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ABSTRACT. It is well known that if a finite set A C Z tiles the integers by translations,
then the translation set must be periodic, so that the tiling is equivalent to a factorization
A® B = Zy; of a finite cyclic group. We are interested in characterizing all finite sets A C Z
that have this property. Coven and Meyerowitz [3] proposed conditions (T1), (T2) that are
sufficient for A to tile, and necessary when the cardinality of A has at most two distinct
prime factors. They also proved that (T1) holds for all finite tiles, regardless of size. It
is not known whether (T2) must hold for all tilings with no restrictions on the number of
prime factors of |A].

We prove that the Coven-Meyerowitz tiling condition (T2) holds for all integer tilings of
period M = (p;p;pr)?, where p;,p;, pi are distinct odd primes. The proof also provides a
classification of all such tilings.
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1. INTRODUCTION

We say that a set A C Z tiles the integers by translations if there is a set T' C Z such that
every integer n can be represented uniquely as n = a+1¢ with a € A and ¢t € T. Throughout
this article, we assume that A is finite. It is well known (see [34]) that any tiling of Z by
a finite set A must be periodic, i.e. T = B @& MZ for some finite set B C Z such that
|A||B| = M. Equivalently, A @ B is a factorization of the cyclic group Zy;.

We are interested in determining which finite sets A C 7Z have this property, and, in
particular, in a characterization proposed by Coven and Meyerowitz [3]. In order to state
their conditions, we need to introduce some notation. By translational invariance, we may
assume that A, B C {0,1,...} and that 0 € AN B. The characteristic polynomials (also
known as mask polynomials) of A and B are

AX) =) X Bx)=>_ X"

Then the tiling condition A @ B = Z,, is equivalent to
(1.1) AX)B(X)=1+ X+ + XM mod (XM —1).

Let ®4(X) be the s-th cyclotomic polynomial, i.e., the unique monic, irreducible poly-
nomial whose roots are the primitive s-th roots of unity. Alternatively, ®, can be defined
inductively via the identity

(1.2) X" —1=][e.X).

sln
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In particular, (1.1) is equivalent to
(1.3) |A||B] = M and ®4(X) | A(X)B(X) for all s|M, s # 1.

Since @4 are irreducible, each ®4(X) with s|M must divide at least one of A(X) and B(X).
The following result is due to Coven and Meyerowitz [3].

Theorem 1.1. [3] Let S4 be the set of prime powers p* such that ®pe(X) divides A(X).
Consider the following conditions.

(TJ) A(l) = HsESA (1)5(1)7
(T2) if s1,...,sk € Sa are powers of different primes, then O, (X) divides A(X).

Then:

o if A satisfies (T1), (T2), then A tiles Z;
o if A tiles Z then (T1) holds;
o if A tiles Z and |A| has at most two distinct prime factors, then (T2) holds.

While (T1) is relatively easy to prove, (T2) turns out to be much deeper and more difficult.
Coven and Meyerowitz [3] proved that if A satisfies (T2), then A @ B® = Zy;, where M =
lem(S,4) and B’ is an explicit, highly structured “standard” tiling complement (defined
here in Section 2.4). We prove in [24] that having a tiling complement of this type is in
fact equivalent to (T2). In this formulation, (T2) bears some resemblance to questions on
replacement of factors in theory of factorizations of abelian groups (see [44] for an overview
of the latter).

The proof of Theorem 1.1 in [3] is based on an inductive argument. Coven and Meyerowitz
use a theorem of Tijdeman [47] to prove that if A tiles the integers, then it also tiles Zy,
for some M which has the same prime factors as |A|. Hence, if |A] has at most two distinct
prime factors, we may assume that so does M. The authors then use Sands’s theorem [37],
which states that, in any tiling A @ B = Z,; with M divisible by at most 2 primes, at least
one of A and B must be contained in pZy; for some prime p|M. Coven and Meyerowitz
use this to decompose the given tiling into tilings of smaller groups while keeping track of
the (T2) property. We also note that if |A| is a prime power, then the Coven-Meyerowitz
characterization simplifies further since (T2) is vacuous; in this case, the result had been
proved earlier by Newman [34].

The Coven-Meyerowitz proof does not extend to the general case. Sands’s factor replace-
ment theorem is false if M has three or more prime factors, with counterexamples in [43],
[25]. On the other hand, we prove in [24, Corollary 6.2] (using a relatively minor modification
of the argument in [3]) that if A® B = Zj, and if |A| and |B| share at most two distinct
prime factors, then both A and B satisfy (T2). (See also [46], [39].) Thus the simplest case
that is not covered by these methods is when |A| = |B| = p;p;pk, where p;, p;, pi, are distinct
primes.

Our main result is the following theorem.

Theorem 1.2. Let M = p;ppi, where p;,p;,pr are distinct odd primes. Assume that
A® B =Zy, with |A| = |B| = pipjpx. Then both A and B satisfy (T2).

We also obtain a classification of all tilings A @ B = Z,;, where M = p?p?p%. Our main
results in that regard are Theorems 3.1 and 3.2. Since those theorems require some notation
and definitions, we postpone their statements until Section 3.
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The proof of Theorem 1.2 relies on the methods and concepts introduced in [24]. In order
to keep this article reasonably self-contained modulo results that can be used as black boxes,
we provide a summary of the concepts and results that we will need here, specialized to
the 3-prime setting, in Section 2. We then state our classification results in Section 3.1. In
Section 3.2, we discuss our strategy and the main new ideas of the proof. The rest of the
paper is devoted to the proof of Theorems 1.2, 3.1, and 3.2.

Since [3], there has been essentially no progress on proving (T2), except for a few special
cases that either assume particular structure of the tiling (see [22], [4]) or are covered by
the methods of [3] as in [24, Corollary 6.2] (see [46], [39]). However, there has been recent
work on other questions related to tiling. For instance, Bhattacharya [1] has established the
periodic tiling conjecture in Z?, with a quantitative version due to Greenfeld and Tao [13].
There has also been interesting work on tilings of the real line by a function (see [19] for a
survey and some open questions).

The Coven-Meyerowitz tiling conditions have implications for the ongoing work on Fu-
glede’s spectral set conjecture [10]. Fuglede conjectured that a set Q@ C R™ of positive
n-dimensional Lebesgue measure tiles R™ by translations if and only if it is spectral, in the
sense that the space L?(Q2) admits an orthogonal basis of exponential functions. While the
conjecture has been disproved in its full generality in dimensions 3 and higher [45], [20], [21],
8], [33], [9], significant connections between tiling and spectrality do exist (see [5] for an
overview of the problem in dimension 1), and there is a large body of work investigating
such connections from many points of view. In higher dimensions, the conjecture has been
proved for convex sets in R™, by losevich, Katz and Tao [14] for n = 2, Greenfeld and Lev
[12] for n = 3, and by Lev and Matolsci [29] for general n. There have been many recent
results on special cases of the finite abelian group analogue of the conjecture [15], [31], [6],
[16], [17], [18], [30], [39], [40], [41], [7].

If (T2) could be proved for all finite integer tiles, this would imply the “tiling implies
spectrum” part of Fuglede’s spectral set conjecture for all compact tiles in dimension 1, as
well as for all cyclic groups Zy,. This follows from the results of [26], [27], [23]. Proving
(T2) for specific tiling problems does not resolve the full conjecture, but it does imply that
the conjecture holds in those settings. In that regard, our Theorem 1.2 combined with [23,
Theorem 1.5] and [24, Corollary 6.2] has the following immediate corollary.

Corollary 1.3. Let M = pipip;.
(i) The “tiling implies spectrum” part of Fuglede’s spectral set conjecture holds for the
cyclic group Zyr. In other words, if A C Zyy tiles Zyy by translations, then it is spectral.

(i) Let A C Z be a finite set such that A mod M tiles Zyy, and let F = |J,c4a, a4 1], so
that F' tiles R by translations. Then F' is spectral.

Indeed, let M and A be as in Corollary 1.3. If |A| # p;p;pk, then both A and B satisfy (T2)
by [24, Corollary 6.2]. If on the other hand |A| = p;p;pk, then both A and B satisfy (T2)
by Theorem 1.2. In both cases, spectrality follows from [23, Theorem 1.5]. (While Theorem
1.5 in [23] is stated for unions of finite intervals as in (ii), the same argument applies in the
finite group setting. See e.g. [5].)

2. NOTATION AND PRELIMINARIES

This section summarizes the relevant definitions and results of [24], specialized to the
3-prime case. All material due to other authors is indicated explicitly as such.
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2.1. Multisets and mask polynomials. Throughout this paper, we will assume that M =
p?"p?jpzk, where p;, p;, pi are distinct primes and n;, n;,ny € N. The indices {7, j, k} can be
thought of as a permutation of {1,2,3}; however, we will always use i, j, k for this purpose,
freeing up numerical subscripts for other uses. While the full proof of Theorem 1.2 requires
that n; = n; = n, = 2 and that p;, p;, pr # 2, many of our intermediate results are valid
under weaker assumptions as indicated.

We will always work in either Zj, or in Zy for some N|M. We use A(X), B(X), etc.
to denote polynomials modulo X™ — 1 with integer coefficients. Each such polynomial
A(X) = 3 ez, wala)X® is associated with a weighted multiset in Z,s, which we will also
denote by A, with weights w,(z) assigned to each = € Zjy. (If the coefficient of X* in
A(X) is 0, we set wa(x) = 0.) In particular, if A has {0,1} coefficients, then w, is the
characteristic function of a set A C Zy,. We will use M(Zys) to denote the family of all
weighted multisets in Z);, and reserve the notation A C Z,; for sets.

If N|M, then any A € M(Zy;) induces a weighted multiset A mod N in Zy, with the
corresponding mask polynomial A(X) mod (X¥ — 1) and induced weights

(2.1) wh (z) = > wa(z'), = € ZLy.
x'€Z 2’ =x mod N
We will continue to write A and A(X) for A mod N and A(X) mod X" — 1, respectively,
while working in Zy.
If A, B € M(Zy), we will use A+ B to indicate the weighted multiset corresponding to
the mask polynomial (A + B)(X) = A(X) + B(X), with the weight function wayp(z) =
wa(x) +wpg(x). We use the convolution notation A *x B to denote the weighted sumset of A

and B, so that (A% B)(X) = A(X)B(X) and

wasp(z) = (wa * wp)(z) = Z wa(z — y)ws(y).
YELM
If one of the sets is a singleton, say A = {x}, we will simplify the notation and write

x* B = {x} * B. The direct sum notation A & B is reserved for tilings, i.e., A® B = Zy,
means that A, B C Zy; are both sets and A(X)B(X) = X;I__ll mod XM —1. We will not use
derivatives of polynomials in this paper, hence notation such as A’; A”, etc., will be used to

denote auxiliary multisets and polynomials rather than derivatives.

2.2. Array coordinates and geometric representation. For v € {i, j, k}, define M, :=
M/py” =1,z Pi=. Then each x € Zy can be written uniquely as

r = Z T ()M, m,(x) € Ly,
ve{i,j,k}
This sets up an isomorphism Zy; = Z,n: @ anj &) Zka, and identifies each element x € Z,,
* J

with an element of a 3-dimensional lattice with coordinates (m;(x), 7j(x), mx(x)). The tiling
A @ B = Zj; can then be interpreted as a tiling of that lattice.
For D|M, a D-grid in Z; is a set of the form

Az, D) :=2+ DZy = {2’ € Zp;: D|(x —2')}

for some x € Zjy;. A few special cases have a geometric interpretation of interest. A line
through x € Z); in the p, direction is the set ¢, (z) := A(x, M,,), and a plane through = € Zy,
perpendicular to the p, direction, on the scale M, p%, is the set II(z,p%) := A(x, p¥).
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An M-fiber in the p, direction is a set of the form x * F,,, where x € Z,; and

(2.2) F,={0,M/p,,2M/p,,...,(p, —1)M/p,}.
Thus x* F, = Az, M/p,). A set A C Zy; is M-fibered in the p, direction if there is a subset
A’ C A such that A=A xF,.
If N =p} pj pk is a divisor of M, with 0 < o, < n,,, we let
D(N) := p, p]%pzk, where 7, = max(0, o, — 1) for v € {i, 5, k}.
We will also write N, = M/p, for v € {i, j, k}.

2.3. Divisor set and divisor exclusion. For N|M and A C Z,;, we define
(2.3) Divy(A) :={(a—d,N): a,d’ € A}

When N = M, we will omit the subscript and write Div(A) = Div,/(A). Informally, we will
refer to the elements of Div(A) as the divisors of A or differences in A. A theorem due to
Sands [37] states that A@® B = Z, if and only if A, B C Z,, are sets such that |A| |B| =
and

(2.4) Div(A) N Div(B) = {M}.

We will refer to this as divisor exclusion.

In cases when we need to indicate where a particular divisor of A must occur, we will use
the following notation for localized divisor sets. If A, Ay, Ay C Zy and ag € Zyy, we will
write

DiVN(Al,A2> = {(a1 — CLQ,N) Dag € Al,ag c Ag},
DiVN<A,CL0) = DiVN(ao,A) = DiVN(A, {a0}> = {(a — Qo, N) Tac A}

For example, if A ® B = Z);, we will often need to consider Div(A;, As), where A; and A,
are restrictions of A to geometric structures such as planes or lines.

(2.5)

2.4. Standard tiling complements. Suppose that A & B = Z,,, and let
A (A) ={a, € {1,2,...,n,} : Do (X)AX)}
The standard tiling complement A® is defined via its mask polynomial

(2.6) = 11 1II (1+XM"P3"71+---+X(”"‘1>Mﬂ’3”’l>.
ve{i,j,k} ar €A, (A)

M/p?}
~
}M/p? Ab °
B° e
s JMjpi anp
POPP4
M/p;
FIGURE 1. The standard sets A°, B’ C Zp3p§

with p; = 3,p; =5 and (I)plzq)p?]A, d,,®,,|B.



THE COVEN-MEYEROWITZ TILING CONDITIONS FOR 3 ODD PRIME FACTORS 7

Then A°(X) satisfies (T2) and has the same prime power cyclotomic divisors as A(X).
For each prime power s|M, ®, divides exactly one of A and B [3], hence A” is also uniquely
determined by M and B. Coven and Meyerowitz proved in [3] that if a finite tile satisfies
(T2), it has a standard tiling complement. We prove the converse in [24].

Proposition 2.1. Let A® B = Zy;. Then A* ® B = Zyy if and only if B satisfies (T2).
We say that the tilings A @ B = Zjy; and A’ & B = Zy; are T2-equivalent if
(2.7) A satisfies (T2) < A’ satisfies (T2).

Since A and A’ tile the same group Z,; with the same tiling complement B, they must
have the same cardinality and the same prime power cyclotomic divisors. We will sometimes
say simply that A is T2-equivalent to A’ if both M and B are clear from context. Usually,
A" will derived from A using certain permitted manipulations such as fiber shifts (Lemma
2.9). In particular, if we can prove that either A or B in a given tiling is T2-equivalent to a
standard tiling complement, this resolves the problem completely in that case.

Corollary 2.2. Suppose that the tiling A® B = Zy; is T2-equivalent to the tiling A’ ® B =
Zyr. Then A and B satisfy (T2).

2.5. Box product. Let A C Zy; and N|M. For x € Z;, define

ANz =#{ac A: (v —a,N)=m}.
We may think of AY[x], with z fixed and m ranging over the divisors of N, as the entries
of the N-box AN[z] = (Al [2])mn [24]. If N = M, we will usually omit the superscript and

write AM[x] = Ay, [z]. If C' C Zy, we write AY[C) :=>" o Al [c]. Furthermore, if X C Zy,
and x € Zy;, define

ANz|X]=#{a € ANX: (v —a,N)=m}.
If A, B C Zy;, we define the box product of the associated M-boxes as

1
2.8 Alx],Bly]) = — A, 2] B, |y].
(28) (Bl Bl) = 32 Sy Al Bl
Here ¢ is the Euler totient function: if n = HLL:1 q]*, where q1, ..., qr are distinct primes and

r, € N, then ¢(n) = HLL:1(QL —1)gm L.

Theorem 2.3. ([24]; following [11, Theorem 1]) If A® B = Zy is a tiling, then
(2.9) (AM[z],BY[y]) =1 Va,y € Zy.

2.6. Cuboids.

Definition 2.4. (i) A cuboid type T on Zy is an ordered triple T = (N, 5, T), where:
o N = Hue{z‘,j,k} P = is a divisor of M, with 0 < o, < n,, for each v,
e = (04,65, 0k), with 0 < 0, <ny, — ),
e the template T' is a nonempty subset of Zy .

(ii) A cuboid A of type T is a weighted multiset corresponding to a mask polynomial of
the form

(2.10) AX) =X T -x%),

vey
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where § = Jz = {v : 6, # 0}, and c,d, are elements of Zy such that (d,,N) = N/pl for
v € {i,j,k}. The vertices of A are the points

(2.11) =c+ Zey Ly €= (6,)pey € {0, 1111,

veJ
with weights wa(xe) = (—1)Zves
(11i) Let A € M(Zy), and let A be a cuboid of type T. Define
ATIAl = AN[A«T] = > wal(a)AN[ze*T),

€e{0,1}*

where we recall that x « T = {x +t: t € T}, so that
AN.zL'e*T ZANQ:E—I—t

teT

For consistency, we will also write A7 [z] = AY[x % T] for x € Zyy.

An important special case is as follows: for N|M, an N-cuboid is a cuboid of type T =
(N,6,T), where N|M, T(X) = 1, and 6, = 1 for all v such that p,|N. Thus, N-cuboids
have the form

(2.12) AX) =X J[@-Xx%),

pv|N

with (d,, N) = N/p, for all v such that p,|N. We reserve the term “N-cuboid”, without
cuboid type explicitly indicated, to refer to cuboids as in (2.12); for cuboids of any other
type, we will always specify 7.

Cuboids provide useful criteria to determine cyclotomic divisibility properties of mask
polynomials. We say that a multiset A € M(Zyy) is T -null if for every cuboid A of type T,

(2.13) AT[A] = 0.

For A € M(Zy), we have ®y(X)|A(X) if and only if ANV[A] = 0 for every N-cuboid
A. This has been known and used previously in the literature, see e.g. [42, Section 3], or
[16, Section 3]. In particular, for any N|M, ®y divides A if and only if it divides the mask
polynomial of AN A(z, D(N)) for every x € Zy,.

More generally, if for every m|N the polynomial ®,,(X) divides at least one of A(X),
T(X), or A(X) for every A of type T(N, 5, T), then A is T-null. We use such cuboid types
to test for divisibility by combinations of cyclotomic polynomials. For example, we have the
following.

e Assume that n; > 2, and let 7 = (M, 5: 1), with §; =2 and 0; = 6 = 1. Then
A< Ais T-null.

Py Paryp;
e Assume that n; = 2, and let 7 = (M, 5: T), where §; =0, §; = 0, = 1, and

XM/pi -1
T(X) = i — =

If 3 ®p)2|A, then A is T-null.

— 14 XMPE L XM/
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2.7. Tiling reductions. The general formulations of the tiling reductions below are pro-
vided in Theorems 6.1, 6.5, and Corollary 6.6 in [24]. The additional assumption that p, || | B]
in Theorem 2.5 ensures that in any tiling A’ ® B’ = Zy, with |A’| = |A] and |B'| = |B|/p.,
|A’| and |B’| have only two common factors. Hence the assumption (ii) of [24, Theorem
6.1] is satisfied by [24, Corollary 6.2], and we deduce that A and B both satisfy (T2). The
assumption that p, || |A| in Corollary 2.7 serves the same purpose.

Theorem 2.5. (Subgroup reduction) [3, Lemma 2.5] Let M = p?ip?jpzk. Assume that
A® B =7y, and that A C p,Zy for some v € {i,j,k} such that p, || |B|. Then A and B
satisfy (T2).

Theorem 2.6. Assume that A® B = Zy and $,pv|A for some v € {i,j,k}. Define
(2.14) A, ={a€A: 0<7,(a) <p ' =1}
Then the following are equivalent:

(i) For any translate A" of A we have A, © B = Zyp,,.
(i1) For every d such that pl»|d|M, at least one of the following holds:

(2.15) Dy|A,

(2.16) B4, Djp - © gy | B.

Corollary 2.7. (Slab reduction) Let M = p?ip?jpzk. Assume that A @& B = Zy, and
that there exists a v € {i, j, k} such that ®,2|A, p, || |Al, and A, B obey the condition (ii) of
Theorem 2.6. (In particular, this holds if A is M-fibered in one of the p;,p;, p directions.)
Then A and B satisfy (T2).

