max(|A|, |B]) < 10.

The cardinality bound 10 in Theorem 1.8 is not a “hard” one, in the sense that the
arguments used in the proof of the theorem continue to work for many larger sets. However,
for sets of cardinality 11 and higher, the number of cases to consider increases significantly,
making the proof more difficult to manage without contributing new ideas.

This article is organized as follows. The proof of Theorem 1.2 is given in Section 5, with
the notation and basic cyclotomic divisibility tools provided in Section 4. This part of the
paper is self-contained and does not involve any Favard length considerations, so that the
reader interested only in Theorem 1.2 can work with just these two sections.

The proof of Theorem 1.7 consists of several steps. In Section 2, we explain how to combine
the arguments of [3] (specifically, the Set of Large Values approach) with our Theorem 1.2
and our main intermediate result, Proposition 2.1, to prove the theorem. The proof of
Proposition 2.1, given in Section 3, contains the main new ideas of this paper with regard
to Favard length estimates. Specifically, while we follow the general approach of [3], we are
able to use it more efficiently by splitting up the cyclotomic divisors of A(X) and B(X) into
appropriate “clusters” and reorganizing the Set of Large Values construction accordingly.

An important part of the proof of Theorem 1.7 is that the lower bounds on A(1) depending
on the cyclotomic divisors of A(X) (such as those in Theorem 1.2) have to match the size
of a Set of Large Values that we can identify. In Section 6, we provide examples illustrating
this. We also discuss briefly the barriers to extending our results to the case when s4 or sp
have 3 or more prime factors. Essentially, while certain simple examples of this type can
be handled using the cuboid arguments in Section 6.4, a systematic approach to the general
case would require additional new ideas. We conclude the paper with the proof of Theorem
1.8 in Section 7.
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2. PROOF OF THEOREM 1.7

Our argument follows the general approach of [3], but with an additional argument to
allow an application of Theorem 1.2. Most of the proof in [3] applies to general rational
product sets; the only part that requires either the restriction max(|A|,|B|) < 6 or the
cyclotomic divisibility assumption in Proposition 1.5 is the SLV (Set of Large Values)
argument in Sections 5 and 6. Below, we provide a short summary of what is needed, then
explain how to modify this step in our two-prime setting. The proofs of the intermediate
results are postponed until later sections.

We first state the SLV result we need. Define ¢, (&) = A”(e*™), where A"(X) is the
“bad” factor associated to A(X) in Definition 1.4; the function ¢7 is similarly defined. To
extend the proof in [3] for sets A and B as in Theorem 1.7, it suffices to prove that the
following holds under the assumptions of the theorem: given t € [%, 1], and given a large
number m depending on N (in [3], m is at most logarithmic in N), there exists a Borel set
I' =T'(t,m) C [0, 1] satistying the estimates

(2.1) P—Fc{g:

m—1
[T ¢a(z*e) -sb;(L’“tf)’ > L—Clm},
k=0

(2.2) T > CoL=0mm,

where C1, Cy, € > 0 are constants independent of N and m. The number ¢ = tan(6) depends
on the direction of an appropriately selected one-dimensional projection of Sy. We refer to
any set I' C [0, 1] satisfying the above as an SLV set for the function ¢; (£) = ¢4 (€)@ 5 (£E).
Thus, to prove Theorem 1.7, it suffices to construct an SLV set I' C [0, 1] associated to sets
A, B C N satisfying the number theoretic conditions of Theorem 1.7.

For A C N, define Sy and s, as in (1.11), with Sy =: {s1,...,s;}. Let also
Ya:={r€0,1]: ®,(e*) =0 for some s € Sy}.
Observe that we cannot have ®1|A. Indeed, ®;(X) = X — 1, and if this were a factor of
A(X), we would have A(1) = 0, a contradiction. In particular, we have {0,1} N4 = 0.
We then have the following single-scale SLV result for A (see Section 3.3 for a proof).

Proposition 2.1. Let A C N, and let s4 = Hfil pit, where py,...,px are distinct primes.
For each sj € Sa, let s; = Hfilp?i’j be its prime factor decomposition. Assume that there
exists an index i € {1,..., K} such that o ; > 1 (so that p;|s;) for all j € {1,...,J}. Let
E; = |{a1,...,q; 5} (that is, E; counts the number of distinct exponents appearing on the
prime factor p; among the s; € Sa). Then for any 0 < \; < pi_1 there exists a 1-periodic set
'y C R satisfying

(2.3) dist(T4 — T4, %) > 0,
(2.4) 10,1] N T4] > AP

To deduce Theorem 1.7 from Proposition 2.1, we will use it to find a multiscale SLV set
I' avoiding small values of both ¢y and ¢4, as in (2.1). Then we must check that the size
of this set is bounded from below as in (2.2). This is the step where we need Theorem 1.2.
The full argument is below.
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Proof of Theorem 1.7. Begin with two sets A, B C N satisfying the assumptions of Theorem
1.7, and consider the associated sets I'4, ' C R provided by Proposition 2.1. From equation
(2.3), there are constants c4,cp > 0 such that

(2.5) Gu(€) >ca, VEET,—T,

and similarly for ¢ on 'y — I'g. Setting Ty 4 = L% - T4, we then have ¢y (L*¢) > c4 on
Ik 4, and similarly ¢p(LFE) > cp on [p= L% -Tp. Let also

va = [[0,1] N T4

be the density of I'4 in [0, 1], and similarly for vp.

Fix a large integer M > 0. The same pigeonholing argument as in [3, Proposition 5.1] (see
also the proof of Lemma 3.4 in this article) furnishes translation parameters 7, 4, 74,5 € [0, M]
so that the set

m—1 m—1
(26) I' = ﬂ (Fk,A — Tk,A) N m (t_le,B — Tk,B)
k=0 k=0
satisfies the inequality
(M-t "
(2.7) Tno,1]| > ( Ve vavg | .

Since the integers of S4 (and also Sp) share only two prime factors, the lower bound of
Theorem 1.2 applies to |A| and |B|. Combining this with equation (2.4) of Proposition 2.1
gives

1 1

Uy > — vg > —.
Al |B|

Since these inequalities are strict, if M > 0 was chosen large-enough, there is an € > 0 with

(M —1)(M —t1)

e VAV > L-0-9,

Note that our choice of M = M(m,t) may depend upon m (therefore N) and ¢; however,
this does not affect the rest of the argument.

