ON THE SHARPNESS OF MOCKENHAUPT’S RESTRICTION THEOREM

KYLE HAMBROOK AND IZABELLA LABA

ABSTRACT. We prove that the range of exponents in Mockenhaupt’s restriction theorem for Salem
sets [12], with the endpoint estimate due to Bak and Seeger [1], is optimal.
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1. INTRODUCTION
Using a Stein-Tomas type argument, Mockenhaupt [12] (see also Mitsis [11]) proved the following
restriction theorem, with the endpoint due to Bak and Seeger [1].

Theorem 1. Let 1 be a compactly supported positive measure on R™ such that for some o, 3 €
(0,n) we have

(1.1) w(B(z,r)) < Cir® forall x € R" andr > 0,

(1.2) ()] < Co(1+[¢)"7* forall & €R™

Then for all p > pp o 3 = W, there is a C(p) > 0 such that

(1.3) | fdullLe@ny < CO Il L2(du)

forall f € L?(du). The equivalent dual form of this assertion is: For all 1 < p' < W’

there is a C(p') > 0 such that
(1.4) 1F1 22y < CONFl o ey
forall f € LY (R™).

When o = 3 = n—1 and y is the surface measure on the unit sphere S™~! in R™, this is the classical
Stein-Thomas theorem [16], [17], [14], [15]. The point of Theorem 1 is that similar estimates
hold for less regular measures obeying (1.1) and (1.2), including fractal measures with «, 3 not
necessarily integer.

It is well known (see e.g. [10], [18]) that if a measure p is supported on a set of Hausdorff dimension
ag < n and obeys (1.1) and (1.2), we must necessarily have o < ag and 5 < «g. The surface
measure on the sphere provides an example with « = 8 = «g. We do not know whether this is
possible when «g is non-integer, but there are many constructions of measures supported on sets
of fractional Hausdorft dimension o for which (1.1) and (1.2) hold with o and 5 both arbitrarily
close to . Salem [13] constructed measures on [0, 1] supported on sets of Hausdorf dimension
0 < a < 1, and obeying (1.1) with the same «, such that (1.2) holds for all 0 < 8 < « with the
constant C'y depending on 3. (The verification of (1.1) for Salem’s construction is in [12].) Further
examples are in [3], [4], [6], [7], [9].
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We are interested in the question of the sharpness of the range of p in Theorem 1. It is easy to see
that if 1 is a probability measure on R™ supported on a compact set of Hausdorff dimension aig < n,
then (1.3) cannot hold for any p < 2n/aq, even if the L? norm on the right side is replaced by the
stronger L norm. Indeed, let f = 1, so that f/d; = J1. The assumption on the support of y implies
that for any v > ag we have

L(n) = / AP €] de = 0o
|€|>1

(This is the usual energy integral, with the |{| < 1 region removed. See e.g. [10], [18].) On the
other hand, by Holder’s inequality we have

p—2

~ —(n—~)—L—

L < Nl ([ 1ereE)
1€1>1

and the last integral is finite for p < 2n/+, so that ||zz||, = oo for such p. The conclusion follows

by letting v — «p.

In the most interesting case when « and § can be taken arbitrarily close to «y, this leaves the
intermediate range
4n — 2ay

2n
— <p<
Qg o

(1.5)

In the case of the Tomas-Stein theorem, where ( is the surface measure on the unit sphere in R™ and
a = [ =n — 1, the estimate (1.3) is known to fail for all p < % = % This is seen from the
so-called Knapp example, where (1.3) is tested on characteristic functions of small spherical caps
(see e.g. [15], [18]). It has not been known whether similar examples exist for sets of fractional
dimension. Mockenhaupt [12] stated that he could not exclude the possibility that for n = 1 and
ag = a € (0,1), the estimate (1.3) could in fact hold for all p > 2/«. Mitsis [11] and Bak and
Seeger [1] did not try to address this question.

In this regard, we have the following result for n = 1.