2.8. Saturating sets. Let A® B = Zy;, and x,y € Zy;. Define
Ay ={acA: (x—a,M)=(y—0b,M) for some b € B},

A, ={a€A:(x—a,M) e Div(B)} = U Asyp.
beB
We will refer to A, as the saturating set for x. The sets B, , and B, are defined similarly,
with A and B interchanged.
By divisor exclusion, A, = {a} for all a € A. For z € Zy \ A, saturating spaces are
more robust, but are still subject to geometric constraints based on divisor exclusion. For
x,z" € Zys such that (z — 2/, M) = p?”p?jpg’“, with 0 < o, < n,,, define

Span(z, z') = U (z, p2v ),
(217) vio <ny

Bispan(x, z') = Span(z, 2) U Span(z’, ).

Then for any x,2’,y € Zy;, we have

(2.18) Ay y C Ay U Bispan(z, o),
and in particular,
(2.19) A, C m Bispan(z, a).

acA
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For example, if x € Z), \ A satisfies (x — a, M) = M/p; for some a € A, then
A, C Bispan(xz,a) = I(x, p"*) UT(a, p").

In the sequel, whenever we evaluate saturating sets, we will always start with geometric
restrictions based on (2.19).

2.9. Fibers and cofibered structures. The following is a simplified version of the defi-
nitions and results of [24, Section 8], restricted to M = pipip;. Most of this article can be
read with just these definitions, if the reader is willing to substitute n; = n; = n; = 2 in all
arguments. On those few occasions when the more general versions are necessary even in
that case, we have to refer the reader to [24, Section 8.

Let N|M, c € N, and v € {3, j,k}. An N-fiber in the p, direction with multiplicity c is a
set F' C Zy; such that F' mod N has the mask polynomial

F(X) = X1+ XNree ¢ X2Npe oo X0 DNy od (XY — 1)

for some a € Zj;. We will say sometimes that F' passes through a, or is rooted at a. A set
A C Zy; is N-fibered in the p, direction if it can be written as a union of disjoint N-fibers
in the p, direction, all with the same multiplicity.

Fiber chains in the p, direction are translates of sets that tile (M /pY)Zy; for some ~ with
1 <~v<n; For M = p?p?pi, the only fiber chains of interest that are not fibers on some

scale are multisets F' with mask polynomials
F(X)=cX%(14+ XM 4 XMoo X0DMy ) e £ 5 k) a € Zy, ¢ €N

If I C Z), is an M-fiber in the p, direction, we say that an element x € Z,, is at distance
m from F' if m|M is the maximal divisor such that (z — z, M) = m for some z € F. It is
easy to see that such m exists.

Let A® B = Zj; be a tiling. We will often be interested in finding “complementary” fibers
and fibered structures in A and B, in the following sense.

Definition 2.8 (Cofibers and cofibered structures). Let A, B C Zy;, with M = p;p3p},
and let v € {i,7,k}.

(i) We say that FF C A,G C B are (1,2)-cofibers in the p, direction if F' is an M-fiber
and G is an M /p,-fiber, both in the p, direction.

(i) We say that the pair (A, B) has a (1,2)-cofibered structure in the p, direction if
e B is M/p,-fibered in the p, direction,

o A contains at least one “complementary” M-fiber F C A in the p, direction, which
we will call a cofiber for this structure.

The advantage of cofibered structure is that it permits fiber shifts as described below. In
many cases, we will be able to use this to reduce the given tiling to a simpler one.

Lemma 2.9 (Fiber-Shifting Lemma). Let A ® B = Zy;. Assume that the pair (A, B)
has a (1,2)-cofibered structure, with a cofiber I C A. Let A’ be the set obtained from A by
shifting F to a point x € Zy at a distance M/p? from it. Then A’ & B = Zy;, and A is
T2-equivalent to A'.

In order to identify cofibered structures in (A, B), we will use saturating sets, via the
following lemma.
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Lemma 2.10. Assume that A ® B = Zy; is a tiling, with M = p?p?p%. Suppose that
x€Zy\A, be B, M/p, € Div(A), and A, C {,(x) for some v € {i,j,k} and b € B.
Then

(2.20) A%/p% MB%/pg [b] = ¢(p).

with the product saturated by a (1,2)-cofiber pair (F,G) such that F C A is at distance M /p?
from x and G C B is rooted at b. In particular, if A, C 0,(x), then the pair (A, B) has a
(1,2)-cofibered structure.

3. CLASSIFICATION RESULTS

3.1. Classification results. We are now ready to state our classification results and provide
a more detailed outline of the proof. Let A @® B = Zj;, where M = p?ip?jpzk. By (1.3), we
have ®,(X) | A(X)B(X) for all s|M such that s # 1. In particular, ®,; divides at least one
of A(X) and B(X). Without loss of generality, we may assume that ®,,|A.

We have ®,,]A if and only if &y, divides AN A(x, D(M)) for every x € Zjys (see Section
2.6). This implies structure results for restrictions of A to such grids. Let A := A(a, D(M))
for some a € A, so that ANA is nonempty. It is easy to see that ®,|F, for each v € {1, 5, k}.
By the classic results on vanishing sums of roots of unity [2], [35], [36], [38], [32], [28], P
divides A N A if and only if

(ANAX) = > QX)FE(X),
ved{i,j,k}

where Q;, Q);, Qy are polynomials with integer coefficients depending on both A and A.

A particularly simple case occurs when A(X) = Q,(X)F,(X) for a single v € {1, j, k}, so
that A is fibered on all D(M) grids in the same direction. However, much more complicated
structures are also possible. For instance, A N A may be M-fibered in different directions
on different D(M) grids A, or there may exist a D(M) grid A such that A N A contains
nonintersecting M-fibers in two or three different directions. An additional issue is that the
polynomials @);, Q);, @y are not required to have nonnegative coefficients. In such cases, there
may be points a € A such that a x F,, ¢ A for any v, due to cancellations between M-fibers
in different directions.

Our classification results, and our proof of (T2), split into cases according to the fibering
properties of A. Theorems 3.1 and 3.2 summarize our main findings in the unfibered and
fibered case, respectively.

Theorem 3.1. Let A® B = Zy;, where M = pip3p;, is odd. Assume that |A| = |B| = pip;pr,
| A, and there exists a D(M) grid A such that AN A is nonempty and is not M-fibered in
any direction. Assume further, without loss of generality, that 0 € A. Then A® = A, and the
tiling A ® B = Zy; is T2-equivalent to N ® B = Zy; via fiber shifts. By Corollary 2.2, both

A and B satisfy (T2).
Theorem 3.2. Let A® B = Zy;, where M = p;pip;, is odd. Assume that |A] = |B| = pip;px,

DA, and that for every a € A, the set ANA(a, D(M)) is M -fibered in at least one direction
(possibly depending on a).

(I) Suppose that there exists an element ag € A such that
(3.1) apx F, C A Yv e {i,jk}.
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Then the tiling A ® B = Zy; is T2-equivalent to A & B = Zy; via fiber shifts, where A :=
A(ag, D(M)). By Corollary 2.2, both A and B satisfy (T2).

(IT) Assume that (3.1) does not hold for any ag € A. Then at least one of the following
holds.

e AC1l(a,p,) for somea € A andv € {i,j,k}. By Theorem 2.5, both A and B satisfy
(T2).

o There exists a v € {i,j,k} such that (possibly after interchanging A and B) the
conditions of Theorem 2.6 are satisfied in the p, direction. By Corollary 2.7, both A
and B satisfy (T2).

A more detailed breakdown of the case (II) of Theorem 3.2 is provided in Theorem 9.1.

3.2. Outline of the proof. In the rest of this section, we provide an outline of the proof
of Theorems 3.1 and 3.2. We assume that A ® B = Zy;, where M = p;pip; is odd, |A| =
|B| = pipjpk, and ®p|A. Some of our arguments apply to tilings with more general M. In
order to be able to sketch the main ideas without interruptions, we postpone the discussion
of such extensions until the end of this section.

We begin with general arguments that are needed in both fibered and unfibered cases. In
Section 4, we develop technical tools we will use throughout the article. Lemma 4.1 is from
[24]; several of the other results in that section are specific to the 3-prime setting.

Assume first that ®j/|A and that there exists a D(M) grid A such that AN A is not
M-fibered in any direction. In Sections 5 and 6, we prove that A N A must then contain
at least one of two special structures, either diagonal boxes (Proposition 5.2) or an eztended
corner (Proposition 5.5). Large parts of the argument are combinatorial and apply to all
A C Zy such that ®)/]A; however, to get the full strength of our results, we need to use
saturating set techniques, hence the tiling assumption is necessary.

Some of our technical tools work only when all the “top differences” are divisors of A, i.e.,

(3.2) {m: D(M)|m|M} C Div(A).

We therefore must pay special attention to the cases where (3.2) fails. A classification of
such structures is provided in Section 6. This analysis is also needed in the fibered case
(Theorem 3.2) when fibering, or lack thereof, on lower scales must be considered.

We resolve diagonal boxes and extended corner structures in Sections 7 and 8, respectively.
In Theorem 7.1, we prove that if AN A contains diagonal boxes, then A is T2-equivalent to
either A (in which case we are done) or to another tile A’ containing an extended corner.
We then prove in Theorem 8.1 that if AN A contains an extended corner structure, then A
is T2-equivalent to A. Theorem 3.1 follows by combining Theorem 7.1 and Theorem 8.1.

The main idea of that part of the proof is that all such tilings can be obtained via fiber
shifts (Lemma 2.9) from the standard tiling

(3.3) A @ B =7y,

where A" = A(0,D(M)), and B’ is the standard tiling complement with ®,,®, ®,, |B".
Similar tilings were constructed by Szab6 ([43]; see also [25]). We prove that all tilings
satisfying the assumptions of Theorems 3.1 must in fact have this form. Starting with an
unfibered grid in the given tiling, and using saturating set methods, we are able to locate
the shifted fibers and shift them back into place, returning to (3.3). This proves (T2) and
provides full information about the structure of the tiling.



THE COVEN-MEYEROWITZ TILING CONDITIONS FOR 3 ODD PRIME FACTORS 13

In Section 9, we consider the fibered case. In the simple case when the entire set A is
M-fibered in the same direction, we can apply Corollary 2.7 and be done; however, it is
possible for A to be fibered in different directions on different D(M)-grids. The proof breaks
down into cases, according to how the fibers in different directions interact.

Suppose first that there exists an element ay € A such that (3.1) holds. This case turns
out to be similar to that of unfibered grids and is resolved by similar methods, ending in
T2-equivalence to (3.3).

Assume now that no such element exists. Our main intermediate result in this case is that,
in fact, only two fibering directions are allowed (see Theorem 9.1 for more details). This
breaks down further into cases according to fibering properties and cyclotomic divisibility,
with each case terminating in either the subgroup reduction (Theorem 2.5) or slab reduction
(Theorem 2.6 and Corollary 2.7).

While our final result is restricted to the case when M = p?p?pi is odd, many of our
methods and intermediate results apply under weaker assumptions. Whenever a significant
part of the argument can be run in a more general case with little or no additional effort, we
do so, assuming that M = p?ip?jpzk for more general n;, n;,n, > 2 and p;, p;, pr > 2. For
example, the classification of unfibered grids in Sections 5 and 6 allows all n, to be arbitrary
and M to be either odd or even. The resolution of the p; extended corner case in Section 8
works for both odd and even M, with n; > 2 arbitrary and with only a few additional lines
needed to accommodate the even case. On the other hand, the arguments in Section 9 are
limited to the odd M = p?p?pi case from the beginning.

Although we expect that the main conclusions should be the same in the even case, many
of our technical tools work differently when one of the primes is equal to 2. We would like
to draw the reader’s attention to the basic fibering argument in Lemma 4.9. This argument
does not work when p; = 2, and indeed, in Section 6 we provide examples of unfibered grids
in the even case where the fibering conclusions of the lemma fail. In particular, the unfibered
structures in Lemma 6.5 do not have a counterpart in the odd case. Additionally, with fewer
geometric restrictions coming from (2.19), saturating set arguments can be more difficult to
run.

The constraint n; = n; = n, = 2 is often needed in arguments based on divisor exclusion.
For example, while (2.19) provides geometric restrictions on saturating sets, we often need
additional constraints based on availability of divisors, and with n; = n; = n, = 2 there are
fewer divisors available to begin with. In the fibered case, several of our proofs terminate in
an essentially 2-dimensional (therefore easier) problem after we have run out of scales in one
direction. In order to allow arbitrary n;,n;, n; throughout the argument, we expect that a
systematic way to induct on scales may be necessary.

4. TOOLBOX

4.1. Divisors. The first lemma is Lemma 8.9 of [24], specialized to the 3-prime case.

Lemma 4.1 (Enhanced divisor exclusion). Let A® B = Zy, with M = [],cq; ;0"

Let m = [],cq Pl and m' =T],cqin P, with 0 < a, o, <n,. Assume that at least one
of m,m’ is different from M, and that for every v € {i,j, k} we have

(4.1) either a, # o or a, = o, = n,.
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Then for all x,y € Zy we have
Ay 2] Ay [2] By [y] By ly) = 0.
In other words, there are no configurations (a,a’,b,t') € A x A x B x B such that
(4.2) (a—z,M)=0b—-y,M)=m, (d —x,M)=0"—y,M)=m'.

Proof. 1f we did have a configuration as in (4.2), then, under the assumption (4.1) for all ¢,
we would have

L
ve{i,gk}

with the right side different from M. But that is prohibited by divisor exclusion. 0

(a—d,M)=(b-V,M)y= J[ printeeo,

4.2. Cyclotomic divisibility.

Lemma 4.2. Let A € M(Zyy), and let m, s|M with s # 1. Suppose that for every a € A,
O, divides AN A(a,m). Then P,|A.

Proof. Write Zy; = |J, Ay, where A, are pairwise disjoint m-grids. Accordingly, A(X) =
>, Au(X), where A, = ANA,. If Ais disjoint from A,, we have A,(X) = 0. If on the other
hand AN A, # (), then ®4|A,. Summing up in v, we get O |A. O

The next two lemmas are based on a combinatorial interpretation of divisibility by prime
power cyclotomics. For A C Zy and 1 < o < n;, we have @0 (X)|A(X) if and only if

1
(4.3) |ANT(z, p)| = 17"4 N(z,pdY)| Vo € Zy,

so that the elements of A are uniformly distributed mod p{ within each residue class mod
pio‘_l. This in particular limits the number of elements that a tiling set may have in a plane
on some scale.

Lemma 4.3 (Plane bound). Let A® B = Zy;, where M = p?"p?jpzk and |A] = pf"pfjpf’“.
Then for every x € Zy; and 0 < o; < n; we have

[A N (w, p=)| < pppl.

Corollary 4.4. Let A® B = Zy;, where M = p}'p’pi* and |A| = pfipfjpgk with B; > 0.
Suppose that for some x € Zy; and 1 < ap < n;

(44) AN Tz, p )| > pl
then ® ni—a|A for at least one a € {0, ..., g — 1}

Proof. Suppose that D ni—a f Afor all « € {0,..., 09 — 1}. Tt follows that there must exist
a7y 2 ag such that ® »,—|A. The latter implies, by (4.4), that |A| > ], p which is a
contradiction. O
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4.3. Saturating sets.

n;

Lemma 4.5 (No missing joints). Let A® B = Zy;, where M = pi’p?jp’,zk. Suppose that

(4.5) {D(M)|m|M} NDiv(B) =0,

and that for some x € Zy; there exist a;,a;, ar € A such that

(4.6) (x —a;, M) =M]/p;, (x—a;,M)=M]/pj, (x—ay, M)=M]/p.
Then x € A.

Proof. Suppose that z ¢ A, and let A be the M-cuboid with vertices z, a;, aj, ax. By (4.6),
the saturating set A, is contained in the vertex set of A. But that is impossible by (4.5). O

Lemma 4.6 (Flat corner). Let A® B = Zy, M = pp’pi*, |A| = pip;pe. Suppose that
(4.5) holds, and that A contains the following 3-point configuration: for some x € Zy \ A
there exist a,a;, ar, € A such that

(a_aij) = (ak_va) :M/pjv (a_akyM) = (aj_:E?M) :M/pk

Then A, C {;(x), and the pair (A, B) has a (1,2)-cofibered structure, with an M-cofiber in
A at distance M /p? from x.

Proof. Fix b € B. Then
A:p,b C gz(l’) U €Z<Cl) U Ei(aj) U &(ak)
By (4.5), we have the following.
o A, pNli(x) # 0 implies that Az [2]Byy,2[b] > 0, hence M /pip;, M /pipr, M/pip;pi €
Div(A) and M/p? € Div(B).
o A,pNYi(a) # 0 implies that An/p2pipn [x|€i(a)]]B3M/p?pjpk [b] > 0, hence M /p?, M /p?p;,
M /p?py. € Div(A) and M/p?p;p € Div(B).
o Ayp N li(a;) # 0 implies that Ay, [2]0i(a;) By, (0] > 0, hence M/pz, M/p;p;,
M /p?p;pi € Div(A) and M/p?p;. € Div(B).
o Ayp N li(ag) # O implies that Ayye, [x]6i(ar)[ Bz, [0] > 0, hence M/p7, M/pipy,
M/p?p;pr € Div(A) and M/p?p; € Div(B).
It follows that A, ; cannot intersect more than one of the above lines. We now show it cannot
intersect any line other than ¢;(x). Indeed, assume that A,; C ¢;(a), then

(b(p?p_]pk) - AM/p?pjpk [x‘gl(a”BM/pfpjpk [b]

y:(y—b,M)=M/p;py
Observe that Ay z2[a] < ¢(p7), and since M/p;, M/p} ¢ Div(B), we have Byz[y] < 1 for
all y € Zy \ B with (y — b, M) = M/p;pi. It follows that both must hold with equality.
Now, if p; > p; then Ayy/2[a] = ¢(p7) implies that

|ANT(a, p*)| > Ala] + Apyyp2[al

=1+0(p}) > pip;,
which contradicts Lemma 4.3. If on the other hand p; > p;, then By, [y] = 1 for all y as
above implies {D(M)|m|M} N Div(B) # 0, which contradicts (4.5). Hence A, ;, N ¢;(a) = 0.
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Next, assume that A, C ¢;(ax), then
O(0507) = Aarspep, (21 (ar) | Bag 2y, 0]

y:(y—b,M)=M/p;

By the same argument as above, we deduce that Ay 2[ax] = ¢(p}) and By ,2[y] = 1 for all
y € Zy \ B with (y—b, M) = M/p;. When p; > p;, we therefore get |ANII(ax, p*)| > pipj,
which is a contradiction. When p; < p;, we must have {M/p;, M/p;p;} N Div(B) # 0,
contradicting (4.5). Thus A, N ¢;(ag) = 0. By symmetry, A, N 4i(a;) = 0. O

4.4. Fibering lemmas. Lemma 4.7 below is a simple version of the de Bruijn-Rédei-
Schoenberg theorem for cyclic groups Zy, where N has at most two distinct prime factors.
This was essentially proved in [2]; see also [28, Theorem 3.3].

Lemma 4.7. (Cyclotomic divisibility for 2 prime factors) Let A € M(Zy) for some
N | M such that p;t N. Then:

i) Dn|A if and only if A is a linear combination of N-fibers in the p; and py direction
(1) Y p; and p
with non-negative integer coefficients.

(ii) Let A be a D(N)-grid. Assume that ®y|A, and that there exists ¢co € N such that
AN[z] € {0,¢0} for all z € A. Then AN A is N-fibered in either the p; or the py, direction.

Lemma 4.8 is a localized version of the above.

Lemma 4.8. (Flat cuboids) Let A C Zy;. Assume that ®y|A, and that there is a plane

= II(2,p;") such that ANIL is a disjoint union of M-fibers in the p; and py, directions.
Then for every parallel plane 11" := 11(2', p;"*), where (z — 2, M) = M/p;, the set ANII" is a
disjoint union of M-fibers in the p; and py directions.