Thus, the set I' defined in (2.6) satisfies (2.2). Moreover, since
Tyoa—Toa=(Cra—m6a) = (Dha— i),

and similarly for I'y 5 — I'y g, for each 0 < k& < m — 1 we have

GA(LFE), pp(tLFe) > ¢, VEET T,

where ¢ = min{cyu, cp}. Hence, (2.1) holds with C} = 21%(2/8), and our choice of C; > 0

is independent of N. Thus, the set [0,1] N T, with T given by (2.6), is an SLV-set for the
function ¢’ (x)dy(tx), as required. O



8 IZABELLA LABA, CALEB MARSHALL
3. CONSTRUCTING SINGLE-SCALE SETS I

The main new idea in the proof of Proposition 2.1 is the following “cluster reduction”.
Let A C N be a finite set, and define S, and s4 as in (1.11). Then we may split S4 into
subsets called clusters, construct an SLV set associated to each cluster, and then take the
intersections of appropriate translates of them to get the set I' in the proposition.

The results of Section 3.1 and 3.2 apply to any finite set A C N and any splitting of A
into clusters. In Section 3.1, we follow a number-theoretic approach due to Matthew Bond
and the first author (cf. [17, Conjecture 4.6]), which extends slightly that of [3]. We should
note here that Conjecture 4.6 in [17] turns out to be false, with a counterexample provided
here [refer to example]. Therefore, if we simply tried to use the construction in Section 3.1
with A = C as a single cluster, our quantitative bounds on I' would not be good enough.
However, we can use the same construction more efficiently if we split up A into smaller
clusters, construct a cluster-dependent set I'(C) for each one, then take the intersection of
appropriate translates of the sets thus obtained.

In Section 3.3, we set up the cluster splitting that provides the requisite quantitative
estimate (2.4) in Proposition 2.1. This part require the additional assumption (stated in the
proposition) on the prime factorization of the elements of S4.

3.1. A single-cluster SLV set. Let sq,...,s; be an enumeration of the distinct elements
of SA.

Definition 3.1. A subset C C S4 is called a cyclotomic divisor cluster, or (for short)
a cluster, of A.

Fix a cluster C C S4. Relabelling the elements of S, if necessary, we may assume that

C = {s1,...,81} for some I < J. Let N = lem(sy,---,s7). Suppose that we can write
N = QU, where
(3.1) s; does not divide @ for any j € {1,...,1}.

In particular, it follows that (s;,U) > 1 for each s; € C. It will be to our advantage to
choose () as large as possible.

Each s; € C can be written as s; = r;t;, where r; := (s;,Q) and t; := s;/(s;,Q). Let
T := max(ty,...,t). Define

(3.2) L, p) = {§ e R: dist (&, %Z) < g},

where 0 < p < (QT)~'. The next two lemmas guarantee that the set in (3.2) has the
properties we need. Specifically, the required arithmetic structure of I'(C, p) is verified in
Lemma 3.2, and Lemma 3.3 furnishes a lower bound on |[0,1] NT'(C, p)|.

Lemma 3.2. The set I' :=T'(C, p) defined above satisfies
dist(l — I, %(C)) > 0
where

(3.3) N(C):={{eR: D, (") =0 for some s; € C}.
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Proof. 1t suffices to prove that I' — I' is disjoint from 3(C). The conclusion then follows by
shrinking p a little bit more if needed.

Let £ € ¥(C). Then there is an s; € C such that @, (e*™) = 0, so that £ = b/s; for some
b € Z with (b,s;) = 1. Suppose { € I' — I, then there is an integer a such that

a b _la b - 1
Q s Q tyry| QT
Multiply this by Qt;:
bQ tj
t:— —| < =< 1.
'aj ’I"j T

But r;|@, so that bQ/r; is integer. Therefore
bQ

atj -
J

and in particular ¢; divides bQ/r;. Since (b,s;) = 1, we also have (b,t;) = 1, so that ¢;
divides @)/r;. But then s; = t;r; divides @), contradicting (3.1). O

Lemma 3.3. Let ' =T'(C, p) be as above, and let A\ < T~*. Then T is 1-periodic, and there
exists a choice of 0 < p < (QT)~! such that

(3.4) [0,1]NT| > A

Proof. The periodicity is clear from the definition. Let p ~ (QT)™!, then

Q 1
0,1]NT| = o
AT =0 /o= 1
Thus it suffices to choose p sufficiently close to (QT)!. O

3.2. Combining several clusters.

Lemma 3.4. Suppose that C',...,C* are clusters associated to some A C N. For each
I € {1,....k}, let T' := T'(CY, p') be the set defined in (3.2) and satisfying (3.4), with the
corresponding parameters Q, Ty, p, \i. Then there exist translation parameters Ti,...,T; €

[0, 1] such that:
k k

(3.5) ‘[0,1] N T +7)| >N\
=1

=1 =

Furthermore, if we define % .= M| (T ++ 1) with this choice of 7, then
(3.6) dist(T"F — T | ]2(C")) > 0

where ¥(C') is defined as in (3.3) with C = C'.

Proof. We first note that for any fixed [,
dist (I'% — ThF 55(C")) > dist(I" — I, 3(C")) > 0
by Lemma 3.2. Hence (3.6) holds for any choice of the parameters 7.
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We now prove (3.5). The proof uses essentially the same argument as the proof of [3,
Proposition 5.1], except that the large parameter M is not needed since all the sets I are
1-periodic. For each x € [0, 1), consider the function

k
U(z):= / Hlpz(x—l—n)dﬁ---dm,
0,1]% 74

where 7; € [0, 1] are independent translation parameters. Using this independence, we eval-
uate WU(z) as a product of single-variable averages. We have

1
/ 1r(e + m)dn = |[0,1] N (T — 2)| > A,
0
by (3.4) and the 1-periodicity of each I''. This leads to the pointwise lower bound

\If(l') > H)\l

Integrating and applying Fubini’s theorem, we get that

1
I < / U(z)de = / 0,10 = 7)|dr - dr,
; 0 [0,1]% ;
In particular, there exist translation parameters 7, ..., 7 € [0, 1] so that
[0,1]ﬂﬂ(FZ—TZ) >H)\l,
! !
as claimed. 0

3.3. Choosing the clusters. We divide the set S, into clusters based on their number-
theoretic properties. Lemma 3.4 then produces an SLV set associated to these clusters, with
an appropriate lower bound on its measure. We first introduce notation that allows us to
partition the set S := {s1,..., s} in a useful way.
Each s; € Sa has the form s; = pi™ - pg*7 -+ - pR/7
numbers. For each 1 <17 < K, let
EXP(’L) = {Oéi’l, e ,Oéi’J}.