Theorem 2. For o € (0,1) such that o = llggg((é?) for some ty,ng € N, ng # 1, and for every

1<p< g — 2, the following holds. There is a probability measure 1 on [0, 1] supported on a set
E of dimension o, and a sequence of functions { fi} jen on [0, 1] (characteristic functions of finite
unions of intervals), such that

o i obeys (1.1) with the given value of a,
e (i obeys (1.2) for every B < « (with Cy depending on (3),
e the restriction estimate (1.3) fails for the sequence { f}, i.e.

| fedpill Lo ()

(1.6)
| fell 22 (ap)

oo as £ — oo.

The set of « in the assumptions of the theorem is dense in (0, 1). It is likely that the construction
could be modified to yield such a measure and sequence of functions for every o € (0, 1), but
this would not strengthen our conclusions significantly, considering that for a fixed p the relevant
range of « is given by a strict inequality and that in any event we cannot produce a measure with

a= 0= a«w.

The Salem set F/ will be constructed via a randomized Cantor iteration. The main idea is that,
while Salem sets are random overall, they may nonetheless contain much smaller sets that come



ON THE SHARPNESS OF MOCKENHAUPT’S RESTRICTION THEOREM 3

close to being arithmetically structured. In our case, E will contain subsets £ N Fj, where Fy is a
finite iteration of a smaller Cantor set with endpoints in a generalized arithmetic progression. The
functions f; will then be characteristic functions of F}.

In a sense, this may be viewed as a one-dimensional analogue of Knapp’s counterexample. The
latter is based on the fact that an “almost flat” spherical cap is contained in the curved sphere, or
equivalently, that the sphere is tangent to a flat hyperplane. Here, the set £/ may be thought of as
random but nonetheless “tangent” to the arithmetically structured sets Fj.

The construction of the Salem set £ is similar to that in [9], but we have to be careful to make
sure tllgt the inclusion of the sets 2 N Iy does not disturb the Fourier estimates. Our lower bound
on || fedp||, relies on arithmetic arguments, specifically on counting solutions to linear equations in
the set of endpoints of the Cantor intervals in the construction. Optimizing the parameters in the
construction, we get Theorem 2.

If instead of Salem measures obeying (1.1) and (1.2) one considers more general measures on R
supported on sets of Hausdorff dimension op € (0, 1), then an example due to Chen [5] (based on
the work of Korner [8]) shows that restriction estimates (1.3) for such measures can in fact hold for
all p > 2/ag. (Korner’s measures do not necessarily obey (1.1) and (1.2) with «, 8 near ayg, and it
is not clear whether his construction can be modified to ensure these properties.)

It is still possible that some Salem sets do not contain structured subsets, and that the range of p
in (1.3) can be improved for such sets. However, our result shows that Theorem 1 in its stated
generality is optimal with regard to the range of p.

We also note that the same construction yields the following.

Theorem 3. Let o be as in Theorem 2, and assume that the exponents 1 < p,q < 0o obey

q(2—a)
1.7 e~
(L.7) p < alg—1)

Then there is a measure 1 on [0, 1] and a sequence of functions { fo}scn, constructed as in the proof
of Theorem 2, such that

| Fedp| Lo ey

0o as ¥ — oo.
| fell La(au)

(1.8)

2. THE CONSTRUCTION OF i

Let Ny and t( be integers such that 1 < ty < Ny, and let a = logto/log Ny. Let also N = Ng”o
andt = t(z]”o, where n is a large integer to be chosen later. Observe that log ¢/ log N = « regardless

of the value of ng, so that we may freely assume that ng is large enough while keeping « fixed. For
short, we will write [N] = {0,1,...,N —1}.

We use C, (', etc. to denote constants that may change from line to line. Whenever such constants
depend on ng or on any of the running parameters j, k, £, m, we will indicate this explicitly by
writing, e.g., C'(no); all other constants may depend on «, but are independent of ng, j, k, £, m.
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We will construct i and f, simultaneously via a sequence of Cantor iterations. We will have a
sequence of sets Ag, A1, As, ... satisfying

Ao = {0},
A= | @+ 4541.0),
a€A,
Ajy1a C NTUHI[N]
‘Aj—s-l,a’ =t

Note that A; C N=7Z and |A;| = /. The freedom in the construction comes in how we choose the
subsets A1 C N —G+D) [N]; we can make separate choices for each j and each a € A;.