Proof. Consider a 2-dimensional cuboid A’ with vertices 2, ' +d;, 2’ +dj, 2’ + d; + dj,, where
o ell, (dj, M) = M/p;, (dg, M) = M/py. Let = € II be the point such that (z — 2/, M) =
M /p;, and let A be the 2-dimensional cuboid with vertices z, z+d;, v +dy, x+d;+d. By the
fibering property of ANII, we have Ay/[A] = 0. Since ;] A, we also have Ay [A — Al =0,
hence Ay [A] = 0. If we consider ANII" (after translation) as a subset of Z,n:, it follows
that ®,,n | (ANII)(X). By Lemma 4.7, ANII" is a union of fibers as claimed. O

Lemma 4.9. (Missing top difference implies fibering) Let N|M with p;p;pi|N. Let
A := A(zg, D(N)) for some xg € Zy. Assume that A C Zy satisfies Pn|A and AN A #£ 0.

(i) Suppose that p; # 2, and that
(4.7) N/p; & Divy(ANA).
Then ANA is N-fibered in one of the p; and py, directions. In particular, if N/p; & Divy(A),
then AN A is N-fibered in one of the p; and py directions for every D(N)-grid A.

(11) Suppose that N/p;, N/p; & Divy(ANA). Then ANA is N-fibered in the py, direction.
Proof. (i) We first prove that each a € AN A belongs to an N-fiber in the p, direction for

at least one v € {j, k}. Suppose, for contradiction, that there exists an a € AN A that does
not have this property. Then there are x;,z; € Zy such that

AN[x;] = AN[z] = 0 and (z; — a,N) = N/p;, (z, —a, N) = N/py.
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Since p; > 2 and AY Jp.la] = 0, there exist at least two distinct elements x;, 2} € Zy satisfying
AN[xz] - AN[‘I;] - 07 (a — Ty, N) = (CL - I;7 N) = N/pz

Consider two N-cuboids, each with vertices at a, z;, x;, and with another vertex at x; and
x), respectively. By the cyclotomic divisibility assumption, each of those cuboids must be
balanced. This can only happen if there are two elements a;;p, a;jk € Zy at the opposite
vertex of each cuboid from a (that is, with (a — ayx, N) = (a — aj;;,, N) = D(N)) satisfying
ANa;;] = AN|aj;] = co. However, this leads to a contradiction, since (aijr—ajj,, N) = N/p;.
We therefore conclude that each a € AN A belongs to an N-fiber in at least one direction as
indicated.

Next, suppose that a;,a, € AN A belong to N-fibers in, respectively, the p; and py
direction. If a; * F; and aj, * F), do not intersect, then N/p;, € Divy(a; * Fj,ap * Fy),
contradicting the assumption (4.7). We may therefore assume that a; = a; = a and that
ax Fj,axF, CA.

Consider any N-cuboid with one vertex at a. Then the vertices at distance N/p; and
N/py, from a belong to A, and, by (4.7), the vertices at distance N/p;p; and N/p;py from a
cannot be in A. The only way to balance the cuboid is for the vertex at distance N/p,pi
from a to be in A. Allowing such cuboids to vary, we see that A NII N A must be N-fibered
in both of the p; and pj, directions. This proves part (i) of the lemma.

(ii) Assume that N/p;, N/p; & Divy(A N A). At least one of p;, p; must be odd; without
loss of generality, we may assume that p; # 2. By part (i) of the lemma, A N A must be
N-fibered in one of the p; and p;, directions on A. However, it cannot be N-fibered in the
p; direction, since N/p; & Divy(A N A). Part (ii) follows. O

5. STRUCTURE ON UNFIBERED GRIDS

5.1. Diagonal boxes. Throughout this section, we will use the following notation. Let
M = p}"p}’p;*, and let A be a fixed D(M) grid such that AN A # 0. We identify A with
Ly, ® Ly, ® Ly, and represent each point x € A as (A\jx, Ajz, \px) in the implied coordinate
system.

Definition 5.1. Let A C Zy. We say that A N A contains diagonal boxes if there are
nonempty sets I C Zy,, J C Ly, K C Zy,, such that

I°=7Zp \1, J =7y, \J, K :=7p, \ K
are also nonempty, and

(5.1) (IxJxK)U(Ix Jx K C AN A.

Proposition 5.2. Let A@® B = Zy; be a tiling, M = p?ip?jpzk, and assume that ®y; | A.
Suppose that there is a D(M)-grid A such that AN A is not a union of disjoint M -fibers
(possibly in different directions). Then AN A contains diagonal bozes.

Proof. Write D = D(M) for short. We first construct a set Ag C AN A as follows. If ANA
contains no M-fibers, let Ay := AN A. If AN A does contain an M-fiber F, consider the
set (AN A)\ F (if there is more than one such fiber, just choose one arbitrarily and remove
it). If this set contains no M-fibers, we let Ay be that set; otherwise continue by induction.
The procedure terminates when no more M-fibers can be found. The remaining set Ay is



18 IZABELLA LABA AND ITAY LONDNER

JC

J

FIGURE 2. A pair of diagonal boxes.

nonempty by our assumption on A, contains no M-fibers, and ®,;|Ag; however, Ay need not
be a tiling complement.

We remark that Ag is not necessarily uniquely determined by A, as the fiber removal
procedure may lead to different outcomes depending on the order in which fibers are removed.
In that event, we fix one such set Ay and keep it fixed throughout the proof.

For future reference, we record a lemma.

Lemma 5.3. Suppose that x € A\ Ag. Then there exists a v € {i, j, k} such that x x F, C
(AN Ag).

Proof. This follows directly from the construction, since any point € A\ Ay would have
been removed from A together with an M-fiber (in some direction) containing x. UJ

For each = € A, we define

I(z)={leZ,: (I, \jz,\z) € Ao}, I(x) = Zy, \ 1(x),

J(x)={l € Zy, : (Nix,l, \p) € Ao}, J(x) = Zp, \ J(x),

K)={leZ, : (Nz,\zl) € Ay}, Kz) =17, \ K(x).
Let a € Ap be an element such that |K(a)| is maximal, in the sense that

(5.2) |K(a")| < |K(a)| Va' € Ay.

By translational invariance, we may assume that a = (0,0,0). Observe that I(a), J(a), K(a)
are all nonempty since a € Ay, and 1°(a), J°(a), K(a) are all nonempty since a does not
belong to an M-fiber in Ay in any direction.

Claim 1. For all a’ = (0,0,1) € Ay, with | € K(a), we have I(a") x J(a') x {{} C Ap.

Proof. Since K(a') = K(a), it suffices to prove this with a’ = a. Let a; = (I;,0,0) and
a; = (0,1;,0) for some l; € I(a), l; € J(a), and let z = (1;,1;,0) € I(a) x J(a) x {0}. We need
to prove that z € Ay. Suppose, for contradiction, that z € Ay, and consider the cuboid with
vertices at a,a;,a;, and (0,0,l;). For [, € K(a), the cuboid can only be balanced if both
(1;,0,1;) and (0,1;,x) are elements of Ay. Furthermore, let [, € K°(a), then for the cuboid



THE COVEN-MEYEROWITZ TILING CONDITIONS FOR 3 ODD PRIME FACTORS 19

to be balanced we still need at least one of (I;,0,;) and (0,1;,1)) to be in Ay. This implies
that max(|K (a;)|, |K(a;)|) > |K(a)|, contradicting the maximality assumption (5.2). Hence
Claim 1 follows. 0
Claim 2. For all o’ = (0,0,1) € Ay with | € K(a), we have I°(a’) x J(a') x K°(a) C Ap.

Proof. Let x € I¢(a’) x J¢(a’) x K°(a). Considering the M-cuboid with opposite vertices at
a’ and z, we see that the three vertices at distance M /p;, M /p;, M /py from o’ are not in Ay.
Hence, in order for the cuboid to be balanced, we must have x € Ay as claimed. O

Claim 3. Suppose that for alll';1" € K(a), we have either (I(a') x J(a')) C (I(a") x J(a"))
or (I(a") x J(a")) C (I(a') x J(da')), where ¢’ = (0,0,I'), a" = (0,0,1"). Then Ay contains

diagonal bozes.

Proof. Under the assumptions of the claim, the sets I(a’) x J(a') with o’ € Ay and M/py, |
a — a’ have a minimal element. Without loss of generality, we may assume that

(I(a) x J(a)) € (I(a') x J(a')) Va' € Ag such that M/py, | a —d'.
Then Claims 1 and 2 imply that Ay (and therefore A) contains the diagonal boxes
(I(a) x J(a) x K(a))U (I°(a) x J%a) x Ka)),

which proves the claim. O

It remains to consider the case when there exist I’,{” € K(a) such that for o' = (0,0,0’),
a” = (0,0,1"), we have
(5.3) I(d") ¢ I(a") and J(a") ¢ J(d').

For this to be possible, K (a) must have at least two distinct elements, and each of I(a") and
J(a") must have at least one element different from 0. Since none of a, d’, a” belongs to an
M-fiber in Ay, we must have

(5.4) Pi> Pj, P > 2.
Furthermore, this configuration implies that
(5.5) {m: D|lm|M} C Div(Ay) C Div(ANA).

Indeed, we have
{m Dlm|M}\ {M/pip;} C Div((I(a’) x J(a') x {I'}) U (I(a") x J(a") x {I"})),
M/pip; € Div(I¢(a’) x J(a’) x {l}, I°(a") x J(a") x {I}}) for any I, € K°(a).
Claim 4. Suppose that (5.3) holds for somel',l" € K(a), with o’ = (0,0,0), a” = (0,0,1").

Then
I°(a") x J%(a") x K¢(a) C Ay.

Proof. We may assume that a” = a and I” = 0. We will also write [, = [, so that a’ = (0,0, i)
Let I; € I(a') \ I(a),l; € J(a)\ J(a'),lf € I°(a') and I§ € J°(a). We also fix I € K¢(a). For
the purpose of this proof, we will need to consider points with coordinates (5;, 5;, B) such
that

B, €40,1,,15} for v € {i,j,k}.
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Let T; ‘= (li,0,0), Ty = (O,lj,lk), and a; ‘= (li70, lk),aj = (O, lj70). Then Ly Lj ¢ Ao, and
a;,a; € Ap. By Claim 2, we have
zi = (I5,1;,17) € Ap since I; € J%(d'),
zj = (13, 15,1},) € Ag since I; € I°(a).
Let z = (I;,1;,15) € I°(a) x J°(a’) x K¢(a) be the point such that
(5.7) (z— 2z, M) = M/pi, (z—z;, M) = M/p;.
We need to prove that z € Ag.
We begin with the following reduction.
Claim 4’. Let z;; = (1;,1;,0) and y;; = (L, 1;,1;). Suppose that at least one of the following
holds: either
(5.8) {zij, i} VA F# 0,
or else there exists a set A" C Zyy, identical to A except possibly along the line (;(x;), such
that A’ ® B = Zy; and

(5.6)

(5.9) z; % F; C A') hence z; € A'.

Then z € Aqg.

Proof. For notational consistency, if (5.8) holds, we let A’ = A. We have
(5.10) (xij — 2, M) = (yi5 — 2, M) = M/ py.

Suppose that at least one of x;;, y;; belongs to A’. By (5.7) and (5.5), the assumptions of
Lemma 4.5 hold for z and A’. Hence z € A’. Since A" and A may differ only along ¢;(x;),
we must in fact have z € A.

Next, we claim that z € Ay. Indeed, assume for contradiction that z € A\ Ay. By Lemma
5.3, thereis a v € {i, j, k} such that zx F,, C (A\ Ap). But by (5.6) and (5.7), z; € (2% F;)NAg
and z; € (z % Fj) N Ap. It follows that v = k, and z * Fj, C (A \ Ap). By (5.10), we have
Tij, Yij € 2 * Iy, and in particular z;;, y;; € A.

Consider now the point x;. We have

(5.11) (i —a, M) =M/p;, (x;—a;,M)=MJpy, (x;— i, M)=M]/p;j,

with a,a’ € Ay, x;; € A. Taking also (5.5) into account, we see that z; satisfies the assump-
tions of Lemma 4.5 applied to A. Therefore z; € A.

Since z; ¢ Ay, we must have z; € A\ Ap. By Lemma 5.3 and (5.11), it follows that
x; % F; C A\ Ap. However, consider the point x;; € z; x F;. We have already seen that z
must have been removed from A together with the fiber 2z * F},, which also contains z;;. This
is a contradiction, since we are not allowed to remove the same point twice. 0J

To prove Claim 4, it remains to prove that at least one of the conditions (5.8), (5.9) in
Claim 4’ must hold. Assume first that z; € A\ Ap. By Lemma 5.3, A\ Ay must contain
an M-fiber z; x F,, for some v € {i,j,k}. Since a € (x; * F;) N A and a; € (x; x Fy) N A, we
must have v = j. This clearly implies z;; € A. The same argument applies with ¢ and j
interchanged.

We are left with the case when x;, z;,2;;,y;; ¢ A. Assume also for contradiction that
z ¢ Ap. Consider the M-cuboid with vertices at z;;, 2, z; and z;, and note that z;, z; € Ap. In
order to balance this cuboid in Ay, at least one of the points y; := (If,l;,0) and y; :== (1,15, 0)
must be in Ay. However, if y; € Ay, then we can apply Lemma 4.5 again, this time to A and



THE COVEN-MEYEROWITZ TILING CONDITIONS FOR 3 ODD PRIME FACTORS 21

x;, using (5.5), (5.11), and (x; — y;, M) = M/p,. Hence z; € A. We assumed that x; € Ao,

hence by Lemma 5.3 there must be a v € {i, j, k} such that z; x F,, C A\ Ay. However, the

points a, a;,y; € Ag block all three directions, contradicting the assumption that y; € A,.
We therefore have y; € Ay. Now, considering the saturating set A,,, we have

A, C ﬂ Bispan(z;,a) = £;(x;) U {a,a;}.
ac{a,ai,z;,yi }
By (5.5), we must in fact have A,, C ¢;(z;). It follows that the pair (A, B) has a (Pa, Pp)-
cofibered structure of depth ~ in the p; direction for some v > 2, with 1 € P4 and an M-fiber
in the p; direction in A at distance M/ p}’ from x;. Applying Lemma 2.9 to shift that fiber to
x;, we obtain a set A’ with the desired properties, thus concluding the proof of Claim 4. [

We can now complete the proof of the proposition. We claim that

(5.12) (I xJxK)U(I°xJx K C A,
where
I:ﬂ ﬂjal K = K(a),
I€K (a) €K (a
r=J raw, U J(ay), = K°(a),
leK(a) lEK(a

and a; = (0,0,1). Tt is clear that I x J x K C A. Suppose now that (l;,{;,lx) € I°x J®x K°.
Then there are [,I' € K(a) such that [; € I°(q;) and [; € Jay). f Il =1, or if I; € I°(ay),
then (1;,1;,1;) € A by Claim 2 applied to ay. The case I; € J°(q) is similar. Assume
therefore that [; € I(ay) \ I(¢) and l; € J(a;) \ J(ar). But then (5.3) holds with o, a”
replaced by a;, ap. Applying Claim 4, we see that (;,[;,1;) € Ap in that case as well. This
ends the proof of the proposition. [l

5.2. Extended corners. We continue to write M = p;"p; " pek. Assume that A @ B = Zy,
is a tiling, ®,; | A, and there exists a D(M)-grid A such that ANA#0and AN A is not
M-fibered in any direction. By Proposition 5.2, if AN A is not a union of disjoint M-fibers,
then AN A contains diagonal boxes. It remains to consider the case when AN A is a union
of disjoint M-fibers. In that case, we claim that A N A contains the following structure.

Definition 5.4. Suppose that A C Zy;, and let A be a D(M) grid.
(i) We say that ANA contains a p; corner if there exist a,a; € ANA with (a—a;, M) = M /p;
satisfying
(5.13) AN(axFj*« Fy) =axF;, AN (a; * Fjx F},) = a; * Fy.
(i) We say that AN A contains a p; extended corner if there exist a,a; € AN A such that
(a —a;, M) = M/p; and
o AN (ax Fj* Fy) is M-fibered in the p; direction but not in the py direction,
o AN (a; x Fj = Fy) is M-fibered in the py direction but not in the p; direction.

We now prove that unfibered grids as described above must contain extended corners.

Proposition 5.5. Let D = D(M), and let A be a D-grid. Assume that AN A is a union
of disjoint M -fibers, but is not fibered in any direction. Then AN A contains a p, extended
corner for some v € {i,j,k}.
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Proof. Fix A and A as in the statement of the proposition. We will say that x : ANA —
{i,j,k} is an assignment function if AN A can be written as

ANA= | (axF.q),

a€ANA

where for any a,a’ € AN A, the fibers a x Fy,,) and a’ x F,, (o) are either identical or disjoint.
Thus, if @’ € a * F,(4), then x(a’) = k(a).
We recall [24, Proposition 7.10]:

Proposition 5.6. Let M = p?"p;”pzk‘, and let D = D(M). Assume that A ® B = Zy is
a tiling and that there exists a D-grid A such that AN A is a nonempty union of disjoint
M-fibers. Then there is a subset {v1,1a} C {i,7,k} of cardinality 2 such that AN A is a
union of disjoint M -fibers in the p,, and p,, directions.

Hence there exists an assignment function x that takes at most two distinct values. (In
fact, the proof of [24, Proposition 7.10] shows that this is true for any assignment function.)
Without loss of generality, we may assume that x(a) € {j,k} for all a € AN A. We claim
that this implies that A N A contains a p; extended corner.

Split A into 2-dimensional grids 11, := z, ¥ Fj * F}, « = 0,1,...,p; — 1. Then for each ¢,
the set AN1II, is a union of disjoint fibers in at least one of the p; or p;, direction. Moreover,
we are assuming that A N A is not fibered in either the p; or p, direction. Therefore for
each v € {j,k}, there must be at least one ¢(v) such that A N1l is fibered only in the p,
direction. Choosing a € AN1IL,;) and a; € ANILy with (@ — a;) = M/p;, we see that the
condition (ii) of Definition 5.4 is satisfied. O

A p; corner is a special case of a p; extended corner, with only one fiber in each of the
planes through a and a; in A. This is one of the special structures that occur when ®,, | A,
AN A is not M-fibered in any direction, and {D(M)|m|M} ¢ Div(A) (see Section 6).

In addition to the present purpose of classification of unfibered grids in on scale M, we will
also refer to Definition 5.4 (ii) in the fibered case, in the proofs of Proposition 9.14 (Claim
1) and Lemma 9.30.

6. UNFIBERED GRIDS WITH MISSING TOP DIFFERENCES

Let A C Zy, and let A be a D(M)-grid such that AN A # (. The purpose of this section
is to classify all possible unfibered grids A N A under the assumption that ®,,|A and that
Div(A) does not contain all m such that D(M)|m|M. We do not assume in this section that
A is a tiling complement.

6.1. A structure result.

Proposition 6.1. Let M = p?"'p?jpzk. Assume that A C Zy satisfies ®p|A. Let A be a
D(M)-grid such that AN A # 0. Suppose that AN A is not M-fibered in any direction, and
that (5.5) fails, i.e.

(6.1) {m: D(M)m|M} ¢ Div(ANA).
Then AN A is a union of at most one set of diagonal bozes
(62) Al = (]1 X Jl X Kl) U (]f X ch X Kf),

where Iy C Zy,, 1 C Zy,, K1 C Zy, are non-empty sets such that If = Z,, \ I, Jf =
T\ J1, Kf := 7y, \ K1 are also non-empty, and possibly additional M-fibers in one or more
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directions, disjoint from Ay and from each other. Furthermore, if AN A does contain a set
of diagonal bozes (6.2), then at least one of the sets Iy, Ji, K1 has cardinality 1, and at least
one of the sets Iy, Ji, K{ has cardinality 1.

Remark 6.1. For simplicity, we only state and prove Proposition 6.1 for sets A C Zyy.
However, if we assume instead that A € M(Zy) for some N|M, and that (6.12) holds (i.e.,
AN A is a multiset of constant multiplicity co), the same arqument applies except that the
diagonal bozxes and fibers in the conclusion also have multiplicity cq.

Proof. We begin as in the proof of Proposition 5.2. Let Ag C AN A be a set constructed
by removing M-fibers from A N A until none are left, so that A N A is the union of Ay and
some number of M-fibers in one or more directions, disjoint from Ay and from each other.
If Ay = (), we are done. Otherwise, we proceed with Claims 1, 2, and 3 from the proof of
Proposition 5.2, noting that this part does not require the use of saturating sets (hence A
need not be a tile). At that point, the only remaining case in the proof of Proposition 5.2
is when there exist I',l” € K(a) such that (5.3) holds. However, in that case we have (5.5),
which contradicts (6.1). Therefore, under the assumptions of Proposition 6.1, Ay contains
diagonal boxes A; asin (6.2). Moreover, the cardinality statement must hold, since otherwise
we would not have (6.1).