In words, EXP(7) contains the exponents appearing on p; among the s; € S4. Observe that
some of the numbers «;1,...,a;; may be equal. We set #EXP(i) = E;, the number of
distinct exponents in EXP(7).

Definition 3.5. Fiz 1 <i < K. Then, for each o € EXP(i), define
C" = {s; € Sa:s;=pq, for some g € N with (p;,q) = 1}

That is, C** is the cluster of s; such that a; ; = a.

where pq, ..., px are distinct prime

We have the following lemma concerning clusters associated to non-zero o € EXP (7).

Lemma 3.6. Fiz 1 <i < K. Let o € EXP(i) \ {0}, and let C := C**. Let 0 < \; < p; .
Then there is a choice of @ = Q" and p = p“* such that the set T';, = T(C*, p>*)
constructed in Section 3.1 satisfies the estimate

|[0, 1] N Fi,a| > )\



VANISHING SUMS OF ROOTS OF UNITY 11
Proof. Since i and « are fixed throughout the proof, we suppress them for now and use the
notation of Section 3.1 with C = C%?.

Relabelling the elements of S, if necessary, we may assume that C = {s1, ..., s;} for some
I < J. Each s; € C can be written as s; = p{'q;, where (g;,p;) = 1. We then define

Q:=p> " lem(qy, ..., qr).
Then for each j € {1,...,I} we have (s;,Q) = p2 'g; and
S .
t; = J = Pi-
! (Sj7 Q)
It follows that we can take 7" = max(t;) = p;.

Let T';,, := T'(C, p) be the set defined in (3.2). Then we may choose 0 < p < (QT)™! so
that the conclusions of Lemmas 3.2 and 3.3 hold with A = )\;, as claimed. U

Proof of Proposition 2.1. We now assume that A C N satisfies the hypotheses of the propo-
sition. In particular, we have 0 ¢ EXP(4); this is simply a rephrasing of the requirement that
(7% Z 1.

Let \; < p; . For each a € EXP(i), let I';, be the set provided by Lemma 3.6. Applying
Lemma 3.4, we find translation parameters z, so that

(37) 0.1 [ (Piatza)| >N

a€EXP(i)

Let 'y := (,(Tia + 2a); then (3.7) shows that 'y has the correct size. Moreover, since
24 = Uacexp@ 2(C), by (3.6) we have

diSt(FA — FA, EA) > 0,
where $(C>*) is defined as in (3.3) with C = C*®. This proves the proposition. O

Remark 3.1. The cluster splitting above is sufficient for our purposes if K = 2. In this
case, since each element of Sy must have at least two distinct prime factors (cf. Remark
1.2), we must have o, ;j > 1 for each i € {1,2} and each j. Thus the construction above
works with both choices of i € {1,2}. If K > 3, we would not be able to assume that, but we
could still construct an SLV set by splitting the elements of S4 into disjoint sets Sa,; such
that p;|s for each s € Sa;, applying the construction in Section 3.3 to each such subset, and
then proceeding as in Lemma 3.4 to take the intersection of appropriate translates of the sets
thus obtained. We expect that optimizing over constructions of this type should generate SLV
sets that approach the mazrimal allowed size. However, in the general case, we do not know
how to prove matching lower bounds on the size of A. See Section 6.4 for further discussion.

4. CYCLOTOMIC DIVISIBILITY TOOLS

The remainder of this article focuses on proving Theorem 1.2, our result on cyclotomic
factor decompositions and vanishing sums of roots of unity. Some of the notation here has
been borrowed from [18] and adapted to our setting.
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4.1. Multisets. We will work in the ambient group Zys, where M = pi* ... p¥, p1,...,pk
are distinct primes, and nq,...,ng € N. We will use m and N (possibly with subscripts)
to denote divisors of M. For the purpose of proving Theorem 1.2, it would be sufficient to
consider the case K = 2. The discussion in Section 6 will require the more general notation.

We use A(X), B(X), etc. to denote polynomials modulo X —1 with integer coefficients.
Each such polynomial A(X) = > ., wa(a)X® is associated with a weighted multiset in
Zpr, which we will also denote by A, with weights wa(z) assigned to each x € Zj;. (If the
coefficient of X* in A(X) is 0, we set wa(z) = 0.) In particular, if A has {0, 1} coefficients,
then wy is the characteristic function of a set A C Zy;. We will use M(Zy;) to denote the
family of all weighted multisets in Z);, and reserve the notation A C Z,; for sets. We will
also use M™ to denote the family of all weighted multisets in Z,, i.e.,

MT ={A e M(Zy): wala) >0 forall a € Zy}.

Let A € M™(Zy), with the corresponding mask polynomial A(X). We use |A| to denote
the cardinality of A with multiplicity, so that |A| = A(1) = > ., wa(x). If A C Zy, we
use AN A to denote intersection with multiplicity, so that wana(x) = wa(z)wa(z).

If N|M, then any A € M(Zy,) induces a weighted multiset A mod N in Zy, with the
corresponding mask polynomial A(X) mod (X — 1) and induced weights

(4.1) wh () = Z wa(z'), x € Zy.

' €Z 2’ =x mod N

We extend the multiset notation to Zy, so that for example M(Zy) and M™*(Zy) denote
the appropriate families of multisets.

We use convolution notation A x B to denote the weighted sumset of A, B € M(Zyy):

(A% B)(X) = A(X)B(X), wap(z) = (waxwp)(x) = Y wale = y)ws(y).

YEZL M

If one of the sets is a singleton, say A = {z}, we write z x B = {z} % B.

4.2. Grids and fibers. For D|N|M, a D-grid in Zy is a set of the form
AN(z,D) ==+ DZy = {2/ € Zy : D|(x —2')}

for some x € Zy. If N = Hjil p?j is a divisor of M, with 0 < o; < n;, we let

K
D(N) := Hp}j, where 7; = max(0,co; — 1) for j=1,..., K.
j=1

An N-fiber in the p; direction is a set of the form z * N C Zy, where x € Zy and

(4.2) FN ={0,N/pi,2N/p;, ..., (p; — 1)N/p;}.