Given such a sequence A;, we define

(o]
Q2.1) E; = U a+ [0, N77], E= ﬂEj.
aEAj 7j=1

Since F1 O Ey D ---, F is a closed non-empty set.

There is a natural probability measure ;, on E, defined as the weak limit of the absolutely continuous
measures /; wWith densities
dp; o
(2.2) T = 2 TN gy,
aGA]‘
Lemma 4. For any choice of A; as above, E has Hausdorff dimension o, and |1 obeys

[z, + €]) < Ci(ng)e® forall e > 0.
Proof. This is standard. See, for example, Lemma 6.1 in [9]. ([l

We will also construct sequences of sets P; C A; and F; C Ej so that:
o Py ={0}
o Pjy1 = Upep,(a+ N"UTDP) for j = 0,1,2,..., where P C {0,1,...,N =1} is an
arithmetic progression of length /2 = t°

° Fj = Uaepja—l— [O,Nij).

Note that | P;| = t//2. We also define
foe=1g,.
The main result of this section is the following.

Proposition 5. Assume that n is sufficiently large. There is a choice of Aj, j = 1,2, ..., with the
above properties such that for every 0 < 3 < « we have

(2.3) (k)| < C(B,no)lkI P2 (ke Z\{0}),

2.4) |fori (k)| < C(B.4,mo) k|52 (k€ Z\ {0},5 > ),

Proof. Our starting point is the construction of Salem sets in [9], Section 6. We will modify it
to make A; contain the structured sets FP; while also preserving the Fourier estimates (2.3), (2.4).
We will proceed by induction. Define A9 = {0}, and let Ay C N~![N] be an arbitrary set of
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cardinality ¢ so that P; C A;. Assuming that j > 1 and that A; is given so that P; C A;, we define
Aj 1 by constructing A1, foreach a € A;.

If A C R is a finite set, we will write for k € Z

SA(]C) _ Z 6727riak‘

a€A

The outline is as follows. We first construct a set Bj11 C N _(j+1)[N | so as to minimize the
differences

1 1
(2.5) 758,41 (k) — N ON-GHDN] (k)

for k € Z, subject to the constraint that |B; 1| = t. Moreover, we will want (2.5) to be similarly
small if Bj; is replaced by any of its “rotated” copies Bj 1, with € [N] (the terminology will
be explained shortly). These sets will serve as our initial candidates for A;,; ,. Next, we choose
the “rotations” z(a) for a € A; so as to minimize the Fourier coefficients of the next generation
Cantor sets with Bj 1 ;(4) used in place of A1 4.

Finally, recall that we had P; C A;. For each a € P;, we add N-U+D P 1o Bji1,2(a)> then

subtract a matching number of elements of B; 1 ;(,) that are not in N —(+1) P, 5o that the resulting
set has cardinality ¢ again. This will be A;;1, fora € P;. Fora € A; \ P;, we simply let
Aji1a = Bjt1,2(a)- We will prove that these modifications can be made without destroying the
Fourier estimates.

We now turn to the details. As in [9], we will need Bernstein’s inequality (see e.g. [2]).

Lemma 6 (Bernstein’s inequality). Let X1, ..., X, be independent complex-valued random vari-
ables with | X;| < 1, EX; = 0, and E|X;|?> = 032.. Let o > 0 be such that 0> > > 032. and
02 > 6n\. Then

- n2\?
g

j=1

Define n; > 0 by

(2.6) n; =192t~ In(8N7*?).