As in Proposition 5.2, Ag need not be unique and may depend on the order in which the
fibers are removed, and A; may then depend on the choice of Ay. We fix one such choice of
Ag and Aq, and keep it fixed for the remainder of the proof.

We claim that Ay = A;. To prove this, assume for contradiction that Ag\ A; is nonempty.
We clearly have ®)/| Ay and ®ys|A;, therefore @] Ag(X) — A1(X). Since the set Ay \ A; is

nonempty and contains no fibers, it must contain another set of diagonal boxes
(6.3) Ay = (Is x Jo x Ka) U (I5 x J5 x K3),
with obvious notation. Furthermore, since Ay C Ag \ A;, we must have
(6.4) AN Ay =0.
We first claim that at least one of
L=05L L=I, Jh1i=Jy, J1=J;5, K1 =K, Ki=K3,

must hold. Indeed, by (6.4), we must have

(I x J1 x K1) N (I3 x Jo x Ky) =0,
so that at least one of Iy N Iy, J1 N Jy, K1 N Ky is empty. Without loss of generality, we may
assume that K; N Ky = (), so that
(6.5) K, C K§, K, C KY.
We also have

(I, x Jy x Ky) N (1§ x J5 x K5) =0,
and since K1 N K§ # (), one of I} N IS and J; N JS is empty. Without loss of generality, we
may assume that J; N JS = (), so that

(66) J; C Jg, J2C C ch

Next,
(It x Jf x K$) N (Is x JS x K3) = 0.
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By (6.6), we have JfNJS # ), therefore one of IfNI§ and KN K is empty. If KfN K5 = (),
then K§ C K, which together with (6.5) shows that K; = K§ and proves the claim. If
IfN IS =0, we get that

(6.7) I;Ccl, I§CI.

Using that
(If x Jy x K7) N (Iy x Jy x Ky) = 0.
and taking (6.5) and (6.7) into account, we see that J¢ N Jy = (). But then Jy C Ji, which

together with (6.6) proves the claim.
We may assume without loss of generality that

(6.8) K, = K¢.
This implies that
(6.9) (I x 1) N (Is x Jo) =0 and (I7 x J{) N (L5 x J§) =0,

since otherwise we would have an M-fiber in the p; direction in Ay. But also, considering
the box layers with third coordinate [ € K, and I’ € K5, we have

(6.10) (I x J1) N (I5 x J5) =0 and (I7 x J{) N (I x Jo) =0,
The first parts of (6.9) and (6.10) imply that either

or else the same holds with I, J interchanged. Assume that (6.11) holds. Then I, C I{ and
J§ C J¢, so that in order for the second parts of (6.9) and (6.10) to hold, we must have

IENIS=JN Jy =0,

But this implies that I{ C I, and J§ C Jf. Hence I; = I§ and J; = J,. But then Ay contains
M-fibers in the p; direction, a contradiction. 0

6.2. Special unfibered structures: odd M.
Lemma 6.2. Let M = p}"p}’p* and N = M/p{p pp* with o, < n, for all v € {i,j, k}.

Assume that 24 M, and that A € M(Zy) satisfies Pn|A. Let A be a D(N)-grid such that
ANA#0D. Assume further that

e there exists a ¢y € N such that
(6.12) AN[2] € {0,¢co} for all z € A,

o AN A is not M-fibered in any direction.
Then there is a permutation of {i, j, k} such that

(6.13) {D(N)|m|N} \ Div(ANA) C {N/pipj, N/pipi}.
Moreover, (6.13) holds with equality if and only if there exists x € Zyr \ A such that
A%/pi [z] = cod(pi), A%/pjpk [z] = Coéb(pjpk),
ANTx] =0 for all m € {D(N)|m|N}\ {N/pi, N/pip}.

We will refer to this structure as a p;-full plane.
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FiGure 3. Full plane structure on a D(M) grid.

Proof. We may assume that M = N and ¢y = 1. We will also write D = D(M) for short.
By Proposition 6.1 and the assumption that A N A is not fibered, A N A must contain at
least one of the following:

(a) two nonintersecting M-fibers in different directions, say p; and p;,

(b) diagonal boxes as in Definition 5.1, and possibly additional M-fibers in one or more
directions, disjoint from the diagonal boxes and from each other.

In the first case, we have {D|m|M} \ Div(ANA) C {M/p;p,}, just based on these two
fibers. It remains to consider the second case. Suppose that AN A contains diagonal boxes
(IxJxK)u((I°x J x K
with I, J, K, ¢ J¢ K¢ all nonempty. In order for {D|m|M} \ Div(A N A) to be nonempty,

we must have
(6.14) min(|7|, |J],[K]) = min(]7°, |J°],[K°]) = 1.

We may assume without loss of generality that |I¢| = |J| = 1. Since p, > 3 for all ¢, it
follows that |I|,|J¢|, and at least one of | K|, |K*¢| are greater than 1. Assume that |K¢| > 1.
Then

M/p; € Div(I x J x K),
(6.15) M/p;, M/py, M/p;p, € Div(I¢ x J¢ x K°),
M/pipipr, € Div(I x J x K,I¢x J°x K°).
This implies (6.13). Furthermore, if (6.13) holds with equality, then |K| = 1, since otherwise
we would also have M/p;pr € Div(I x J x K). This proves the second conclusion of the

lemma, with = equal to the unique element of ¢ x J x K. Note that if we add an M-fiber
in any direction to this structure, then equality in (6.13) can no longer hold. U

Lemma 6.3. Let M = p?ip?jpzk and N = M/paip?jpz’“ with «, < n, for all v € {i,j,k}.

Assume that 24 M, and that A € M(Zy) satisfies On|A. Let A be a D(N)-grid such that
ANA#0. Assume further that

e (0.12) holds for all x € A,
e AN A is not fibered in any direction,

and that
(6.16) {DIm|N}\ Div(ANA) = {N/pp;}.

Then AN A has one of the following, mutually exclusive, possible structures:
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(i) (pr-corner, cf. Definition 5.4 (i).) For each x € Zy, the set AN ANTII(z, ppt**)
is either empty or consists of a single N-fiber in one of the p; or p; directions. Since
AN A is not fibered, there has to be at least one of each.

FIGURE 4. Corner structure on a D(M) grid.

(71) (pr-almost corner) There exist xo,T1,...,Tgp,) € Zn with (x; — xy, N) = N/py
for 1 #1U', and two disjoint sets L;, L; C Z,, satisfying |L;|,|L;] > 1 and L; U L; =
{0,1,...,0(pr)}, such that for all z € A we have

co if (z—x, N) = N/p; for somel € L;
AN[z] = or (z —x;, N) = N/p; for somel € L;
0  otherwise.
In particular, AY[z;] = 0 and AY

Nypi 2] = cod(pi) for alll € L;, and similarly with i
and j interchanged.

'/
1)
é/

FIGURE 5. An almost corner structure on a D(M) grid.

Proof. We may assume that M = N and ¢y = 1, and proceed as in the proof of Lemma
6.2. Suppose first that (a) holds (i.e., AN A contains two non-overlapping M-fibers in two
different directions), but A does not contain diagonal boxes. Then the M-fibers must be in
the p; and p; directions, or else (6.16) would be violated. Moreover, having any two such
fibers in the same plane II(x, p;*~**) would also violate (6.16), hence (i) holds in this case.

In case (b), AN A contains diagonal boxes. We proceed as in the proof of Lemma 6.2 to
get (6.14). Since M /p;p; & Div(A), we must have

min(|/|, |J|) = min(|7°],|J¢]) = 1.
Therefore we may again assume without loss of generality that |I¢| = |J| = 1 and that
|K¢| > 1, and get (6.15). We now consider two cases.
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o If |K| =1, the diagonal boxes are as in the conclusion of Lemma 6.2, and instead of
(6.16) we have (6.13) with equality.

e If |[K| > 1, the diagonal boxes present the structure described in (ii), with £; = K
and £; = K°.

The only way we can add an M-fiber to either of these structures without adding M /p;p;
to Div(A) is to add an M-fiber in the pj, direction rooted at x (in the first case, with = defined
as in Lemma 6.2), or at z( (in the second case, with x( specified in (ii)) That, however, puts
us in the case (i) of the lemma. O

6.3. Special unfibered structures: even M.

Lemma 6.4. Let M = p“p’pi* with 2|M, and N = M/p{p}’pp* with o, < n, for all

v € {i,j,k}. Assume that A € M(Zy) satisfies Py|A. Let A be a D(N)-grid such that
ANA#0D. Assume further that

e (0.12) holds for all x € A,
e AN A is not fibered in any direction.

Assume that N/p, € Div(ANA) for all v € {i,j,k}, but {D(N)|m|N} ¢ Div(ANA). Then
for some permutation of {i,j,k} we have

{D(N)|m|N} \Div(ANA) = {N/pip;},

and ANA has the py corner structure in the sense of Definition 5.4 (i): for each x € A, the
set ANANIL(x, pk~**) is either empty or consists of a single N-fiber in one of the p; or p;
directions. Since AN A is not fibered, there has to be at least one of each.

Proof. We may assume that M = N and ¢y = 1. Assume without loss of generality that
pr = 2. In this case, in order for N/p, € Div(A N A), we must have at least one N-fiber
F' in the p; direction in A N A. Let A; be the set obtained from A N A by removing all
N-fibers in the pj, direction. Since A N A is not fibered, A; is nonempty and satisfies (6.1).
By Proposition 6.1, it must contain either at least one fiber in another direction or a set of
diagonal boxes, each disjoint from F'.

e Suppose that A; contains diagonal boxes as in Definition 5.1. Without loss of gener-

ality, we may assume that F' is rooted at a point a € I X J x K. Then

M /piy, M /pipr € Div(F, I x J x K),

M/p;, M /p;pr € Div(F,1¢ x J¢ x K°),

M /pipjpr € Div(l x J x K,I¢x J° x K°).
It follows that the only missing divisor can be M /p;p;. In order to avoid that divisor
within each box, we must have
min(|7], |J]) = min(|1°, |J°) = 1.

Taking into account the differences (a’ — a”, M), where a’ € F' and a” belongs to one
of the boxes, we see that the only possible case is |I¢| = |J| = 1. Then A contains
the M-fiber in the p; direction rooted at the unique point x € I¢ x J x K, and the
M-fiber in the p; direction rooted at the unique point 2’ € I° x J x K. Any other
points in AN A would add M/p;p,; to Div(ANA). Thus the conclusion of the lemma
holds.
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e If A; contains no diagonal boxes, then it must contain a fiber in at least one other
direction. This case is identical to the corresponding case of Lemma 6.3 (i), for some
permutation of {i, 7, k}.

O

Lemma 6.5. Let M = p?ip?jpzk with 2|M, and N = M/po""p?jpgk with o, < n, for all

v € {i,j,k}. Assume that A € M(Zy) satisfies Py|A. Let A be a D(M)-grid such that
ANN#0D. Assume further that py, = 2, and that

e (6.12) holds for all x € A,
e AN A is not fibered in any direction,

e {N/pi, N/p;j; N/pr} ¢ Div(ANA).
Then

(6.17) N/pi & Div(ANA),
and there is a pair of diagonal bozes
Ag=(I x I x K)U(I°x J°x K CA,
as in Definition 5.1, such that for all z € AN A we have
' A
AN[2] = {ca if z € A,

0 otherwise.

/l-
FIGURE 6. An even almost corner structure on a D(M) grid
with M /py ¢ Div(A), pp = 2.

Proof. We may assume that M = N and ¢y = 1. If M/p; or M/p; is not in Div(ANA), then
ANA is fibered by Lemma 4.9, contradicting the assumptions of the lemma. Therefore (6.17)
holds. Invoking Proposition 6.1 again, we see that AN A must contain either diagonal boxes
or at least two non-overlapping M-fibers in different directions. The second case cannot be
reconciled with (6.17). Therefore A N A must contain a set Ay of diagonal boxes. Notice
that adding an M-fiber in any direction to Ay would introduce M /py as a divisor of AN A.
Therefore AN A = A,. O

7. RESOLVING DIAGONAL BOXES

Theorem 7.1. Let A® B = Zy; be a tiling, M = p;p;p; with p;,p;,px > 3, |A| = |B| =
Dip;iDk, and assume that ®y; | A. Let D = D(M), and let A be a D(M)-grid such that
ANA# 0. Assume further that AN A is not fibered in any direction, and that one of the
following holds: either

(7.1) {m: D(M)|m|M} C Div(ANA)
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and ANA contains diagonal boxes as in Definition 5.1, or else ANA has one of the structures
described in Lemma 6.2 (full plane) or Lemma 6.3 (ii) (almost corner). Then at least one
of the following s true:

o The tiling A® B = Zy; is T2-equivalent to A @ B = Zy; via fiber shifts. Thus A\ is a
translate of A’, and by Corollary 2.2, both A and B satisfy (T2).

o The tiling A ® B = Zy; is T2-equivalent to a tiling A’ ® B, where A’ N A contains a
p, corner structure as in Definition 5.4 (i) for some v € {i, j, k}.

We remark that, in the case when (7.1) holds, A N A might be larger than just a pair of
diagonal boxes. For example, it could contain diagonal boxes and some number of M-fibers
in various directions disjoint from the boxes. However, any such additional structures can
only make our task easier.

We split the proof into cases. Since p;,p;, pr > 3, at least one of I and I° must have
cardinality greater than 1, and similarly for each of the pairs J, J¢ and K, K¢. We claim that
it suffices to consider the following two cases.

Case (DB1): The tiling A @ B satisfies the assumptions of Theorem 7.1, and additionally
min(|1], ], [K¥]) > 2.

Case (DB2): The tiling A @ B satisfies the assumptions of Theorem 7.1, and additionally
[ = |J] = [K°| = 1.

Indeed, if either |I| = |J| = |K| = 1 or |I¢] = |J¢] = |K°| = 1, then we are in the
case (DB2), possibly after relabelling I, J, K as ¢, J¢ K¢ and vice versa. Suppose now that
neither of these holds, say |I| > 2 and |J¢| > 2. Since py > 3, at least one of K and K°
must have cardinality at least 2. If |K¢| > 2, we are in the case (DB1). If |K| > 2, we are
in the case (DB1) again, with p; and p; interchanged, and with the sets I, J, K relabelled
as 1€, J¢, K¢ and vice versa. All other cases are identical up to a permutation of the indices
1,5, k.

We will proceed to resolve the cases (DB1) and (DB2) in Sections 7.2 and 7.3, respectively.
Throughout this section, we continue to use the notation of Section 5.1.

7.1. Preliminary results.

Lemma 7.2. Let A® B = Zy be a tiling, M = p;p;pi, |Al = |B| = pip;jpr, and assume
that ®p; | A. Let D = D(M), and let A be a D-grid such that ANA # 0. Assume that (7.1)
holds. Suppose that AN A is not fibered, and that it contains diagonal boxes

(7.2) Ay:=(IxJIxK)U(I°x J x K% CANA,

with I, J, K, I1¢ J¢ K€ as in Definition 5.1. If one of the “complementary boxes” is contained
in A, say

(7.3) (I°x J x K) C A,

then the tiling A ® B = Zy is T2-equivalent to A & B = Zy;. Consequently, A and B both
satisfy T2.

Proof. Throughout the proof, we assume that A® B = Z), is a tiling satisfying the assump-
tions of the lemma.
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Claim 1. Assume that (7.3) holds. Then either A& B = Zy; is T2-equivalent to A@B = Zyy,

or
(7.4) (I°x Jx K)YNA=40.
Proof. Suppose that there is an a € (I° x J x K¢) N A, and let
Z =(a,p?) NI x J*x K.

For any z € Z, let aj,a; be points such that (z — a;, M) = (ay — a,M) = M/p; and
(z —ar, M) = (aj —a, M) = M/p,. Then a;,a; € A, since a; € I° x J x K and q;, €
I¢ x J¢ x K¢ By Lemma 4.6, either z € A, or else A, C (;(x), with a (1,2) cofibered
structure for (A, B) in the p; direction and an M-fiber in A at distance M/p? from z as a
cofiber. We can use Lemma 2.9 to shift that fiber to z. Repeating this procedure for all
z € Z\ A, we get a new set A; C Zys such that A; & B = Zjy; and A, is T2-equivalent to
A. Moreover, Z C Ay, and, since ANA C A; N A, (7.1) holds with A replaced by A;.

Now, any = € (I¢ x J° x K) \ Z satisfies the assumptions of Lemma 4.5 applied to A,
with (z — 2, M) = M/p; for some z € Z, (v — a};, M) = M/p; for some a; € I° x J x K, and
(x — aj, M) = M/py for some aj, € I° x J¢ x K¢. It follows that

(7.5) I°x J*x K C A.

We can then apply Lemma 4.6 and the fiber shifting argument again, first to all points in
I1¢ x J x K¢ with the flat corner configurations in planes perpendicular to the p; direction,
then to all points in I x J¢x K with the flat corner configurations in planes perpendicular to
the py direction. Thus A; is T2-equivalent to a set A, that satisfies Ay & B = Z);, continues
to obey (7.3)—(7.5), and moreover has the property that

(I°x Jx K)YU(I x J%x K) C As.
Finally, we cannot have any points in I x J¢ x K¢ that are not in A, since that would
contradict Lemma 4.5. Thus Ay = A. O
Claim 1’. Assume that (7.3) holds. Then either A@® B = Zys is T2-equivalent to A & B =
Ly, or
(7.6) (I°x J*x K)NA=40.
Proof. This is identical to the proof of Claim 1, with the p; and p;, directions interchanged,
and with J and K¢ replaced by J¢ and K. 0
Claim 2. Assume that (7.3), (7.4), and (7.6) hold. Then
(7.7) I x J°x K¢ C A.

Proof. Let x € I x J¢x K°¢. Considering any M-cuboid with one vertex at x and another in
I1¢ x J x K, we see that it can only be balanced if x € A. O

We can now finish the proof of the lemma. It suffices to consider the case when (7.3) and

(7.7) hold, so that
(7.8) Y = (I x JxZ,)U(I°x J°x Z,,) C A.

If there are any elements a € (AN A)\ Y, we can repeat the argument in the proof of Claim
1 to prove that the tiling A & B = Z), is T2-equivalent to A @& B = Z,,. If on the other
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hand AN A =Y, then this set is fibered in the p; direction, contradicting the assumptions
of the lemma. U
Corollary 7.3. Let A® B = Zy be a tiling, M = pipip;, |Al = |B| = pip;pk, and assume
that ®y; | A. Let D = D(M), and let A be a D-grid such that AN A # (). Assume that
(5.5) holds. Suppose that AN A is not fibered, that it contains diagonal boxes (7.2) with
I1,J,K,I°J° K as in Definition 5.1, and that it also contains at least one M -fiber disjoint
from these boxes. Then the tiling A& B = Zyy is T2-equivalent to A& B = Zy;. Consequently,
A and B both satisfy T2.

Proof. We may assume without loss of generality that the M-fiber ¥ C AN A is in the p;
direction, with I’ C I¢ x Z,, x K. By translational invariance, we may further assume that

F = {0} x Z,, x {0},

with 0 € I and 0 € K.
We first claim that there is a set A; C Z),, either equal to A or T2-equivalent to it, such
that A; ® B = Z); and

(7.9) (0} x Jx K C A,

Indeed, if K = {0}, then {0} x J x K C F' C A and there is nothing to prove. Otherwise, let
l; € Jand I, € K\ {0}. Then the point x = (0,[;,l)) either belongs to A, or else it satisfies
the assumptions of Lemma 4.6, with (0,(;,0), (1;,1;,0), and (l;,;,1;) all in A for any [; € I,
so that the flat corner configuration is perpendicular to the p; direction. By Lemma 4.6, in
the latter case we have A, C ¢;(x), implying a (1,2) cofibered structure. We can then use
Lemma 2.9 to shift the M-cofiber in A to x. After all such shifts have been performed, we
arrive at Aj.

By a similar argument but with p; and p;, interchanged, we may further replace A; by a
T2-equivalent set As such that Ay & B = Zyy, (7.9) continues to hold for A, and

(7.10) I % J¢ x {0} C A,.

Next, we replace Ay by a T2-equivalent set Az such that A3 & B = Zy,, (7.9) and (7.10)
both continue to hold for Az, and

(7.11) I % J x {0} C As.