Thus z * EN = AN(z, N/p;).
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4.3. Cuboids and structure results. As before, we work in Z,;, where M = Hfil p;*, and
let A € M(Zypr). We will use the following notation from [18]. For multisets A € M(Zy),
where N|M, we define the A-evaluations of A in Zy:

(4.3) AV[A] =Y w) (z)wd ().

The following special case is of particular interest.

Definition 4.1. Let M and N be as above, so that N = Hfil Pt with 0 < «; < n; for

eachi=1,..., K. An N-cuboid is a multiset A € M(Zy) associated to a mask polynomial
of the form
(4.4) AX) =X J] (@ = xHN/m)
JpiIN
with (d;,p;) =1 for all j.
The geometric interpretation of N-cuboids A is as follows. With notation as in Definition
4.1, recall that D(N) = N/[];,, v p;- Then the “vertices” x € Zy with wy(z) # 0 form a

full-dimensional rectangular box in the grid A(c, D(N)), with one vertex at ¢ and alternating
+1 weights.

The following cyclotomic divisibility test has been known and used previously in the
literature. The equivalence between (i) and (iii) is the Bruijn-Rédei-Schoenberg theorem on
the structure of vanishing sums of roots of unity (see [14], [22], [23], [29], [30], [31]). For the
equivalence (i) < (ii), see e.g. [32, Section 3], [16, Section 3.

Proposition 4.2. Let A € M(Zy). Then the following are equivalent:
(i) On(X)A(X),
(i1) For all N-cuboids A, we have

(4.5) AN[A] =0,

(11i) A mod N is a linear combination of N-fibers, so that
AX) =Y R(X)FN(X) mod XN —1,
©:pi | N

where P;(X) have integer (but not necessarily nonnegative) coefficients.

Proposition 4.2 can be strengthened as follows if N has only two distinct prime factors.
This goes back to the work of de Bruijn [14]; a self-contained proof is provided in [22,
Theorem 3.3].

Lemma 4.3. Let A € M (Zy). Assume that ®y|A, where N has two distinct prime factors
p1,p2. Then A mod N is a linear combination of N -fibers with nonnegative weights. In other
words,

A(X) = PU(X)FN(X) + P(X)F)(X) mod XV —1,

where Py, Py are polynomials with nonnegative coefficients.

The equivalence (i) < (ii) in Proposition 4.2 has the following consequence.
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Lemma 4.4. Assume that N|M and A € M(Zy). Then ®n|A if and only if Py[(ANA)
for every D(N)-grid A.

5. PROOF OF THEOREM 1.2

We are now ready to prove Theorem 1.2. For the reader’s convenience, we state it here
again in the notation of Section 4.

Proposition 5.1. Assume that K = 2, and write p = p1,q = po for short. Let A €
M (Zar), and let my, ma, ..., m, be divisors of M such that m; = p®iq% , where

I<a<ay <+ <a.
Assume that @, Py, - .. oy, |A, and that q 1 |A|l. Then |A| > p".

Proof. We proceed by induction in r. For the base case, suppose that r = 1. By Lemma
4.3, A mod m; is a union of ms-fibers in the p and ¢ directions. Since ¢ 1 |A|, at least one of
these fibers must be in the p direction. Hence |A| > p.

Suppose now that » > 2, and that the proposition is true with r replaced by r — 1. We
write Zys as a disjoint union of grids A(y;, p**~'), where yo := 0,41, ..., Ypoi-1_1 € Zps. Let
A; = AN Ay, p™™'). By Lemma 4.4, we have ®,, ®,,, ... P, |A; for each i. Moreover,
since ¢ { |A|, there exists at least one j such that g { |A;]. Without loss of generality, we may
assume that ¢ 1 |A4y|, We will prove that |4,| > p".

Write m = m; for short. Applying Lemma 4.3 to Ay on the scale m, we see that Ay mod
m is a union of m-fibers in the p and ¢ directions. More explicitly,

Ao(X) = P(X)F"(X) + P(X)F3"(X)  mod X™ — 1,

where P, P, are polynomials with nonnegative coeflicients, F{" is an m-fiber in the p = p;
direction, and F3" is an m-fiber in the ¢ = p, direction. Moreover, since Ag C p**~1Zy;, we
may choose P;(X) so that

Pi(X) = Py(X"™),
where Py(X) is a polynomial with nonnegative coefficients. Since ¢ t |Ag| and |F}"| = ¢, it
follows that P;(1) is not divisible by g.

We now split up Ay further, as follows. Let g := 0,21,...,7,_1 be points in A(0, p** 1)
such that (x; — z;, M) = M/p*~! for i # j. We write A(a,p™ 1) = U?;é A;, where
Aj = A(zj,p*'), and let Ap; = AgNA;. Then for each j =0,1,...,p— 1, we have

where we used that any translated copy of F3" is either contained fully in A; or disjoint from
it. In particular, |Ag ;| is not divisible by ¢. By another application of Lemma 4.4, we have
Dy ... Py, | Ag; for each j.

Applying the inductive assumption to Ay ; for each j, we see that |Ag ;| > p"'. Hence

p—1
|Ao| = Z | Ao ;| > 1",
=0

as claimed. 0
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6. EXAMPLES AND DISCUSSION

We discuss briefly a few motivating examples and the possibility of extending the results
here to more general product sets. A minor inconvenience is that, in the Favard length
setting, the set S, defined in (1.11) depends on L, hence on both of the sets A and B in
(1.7), and not just on A. Therefore, for the purpose of this discussion, consider the set

S = {s: A and (s, |A|) = 1}.

Thus Sy C 9, with equality if |A| and |B| have the same prime factors. In the Favard
length examples throughout the rest of this section, we will assume that A = B, so that
Sy =94.

6.1. Cluster splitting is necessary. It is not always advantageous to group divisors in
large clusters. Consider the following example. Let N = p'°¢° where p,q are distinct
primes. Let

1— XN 1—xNP 1 XxNa1_ XN

[ XN 1= XNw0 T 1= XNa1_ XN

= (1 + XNP 4 X(pfl)N/p> (1 4+ XNy X(pfl)N/pw)

A(X) =

+ (1 + xNa o4 X(q—l)N/Q> (1 + XN X(q—l)N/qm).

Then &, ®,,|A(X) for s; = N = p'%'? and sy = pq, whereas |A| = p* + ¢*.