Lemma 7. There is a set Bj11 C N~UTV[N] with |Bjy1| = t such that

SB"+1,ac(k) _ SN—(J'+1)[N]<k)

J

2. i
(2.7) ; N =7
forallk € Zandx € {0,1,...,N — 1}. Here
(z+y) (modN) y
Bj+1,a: = { NIl NS € BjJrl .

Proof. This is Lemma 6.2 of [9]; we include the proof because it is short and provides a good
warm-up for the main argument.

If j is large enough so that n; > 2, then we may choose Bj;q to be an arbitrary subset of
N~=U+D[N] of cardinality t. Then (2.7) holds trivially, since each term on the left side of (2.7)
is bounded by 1 in absolute value. Assume therefore that ; < 2.
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Let Bj,1 C N~UTD[N] be a random set constructed by stipulating that for each b € N~U+D[N]
the probability that b € B isp =t/N.

Fix k € Z and x € [N]. Foreach b € N~U+D[N], define the random variable X, (k,z) =
(1B,.,.,(b) —p)e 2™ The X (k,x)’s satisfy By Xy (k, z) = 0 and Ey| X, (k, z)|*> = p(1 —p). Set
0? =6t,n = N,and A = 7;p/2. Then 0? > 37, n—+n v Eo| Xp (K, 2)[?, and 0% > 60\ = 3n;t.

We apply Lemma 6 to the X;(k, x)’s. Since
SBjJrl,z(k) _ SN—(J'-H)[N](k)

-1
¢ N =t Z Xb(ka l’),
beN~-GH+D[N]
and
n2\? . 1
_ +2\)
4 exp (— 52 > = 4exp (—1n(8NJ )) = SN

Lemma 6 gives

2.8) P (

for fixed k € Z and z € [N]. Since Sp,,, , (k) and Sy - +1)y(k) are periodic with period NI+
it suffices to consider k£ € {0, 1,..., NIt — 1}. Thus the probability that the event in (2.8) occurs
for some k € Z and z € {0,1,..., N — 1} is bounded by 1/2.

SBj1s(k) Sn-Go (k)
t N

Hence with positive probability we have

SBj+1,m(k) _ SN*(HI)[N](]{:)
t N

nj

2.9 5

IN

forall k € Z and z € [N]. When k = 0 and « = 0, (2.9) says ||Bj4+1| — t| < n;t/2. Therefore,
by either adjoining to B; or removing from it at most 7;¢/2 elements, we get a set of cardinality
exactly ¢ obeying (2.7) for all k, x as above. U

The main step in the proof of Proposition 5 is the following lemma.

Lemma 8. There is a choice of the rotations x(a), a € Aj, such that

NI+ . .
(2.10) \itj+1(k) — 1;(k)| < C min (1, |/~€!> t=U+D/2 (NI,
forallk € Z, j > 1, and
— — NI+l . .
(2.11) Fertjea (k) — fwﬂk)( < C'min <1, B ) U2 (NI,

forallk €Z,j5>2 andl € {1,...,5}.

Proof. Step 1. Consider the random variables

% (k) _ e*?ﬂika (SBj+1,:c(a)(k) . SN*(Hl)[N](k)

" N ),aeAj,k:eZ,
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where for each a € A; we choose z(a) (the same for all k) independently and uniformly at random
from the set [IN]. Let ¢ be a large constant. We claim that there is a choice of z(a) such that

(2.12) 7 Xa(k)| < Aj =t U2 In(8NTH)

GEAJ'

for all £ € Z and
(2.13) £ N (k)| < A= ct~ 5 i In(SNIHY)

aEFgﬂA]'

forallk € Zandall ¢ € {1,...,j}.

Consider the following events:

e & is the event that )t‘j ZGGAJ_ Xa(k)‘ > )\ for some k € Z,

e & is the event that ‘t‘j”/Q D FinA, xa(k)‘ > \j ¢ for some k € Z.

We will prove that P(£) < 1/2 and P(&) < 1/(2j) for £ = 1,2,...,j. Since the failure of £
implies (2.12), and the failure of all & with £ = 1,2, ..., 7 implies (2.13), there must be a choice
of x(a) for which both (2.12) and (2.13) hold.