Indeed, consider a point z = (I},1;,0} € I¢ x J x {0}, with I} # 0. (If no such [} exists,
(7.11) holds with A3 = A,.) If z € Ay, then it satisfies the assumptions of Lemma 4.6, with
(0,13,0), (0,1%,0), and (I;,1},0) all in A, for any I’ € J¢, so that the flat corner configuration
is perpendicular to the p; direction. Then A, C f;(z), and again our conclusion follows by
Lemma 2.9.

Finally, we may pass to another T2-equivalent set A4 such that Ay ® B = Z,; and
(7.12) I°x Jx K C A,

If I¢ = {0} or K = {0}, this follows from (7.9) or (7.11), with Ay = A3. Otherwise, we let
w=(l},l;,[} € I°x J x K with [} # 0 and [, # 0, and repeat the argument from the proof
of (7.9) with the first coordinate 0 replaced by .

With (7.12) in place, the corollary now follows from Lemma 7.2. U
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7.2. Case (DB1). Assume that A & B = Z, is a tiling satisfying the assumptions of
Theorem 7.1. Let D = D(M), and let A be the D(M) grid provided by the assumption of
the theorem. Additionally, we assume that

(7.13) min (|11, |J], [K9]) = 2.

If AN A has one of the structures described in Lemma 6.2 (full plane) or Lemma 6.3 (ii)
(almost corner), then in both cases we have ANA = (I x J x K)U (I¢ x J°x K¢) with no
other points permitted, so that

(7.14) (I°x Jx K)NA=0.

(Note that (7.13) covers the cases of a p; full plane and a p; almost corner structure. See
the end of this section for more details.)

If on the other hand (7.1) holds and I¢x J x K C A, the conclusion of Theorem 7.1 follows
by Lemma 7.2. We may therefore assume that there exists a point

(7.15) re(I°xJxK)\A.

Lemma 7.4. Assume (DB1), and let x satisfy (7.15). Then for every b € B we have exactly
one of the following:

(716) Az,b C éj(x)a with AM/p? [x]BM/p§ [b] - ¢(p32)7
(717) Aa:,b C Kk('r)a with AM/p% [‘T]BM/;)% [b] = Qb(pi)
Furthermore:

® Aupp,[2] - Apypla] =0,

o if Ay (] > 0, then (7.16) cannot hold for any b € B, and if Ay, [2] > 0, then
(7.17) cannot hold for any b € B,

e if (7.16) holds for some b € B, then the product (A[x],B[b]) is saturated by a (1,2)-
cofiber pair in the p; direction, with the A-cofiber at distance M /pj2 from x and the
B-fiber rooted at b. The same is true for (7.17), with j and k interchanged.

Proof. The assumptions (DB1) and (7.15) imply in particular that
(7.18) Appyp ] > 2,
so that A, C I(z, p?). Moreover,

A, C ﬂ Bispan(z,a) = H(:U,p?) UTl(z, p}),
a:(x—a,M)=M/p;pi

which together with (7.18) proves that A, C ¢;(x) Ul;(x). By Lemma 4.1, for each b € B we
must in fact have either A, , C ¢;(z) or A,y C l(z). If A, C ¢;(x), then the second part of
(7.16) follows since M/p; € Div(A), and Lemma 2.10 implies the existence of a cofiber pair
as described in the last part of the lemma. The same applies with j and £ interchanged.

Next, suppose that Ay, [z] > 0. Then A, C Bispan(z,a) for any a € A with (r—a, M) =
M /p;. But this is clearly not compatible with (7.16) for any b € B. The same applies with
7 and k interchanged.

On the other hand, one of (7.16) and (7.17) must hold for each b, therefore we cannot
have both Ay, [z] > 0 and Ay, (] > 0. This ends the proof of the lemma. O
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Lemma 7.5. Assume (DB1). Suppose that there is a point x € A such that (7.15) holds
and

(7.19) max (A, (2], Apryp, [2]) > 0.
Then the conclusion of Theorem 7.1 holds.

Proof. Assume without loss of generality that Ay, [¢] > 0. Then A, C ¢;(z) by Lemma
7.4. By Lemma 2.10, the pair (A, B) has a (1,2)-cofibered structure in the p; direction with
a cofiber in A at distance M/ p? from z. We apply Lemma 2.9 to shift the M-cofiber in A
to . Let A; be the set thus obtained.

We note that (7.19) does not hold for either the full plane structure or the almost corner
structure. Therefore (7.1) must hold, and since AN A C A; N A, the same holds for A;.
Furthermore, A; contains the diagonal boxes inherited from A as well as the added M-
fiber through z in the p; direction, disjoint from the boxes. By Corollary 7.3, the tiling
Ay @ B = Zy; (therefore also A @ B = Zy;) is T2-equivalent to A & B = Zy;. O

It remains to consider the complementary case when
(7.20) Angp, (7] = Ay 2] =0 Vo e (I°x J x K)\ A

Lemma 7.6. Assume that (DB1) holds, that (I° x J x K)\ A # 0, and that (7.20) holds.
Fiz an indez l; € 1¢ such that ({l;} x J x K) \ A is nonempty, and define

X=X(©1)={l}xJxK.

Then either A is T2-equivalent to a set A" C Zy such that A’ ® B = Zy and every point
' € X belongs to a fiber in A’ in the p; direction, or else the same holds with j and k
interchanged.

Proof. We fix [; as in the statement of the lemma, and keep it fixed for the duration of the
proof. Let also II := I1(x, p?) for any x € X, and note that X C IL.

Let x € X\ A. By (7.20), we must have 2’ ¢ A for all 2/ € X with (2/ — z, M) €
{M/p;, M/px}. Applying (7.20) to all such 2/, we see that X N A = (. Let

X;={x € X: Jbe Bsuch that A,;, C {;(x)},

and similarly for Aj. By Lemma 7.4, we have X = &; U X;,.

Suppose that X, # 0, with 2y € Xy, and let z1, 2, ..., 2y-1, be the distinct points in X
such that (zg — x,, M) = M/p, for v # 0. By the definition of A}, there exists b € B such
that

(721) Axu,b C Ek(x,,)

for v = 0. We claim that (7.21) also holds for v = 1,...,|J|—1, with the same b € B. Indeed,
suppose that A, , C ¢;(z,) for some v > 1. By Lemma 2.10, the product (A[z,],B[b])
would be saturated by a (1,2) cofiber pair in the p; direction. But then we would also
have A, C ¢;(z0), with the product saturated by the same cofiber pair, contradicting the
assumption that (7.21) holds for v = 0.

By Lemma 2.10 again, it follows that if Xj, # (), then A contains an M-fiber in the py
direction at distance M/p} from each of the points g, 21, 22, ..., 2)y—1. Since {y(z,) C II,
all these fibers are contained in II.

If we had both X; # () and &) # 0, we would get such sets of fibers in both directions, all
contained in II. But then IT contains |J¢| |K¢| points of [¢ x J¢ x K€, at least |J| fibers in A
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in the py direction, and at least | K| fibers in A in the p; direction, disjoint from A NII and
from each other. Thus

AN = (p; — [Tk — [KD) + pelJ] + pi| K| = pjpr + | ]| K]

This contradicts Lemma 4.3.

It follows that at least one of X; and X), must be empty. Assume without loss of generality
that X; = X and X, = 0. It follows that A, C ¢;(z) for all x € X. By Lemma 2.10, the
pair (A, B) has a (1,2)-cofibered structure in the py direction, and for every = € X there
is a cofiber in A at distance M/p; from x. We can now use Lemma 2.9 to shift all of the
aforementioned cofibers in the p; direction, obtaining the new set A’ as indicated in the
conclusion of the lemma. O

We can now conclude the proof of Theorem 7.1 under the assumption that (7.13), (7.15),
and (7.20) hold.

e If (7.1) holds, then the set A’ C Zjy; from Lemma 7.6 still satisfies (7.1), and A’ N A
contains the diagonal boxes inherited from A as well as the additional fibers added
in Lemma 7.6. By Corollary 7.3, A" is T2-equivalent to A, and the theorem follows.

e Suppose that AN A has the p; full plane structure (Lemma 6.2), with |I¢] = |J| =
|K| = 1. Then there is only one index [; € I¢, and for that [;, X = {z} is a single
point. In this case, Lemma 7.6 identifies a direction p, for some v € {j, k}, such that
the pair (A, B) has a (1, 2)-cofibered structure in the p, direction with a cofiber in A
at distance M /p? from z. Assume without loss of generality that v = j. After shifting
the cofiber to x as permitted by Lemma 2.9, we arrive at a p; corner structure, where
A"M A is the union of one M-fiber in the p; direction and (p; — 1) M-fibers in the py,
directions, each in a different plane perpendicular to the p; direction.

e Assume now that AN A has the p; almost corner structure (Lemma 6.3 (ii)), with
|K| =1]I°l =1 and |J|,|J¢] > 1. Then there is again only one index [; € I¢, and the
set X = {l;} x J x K for that value of [; has dimensions 1 x |J| x 1. We again apply
Lemma 7.6. If the fiber identified and shifted in the lemma was in the p; direction,
then we are in the p; corner situation again, with A’'NA consisting of non-overlapping
fibers in the p; and py directions. If on the other hand the shifted fibers were in the py
direction, then we have {D|m|M} C Div(A’), and A’NA contains the diagonal boxes
inherited from A as well as the added fibers disjoint from the boxes. By Corollary 7.3,
the tiling A’@® B = Z); (therefore also A@® B = Z)) is T2-equivalent to A® B = Zy.

7.3. Case (DB2). We now assume that A® B = Z), is a tiling satisfying the assumptions
of Theorem 7.1 on a D-grid A. Additionally, we assume that
(7.22) (1] = [T = |K°] = 1.

Since p;, p;, pi are all odd, the assumption (7.22) implies that min(|[, ||, |K|) > 2, and in
particular (7.1) holds. Let also

I°x J x K¢ = {ap}.

Lemma 7.7. Assume (DB2). Suppose that there exists a point x € A\ A such that A, is
contained in one of the lines {;(x), £;(x), lx(x). Then the tiling A® B = Zy is T2-equivalent
to N® B = Zy;. Hence the conclusion of Theorem 7.1 holds.
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Proof. Suppose that z € A\ A and A, C {x(z). By Lemma 2.10, the pair (A, B) has a
(1,2)-cofibered structure in the pj direction. By Lemma 2.9, the cofiber in A\ A can be
shifted to a fiber in A rooted at x. This yields a new tiling A’ & B = Z,;, T2-equivalent to
A® B = Zy, such that A’N A contains both the diagonal boxes {ag} U (I x J x K) and the
added M-fiber. In light of (7.1), we can apply Corollary 7.3 to conclude the proof. U

Lemma 7.8. Assume (DB2). If (ANA)\ ({ao}U(Ix Jx K)) # 0, then the tiling ADB = Zy,
is T2-equivalent to AN B = Zyy.

Proof. Observe first that if AN A contains a flat corner configuration in the sense of Lemma
4.6, then the conclusion holds. Indeed, Lemma 4.6 implies that the point x € A in the flat
corner configuration satisfies the assumptions of Lemma 7.7, which we then apply.

Suppose that there is an element a € AN (I¢ x J x K). In order to avoid a flat corner
configuration perpendicular to the p; direction at points z € I° x {\;a} x K, all such points
must belong to A. Similarly, we must have I¢ x J x {\.a} C A, in order to avoid a flat
corner perpendicular to the p, direction at those points. By Lemma 4.5 and (7.1), we must
in fact have I¢ x J x K C A. But then the conclusion follows by Lemma 7.2. Since the
assumption (DB2) is symmetric with respect to all permutations of the indices {3, j, k}, the
same argument applies when AN (I x J°x K) or AN (I x J x K¢) is nonempty.

Assume now that a € AN (1€ x J® x K). Consider an M-cuboid with one vertex at ay,
another at a, and a third one at o’ € I xJx K with (a—a’, M) = M/p;p; and (ap—a, M) = D.
In order to balance this cuboid, at least one of the vertices in I¢ x J x K, I x J° x K, or
I x J x K¢ must be in A. But then we are in the situation from the last paragraph. Since
this case is also symmetric with respect to all permutations of {7, j, k}, we are done. O

Lemma 7.9. Assume (DB2), and let Ny = M/py. If M/p; € Div(A), then @y, |A.

Proof. Assume for contradiction that @y, |B, and apply Lemma 4.9 to B, on scale N = Nj.
Since Ny, Ni/pr & Div(B), it follows that B is Nj-fibered in one of the p; and p; directions.
However, that is impossible, given that Div(B) N {D|m|M} = {M} due to (7.1). O

We now begin the proof of Theorem 7.1 under the assumption (DB2). By Lemma 7.8, it
suffices to consider the case when

(7.23) (ANA)\ {a} U (I x J x K))=0.
Let x € I x J¢ x K, so that in particular x € A. Fix b € B. Then
Ax,b C fl(il?) U &(ao) U Ek(x) U Ek(ao).

We claim that A,; cannot intersect more than one of the above lines. Indeed, by (7.1) we
have
o Ay N li(x) # 0 implies Ayyp2[x]Byy/p2[b] > 0, hence M/pip;, € Div(A) and M/p; €
Div(B).
o App N li(x) # 0 implies Aypype [2]Byy 2 [b] > 0, hence M/p;pj; € Div(A) and M/pi €
Div(B).
o Ayp N li(ag) # O implies Ayyypep, [#]£i(a0) B2y, [0] > 0, hence M/p; € Div(A) and
M /p?py, € Div(B).
o AypNli(ag) # 0 implies Ay, 2 [#]Cr(a0)Bys/p,p2[b] > 0, hence M/p; € Div(A) and
M /pi € Div(B).
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It is then easy to check that A,;, cannot have nonempty intersection with any two of the
above lines, either by Lemma 4.1 or due to direct divisor conflict.

Lemma 7.10. Assume (DB2) and (7.23), and let x be as above. Then Ay N ly(ag) = 0.

Proof. Assume for contradiction that
(7.24) Azp C Ll(ag).

Then M/p; € Div(A), hence by Lemma 7.9 we have @y, |A. We are also assuming as
part of (DB2) that ®,/|A. It follows that A is null with respect to all cuboids of type
(M, (1,1,2),1).

Consider any such cuboid with one vertex at ag, a second one at a point z; € ¢ x J x K°
so that (z; — ag, M) = M/p;, and a third one at a point z € ¢;(z) with (x — z, M) = M/p3.
By (7.22), none of the cuboid vertices in the plane I1(ag, p;) except for ag are in A. In order
to balance this cuboid, one of the vertices z; and z; must be in A, where (z; —z, M) = M /p;
and (z; —z, M) = M/p;. However, if z; € A, then M/p;p; € Div({z;},Ix Jx K) C Div(4),
which contradicts (7.24) due to divisor conflict. It follows that z; € A.

Repeating this argument for all z € {(z) with (z — 2z, M) = M/p:, we get that

(7.25) Az [ao] = ¢(p7)-

If p; < pk, then we must in fact have p; < p, — 2 (since both are odd primes), so that
é(p2) = pr(pr. — 1) > pipr. In this case, (7.25) contradicts Lemma 4.3.
Assume now that p; > pg. In this case, (7.24) and (7.25) imply that
1

1= Qs(p—ipi)AM/pipg (] 1.(a0)| B s /p,2 (0]
1
= qzﬁ(p—ipz)AM/p% [@0]Bsyp,p2 0]
1

= mBM/pipz [0].

But when p; > py, this is not possible without introducing M /p; or M /p;py as divisors of B,
which would contradict (7.1). O

Repeating Lemmas 7.9 and 7.10 with & replaced by ¢, we get that for each b € B we must
have one of

App Cli(x) or App C l(z).
Now let 2/ € (I x J x K¢) NIl(x,p?). The same analysis, with the p; and py directions
interchanged, shows that for each b € B we must have one of

App Cli(x") or Ayy C 4(2").

If Ayp C p(x) and Ay C €;(2") for some b, b € B, we use the same fiber crossing argument
as in the case (DB1). By Lemma 2.10, A must contain an M-fiber in the p; direction at
distance M/p; from z, as well as an M-fiber in the p; direction at distance M/ p? from 2/,
both of them in the plane IT := II(z, p?) and disjoint from each other. The same plane also
contains (p; — 1)(py — 1) elements of I x J x K. Therefore

|HﬂA| > (pj - 1)(1% - 1) +pj+ ok =pipk + 1> pipk,

which contradicts Lemma 4.3.
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It follows that either A,, C ¢;(x) for all b € B, or else A, C ¢;(2') for all b € B. An
application of Lemma 7.7 concludes the proof of the theorem.

8. CORNERS

In this section we address the extended corner structure, defined in Definition 5.4. We
will assume the following.

Assumption (C): Assume that A ® B = Z);, where M = p?ip?jpzk, |A| = pip;jpr, and
®)|A. Moreover, assume that A contains a p; extended corner in the sense of Definition 5.4
on a D(M) grid A, that is, there exist a,a; € AN A with (a — a;, M) = M/p; such that

o AN (ax Fj* F) is M-fibered in the p; direction but not in the pj direction,

o AN (a; * Fj * Fy) is M-fibered in the pj direction but not in the p; direction.

In particular, we may choose a, a; so that
(8.1) axF; CA, a;xF, CA,

(8.2) axF; ¢ A axFy ¢ A
We fix such a, a; for the rest of this section.

The following theorem is our main result for the extended corner structure.

Theorem 8.1. Assume that (C) holds with n; = ny, = 2. Then the tiling A® B = Zy is
T2-equivalent to A @ B = Zy; via fiber shifts. By Corollary 2.2, both A and B satisfy (T2).

We first note that when A contains a p; corner,
(8.3) {D(M)|m|M}\ Div(A) € {M/p;pr}

Lemma 8.2 (Size-Divisor Lemma). Assume that A C Zy;, and that there exist a,a; € A
with (a — a;, M) = M/p; such that
(8.4) axF; CA, a;xF, CA, axF,Z A.

n particular, this is true 1 olds. uppose that ®PpPpsr/p. |A. en we have the
(In p [ h f (C) holds.) Supp h CID(ID/p]|A Th h h
following.

(i) For all aj, € A such that (ar, — a;, M) = M /pr and Ay, [ag|le(a)] = 0, we have

(it) M/p;, M/pipipx € Div(A). Moreover, if Angypzlal > 0, then M/pip; € Div(A), and if
Ay [a] < ¢(p3), then M/p3p; € Div(A).

Proof. Under the assumptions of the lemma, A is 7T-null with respect to the cuboid type
T = (M, 5 1), where 5 = (1,2,1). Now the lemma follows by considering all possible T
cuboids with vertices at a,a;, ay and xy, where x; € A satisfies (z, — a, M) = M/p;, and
(:ck—ak,M):M/pi. O

Corollary 8.3. Assume (C). Then ®n,®y, 1 A.
Proof. Assume that @y, @y, |A. By Lemma 8.2 (i), we have

|AN (I(a, p*) U (a;, pi))| = p; + 6(03) + pi + 0(p7) = D5 + Py > 20510
hence max{|A NI(a,p;")|,|ANI(a; p;*)

} > pjpk, which contradicts Lemma 4.3. O



38 IZABELLA LABA AND ITAY LONDNER

By Corollary 8.3, it suffices to consider the following sets of assumptions.
Assumption (C1): Assume that (C) holds, p, < p;, and @, |B.
Assumption (C2): Assume that (C) holds, p < p;, ®n,|B, and
(8.5) M/pjpy ¢ Div(B).

(In particular, (8.5) holds if either Ayz/p,.p, [a] > 0 or Apsyp o, [ai] > 0.)
Assumption (C3): Assume that (C) holds, p, < p;, ®,|B, and
Ari/p;py [a] = Ari/p;pi [a;] = 0.

We first prove in Section 8.1 that under either of the assumptions (C1) or (C2), the
conclusion of Theorem 8.1 holds. We then prove in Section 8.2 that if (C3) holds, then we
must also have @y, |B, so that we may return to (C1) to complete the proof.

8.1. Cases (C1) and (C2). The first two cases are similar and will be considered together.

Lemma 8.4. Assume that (C1) holds with ny = 2. Then:

(1) Every element of B belongs to an Ny-fiber in B in either the p; or py direction (not
necessarily the same for all b).

(ii) Furthermore, suppose that there is a b € B that does not belong to an Ny fiber in
the p; direction in B. Then for all x; € Zy \ A such that (a; — x;, M) = M/p; we have
Az C Up(x), with the product saturated by an Ny-fiber in B in the py, direction, rooted at
b, and an M-cofiber in A at distance M/p; from ;.