Suppose we try to apply the construction of Section 3.1 (Lemmas 3.2 and 3.3) to the
cluster C := {s1,s2}. To do this, we need to choose an appropriate Q|N satisfying (3.1).
Since sy = pq cannot divide (), we must choose ) to be a power of only one of the primes.
Let us be as generous as we can in the circumstances, and choose Q = ¢'°, where ¢ is the
larger prime. But then (s1,Q) = ¢'°, so that t; = p'°. In order for that to be less than |A|,
we would need p'® < p? + ¢, which is false if p and ¢ are of about the same size. For the
same reason, the set A does not satisfy the assumptions of Proposition 1.5.

However, the construction in Section 3.2 is more efficient. Consider the following cluster
division. Let C! := {p'%¢'°} and C* = {pq}. We then choose Q; = p¢'® and Q, = ¢, with
Ty = T, = p~'. Let I'" and I'? be the corresponding single-cluster SLV sets constructed in
Section 3.1. By Lemma 3.4, there exist translation parameters 2y, 22 € [0, 1] so that:

1 1 1
0,UN (T +2)N(T2+2)>—=>—— = —.
[0,1] ( 1) ( 2) — 27 pr4 Al
This shows that dividing S, into optimal clusters is a key component of obtaining sets I"4
whose size compares favourably with |A|.

6.2. Explicit examples with two prime factors. The set A in Section 6.1 provides an
explicit example of a set satisfying the two-prime assumption of Theorems 1.2 and 1.7. Other
examples can be constructed in a similar way. For instance, let 1 < a1 < ap < -+ < ay, and
let N = p®¢®, where p, ¢ are distinct primes and o > aj. Then the “long fiber” F with the

mask polynomial
k

F(X) = [[ e x7™7)

j=1
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is divisible by all ®,(X) such that the exponent of p in the prime factorization of s is a; for
some j € {1,...,k}. Translates of such fibers in both directions can be added to construct
more complicated examples.

6.3. One scale, many primes. In the example in Section 6.1, we used two well separated
scales (p'°¢!? and pq). If we allow s4 to have 4 or more distinct prime factors, then A may
violate the assumptions of Proposition 1.5 in other ways.

The following example is due to Matthew Bond and the first author (unpublished). Let
D1, P2, q1, g2 be distinct primes. Assume that p; +q; = ps + ¢2, and, letting N = p; + ¢q, that
N is smaller than the product of any two distinct primes chosen from {pi, ps, ¢1,¢2}. (For
example, we could choose p; = 3, po =5, ¢1 = 13, ¢ = 11, with N = 16.) Let also s1 = p1¢x
and sy = page. Let A be a set of IV integers such that

e A mod s; is a union of two s;-fibers, one in each direction, of cardinalities p; and ¢,
e A mod s, is a union of two sp-fibers, one in each direction, of cardinalities p, and g¢s.

This is easily produced via the Chinese remainder theorem. Then &, (X) and ®,,(X) divide
A(x). It follows that pipsqigs divides s4. We further note that none of @, ,®,,, @, , 4,
divide A(X).

Suppose that we have a factorization s4 = s1 452 4 satisfying the conditions of Proposition
1.5. If sy 4 is divisible by at least two primes from {pi,p2, 1, ¢}, then so 4 > N = |A],
violating the first condition of the proposition. Therefore at most one of our four primes
may divide sy 4. Then, however, at least three of them must divide s; 4. It follows that s; 4
is divisible by at least one of s; and s,, violating the second condition.

Nonetheless, it turns out that the construction in Section 3.1 with the single cluster C =
Sa = {s1,s2} is sufficient in this case. Indeed, let Q) = ¢1¢2, so that t; = p; and t3 = ps.
Then T' = max(py, p2) < |A|, and Lemmas 3.2 and 3.3 provide the requisite SLV set.

6.4. Lower bounds with more prime factors. Our current methods are not sufficient
to extend Theorem 1.2 to the case when more than two distinct prime factors are allowed.
Below, we indicate a single-step cuboid argument leading to a lower bound on |A| in certain
situations. This is enough to resolve simple examples such as those below. However, there
does not seem to be any easy way to iterate the argument to allow more complicated con-
figurations of cyclotomic divisors. Our proof of Theorem 1.2 fails at multiple points in this
setting.

Lemma 6.1. Let A € M(Zy;), where M = Hfil pitand py, ..., px are distinct primes. Sup-
pose that m|(M/p;) for some i € {1,...,K}. Assume further that ®,,,,|A. Then p;|A™[A]
for any m-cuboid A.

Proof. We consider A as a multiset in Zy, where N = mp;. We define a family of weighted
multisets A € M(Zy), as follows. Let J = {j € {1,..., K} : p;lm}. If p; t m, we consider
A of the form

(6.1) A(X) =X J[(x% - 1),

JEJ
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where ¢ € Zy and (d;, N) = N/p;. If p;/m, we instead consider
(6.2) AX)=X(x%-1) T[] (X% -1),
JEJJF
with ¢, d; as above for j # i, and with (d;, N) = N/p?. In both cases, the induced multiset A
in Z,, is an m-cuboid, and any m-cuboid can be (non-uniquely) represented in this manner.

For v =0,1,...,p; — 1, define A,(X) = X*V/PiA(z). We claim that

pi—1
(6.3) AT[A] =) AN[A).
v=0
Indeed, we have
pi—1 pi—1
> OANA =D AN[YN/px A,
v=0 v=0
pi—1
=33 wl @ - oN/pel ()
v=0 z€ZN
= ) wi(z)wi(x) = A"[A],
TELm

as claimed.

Assume first that p; + m. Then A, (X) — A,/ (X) are N-cuboids for v # v/. Since ®y|A, it
follows from Proposition 4.2 that the corresponding cuboid evaluations are 0, hence AN [A,],
v=0,1,...,p; — 1, are all equal. Thus A™[A] = p;AN[A,] for any v.