We begin with £. By periodicity, it suffices to consider k € [N7*!]. The random variables x,(k),
a € Aj, are independent and have expectation Ex,(k) = 0. By Lemma 7, |x,(k)| < n;. With
n =t and 0® = cnni = 192ct/ ' In(8N7+2), we have 0* > > aca, E|xa(k)* and 02 > 6n);.
Therefore, by Lemma 6, we have for each fixed &

. A2 2
P77 ) xalk)| =X | <dexp |- ol B

aEAj

Hence € has probability at most 4 N7+ exp (—)\JZ = 802>, which is less than 1/2 if ¢ > 3072.

Next, we turn to &. Again, let k € [N/T1]. We apply Bernstein’s inequality as before, but this time
withn = |Fy N Aj| = t29= = t7=%/2 and % = cnn? = 192ct/ =271 In(8NT+2). We get that

, 2 2t
o[l S ] = | < e <_wgg |
aEFgﬂAJ’ g

Hence &, has probability at most 4N/ +!exp (—)\]2475 2=t/ 802), which is less than 1/2j if ¢ >
6144.

Step 2. Define A;; as follows. Recall that P; C A;. For each a € Pj, construct A;,1, by
adjoining N~U+D P to Bj 1 2(a) With z(a) chosen as in Step 1, then subtract a matching number
of elements of Bj 1 ,(,) that are not in N=U+DP sothat N"U+HDP C A; g, and [Aj414) =t
Fora € A;\ Pj,welet Aji14 = Bji1 5(q)- We claim that

54541 (k) _ Z o—2mika SNf(Hl)[N](k)

(2.14) iR PN

< 2ct~ U2 I (§NIHDY,
a€Aj
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Sa;nr (F) “omika ON-G+0 vy (K) —(j+1)/2 j4+1
a j Y

To see this, first let f~1j+1 = UaeAj Bji1,2(a)- Then by (2.12)

J+1 _ —omika Z“N~UHD[N] _ |4—J .
111 ZGA ¢ N = ;A Xa(k)| <Ay
acay ac iy

Since A; 1 differs from A, by at most tU+1)/2 elements, we have

SA~j‘4»1<k) B SA]-‘H(k) < —G+D/2.
ti+1 ti+1 —

and (2.14) follows.
Similarly, by (2.13)

Si op (k) Sy (k) _
+1NFe —2mika P N_UTDIN] N
]w#_ Z e matj—N_tJ Z Xa(k)
aEAjﬂFg aEAjﬂFg
< t_é/Z)\j’g ot~ In(SN7+1)

Since A;1 N F} differs from Aj+1 N F, by at most t7+1)/2 elements, the left side again differs from
the left side of (2.15) by at most t~(7+1)/2 5o that (2.15) follows.

Step 3. We will first show that (2.14) implies (2.10). We have

. . a+N7j .
wi(k) = N7t/ Z / e~ 2k gy
a

aEAj
1 — e~ 2mik/NT

= ominng LSk

11— e~ 2mik/NI+! - Z o—2mika Sn-Giy (k)

- 2mik/Nit1 N ’

CLEA]'

and

- 1 _6—27rik/Nj+1 i

frjr1(k) = 2mik /NI+1 Ut )SAj+1(k)
Therefore,

1— e—27rik/Nj+1

2mik /NI+1

Saza8) _ 5~ oamia Swtog®)

‘/ﬂl (k) - ﬁ;(k)’ = i1 N

acA;
1— 6727Tl'k/Nj+1

< 9ct=U+D/2 (8 NI +2 .
= 2 N | N

Estimating the last factor by min(1, N7+ /x|k

), we get (2.10).
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Next, we show (2.15) implies (2.11). Let £ € {1,--- ,j}. We have

1— e—27r7Lk/Nijl 1

fzd:u](k) = 27TZ]<3/N~]+1 tiN Z 6_27rikaSN*(j+1)[N](k)
aGAjﬂFg

and

1— e—27rik/Nj+1
2mik /NI+1

Then (2.11) follows as above, using (2.15) instead of (2.14).