Moreover, this lemma does not require the assumption py < pj, therefore the same conclusions
with j and k interchanged hold under the assumptions (C2) and (C3).

Proof. Observe that, by (8.3),
N,
Assume first that p; = 2, and suppose that there is a by € B that does not belong to an

Nj-fiber in either the py or the p; direction. In this case, by (8.6) and Lemma 6.5 with
N = N, we have

(8.7) Ni/pr = M/p; € Div(B).

Let z; € Zy \ A with (a; — x5, M) = M/p;, and consider the saturating set A,,. Let a; be
the element of A satisfying (a — a;, M) = M/p;, (x; — a;, M) = M/p;. We have

Awybo C gk(l']) U Ek(al) U gk((l) U Ek(aj).

[b] =0 for all b € B.

By (8.3), no top level divisors except possibly M /p;p; are available to contribute to the
product (A[z;], B[b]). Therefore, if A, p, N lx(a;) # O, we must have

Aprppip2[ille(az)] = Apgyp2az] > 0
which contradicts (8.7). Similarly A, N {x(a) # () implies

AM/pz-pjpi [zl (a)] = AM/pi la] >0
which, again, contradicts (8.7). Next, if A, s, N lx(a;) # 0, then by (8.7)
(8.8) ANE ;1210 (@) IBYE 1, 100] = Antp,p 2160 Baspp,[b0] > 0,
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and if A, , N0 (x;) # 0, then

(8.9) AN 1, (2B 1, [B0] = Agyp 25 Bag 5 [bo] > 0.

By Lemma 4.1, for a fixed by we cannot have both (8.8) and (8.9). Hence either A, 4, C li(a;)
or Ag; b, C Li(z;). In the first case, we have

AM/pjpk [ijk(ai)]BM/pjpk [bo] = Anyp, [ai]BM/pjpk [bo] = ¢(pjpk>3

since Apyyp, [ai] = ¢(pr), it follows that By, p, [bo] = ]B%J]g’;/pj [bo] = ¢(p;), hence by belongs to
an Nj-fiber in the p; direction, contradicting the choice of by. In the second case, we have

Angypa [25Bgp2 [bo] = B(07);

since M /p;, € Div(A), this is only possible if A and B contain a configuration as in part
(ii) of the lemma. In this case, it follows that by belongs to an Ny-fiber in the pj direction,
contradicting our initial choice of by. This concludes the proof of (i). Furthermore, if the
conclusion of (ii) fails for any z; chosen as above, then we must always be in the first case
for that x;, and therefore every b € B must in fact belong to an IV, fiber in the p; direction,
a contradiction.

Assume now that p; > 2. Then part (i) of the lemma follows directly from Lemma 4.9,
(8.6) and the fact that B satisfies (6.12) with N = N, and ¢ = 1. For (ii), suppose that
there is a b € B that does not belong to an Ny, fiber in B in the p; direction. By (i), there is
an Ny fiber in B in the py direction containing b. In particular, this implies that (8.7) holds.
The rest of the proof of (ii) is the same as for the p; = 2 case. O

Corollary 8.5. (i) Assume (C1) with ny = 2. Then the pair (A, B) has a (1,2)-cofibered
structure in the py direction. Moreover, for each x; € Zy \ A such that (a; —xj, M) = M/p;,
A has a cofiber at distance M/p? from x;.

(11) Assume (C2) with nj; = 2, then the same conclusion holds with k and j interchanged.

Proof. (i) Let b € B. By Lemma 8.4, it suffices to prove that we cannot have Bs/p,pr b] =
é(p;). In fact, we will show

(810) BM/pjpk [b} < ¢(pk);

moreover, this holds independently of the assumption @y, |B. Indeed, by the corner assump-
tion we have Aprp ., [7x] > ¢(p;) for all zy, € Zy \ A with (2 — a, M) = M/p;.. Hence

1
1> —)AM/pjpk [‘Tk]BM/pjpk [b] > BM/pjpk [b]

~ o(pipk o (pr)

as required.

(ii) By (8.5), we have Basyp,p, [b] = 0. The conclusion follows again from Lemma 8.4. [

The rest of the proof is the same in cases (C1) and (C2), except that p; and p; are
interchanged. Without loss of generality, we assume that (C1) holds.

By Lemma 2.9, we may shift each of the cofibers provided by Corollary 8.5 to its respective
point x;. Let A" C Zy be the set thus obtained. Then A is T2-equivalent to A’, we have
A" @ B = Zy, and for every z; € Zy \ A with (z; — a;, M) = M/p;, we have x; x F}, C A'.
Furthermore, A’ differs from A only along the lines ¢;(z;) with z; as above, hence it follows
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from (C) that for every a; € A with (a; — a;, M) = M/p;, we also have a; * Fj, C A’
Therefore a; * Fj * F}, C A’. By Lemma 4.3, we must in fact have

(8.11) A'N1l(a;, p}*) = a; x F; x F.

Corollary 8.6. Assume that (C1) holds with ny, = 2. Then A’ C U(a,p} "), where a is as
in (C). Moreover, ® ni|A'.

Proof. By (8.11) and (C), we have |A" N II(a;,p}" ")| > p;pr. The conclusion now follows
from Corollary 4.4. 0

If n; = ng = 2, we have p; || |BJ, hence Corollary 8.6 and Theorem 2.5 imply that
A" and B satisfy (T2). Since A and A’ are T2-equivalent, the same is true for A. The
additional arguments below are needed to prove the full conclusion of Theorem 8.1, namely,
T2-equivalence between A’ (hence A) and A for n; > 2. This is needed for the classification
result in Theorem 3.1, as well as for the applications in Section 9.

Corollary 8.7. Assume that (C1) holds with n; = ny, = 2, and define A" as above. Then the
pair (A', B) has a (1,2)-cofibered structure in the p; direction, with cofibers in A’ at distance
M/p? from each xy € Zys \ A such that (x — a, M) = M/py.

Proof. By (8.11) and (C), we have {D(M)|m|M} C Div(A’). The corollary follows by
applying Lemma 4.6 to each x. U

We can now complete the proof under the assumption (C1). By Corollary 8.6, we have
@ n: | A’ This together with (8.11) implies that

(8.12) Ac | 0,

z€a;xFj;
and that for each plane II, := II(z, p;"*) with z € a; % F};, we have
(8.13) |A"NIL| = pjpx-

Applying Lemma 4.8 to A’, and using (8.11), we get that each set A’ N1I, is a disjoint
union of M-fibers in the p; and p;, directions. However, we also know that B is INj-fibered
in the p; direction and Nj-fibered in the p; direction, hence
(8.14) {M/p}, M/p, M/pipi} C Div(B).

It follows that each set A’ NII, must in fact be M-fibered in one of the p; and pj, directions.
Assuming without loss of generality that A" N1II, is M-fibered in the p; direction for some
z € a; * F;, and taking (8.13) into account, we get

A'NTL = {ug, ..o uy, )+ F,

where for each v # v/ we have (u, —u,/, M) € {M/py, M /p3p;.}. Using the cofibered structure
in the p; direction, and considering each w, * I as cofiber, we apply Lemma 2.9 if necessary
to reduce to the case where p; | a; — u, for all v. This aligns the fibers in II, to a grid
uy * Fj x Fy, fibered in both directions. If we do not have py | a; —u; at this point, we apply
Lemma 2.9 again, this time in the p; direction. Repeating this procedure in each plane, we
get that A’ is T2-equivalent to A” = A. This ends the proof in this case.
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8.2. Case (C3). In this case, we are assuming that ®x, |B and Apr/pp, [a] = Anyp,p,lai] = 0.
By (C), this implies that Ay, [a] = Ay, [as] = 0.

Lemma 8.8. Assume (C3) withn, =2. Let a; € A and xj € Zy \ A satisfy (a; —x;, M) =
M/p; and (a —a;, M) = (a; —x;, M) = M/p;. If ®n, { B, then A;; C lx(a;).

Proof. The assumptions of the lemma imply that @y, |A. Applying Lemma 8.2 to A with j
and k interchanged, we have

(8.15) M/pi, M/pip;pi € Div(A),

(8.16) Apppzlas] + Apgyp2ag] > o (p7)-
Let b € B, and consider the saturating set A, ;. We have
A:ch,b C Ek(xj) U ék(al) U ﬁk(a) U &c(aj).
Using (8.3) and (8.15), we conclude that A, , Nlx(x;) = 0 since M/py, M/p;, ¢ Div(B), and
similarly Ay, N x(a) = 0 since M/pip;, M /pip;pr, M /pip;pi ¢ Div(B).
Suppose that A, , N lx(a;) # 0. By (8.3) again, this implies that

AM/ZHP% [xj Mk(aj)]BM/pzpi [b] > O’
so that Ayyp2lalli(a)] = Aypela] = 0. By (8.16) we have Ayye2la] = 6(pf) for all
(aj —a, M) = M/p;. We will prove this contradicts Lemma 4.3. Indeed, we have

> Aylal +Auplal+ Y Ayygela) = pi+ o(pip})
(a—az,M)=M/p;

|ANTi(a, pi*)

A simple calculation shows that the last expression exceeds p,py, if and only if p; > 1+ m,

which holds true since p; > p;, > 2. We therefore conclude that A, C li(a;). O

Proposition 8.9. (i) Assume (C3) with n; =n, = 2. Then ®y,|B.

(i1) Assume that p; = 2, and that (C3) holds with ny, = 2. (In this case, we do not need
to assume that n; =2.) Then @y, |B.

Proof. We prove (ii) first, since the proof in this case is immediate and straightforward.
Assume, by contradiction, that p; = 2 and ®x, t B, so that ®y,|A. By Lemma 8.2, (8.16)
holds for all a; € A with (a —aj, M) = M/p;. By Lemma 4.3 we have

pipk > |ANTI(a, p)]
> Ayla] + Anrlas] + Ay fai] + Apgypzfai]

Since p; = 2, we get Ayefa;] < d(py). From (8.16) we deduce Az laj] > 6(pF) — d(pr),
hence

|[ANTI(a, p;")

> Aprlal + Ay, [a] + > Apgpzlaj]

aj:(aj—a,M)=M/p;
> pj + d(p)(¢(w) — (pr))
= p; + 0(pj)o(pr)?
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We show the latter exceeds p;py, which contradicts Lemma 4.3. Indeed, p; + ¢(p;)¢(pr)? >
p;pk if and only if ¢(p;)d(pr)? > p;é(pr). This, in turn, is equivalent to py > 2+ @, which
clearly holds true since p; > 3.

We now prove (i). Assume that p; > 2, and let b € B. Applying Lemma 8.4 to B with p;
and py interchanged, we get that at least one of the following holds:

(8.17) By, (8] = 6(p;),
(8.18) By . 0] = &(px).

Assume, by contradiction, that ®y, { B. Then @y, |A. Let a, a;, a;, and x; be as in Lemma
8.8. By Lemma 8.8, we have A,,; C {x(a;), hence

1 1

(8.19) MAM/Mk [k (as) [ Bas/p,p, [b] + mAM/pjpz (2515 (i) Bag/p,pz [b] = 1.

Notice that

(8'20) AM/pjpk [xjwk(ai)] = ¢(pk‘)7 IB%M/Pjpk [b] < ¢(pk)
where the former follows from the corner structure and the latter from (8.10). Applying this
to (8.19), we get

(8.21) AM/pjp% ['rjwk(ai)]BM/pjpﬁ [b] >0,
and in particular M/p;p; € Div(B). We claim that this implies that

Indeed, suppose that (8.22) fails, then Ay j2[a;] < ¢(pi). By (8.16), we have Ay 2[a;] > 0,
hence Ay, p2[a] > 0. It follows that M/p;p; € Div(A) N Div(B), which is a contradiction.

Lemma 8.10. Assume that (C3) holds with n; = n, = 2, but ®n, t B. Then there is at
least one by € B for which (8.17) holds and (8.18) fails.

Proof. Suppose that the lemma is false, so that (8.18) holds for all b € B. We first prove
that then

(8.23) Vb€ B, pi|Buypult]
Indeed, by the corner structure and (8.15) we have

Let b € B. By (8.18), there is a py-tuple of elements {by = b, by, ...,b,,_1} C B such that
b, € A(b, M/p;pr). By (8.24), we must have (b, — b,,, M) = M /p,p;, for all v # /.

Suppose now that V' € B satisfies (b — V', M) = p,p2, then b’ belongs to a similar pg-tuple
{bo =0, 0),..., 0, 1} C B with (b, — b, M) = M/p;py, for all v # /. By (8.24) again, we

must have (b, — b.,, M) = p;p; for all v,/. Hence the py-tuples associated with different

elements of B are either identical or disjoint. This proves (8.23).

Applying (8.20), (8.18), (8.22), and (8.23) to (8.19), we get that
olpe)* | o0R) - Cok  d(pr) + Cpi

o(pjpe) — H(pip}) o(p;)

for some integer C'. But this implies p; = p(C + 1), which is impossible since p; is prime.
This proves the lemma. l
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By Lemma 8.10, there exists a by € B such that IB% / [bo] < ¢(px) and B J/ [bo] = ¢(pj).
In particular, M/pj € Div(B, by). Applying (8.21) to by, we get that M/p;pi € Div(B,by).
Finally, if ', " are elements of B with (by — ', M) = M/p; and (by — V', M) = M/p;p}, then
(0" =¥, M) = M/p;p;. Therefore

(8.25) M /pj, M/p;pi, M/pip;. € Div(B).

Lemma 8.11. Assume that (C3) holds with n; = ny = 2, but ®n, { B. Then
(8.26) | AN T(ai, p}")| = pi.

Proof. Using (8.22) and the fact that Ay, [a;] = ¢(pr), we have

(8.27) AN l(a;)| = pi.

On the other hand, we claim that

(8.28) A[a;] = 0 Vm|M such that p}|m|M, m # M, M /py, M/p;.

Indeed, we can exclude the divisors in (8.25). Furthermore, M/p;, M/p;pr & Div(A, a;) by
the p; corner assumption. It remains to check that M/pip, ¢ Div(A,a;). If we had an
element a’ € A with (a; —d’, M) = M/pjzpk, then there would be an element a;, € a;*x F), C A
with (ar — a', M) = M/p?, which is again prohibited by (8.25).
By (8.28), all elements of A in the plane II(a;, pi*) must in fact lie on the line ¢ (a;), so
that
[ANTI(a;, p;*)| = |[A N (ai)] = P}
as claimed. 0

Lemma 8.12. Assume that (C3) holds with n; = n, = 2, but &5, 1 B. Let ar, € A, x), €
Zpr \ A with (ay, —xg, M) = M/p;, (a; —ax, M) = (a—xx, M) = M/pg. Then for by as above,

(8.29) Asybo C ()
Proof. We have

Agivo Cli(xg) U li(a;) Uli(a)Ul(ay).
Observe first that A,, p, N (¢;(ar) U¢;(a;)) = 0, for otherwise, by (8.3) we would have either
A2 [a;] > 0 or Ay lax] > 0; both are not allowed due to (8.25).

Next, we claim that we cannot have both A,, »,N¢;(a) # 0 and Ay, 4, NC;(zx) # 0. Indeed,
the former implies Any/p.p, [2k]€;(@)]Bas/p, p, [bo] > 0 and the latter implies Ay [:ck]IB%M/p§ [bo] >
0; having both would contradict Lemma 4.1.

Suppose that A;, », C ¢;(a). Then

1 1

(8.30) 1= WAM/MM [kaj(a)]BM/pjpk [bO] + W

We chose by so that Bas/p,p,[bo] < ¢(pr). By the corner assumption, Ajrpp, [76]¢;(a)] =
#(p;). We also have Ay, [a;k]ﬁ a)l = Ay [ | =0, by (8.25). Therefore the right side of

| =
(8.30) is strictly less than (pj)gzﬁ( ) = 1 a contradiction. The lemma follows. O

AM/pﬁpk [2k¢; (a)]BM/pﬁpk [bo]

We now complete the proof of the proposition. By Lemma 8.12, we have A, p, C ¢;(zy),
hence

AM/p§ [xk]BM/p? [bo] = ¢(P§)
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for all z € Zy \ A with (z, — a, M) = M/py. This can only happen when
(8.31) Apgppeler] = pj

and IB%M/sz lbo] = &(p;). Applying this to all z;, as above (while keeping in mind that
Api/p,la] = 0), we have |AN{;(xy)| > p;. It follows that

(AN (I(a, pi"))| = pjpr > pi-
On the other hand, by (8.26) we have |A N TI(a;,p;")| = pi. It follows that & n { A, since
otherwise the number of elements of A in both planes would be the same.
It remains to prove that we must also have ® »: { B, which provides the final contradiction.
Indeed, we use the following
1 1 1 1
)AM/pk [a;] =1,

—A . :—A 2 :—A 2|A;| = —F——
o (p;) /oy ) p; 53 ) ) st L] o (pr

where the first and last part follow from the corner structure, the second part from (8.31),
n;—1 ||

and the third part from (8.22). It is easy to see that this configuration implies that {p]
m|M} C Div(A). This means that for every b € B
BN (IG,p )] = B0 (10, p}))]

7

hence @, n: t B. This gives the desired contradiction and ends the proof of the proposition. [

Proposition 8.9 implies that (C1) holds, and we can now follow the rest of the proof for
that case.

9. FIBERED GRIDS
Throughout most of this section we will work under the following assumption.

Assumption (F): We have A @ B = Zy;, where M = p;p3p; is odd. Furthermore, |A] =
|B| = pip;jpr, Pum|A, and A is fibered on D(M)-grids.

Let Z be the set of elements of A that belong to an M-fiber in the p; direction, that is,

T ={ae AlAyyla] = é(pi)}-

The sets J and K are defined similarly. The assumption (F) implies that every element of
A belongs to an M-fiber in some direction, hence A = Z U J U K. We emphasize that this
does not have to be a disjoint union and that it is possible for an element of A to belong to
two or three of these sets.

Our main result on fibered grids is the following theorem.

Theorem 9.1. Assume that (F) holds.

() FZNJINK #0, then the tiling A® B = Zy; is T2-equivalent to A & B = Zy;, where
A= A(0,D(M)). By Corollary 2.2, both A and B satisfy (T2).

(IT) Assume that TNJT NI = (. Then, after a permutation of the i, j, k indices if necessary,
the following holds.

(ITa) At least one of the sets Z,J,K is empty. Without loss of the generality, we may
assume that T =0, so that AC J UK.
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(IIb) If AC J or AC K, then A is M-fibered in the p; or py, direction, respectively. Con-
sequently, the conditions of Theorem 2.6 are satisfied in that direction. By Corollary
2.7, both A and B satisfy (T2).
(ITc) Suppose that T =0, and that J \ K and K\ J are both nonempty.
o [f®, |A, then, after interchanging A and B, the conditions of Theorem 2.6 are
satisfied in the p; direction. By Corollary 2.7, both A and B satisfy (T2).
o If ®2|A, then A C Ia,p;) for any a € A. By Theorem 2.5, both A and B
satisfy (T2).

The proof of Theorem 9.1 is organized as follows. We will consider the following sets of
assumptions.

Assumption (F’): We have A® B = Zy;, where M = p?p5p;. (Note that M is not required

to be odd). Furthermore, |A| = |B| = pip;pr, Pu|A, and A is fibered on D(M)-grids.
Assumption (F1): We have A ® B = Zj;, where M = p?p?pi is odd. Furthermore,
|A| = |B| = pipjpr, Pum|A, A is fibered on D(M)-grids, and Z, J, KC are pairwise disjoint.
Assumption (F2): We have A @ B = Zy, where M = p;pip; is odd. Furthermore,
|A| = |B| = pipjpr, Pum|A, A is fibered on D(M)-grids, ZNJ NK =0, and J N K # 0.
Assumption (F3): We have A ® B = Zy;, where M = pipip; is odd. Furthermore,
|A| = |B| = pipjpr, PulA, Ais fibered on D(M)-grids, Z =0, J \ K # 0, and £\ J # 0.
We prove part (I) of Theorem 9.1 in Corollary 9.6; in fact, this part holds under the weaker
assumption (F’). Assume now that ZNJ N = (). In that case, we first prove part (IIa) of

Theorem 9.1. While the conclusion is the same, the methods of proof will be very different,
so that it is preferable to split this part into two results.

Proposition 9.2. Assume that (F1) holds. Then one of the sets Z, J,K is empty.
Proposition 9.3. Assume that (F2) holds. Then Z = ).