If p;|m, the argument is only slightly more complicated. For each v, we write A, =
A — A7, where

AF(X) = XerdmNee TT (X% — 1), AJ(X) = XN TT (X% - 1).
JETIF JETIF
Then Af(X)—A%(X) and A, (X)—A,(X) are N-cuboids for v # /. Applying Proposition
4.2 as above, we see that AN[AY] v =0,1,...,p;— 1, are all equal, and similarly for AN[A]].
Using this together with (6.3), we get

A™[A] = p; (AV[AT] - AY[AT])
for any v, proving the lemma in this case. U

Lemma 6.2. Let M = Hfilp;”, where py, ..., px are distinct primes. Let A := A(c, pZB) for
some c € Ly, 1 <1< K, and 0 < 8 < n;. Suppose that A € M™(Zyy) is supported in A, in
the sense that wa(x) =0 for all x ¢ A. Let M’ = M/pf, and observe that the mapping

Zyp 3z —c+ple e A
is one-to-one. Define the “rescaled” multiset A" € M(Zyy) by
(6.4) wh' (2) = wale + plx).
Then for any m such that pf]m\M, we have

D,lA & D, A
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Proof. Since the scaling in (6.4) maps m-cuboids supported in A to m’-cuboids in Z, the
lemma follows from Proposition (4.2). O

Proposition 6.3. Let A € M(Zy;), where M = Hfil ptand py, ..., pr are distinct primes.

7

Suppose that there exist i € {1,..., K}, mo|(M/p"), and 1 <oy < ag < --- < ay < n; such
that

(6.5) Dy oo Dy |A, where my =meps?, j=1,... L.
Then pt | Am[A] for any mg-cuboid A.

Proof. The proof is by induction in ¢. In order to streamline the proof, we note that the
statement of the proposition holds trivially for £ = 0, with no cyclotomic divisors assumed
and the trivial conclusion 1 = p?|A"™[A]. We will use this as the base case.

Assume now that ¢ > 1, and that the proposition is true in any cyclic group Z,; with ¢
replaced by ¢ — 1. The inductive step is similar to the proof of Lemma 6.1. Assume that
(6.5) holds. Let m = m;/p; and N = my = mp;. Define

J={je{l,...,K}: pjlme}.

For any mg-cuboid Aj, we may write A" [A¢] as a linear combination of expressions of the
form A™[A], where

(6.6) AX) =X J[(x% - 1),

JEJ
with ¢ € Zy and (dj, N) = N/p; for each j. We will prove that p! | A™[A] for each such A.

Define
A,,(X) _ Xc+zzN/pi H (de . 1)
VISANE

forv=0,1,...,p; — 1. Then

pi—1

A"[A] =) AN[A).

Since A, (X) — A,/(X) are N-cuboids for v # v/, Proposition 4.2 implies that AY[A,] with
v=20,1,...,p; — 1 are all equal. Thus
(6.7) A™[A] = p AV [A,)] for any v.
For each v = 0,1,...,p; — 1, let A, := AN A(c+ vN/p;,pi*). Let also M' := M/p{*, and
define the rescaled multisets A], € M(Zy;) as in Lemma 6.2:

whf (x) = wale +vN/p + pi'a).

By Lemmas 4.4 and 6.2, we have @, ... ®,,|A; for each v, where m} = mop;’ ', Further-
more, let A/ be the rescaling of A,, then A is an mg-cuboid in Zy;, and (with the obvious
notation)

AY[A] = (A))™[AY).
By the inductive assumption, the last quantity is divisible by pf_l. The conclusion follows
by combining this with (6.7). O
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Corollary 6.4. Let A € M™(Zy), where M = Hf;p;” and pq,...,px are distinct primes.
Suppose that the assumptions of Proposition 6.3 are satisfied, and, additionally, there exists

ag with 0 < ag < ay such that
O, 1 A, where m, = mop]°.

Then |A| > pt.

Proof. If ap = 0, then there exists an mgy-cuboid A such that A" [A] # 0. Combining this
with Proposition 6.3, we see that

Al > [A™][A]] > p},
as claimed.

If agp > 0, we find instead an m,-cuboid A such that A™+[A] # 0. As in the proof of
Lemma 6.1, write A(X) = AT(X)— A~ (X), where AT, A~ are the faces of A perpendicular
to the p; direction, so that each of AT, A~ must be contained in a single p{°-grid. At least
one of A™ [A*] and A™ [A~] must be nonzero. Assume without loss of generality that
A™ [A*] #£ 0, and let A be the pf°-grid containing AT. Consider the restriction AN A of A
to A, and rescale it by a factor of p; “* as in Lemma 6.2. This reduces the proof to the case

ag = 0 as above. The details are left to the reader. O

Example 6.1. Define Sy as in (1.7), with A = B. Let M := lem(Sa) = [, p, where
p1,- .., Pk are distinct primes. Let mgo|(M/p;"). Suppose that

{mop?la mop?27 o 7m0p?£} C SA
forsomei € {1,..., K} and 1 <oy < ag < -+ < ay < n;. Assume furthermore that, in the
notation of Section 3.3,

EXP(i) :={aq,...,a}.

(In words, no other powers of p; appear in the prime factorization of elements of S4.) By
Corollary 6.4, we have |A| > pf. Since |A| is relatively prime to all elements of S,, the
inequality must be strict. Thus the SLV construction in Section 3.3, with the same choice

of 7, is sufficient in this case. It follows that Sy satisfies the conclusions of Theorem 1.7 in
this case.

The corollary below extends Lemma 6.1 in a different direction.

Corollary 6.5. Let A € M™(Zy), where M = Hf; pit and py,...,pi are distinct primes.
Suppose that mpy ...pr|M for some I < K. Assume further that ®,,,|A fori=1,...,1,
but ©,,, t+ A. Then A(1) > p1...pr.

Proof. By Lemma 6.1, we have p;...p|A™[A] for every m-cuboid A. Since &, t A, by
Proposition 4.2 there exists an m-cuboid A such that A™[A] # 0. Hence for that A, we have
A1) > [A™[A]l = p1 ... pr.

O

Remark 6.1. A stronger version of Corollary 6.5 can be obtained, with the same proof, by
using Proposition 6.3 instead of Lemma 6.1. Since the statement would be significantly more
complicated without contributing new ideas, we omit it here.
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Example 6.2. The following extends the example in Section 6.3. Let A € M™(Z,,), with
M = py...ppQ, where pq, ..., py are distinct primes and (p;...pg, Q) = 1. Suppose that
Sa ={s1,...,sk}, where for each s; we have p;|s;|p;Q.

We claim that |A| > max(pi,...,px). Indeed, let j € {1,...,k}. Since ®,,|A and ®, /, 1
A, Corollary 6.5 with m = s;/p; implies that |A| > p;. Since we have (|A[,s;) = 1 by the
definition of S4, the inequality must be strict.