Fedp (k) = 0S4 nm (R).

O

Lemma 9 (cf. [9], Lemma 6.5). Assume that ng is large enough. For every 0 < < «, there is a
constant C'(nof3) such that

+1
me ( 7 ) = UFD21n(8NIHL) < C(no, B) k|72
forallk € Z, k # 0.

Proof. Split the sum as Z In [&] + Z k| and estimate each term separately. For details, see the
proof of Lemma 6.5 of [9] U

We can now conclude the proof of Proposition 5. Since j1; converges to u weakly, fi; converges to
[ pointwise. Hence

(k)| < [p (k)| + Z g1 (k) — By (k).

The sum is bounded by C/(ng, 8)|k|~?/2, by Lemmas 8 and 9, and we have

1— 672m'k/N 1

. o C(no)
- = 2miak < ]
i (k)] omik/N  t DL = k|
acAq

This proves (2.3).
To prove (2.4), we first note the inequality

_ o—2mik/N" Nh=h Nhe—2/2

216)  [Fedun(k)| = it Sannm ()| <

Then (2.4) is immediate in case j = £. If j > £, we write
—_— —_— — —_— ]_ — —_—
| Fedpy (k)] < [ Fedpe(R)| + | fedpper (k) = Fedpe(R) + Y | fedpira (k) — fodpa(F).
i=l+1

Lemmas 8 and 9 imply the sum is bounded by C(ng, 3)|k|~?/2. For the remaining terms, we use
(2.16).

0
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3. THE ESTIMATES ON f

We start with the easy part.

Lemma 10. Forall 1 < g < oo, we have HngLq (dp) w(Fy) =t=/2,

Theorem 2 will follow from this and Proposition 11 below.

Proposition 11. Fix r € N with r > é and assume that ng is large enough (depending on r). Let
1 < p < 2r. Then for all { sufficiently large we have

G- HfzduHL P(R) C(T)m'

Proof of Theorems 2 and 3, given Proposition 11. Fix r large enough so that » > 1/« and 2r >
q(2—a)
a(g—1)

Applying Proposition 11, we see that (3.1) holds for all p as in (1.7). Hence

fod, ¢, —0—1\ 1/p
Wfedillir o oy (NN g
| fell La(dp) H(p+1)/2

After some algebra, this is seen to go to infinity provided that (1.7) holds and that ng is large enough
depending on p.

It remains to prove Proposition 11. This will occupy the rest of this section, and will be done in
several steps. If Y C R is a finite set and r € N, we will write

My = +# {(Gh csag) €Y a = E?;r—i-l ai}
Lemma 12. For every j,¢,r € N such that j > ¢,

r\ J—¢
(3.2) Mpoa, > - 1y(2r=1)¢/2 <tN> ‘

Proof. Throughout the proof, the parameters j, ¢ will be kept fixed. Let

Y =AjnE, |Y|=t/2"
and

Z={a1+---+a: ay,...,ar €Y}
We claim that
(3.3) 1Z) < (rt'/?)ErNITE,
Indeed, each y € Y has a unique digit representation
¢
y = Z y R Nk gy (D) =i
k=1

where y*) € Pfork =1,...,¢and y“+t1) € [N7~¢]. We may assume that P = {z, z+d, ...,z +
(t'/2 —1)d}. Then each z € Z can be written (not necessarily uniquely) as

L
z = Z ZFINTF 4 ) N
k=1
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where 2(“*1) € {0,1,...,r(N7~¢ — 1)} and
M e P = {ra,rz+d,... re+rtY? - 1)d}
fork =1,...,0. Since |{0,1,...,r(N7=¢ = 1)} < rN7~and |P'| < rt'/2, (3.3) follows.
We now prove (3.2). For z € N~77Z, let
9(z) =#{(yr,- .- u) €Y 3y = 2}

Then [lgll2 = [Y]". gl = My, and g is supported on Z. By Holder's inequality, [|g[ls <
lglle2 Z[*/2, so that

2 2/245—0\2r
My > gl N (#2)?
|Z] (rtl/Q)E rNi—¢
as claimed.