Relabeling the primes if necessary, we may assume that Z = () in the case (F1) as well.
If Ais M-fibered in one of the p; or p; directions, then (IIb) holds, and we are done. It
remains to consider the case covered in (F3). The following result completes the proof of
the theorem.

Proposition 9.4. Assume (F3). Then the conclusion (Ilc) of Theorem 9.1 holds.

We briefly discuss the notation used in this section. For N|M, we will use IV, J¥, KV to
denote the N-boxes associated with Z, J, K. We continue to write

with F}, Fj, defined similarly. Recall also that
(9.2) M; = M/p;, M;=M/p;, M= M/p.

Note that M; = p3p; has only two distinct prime factors, and similarly for M;, M. In
particular, all M,-cuboids are 2-dimensional for v € {i, j, k}, and all conclusions of Lemma
4.7 apply on that scale. Thus, if @, |A, then A mod M is a linear combination of M;-fibers
in the p; and p; directions, with non-negative integer coefficients. In particular, if ®,|A
and

A%[m] € {0,c0} Yz € Zy,
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then A is M;-fibered in one of the p; and pj, directions on every D(M;)-grid. Similar state-
ments hold with A replaced by B, as well as for other permutations of the indices i, j, k.

9.1. Intersections of Z,7,K. It is possible for any of the sets Z,J and K to intersect
the others. Furthermore, given a D(M)-grid A, AN A can contain fibers in some direction
without necessarily being fibered in that direction. For example, consider the set

(9.3) Ao = F;  [(Fj % a) U (Fj, % a)].

Then a € TN J N K, but Ay is not fibered in either the p; or the p; direction.

Nonetheless, the condition (F) places significant limits on the ways in which Z, 7, K may
intersect, as provided by the following structure lemma. In fact, the weaker condition (F’)
is sufficient for this purpose.

Lemma 9.5. Assume (F’), and suppose that a € J NI for some a € A. Let D = D(M).
(1) If AN A(a, D) is M-fibered in at least one of the p; and py, directions, then

ANTl(a,p]) = a* Fj x Fy.
In particular, this holds if a & T.

(ii) If AN A(a, D) is M-fibered in the p; direction, then Ay C AN A(a, D), where Ag is
the set in (9.3).

Proof. (i) Assume, without loss of generality, that ANA(a, D) is M-fibered in the pj, direction.
Since a € J, we have a x F; C A, and the fibering assumption implies that a * F; x F}, C A.
The set a * F; * Fj, is contained in the plane II(a, p;") and has cardinality p;p;. By Lemma
4.3, there are no other elements of A in that plane.

Part (ii) is obvious. O

Corollary 9.6. Assume (F’), and suppose that TNJ NK # (0. Then the tiling A& B = Zy
is T2-equivalent to A(a, D(M)) & B = Zy;. Consequently, A and B satisfy (T2).

Proof. Let a € ZNJ N K. Without loss of generality, we may assume that AN A(a, D(M))
is M-fibered in the p; direction. It follows that {D(M)|m|M} C Div(A), and, by Lemma
9.5 (ii), we have Ay C A.

For every a;;, € A with (a — ajx, M) = M/p,pi, we have aj, * F; C A. Suppose now that
there is a z € Zy \ A with (e — 2, M) = M/p;py,. By Lemma 4.6, we have A, C /;(z), so that
the pair (A4, B) has a (1,2)-cofibered structure in the p; direction with the cofiber in A at
distance M /p? from z. For each such z, we apply Lemma 2.9 to shift the cofiber, obtaining
a new set A’ with A’ ® B = Zj; such that z x F; C A" and A’ is T2-equivalent to A. After
all such shifts have been performed, we see that A is T2-equivalent to A(a, D(M)). O

9.2. Toolbox for fibered grids. We start by pointing out a special case when Theorem
9.1 is very easy to prove.

Lemma 9.7. Let A® B = Zy;, where M = p?p?pi. If @y divides both A and B, then at
least one of the sets A and B is M-fibered in some direction. By Corollary 2.7, both A and
B satisfy (T2).

Proof. Each of the differences M /p;, M/p;, M /py can belong to at most one of Div(A) and
Div(B). By pigeonholing, at least one of Div(A) and Div(B) must avoid at least two of
these differences. Assume without loss of generality that M /p;, M/p; ¢ Div(A). By the
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assumptions of the lemma, we also have ®,/|A. Applying Lemma 4.9 (ii) to A, we get that

A is M-fibered in the p, direction, as claimed. O
Next, we discuss cyclotomic divisibility. Since Fj(X) = (XM —1)/(XM/Pi — 1), we have
(9-4) O,|F < pils|M,
and similarly for F; and Fj. In particular,
2 2
(9.5) TT @000 TT @47 (O[C0).
;=1 a;=1

and similarly for other permutations of the indices 1, j, k.
Lemma 9.8. Assume (F’). For each oy, € {1,2}, we have
@M/p‘:klA = @M/p:kvc

In particular, if CIDM/p:k t A for some oy € {1,2}, then IC # 0. Similar conclusions hold for
other permutations of the indices 1, j, k.

Proof. The lemma follows immediately from (9.5) if Z, 7, K are mutually disjoint, since then
we have A(X) = Z(X) + J(X) + £(X). In the general case, we need a mild workaround as
follows.

Write A(X) =T7'(X) + J'(X) + K'(X), where the sets Z', J', K’ are pairwise disjoint and
7', J',K' are M-fibered in the p;,p;, and p; direction, respectively. This can be done by
splitting up Zj; into pairwise disjoint D(M) grids A, and adding AN A, to one of Z/, J', K,
according to the direction in which AN A, is M-fibered. (If AN A, is fibered in more than
one direction, choose one arbitrarily and add A N A, to the corresponding set.)

It follows from (9.5) that @, o.[A if and only if @,/ [K". To pass from K’ to K, we
write (X)) = K'(X) + K;(X) + K£;(X), where K; C Z/ and K; C J'. By Lemma 9.5, K; is
a union of pairwise disjoint sets of the form a x F; x F},, where a € A. In particular, by (9.5)
we have @, ox [ICi(X). Applying the same argument to KC;, we see that Dok |K' if and
only if @01 K, and the lemma follows. O

We finish with two counting lemmas.
(9.6) {m/py: a€{0,1,2},m € {M,M/p;, M/p;, M/p;p;}} N Div(B) # 0.

Proof. Suppose that (9.6) fails. It follows that any M /p;p;pi-grid may contain at most one
element of B. Since Zy is a disjoint union of p;p; such grids, it follows that |B| < M /p;p,p:,
contradicting our assumption that |B| = M /p;p;p. O

Lemma 9.9. Let A® B = Zy, M = p;pipi, | Al = |B| = pipjpr. Then

Lemma 9.10. Assume that (F’) holds.

(i) Let ar, € K and I := I(ag, p;*) for some o; € {1,2}. Suppose that |A N 11| = p;py
and TNII, = 0. Then ANII, C K.

(1t) Let a; € T and 1I; := Il(a;,p;). Suppose that |[ANI1L| = pipr, ANIL, CZUK, and
INKNI; =0. Then p; < p;.

The same conclusions hold with j and k interchanged.
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Proof. (i) Suppose first that J NI NI # 0, and let a € J NK NI Then a ¢ Z. By
Lemma 9.5 (i), we have ANII; = a x F; % F, so that ANIl, C JNK.

Assume now that J N NI, = . Since a; € K, there exists a nonnegative integer ¢; and
a positive integer ¢, such that

pipk = [ANIL| = ¢;p; + cxpr
This clearly implies ¢; = 0 and ¢; = p;, thus proving J N 1II; = 0.
(i) In this case, ANTI; is a disjoint union of M-fibers in the p; and pj, directions. Since
a; € Z, there exists a positive integer ¢; and a nonnegative integer c; such that
pipe = |[AN | = cipi + crpr.
It follows that ¢; = cpy for some positive integer c;. But then p; = c/p; + ¢, so that p; > p;

as claimed. O

9.3. Fibering on lower scales.

Lemma 9.11. Assume that (F) holds.

(i) Let A := A(ag, D(N;)) for some ag € Z. If ZNJT NA =10 and A is N;-fibered on A, it
cannot be fibered in the p; direction.

(ii) If n,|B and
(9.7) {M/pj, M /px, M/pipj, M /pipr} N Div(B) = 0,

then B must be N;-fibered in the p; direction. Note in particular that if {D(M)|m|M} C
Div(A), then (9.7) holds.

Proof. (i) Assume, by contradiction, that A is N;-fibered in the p; direction on A. Then
A%z [a] = p; and A]sz/pj la] = pip(p;) for all @ € TN A, meaning that Z N A is also M-fibered
in the p; direction. This contradicts the assumption that Z N J N A is empty.

(ii) By (9.7), we have B%j/pj b] = ]B%%z/pk [b] = 0 for all b € B. It follows from Lemma 4.9

(ii) that B is N;-fibered in the p; direction. O

By Lemma 9.8, if &y, |A, then @y [. We consider the question of whether, in these
circumstances, K is permitted to have an unfibered grid on a lower scale.

Lemma 9.12. Assume that (F) holds. Suppose that Oy, |A and that there exists an D(Ny)
grid on which IC is not fibered. Then:
o {D(M)|m|M}U{M/p;, M/pip;pi} C Div(A),

e there exists an x € Zy; such that K%i/pk [z] = ¢(p}).

Proof. Assume that ®y,|A. By Lemma 9.8, we have @y, |K. Consider K as a multiset in
Zy, with constant multiplicity py. We claim that if K is not fibered on a D(V)-grid A, it
must satisfy the conclusion of either Lemma 6.2 or Lemma 6.3 with N = N, on that grid.
Indeed, if this is not the case, then we must have

{m : D(Ng)|m|N} C Divy, (K).

But then, for every D(Ny)|m|Nj there exist a,a’ € K (depending on m) such that (a —
a’, Ny) = m. Since K%ﬁ la] = K%: [a'] = ¢(pr), we have

{m/p‘,j cae{0,1,2},m e {M, M/Pi,M/pj,M/pipj}} C Div(K).
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The latter contradicts Lemma 9.9.

On the other hand, suppose that € M(Zy,) has at least p; + 1 distinct points in some
plane II(z,p?) in Zy,, each of multiplicity py. Then |A N II(x,p?)| > (p; + 1)pr in Zyy,
contradicting Lemma 4.3. The same argument applies with ¢ and j interchanged.

Among the structures described in Lemmas 6.2 and 6.3 with N = N}, the only ones that
avoid configurations as in the last paragraph are as follows.

e K N A has the p, full plane structure as in Lemma 6.2, so that for some x € Z,; we
have K\, [2] = 6(pf) and Kyt [2] = peo(pip;)-

e LN A has a p; or p; corner structure as in Lemma 6.3 (i).

e KN A has a p; or p; almost corner structure as in Lemma 6.3 (ii), so that (possibly
after a permutation of ¢ and j) there exist x1, xq, T3, x4 € Zys such that (x, —x!,, N) =
Nie/p; for v # v/, K o] = KyE ) [2a] = ¢(p}) and KYF ) [25] = KNE ) (2] =

Prd(p;)-

We address the second case, the first and third case being similar. Indeed, a p; corner
structure in K on the Ny scale means that there exist a,a’ € K with (a — a’, Ni,) = Ny, /p; so
that

(9.8) KN, [a] = Kyggpelal = o(p7)
and
(99) K%:/pj [a/] = KM/P;‘ [al] + KM/pjpk [a/} = pk¢(pj)'

Now consider K on scale M. We have (a —a', M) € {M/p;, M/p;px}, with the fiber chain in
(9.8) attached to a. By (9.9) and the fact that o’ € KC, we also have a’ x F}; * F}, C K. Hence
the conclusions of the lemma hold with z = a. O

Corollary 9.13. Assume (F). If ®n,|A and pp > min, p,, then K is Ny-fibered on each
D(Ny)-grid in one of the p; and p; directions. In particular, K C TU J.

Proof. Assume without loss of generality that p; = min, p,. By Lemma 9.8, we have &y, |A
if and only if @y, |K. By Lemma 9.12, if there exists a D(N)-grid on which K is unfibered,

then there must exist « € Zjs such that K%’Z I l®] = é(p?), thus

|ANTI(z,p3)| > Ky, (2] = ¢(p})

Ny /pk
> PiPk

which contradicts Lemma 4.3. Thus I must be fibered on all D(Ny)-grids. On the other
hand, by the same argument as above, K cannot be Nj-fibered in the p, direction on any
D(Ny)-grid. O

9.4. Proof of Proposition 9.2. In this section, we are assuming (F1), which we state here
again for the reader’s convenience.

Assumption (F1). We have A ® B = Zy;, where M = pipip; is odd. Furthermore,
|A| = |B| = pip;jpr, Pu|A, A is fibered on D(M)-grids, and

(9.10) Z,J,K are pairwise disjoint.
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We must prove that at least one of the sets Z, 7 or K has to be empty. To this end we
assume the contrary, i.e.,

(9.11) Z,J,K#0,

and prove by contradiction that (9.11) cannot hold. We may assume, without loss of gener-
ality, that

(9.12) pi <pj < P
By Corollary 9.13, this implies that ®y, and ®y, cannot divide A, so that
(9.13) Oy, Py, |B.

We start with a cyclotomic divisibility result.
Proposition 9.14. Assume that (F1), (9.11), and (9.13) hold. Then ®y, 1 A.
Proof. The proof is divided into several steps. In each of the following claims, the assump-
tions of the proposition are assumed to hold.
Claim 1. If ®y,|A, then I is N;-fibered in the p; direction, so that for every a; € Z,

Proof. 1t suffices to prove that Z is N;-fibered on each D(N;)-grid. Once we know that,
Lemma 9.11 (i) together with (9.10) implies that the NN;-fibering must be in the p; direction,
and the claim follows.

Assume, by contradiction, that there exists a D(XV;) grid over which Z is not fibered. By
Lemma 9.12,

(9.15) {D(M)[m| MY U{M/p?, M/p2p;pi} © Div(A)
and there exists xg € Zj; with
(9.16) IN: o) = 0(]).

The proof of Lemma 9.12 implies further that Z N A(xo, D(N;)) must contain one of the
structures described in Lemmas 6.2 and 6.3 with N = NV;. Additionally, (9.13) and Lemma
9.11 (ii) imply that B is N;-fibered in the p; direction and Nj-fibered in the pj direction,
hence

(9.17) M/p5, M/p;, M/p3p; € Div(B).
We claim that

(9.18) Iy o] = 0.

Suppose this is not true, then

Let a; € J and a, € K. Recall from Lemma 2.9 that the fibering in B allows one to shift
the fibers rooted at a; and a; by distance M/pj2 and M/p3, respectively. Let x;,x € Zy
with

(ay — 2, M) = M/p? and p?|zg —x, for v e {j,k}.
Let A’ be the set obtained by shifting the fibers rooted at a; and ay, to x; and x;, respectively,
so that ; * Fj, xy, * F, € A'. By Lemma 2.9, A’ @ B = Z); and A’ is T2-equivalent to A.
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Let ay,as € ¢;(xo) be the points with p?|a; — x;, pf|as — zx. By (9.19), l;(z) C AN A" Tt
follows from (9.17) that we cannot have M/p? € Div(A’), hence (a; — x;, M) = M/py,. Sim-
ilarly, (ag — ay, M) = M/p;. But now M /p?p;, M/pipx € Div(A4’), hence M/pip;, M /pipy. ¢
Div(B). Together with (9.15), this contradicts Lemma 9.9. This proves (9.18).

We therefore conclude that Z has either a full plane structure (Lemma 6.2) or an almost
corner structure (Lemma 6.3 (ii)). In either one of these cases, there exists a point

(9.20) a: € TN A(zo, D(M))

such that for each v € {j,k}, AN (a} x F; % F,) is M-fibered in the p; direction, but is not
M-fibered in the p, direction.
Let a; € J, and let x; € £;(a;) be the point such that p?|zg — z;. We consider two cases.

(a) If it is possible to choose a; so that z; € a; * F}, we fix that choice, and let A" := A.

(b) Otherwise, let A’ be the set obtained from A by shifting the fiber a; * F; to x; if
necessary, so that x; « F; C A". By Lemma 2.9, A'® B = Z); and A" is T2-equivalent
to A. Since we are not in case (a), A’ N (z; * F; * F;) contains no other M-fibers in
the p; direction.

We show that either z; € A(zg, D(M)) or

(9.21) M/ ¢ Div(B).
e Suppose that p;|zg — x;. If (vg — z;, M) € {M, M/p;, M/py, M/p;py}, then clearly
x; € Mxzo, D(M)). If on the other hand (zq — z;, M) € {M/p}, M/pip;}, then by
(9.20), there exists a fiber a * F; C I with a € A(xg, D(M)) and p?|a — ;. Then
M/p: € Div(a,z; * F;) C Div(A’), contradicting (9.17).
e Assume now that p; { ©o — ;. If (zg — x;, M) = M/p?px, then by (9.16) together
with the fact that p; > 3, there must be an a € A with (a — zo, M) = M/p? and
(a — x;, M) = M/p?py, proving (9.21) since z; € A’. Otherwise, we have (zo —
xj, M) = M/p?p, but then by (9.16), there must be a € A with (a — z¢, M) = M/p?
and (a — x;, M) = M/p}, contradicting (9.17).
Suppose now that z; € A(xg, D(M)). We claim that, in this case, A" contains a py
extended corner structure consisting of the fiber in x; x F; * F} in the p; direction and at
least one fiber in af * F; * F; in the p; direction. Indeed, by (9.20) and (9.10), we have

(9.22) Az, DIM))N(JUK) = 0.

In particular, we must be in case (b) above, and AN (x; % F; x F;) = x; * F;. This together
with the choice of a} proves that the conditions of Definition 5.4 (ii) hold.

In that case, however, we proved in Theorem 8.1 that A’ (therefore A) is T2-equivalent to
a D(M) grid. It follows that A satisfies (T2), therefore A ® B* = Z);, where ®,, | B for all
v € {i,7,k}. This contradicts (9.15), since clearly M /p? € Div(B").

We are therefore left with (9.21). By the same argument with p; and pj interchanged,
we must also have M/p?p; ¢ Div(B). Together with (9.15), this again contradicts Lemma
9.9. O

Claim 2. If ®y,|A, then ®yr, { A, and therefore @y, |B.

Proof. By Lemma 9.8, if ®,,|A, then ®,,|Z. Since M; has only 2 distinct prime divisors,
we may apply Lemma 4.7 on the scale M;. We conclude that every element of Z belongs to
either an M;-fiber in the p; direction, in which case we have |A N II(a;, p3)| > p?p;, or to an
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M;-fiber in the py direction, in which case we have |ANTI(a;, p3)| > p;px. Since both bounds
contradict Lemma 4.3, we deduce ®,,|B, and the lemma follows. O

The next claim is a direct consequence of Claim 2, (9.14), and Lemma 4.7.

Claim 3. If ®y,|A, then Byf[y] € {0,1} for all y € Zy;. Moreover, for every b € B, either

(9.23) By 1y, 0] = 6(p;) for all ¥ € BN A(b, D(M)),
and, since p; = min, p,,

(9.24) M/pip;, M/pip; € Div(B),

or

(9.25) Bir ), [0 = ¢(pr) for all V' € BN A(b, D(M;))
and

(9.26) M /pip, M/pipi € Div(B).

Claim 4. If ®y,|A, then for all a; € T we have Iyf , [a;) = Tyt [a;] = 0.

Proof. If there exist by,by € B such that (9.23) holds with b = b; and (9.25) holds with
b = by, then the claim follows from (9.24) and (9.26). Assume therefore that (9.23) holds for
all b € B, and, consequently, ]I% /s [a;] = 0 for all a; € Z.

Assume, by contradiction, that ]I%: Jpilas] > 0 for some a; € Z. It follows from (9.14) that

(9.27) M /pi, M/p?, M/ pipy, M/p?py, € Div(A).
We claim that
(9.28) M/p;px ¢ Div(B).

Assuming this, we prove Claim 4 as follows. By (9.11), (9.27), and (9.28), we have Ny, /p;, Ni./p; &
Divy, (B). By (9.13) and Lemma 4.9 (ii), B must be Nj-fibered in the pj; direction, so that

By, 0] = ¢(pr) Vb€ B.