For the purpose of an application to the Favard length problem, the single-cluster con-

struction in Section 3.1 works for such A. Indeed, let C := S4, and let ) be as above, so
that 7' = max(py, ..., px). In light of the upper bound above, this is sufficient.

Example 6.3. Let p,q,r be distinct primes. Suppose that A € M™T(Zy,), where pgr|M,
and that

(68) {pq,pr, q7"} C SA-
By the definition of S4, this implies that
(6.9) (IA[, par) = 1,

and in particular none of ®,, ®,, ®, can divide A.

Let us try to apply the single-cluster construction in Section 3.1 in this case. With C := Sy,
at most one of p,q,r may divide @), so that T" must be divisible by at least two of them.
Hence we need (at least) a bound of the form |A| > min(pg, pr, qr).

Corollary 6.5 does indeed provide such a bound. Applying the corollary to A with m = ¢,
and using that ®,, and @, divide A but ®, does not, we see that |A| > ¢r. By (6.9), the
inequality must be strict. Interchanging the primes, we get that

(6.10) |A| > max(pq, pr, qr).
This is in fact sufficient, with e.g., Q@ = ¢ and T = pr < |A|.

The following example shows that the lower bound in (6.10) is essentially optimal up to a
multiplicative constant. Define A C Zj;, where pgr|M, so that

A=(axF,xF)U(d x F;*« F,)U (a" x F, * F},).

(With M /pqr sufficiently large, we can choose a, a’, a” so that they belong to different D(M)-
grids. Then the three “components” above are disjoint.) Then (6.8) holds, and |A| =
pq + pr + qr, matching the order of magnitude of (6.10) if p, ¢, have about the same size.

We note, however, that the argument does not extend to situations when two or more
elements of S, do not have a common “direct parent”. For example, Corollary 6.5 does not
provide any improvement of the single-step bound from Lemma 6.1 if S4 = {p?¢®, p*r®, ¢°r"},

nor does the stronger version of it mentioned in Remark 6.1.

7. PROOF OF THEOREM 1.8

We will rely on the existing results on vanishing sums of roots of unity as in (1.1) with
small & [28], [10]. A vanishing sum of the form (1.1) is called minimal if there is no proper
subset {i1,...,ie} S {1,...,k} such that z; 4 - -+z;, = 0. For small k, all minimal vanishing
sums of roots of unity with k elements can be classified and enumerated explicitly. Such an
enumeration is provided in [28, Table 1] for £ < 12, and extended in [10] to k£ < 16.
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The results of [28], [10] can be converted to our language of arrays and fibers from Section
4 as follows. Recall from Section 1 that any vanishing sum of roots of unity can be phrased in
terms of cyclotomic divisibility of polynomials. Conversely, if A(X) is the mask polynomial
corresponding to some A C N and ®xn(X)|A(X) for some N € N\ {1}, then we must have

A(€27ri/N) _ ZGQWM/N —0.

a€A

In other words, A(e*™/N) forms a vanishing sum of roots of unity. We may further reduce
modulo N, so that A mod N is a multiset in M™*(Zy). For each fixed N, the correspondence
between multisets A mod N in M™*(Zy) satisfying ®x(X)|A(X) and vanishing sums of roots
of unity of the form

(7.1) Z w(a)e®™ /N =0

a€ZN

is one-to-one. The above sum is minimal if and only if A has the following minimality
property:

Property (M): there is no multiset A’ € M*(Zy) such that A # A’, dn(X)|A(X), and
war(x) < wy(z) for all x € Zy.

If the sum is not minimal, its decomposition into minimal vanishing sums corresponds to
writing A(X) as a sum of polynomials A;(X) which have that property. This decomposition
into minimal relations is the focus of [28] and [10]; that such a decomposition exists can be
proven using induction upon the weight functions w appearing in the vanishing sums (7.1).

By the equivalence (i) < (iii) in Proposition 4.2, all polynomials A(X') which do have the
minimality property must fall into one of the following categories:

e A(X) is an N-fiber in some direction.
e A(X)isan “irreducible” linear combination of N-fibers as in Proposition 4.2 (iii) that
cannot be expressed as a linear combination of N-fibers with nonnegative coefficients.

The first category of minimal sums is referred to in [28], [10] as R,, where the prime p
indicates the direction of the N-fiber. Such configurations can only occur when p|N. The
second category is described using a language of recursive relations. For sets of cardinality
at most 10, we will only need the (R, : nR,) notation of [28]. Here, the integers p,q are
distinct primes and we always have 1 < n < p.

In our language, a given configuration of type (R, : nR,) is constructed as follows. We
choose some N with 2pg|N and work in Zy. Start with an N-fiber z % FpN in the p direction.
Choose n points 1, ..., x, of that fiber, and subtract z; * FqN for each j. This “cancels” the
points 1, ..., x,, which now have weights 0, and introduces n(q — 1) points with negative
weight —1. Finally, add a N-fiber in the 2 direction through each point with weight —1. This
“cancels” all the negative weights, and introduces additional n(q — 1) points with weight 1.
The total weight of the configuration, modulo Zy, is (p —n) + n(q — 1) = p + ng — 2n.
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Example 7.1. An ezample of a configuration of type (Rs
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= e MT(Zy) with the mask polynomial

(7.2)

where N is divisible by 2-5-3 = 30. We have Z(1) =5+2-3—2-2 = 7. Note that there are
multiple configurations of the same type, depending on the placement of fibers. We illustrate

=(X) = FN(X) = (XY 4 X2V RY (X (Z X ”) N (x)

Y

3,j=1

one presentation below, which highlights the fiber-geometry underpinning equation (7.2).

FIGURE 1. We construct the above multiset = € M™(Z3) of cardinality 7 by
combining 2-fibers, 3-fibers and 5-fibers with appropriately-chosen 1 weights.

FIGURE 2. Begin with any 30-fiber in the p = 5 direction. In this example,
we chose = * F2Y = (0,0,2) *x F2°. Assign weight +1 to this fiber.

FIGURE 3. Select points x;,, x;, from the previous fiber and subtract x;, * F5°
and x;, * F3°. In this example, we chose z;, = (1,0,2) and z;, = (4,0,2). This
introduces n(q — 1) = 2 x 2 = 4 points of weight —1 to our initial set.