The next lemma is Lemma 9.A.4 of [18]. We will use it in the proof of Lemma 14.

Lemma 13. Let m be a measure on the torus T = R/7Z, and let ¢ be a Schwartz function on R.
Define a measure m’ on R by

dm’(z) = ¢(z)dm({z}),
where {x} is the fractional part of x. Then for all § € R,
m!(€) = ) im(k)p(¢ — k).
keZ
Moreover, if there are C > 0 and o > 0 such that

|m (k)| < C(1+ k)™ forallk € Z,
then there is a C' > 0 such that

|T/n\/(f)| <C'(1+ €)™ forall € € R.

Lemma 14. Let £,r € N withr > é Then

—— |27 Nz/rfzfl
(3.4) | e, o, = O e
where
—o° (sin(mz)\ "
Coyr :/ ( > dx € (0,00).
o T

Proof. By Proposition 5, for every 0 < 8 < o we have
|fedu; (k)| < Clk|=7/2
fork € Z\ {0} and j > ¢. By Lemma 13, this inequality extends to
ey ()] < I~
for |¢] > L and j > ¢. Fix 8 € (0, ) such thatr > 1/8 > 1/a, and let g(¢) := min (1, C|¢|~%/2).

Assume C > 1 without loss of generality. We have ‘f/gc-iu\]‘ < gand g € L*"(R). By a straight-
forward application of the portmanteau theorem on the weak convergence of measures (cf. [2]),
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the fact that ;4; — p weakly implies we have w — Ed\,u, pointwise. So, by the dominated
/\H2 — ‘ fody o Therefore, it will suffice to prove that
T T

Hfzdﬂg

convergence theorem,

NZT—Z

= Car H(2r+1)/2

for j > ¢.

By (2.2) we have
fgd,uj = t_JN] Z Z l[a,a—‘y—N*j]dl‘

bEP; ac A;N[b,b+N—¢]

so that
1— —27r7,§/N3

w( ¢) = N 4 Z Z o —2miag

bePp ac A;N[b,b+N—¢]
e iE/N sinc(¢/N7) t7 Z e~ 2miat,

aEFgﬂA]'
where sinc(z) = sin(nx)/(mwx). Therefore
2r
—|2r opi o0 9 . i
Hfgd,uj =t ”/ sinc”" (§/N7) Z e~ 2mias) e
2r o0
aEFgﬂA]'
) 2r
NI [ o
= o / sinc?" (1) Z e 2man|  dn
- a€NI(FyNA;)
NI [ omin ST _
_ tQW/ SlnCZT(T]) Z e 2min Yy, 1 (an—anir)
> a1,...,a27’€Nj(F[ﬂAj)
NI — [ <
= 57 Z sinc?" (Z(an — an+r)> .
al,...,azTENj(FgﬁAj) n=1
But
-/7 2r
sinc”’ = *;_ 1smc—>i<Z 11[ 1/2,1/2) = 0.
So
|| 2r J /\
erd/lj . > o sinc” "(0)Myi(r,na,)-
Appealing to Lemma 12 completes the proof. U

We can now prove Proposition 11.

Proof of Proposition 11. Fix r € N so that r > 1/a. By Lemma 14, (3.1) holds with p = 2r,
provided that ng is large enough. It suffices to prove that it also holds for all p such that 1 < p < 2r.

Let ¢ be a function in L>°(R), then for 1 < p < 2r we have

163 = / 62 = / 6P 167 < 18|12 61120,
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We apply this with ¢ = f,dji. We have Hﬁd\,uHoo < p(Fy) = t~4/2, so that
Nfrfﬁfl Nﬁrfffl

L (44/2\2r—p __
H(2r+1)/2 () p_CtK(erl)/?

| fedplly, > C
as claimed.
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