: 2R3) is provided by a multiset
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FIGURE 4. We cancel the remaining points of the fibers x;, *FqN and z, *Fév by
adding n(q— 1) 30-fibers in the 2 direction with weight +1. After cancellation,
this adds n(q — 1) points of weight +1 to our set.

We now turn to sets of small cardinality. By Proposition 2.1 and the proof of Theorem
1.7 in Section 2, it suffices to prove the following.

Lemma 7.2. Let A C N. Assume that |A| < 10, and that Sy # 0. Then there exists a
prime py, relatively prime to |A|, such that:

(i) p1|s for all s € Sa,
(ii) in the notation of Proposition 2.1, we have pt* < |A|.

Lemma 7.2 replaces Theorem 1.2 in the proof of Theorem 1.7. In this case, the cardinality
of |A| is given, and we just need to find an appropriate prime p; to use in Proposition 2.1.

The lemma can fail for larger sets: for instance, Section 6.3 provides a counterexample with
|A| = 16.

Proof of Lemma 7.2. Let A satisfy the assumptions of the lemma. Let N € S4 (note that
N divides s4 but does not have to be equal to it). We write A(X) mod XV —1 as a sum
of mask polynomials A;(X) satisfying the minimality condition (M) in Zy, each of which
must be a fiber or an irreducible structure (as discussed previously). Since N € S4, we have

(N, |A]) = 1. Therefore:

o If A; is an N-fiber in the p direction for some p|N, then (p,|A|) = 1.
o If A, is an irreducible structure of type (R, : nR,) as described above, we must have
2pq| N, hence (2pq, |A]) = 1.

Considering all the minimal structures listed in [28], and applying the above constraints, we
are left with the following cases:

e |A| =5, and A is a union of one N-fiber in the 2 direction and one N-fiber in the 3
direction,

e |A| =7, and A is one of the following:
(a) a union of one N-fiber in the 2 direction and one N-fiber in the 5 direction,
(b) a union of two N-fibers in the 2 direction and one N-fiber in the 3 direction,

(c) an irreducible structure of type (Rs : 2R3) (see Example 7.1),

e |A| =8, and A is a union of one N-fiber in the 3 direction and one N-fiber in the 5
direction,

e |A| =9, and A is a union of two N-fibers in the 2 direction and one N-fiber in the 5
direction,
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e |A| =10, and A is a union of one N-fiber in the 3 direction and one N-fiber in the 7
direction,

We first consider the case when A is a disjoint union of N-fibers in 2 different directions.
Let p; = 3 if |A| =5, p1 =5 if |A] € {8,9}, and p; = 7 if |A| = 10. We claim E; = 1, so
that the conclusion of the lemma holds in each case.

Let « be the exponent of p; in the prime factorization of N; since A contains an N-fiber in
the p; direction, we must have o > 1. Suppose that s € S4, s # N, and that the exponent
of py in the prime factorization of s is 5. If § > «, then A mod s has nonempty intersection
with at least p; different D(s)-grids in Z,. By Lemma 4.4, we must have ®,|A N A for each
such grid, hence A mod s can be written as a union of at least p; non-empty multisets
A; € M*(Zs) with ®4|A; for all j. But that is not compatible with the above list of
permitted structures. If § < «, the same argument applies, but with N and s interchanged.

Assume now that |A| = 7, and let p; = 2. For each s € S4, A mod s has one of the
structures listed in (a)-(c) above, hence 2|s. To complete the proof of the lemma, we need
to prove that F; < 2. We start with an auxiliary result.

Claim. Suppose that B C N satisfies |B| < 4, and that &g, (X)®,,(X)|B(X) for some
s1,82 € N\ {1} such that the exponents a1, s of 2 in the prime factorization of p; and py
satisfy 1 < oy < ay. Then one of the following holds:

(i) |B| =3, and B mod s; is a translate of Fy* for both i =1 and ¢ = 2,
(ii) |B| =4, and B mod s5 is a translate of a “double fiber” in the 2 direction, with

(7.3) B(X) = X1+ X*/?)(14+ X°) mod X** —1

for some b, ¢ € Zg, such that ¢ = s1/2 mod s;.

Proof of Claim. Since the smallest irreducible structure has 5 elements, B mod each s; must
be a union of s;-fibers in the directions of 2 or 3. If B mod s; contains a translate of F3',
then |B| = 3 and we are in case (i). Suppose now that B mod s; is a union of (one or two)
2-fibers. Then B mod s; has nonempty intersection with at least two 2%'-grids in Zg,. It
follows that B mod s, has nonempty intersection with at least two 2%-grids Ay, Ay in Z,,,
and by Lemma 4.4, we must have ®4,|B N A; for i = 1,2. Thus B N A; must be an so-fiber
in the 2 direction for each ¢ € {1,2}. This implies the conclusion of case (ii). O

We now return to the proof of Lemma 7.2 in the case |A| = 7, with p; = 2. Assume for
contradiction that s; € Sy for i = 1,2,3, with 1 < ay < as < ag, where «; is the exponent
of 2 in the prime factorization of A.

First, A mod s; must have one of the forms listed in (a)-(c) above with N = s;. In each
case, it follows that A has nonempty intersection with at least two 2**-grids in Zs, , therefore
also in Z,. For each such grid A;, AN A; must be divisible by ®,,®,,, and at least one such
set must have cardinality at most 3. Applying the claim above, we see that there can be at
most two such grids A; and A,, and that (after possibly relabelling the grids) A; := ANA;
with i = 1, 2 satisfy, respectively, the conclusions (i) and (ii) of the claim.

We now return to Zs,, where A; and A, are multisets with |A;| = 3 and | A2| = 4 contained
in disjoint 2*'-grids. Considering the structures in (a)-(c), we see that only (c) is compatible
with this.
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Let v; be the exponent of 3 in the prime factorization of s; for 7 = 1,2,3. Since A; must
be a fiber in the 3 direction in both Z,, and Zg,, we have 75 = ~5. Since the points of A;
form a part of an s;-fiber in the 5 direction in Z,, we must have y; < 7,. Then, however,
A, is contained in a single 3"'-grid in Zs,, so that A cannot form an (Rs : 2R3) structure
there. This exhausts all possible cases, and ends the proof of the lemma. 0J

As mentioned in the introduction, it is likely that the cardinality bound |A| < 10 could be
improved further with additional work along similar lines. However, for |A| > 11 the number
of cases to consider increases rapidly, making the task significantly more time-consuming.
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