Ny /pK

Let ax € K. Since q; satisfies (9.14), we may assume (moving a; to a different point in the
same fiber chain if necessary) that

(9.29) piag — a;.
Then the pair (A, B) has a (1,2)-cofibered structure, with ag* F}, as a cofiber. Let a} € (x(ax)
be the point such that p?|a; — ). If pglay — z},, we note that =, € A, and let A’ := A. If on
the other hand (ax — z},, M) = M/p, we use Lemma 2.9 to shift a;, x F}; to z}, obtaining a
new set A’ such that zj € A", A’ ® B = Zy;, and A’ is T2-equivalent to A.

By (9.24) and (9.29), we must have (a; — z},, M) = M/p3, so that M/p; € Div(A’). In
particular, M/p? ¢ Div(B). On the other hand, we also have ®,|B, and

By, [0] = By, [b] = 0 for all b € B.

By Lemma 4.9, B must be N,-fibered in the p; direction, so that B]ij/pi [b] = ¢(p;) for every

b € B. Together with (9.11), this means that every grid A(b, M/p;p;) with b € B contains
exactly p; points of B. On the other hand, the assumption that (9.23) holds for all b € B
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implies that every such grid contains exactly p; points of B. This contradiction proves the
claim, assuming (9.28).

We now prove (9.28). Assume, by contradiction, that b, ¥’ € B with (b—V/, M) = M /p,p.
Let y,y € Zy \ B with (b—y, M) = (V/ =y, M) = M/py, (b—y', M) = (V/ —y, M) = M/p;,
and consider the saturating set B, ,,. Then

By, CLi(b) U Li(y) UL() ULi(y).
If Bya, N (4i(y) ULi(y')) is nonempty, then {M/p;pr, M/pZpr} N Div(B) must be nonempty,
while if By ., N (4:(b) U 4;(V')) is nonempty, then {M/p;, M /p?} N Div(B) must be nonempty.
Both of these contradict (9.27). O

Claim 5. If ®n,|A and M/p;py, ¢ Div(B), then there must exist b;, by € B such that (9.23)
holds with b = b; and (9.25) holds with b = by.

Proof. Assume, by contradiction, that the conclusion is false. Without loss of generality, we
may assume that (9.23) holds for all b € B.
Since M /p;py ¢ Div(B), we have Exj/pk [b] = 0 for all b € B. By (9.13) and Lemma 4.9,

B must be fibered on D(N;) grids, so that for every b € B either
N

(9.30) By, 10 = 6(p)),
(9.31) BY 1, [B] = B, (] = 6(pi)-

Suppose that there exists by € B satisfying (9.30). Applying (9.23) to all ¥ € B with
(b — V', M) = M/p?, we get
|BNT(bo, p})| > 17 > pipy,

which contradicts Lemma 4.3.

Hence (9.31) must hold for all b € B, so that B is a union of disjoint N;-fibers in the p;
direction, each of cardinality p;. On the other hand, by Claim 3 and (9.23), for any b € B
we have

Nj/p3 P T My /p;
=1+ B%i/pj [b]
= 14¢(p;) = ;-
This implies that p; is divisible by p;, which is obviously false. U

Claim 6. If M/p;pi, ¢ Div(B), then @y, 1 A.

Proof. Assume, by contradiction, that M/p;p, ¢ Div(B) and ®y,|A. Then the conclusions
of Claims 1-5 apply. By Claim 5, we may find b;, b, such that (9.23) holds with b = b, and
(9.25) holds with b = b;. We fix these elements for the duration of the proof.

We claim that

(9.32) M/p?, M/p; € Div(B).
We prove the first part of (9.32), the second part being identical with p; and py, interchanged.

As in the proof of Claim 5, we use (9.13) and the assumption that M/p;p, ¢ Div(B) to
conclude that either (9.30) or (9.31) holds for every b € B. Suppose that (9.31) holds for
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b =0b;. Then BN A(bj, D(M;)) is a union of disjoint N;-fibers in the p; direction, and the
same argument as in the proof of Claim 5 implies that p; is divisible by p;, which is obviously
false. Thus (9.30) holds with b = b;, and in particular M/p; € Div(B).

With (9.32) in place, we complete the proof as follows. Fix let a; € J and a; € Z such that
p;*la; —a;. (This is possible by (9.14).) Taking (9.24), (9.26) and (9.32) into account, we see
that (a; — a;, M) = M/pip; = p;. By (9.14) again, we must in fact have 1,p;, p? € Div(A).

We deduce that M;/p3p; & Divay,(B), and, therefore, one of B C b* p;Z or B C b * pZ

must hold for any fixed b € B. That, however, contradicts (9.32). O

Claim 6 proves Proposition 9.14 in the case when M /p;p, ¢ Div(B). From here on, we
will therefore assume that

(9.33) M /p;pr € Div(B).

Claim 7. If Oy,

A and (9.33) holds, then @y, s, s, jp, | B.

Proof. Assume, by contradiction, that ®,s,/, |A. Let a; € 7, and let x;, € Zy; with (a; —
xg, M) = M /pi. By Claim 4, we have A% [z] = 0. Furthermore, (9.14) and the assumption
that M /p;pr, ¢ Div(A) imply that

AM,./Z; (2] = A o] + Z Ay lar] =0,
x) (g —x),M)=M/p;

Considering all M;/p; cuboids with vertices at a; and x, we see that for every z; € Zy; with
(a; — x5, M) = M/p; we have

M; /p;
Ay () = pl,

thus

| AN (s, pi)| > pip; > pip;
contradicting Lemma 4.3. Since this argument is symmetric with respect to j and k, the
claim follows. O

Claim 8. If ®n,|A and (9.33) holds, then B is M;-fibered in both of the p; and py, directions,
so that for all b € B we have

1 1
. — By, [b] = B, [b] =
(9.34) qb(pj) Mi/Pj[ ] o(pr) Mi/pk[ =1

Proof. By Claims 2 and 7, we have ®,,®ys,/p, |B. Therefore B is T-null with respect to

the cuboid type T = (Mi,g,l), where § = (0,1,2). Suppose that for some by € B we
have ]B%%j/pj[bo] < ¢(pj). Fix y; € Zy such that (by — y;, M) = M/p; and ]B%%j[yj] =0,
and consider all cuboids of type 7 with vertices at by and y;. In order to balance these
cuboids, we must have IB%%; ly] =1 for all y € Zy; with (by —y, M) = M/p:. But now we get
| BN 11(by, pjz)| > p? > p;pk, which contradicts Lemma 4.3. Since this argument is symmetric
in j and k, the claim follows. U

A and (9.33) holds, then for allb € B we have BY , [b] = ¢(p;).

N;/pi

Claim 9. If Oy,
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Proof. Assume, by contradiction, that there exists by € B with ij Jpilbo] < @(p;). Since
pr > pj and M/p;, € Div(A), we must also have ij/pk [bo] < &(pr). Let y;, yx € Zp with
(bo — yi, Nj) = N;/pi, (bo — yg, N;) = N, /pi, and such that ]B%%j [y:] = IB%%; [yx] = 0. Recall that

®y,|B, and consider all N; cuboids with vertices at b,y; and . We get that for every z
with (z — by, N;) = N;/p;, we have

(9.35) By [2] + By, [2] > 1.

N;/pipk =
But by Claim 8, we also have
|BNII(b,p;)| > pjpx Vb € B.

Applying this to all b € B contributing to (9.35), and summing over z with (z — by, N;) =
N;/p;, we get |B| > p; - (pjpr) > pip;pk, a contradiction. O

Claim 10. If (9.33) holds, then Oy, 1 A.

Proof. Assume, for contradiction, that (9.33) holds and ®y,|A. By Claim 8, B must satisfy

(9.34), and in particular

Bi 1y, [0] = 6(p;) for all b € B.

By Claim 9,
N

]B%Nj/m [b] = BM/Pipj [b} = (25(2%) for all b € B.

As in the proof of Claim 6, these two properties imply that p; is divisible by p;, which is
false. 0

Claim 10 concludes the proof of Proposition 9.14. O

By Proposition 9.14, it remains to prove Proposition 9.2 under the assumption that

(9.36) IT ®wmlB
ve{i,jk}

Lemma 9.15. Assume (F1) and (9.36). Then at least one of the sets Z,J, or K must be
empty.

Proof. Assume, by contradiction, that (9.11) holds. By (9.36), ®y,|B. Since p; = min, p,
and M /p;, M /py ¢ Div(B), we must have
1 1

—B, [b], ——B", [b] <1forallbe B,

o(p;) Nz/pg[ ] o(pr.) Nz/pk[ ]
and, in particular, B cannot be N;-fibered in either the p; or the p; direction. By Lemma
4.9, it follows that M/p? € Div(B).

Suppose first that ®,;,|A, so that ®,,|Z. We have ]1%1 [z] € {0,p;} for all x € Z),, and

Ni/pi; & Divy,(A). By Lemma 4.9, Z must be N;-fibered in one of the p; and p; directions,
so that we either have

(9-37) H%i/pj la;] = pip(p;) for all a; € Z,
or H%z/pk [a;] = pid(py) for all a; € Z.
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Assume, without loss of generality, that (9.37) holds, and fix a; € Z. It follows that
|Z N (a;, pi)| > pipj. By Lemma 4.3, the last inequality holds as equality, i.e.,

(9.38) IZ N 11(ay, p;)| = pip; and so ANTl(a;,p;) CZ.
We now consider two cases.
o If ®|A, then A C Il(a;, px). Let ap € K. Since ZNK = 0, we must have a; ¢
A(a;, D(N;)), thus |[ANTII(a;,pi)| > pipj, contradicting (9.38).
o If &, |A, then
|ANTII(a, pr)| = pip; for all a € A.
By (9.38), we must have Z N I(ag, pr) = 0. Hence A NTI(ay, pr) C J UK. Lemma
9.10 (ii) implies now that p; > py, contradicting (9.12).

We conclude that @, t A, hence @y, Py, | B. This implies that B is T-null with respect to
the cuboid type 7 = (M, d,T), where 6 = (0,1,1) and T(X) = 1+ XM/Pi 4 X Pim)M/pi
Since M/p; ¢ Div(B), we have B” [y] € {0,1} for all y € Z);. Note that T is a 2 dimensional
cuboid type, so that for every b € B we either have

BT [y;] = Burly;] + Basplys] = 1 for all y; € Zyy with (b —y;, M) = M/p;,
or
B [yx] = Baslyw] + Bs/p, [ye] = 1 for all yy, € Zp with (b — yx, M) = M /pg.

As p; = min, p,, the former implies M /p; € Div(B), and the latter implies M /p;, € Div(B),
both contradicting (9.11). O

9.5. Proof of Proposition 9.3. In this section, we will prove that Z = () under the following
conditions.

Assumption (F2). We have A @ B = Z);, where M = p?p?pi is odd. Furthermore,
|A| = |B| = pip;pr, Pum)A, Ais fibered on D(M)-grids, J N K # (), and

(9.39) INJgnkK=40.
Let a € J N K. By Lemma 9.5 (i), we have
(9.40) ax* F;x F, = An(a,p?),
and in particular
(9.41) {M/pj, M/px, M/pjpr} C Div(A).

We first prove Proposition 9.3 under the assumption that P2 |A.
Lemma 9.16. Assume (F2), and let a € J NK. If ®2|A, then

(9.42) A C (a,p;).
Proof. The assumption ®,2|A, together with (9.40), implies that [A N Il(a,p;)| = pipjpr =
|A]. O

Corollary 9.17. Assume that (F2) holds, and that ®,2|A. Then I = {).

Proof. Let a € JNK. Suppose, by contradiction, that Z is nonempty. By (9.42), there must
exist an element a; € Z N Il(a,p;"). It follows from (9.40) that a; € a x Fj * Fi,. But then
a; € TN J NK, contradicting (9.39). O
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In the rest of this section, it remains to consider the following case.
Assumption (F2’). Assume that (F2) holds, and that

(9.43) D2 f A

Lemma 9.18. Assume (F2’). Leta € JNK, and let x € Zy \ A with (a —x, M) = M/p;.
Then

(9.44) A, C (a, p3).

Proof. Let b € B. We have A, C I(a, p7) UTI(x,p?). Assume, by contradiction, that
Then |[ANTI(z,p?)| > 0. Together with (9.40), this implies that |ANTI(z,p?)| > p,;pk. Since
|A| = pip;pr, by Corollary 4.4 we have (I)p§|A, contradicting (9.43). O

Lemma 9.19. Assume (F2’). Then:
(i) For every b € B, and for every y € Zyr with (b —y, M) = M/p;, we have

(9'46) BM[y] + IB%M/M [y] + IB31\/1/1% [y] + ]BM/pjpk [y] =L
(ii) For all d with p?|d|(M/p;pr.), we have ®4|B. Additionally,

(9.47) {M/pi, M /pipj, M /pipx, M /pipjpi } N Div(B) # 0.
(iii) We have ®,,|A. Moreover,

(9.48) ANTl(a,p;) = ANT(a,p) Ya€ TNK.

(9.49) |ANTI(2!,pi)| € {0,pjpr} Va' € Zy.

Proof. Fix b € B, and write N, = M /p;py, for short. Let a € T NK, and let z € Zy, \ A
with (a —z, M) = M/p;.
By (9.40) and (9.44), we have
1 1

1= wAM/pi [I|H(a,p3)] IB%M/Pi [b] + mAM/Pin [x|H(a,p22)] ]BM/pipj [b]

1
+ ———Anr/pn [T (@, p3)] Bag/pip, [0] +
S(Pipr) M/plpk[ [1I(a, p;)] M/plpk”

1
= W(BM/}% [b] + BM/Pin [b] + BM/pipk [b] + BM/pipjpk [b])
1 N,
= o0 > Byl
7 yi(y—b,M)=M/p;
On the other hand, by (9.41) and divisor exclusion, any N;,-grid may contain at most one
element of B, so that ]B%%j’; [y] <1 for all y € Zy;. Therefore

1
— A D |11 a,p? B . b
o(pip;Pk) 2 /pip |2 T )] Bas/pip;pi [0]

By'*[y] = 1 for all y such that (y — b, M) = M/p;,

which is (9.46). We also note that the first equation in the above calculation implies (9.47).
Next, since |A| = p;p;pk, exactly one of @, and ®,2 must divide A. By (9.43), we must
in fact have ®,,|A. Then

pipk > |ANT(a, p;)| > |ANT(a, p?)| = p;pr,
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by (9.40). Hence the above must hold with equality, which proves (9.48). It also follows that
for any @’ € Zy;, we must have |[A NII(2', p;)| = pjpk if pi|2’ — a and 0 otherwise, so that
(9.49) holds.

Finally, let d # p? and p?|d|(M/p;pk), and consider any d-cuboid with one vertex at
a € JNK. By (9.40), we have Al[a] > p;p. However, we also have |[ANTI(a, p;)| = p;px by
the third claim in the lemma, so that A%[a] = 0 for all ' < d with D(d)|d’. It follows that
the cuboid cannot be balanced. Therefore ®,1 A, which proves (ii). O

Lemma 9.20. Assume (F2’). ThenZN(JUK) =0.

Proof. Suppose that the conclusion fails. Without loss of generality, we may assume that
ZNK # (. Taking into account that J NI # (), we have from (9.41)

M /pi, M/pj, M/px, M /pipr, M /pjpi. € Div(A)
so that (9.47) reduces to {M/p;p;, M /pipjpr} N Div(B) # 0, and (9.46) to
Bar/p, (Y] + Bar/p,p, [y] = 1 for all y with (y — b, M) = M/p;.
This means we must have

otherwise one must introduce M /p; or M /p;py, as differences in B.

We now repeat the same procedure with i and j interchanged. Let a' € Z N K. We note
that AN A(da’, D(M)) cannot be M-fibered in the p; direction, since that would contradict
(9.39). Tt follows from Lemma 9.5 (i) that o’ x F; x F), C A, and, together with Lemma 4.3,
this implies that

(9.51) a  Fyx Fy = ANII(d, p?).
Let o’ € Zy \ A satisfy (o' — 2/, M) = M/p;. As in the proof of Lemma 9.18, we have
Ay CI(d, p3) UIL(2/, p3).

Assume, by contradiction, that there exists a b € B such that A, , C II(d/, p?) Repeating
the proof of Lemma 9.19 (i)-(ii) with that b, we get the analogues of (9.46) and (9.47) with
i and j interchanged. The same argument as in the proof of (9.50) shows then that p; < p;,
a contradiction.

It follows that A, NII(z',p3) # 0, and, in particular, |[ANTI(d’, p;)| > pipk. By Corollary
44, A C II(d,p;). In particular, J C II(d/,p;), with each fiber in J containing a point
in AN H(a',p?). But by (9.51), any such point would belong to Z N J N K, contradicting
(9.39). 0

Lemma 9.21. Assume (F2’). If T # 0, then ®n, t A.

Proof. By Lemma 9.8, it suffices to prove that ®y,  Z. Let a; € Z. By Corollary 9.20, we
have a; ¢ J and a; ¢ K, so that there must exist z;,xz, € Zy \ A with (a; — z;, N;) =
Ni/p;, (a; — xy, N;) = N;/pi and such that ]I]]:,h [z;] = ]I% [zx] = 0.

Consider the N; cuboid with one face containing vertices at a;, z; and zj, and the other
face in I(a, p;), where a € J N K. In order for this cuboid to be balanced, Z NTI(a, p;) must
be nonempty, and in particular Z N I1(a, p?) # (. But this together with (9.40) contradicts
(9.39). O

Lemma 9.22. Assume (F2’). If p; = min, p,, then T = ().
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Proof. By Lemma 9.21, @y, t A, hence ®y,|B. Since Z # (), we have M/p; € Div(A), so that
IB%% ly] € {0,1} for all y € Zys. By (9.43), ©,2|B. Hence @), { B, and in particular B cannot
be Nj;-fibered in the p; direction. It follows that there must exist by € B and y € Z); with
(bo =y, N;) = Ni/p; and By![y] = 0.

In order to simplify notation, we shall denote §, = E%i/pu [bo] for v € {j,k}. By (9.46) we
must have

(9.52) Bi+ Bk +1 < [BNA(by, D(M))] < pi
thus
(9.53) By < (p; —1)/2 for some v € {j, k}.

In addition, considering all N; cuboids with vertices at by and y such that the vertices at
distance N;/p; and N;/p; from by do not belong to B, we see that

]BN?/pjpk [yl > (pj — Bj — D)(px — B — 1).

k3

Now, if 8; = 1 then 3; < p;, — 2 and so

(pj =B =)ok — B — 1) = (pj — 2)(px —pi + 1)
> (pr — pi + )pi
> Di

which contradicts (9.46). We may therefore assume 3, > 2 for v = j, k. In this case, however,
assuming (9.53) for v = k, applying (9.52) and the fact that p; — p; > 2, we have

(pj =B =Dk — B —1) = —pi+pi— Bj — V(pr — B — 1)
> (pj —pi+ Be) Pk — Br — 1)
> 4(pi — (pi— 1)/2 1)
=2p; —2
The latter exceeds p; whenever p; > 2. Since M is odd, again we get a contradiction to

(9.46) and the lemma follows. O

Lemma 9.22 proves Proposition 9.3, assuming that (F2’) holds and that p; is the smallest
prime. From now on, we will therefore assume that

(9.54) p; > minp,.

The rest of the proof will be split into the following cases:

e Assume (F2’), (9.54), and @y, Py, |A. This case is addressed in Lemma 9.23 and
Corollary 9.24.

e Assume (F2’), (9.54), and (interchanging j and k if necessary) ®n, { A, ®n, { B.
This case is addressed in Lemmas 9.27, 9.28, and 9.29.

o Assume (F2), (9.54), and ®y; { A, @y, t A. This case is addressed in Lemma 9.30,
Corollary 9.31, and Lemma 9.32.

Lemma 9.23. Assume (F2’) and (9.54). If p < p; < p; and Oy, |A, then K C J.

Proof. We first claim that K is NNVj-fibered on each D(Nj)-grid in one of the p; and py
directions. Indeed, if I were not Nj-fibered on some D(Ny)-grid, then it would follow from
Lemma 9.12 that {D(M)|m|M} C Div(A); however, that is not compatible with (9.47).
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Furthermore, by Lemma 9.20 and Lemma 9.11 (i), K cannot be Ny-fibered in the p; direction
on any D(Ny) grid. This proves the claim.
Recall from Lemma 9.19 (iii) that for any ag € A,

(9.55) | AN (a0, pi)| = pjpe-

If IC is Nj-fibered in the p; direction on some D(Ny) grid A, then for every a; € KNA; we
have

(9.56) KL, k) = o (p;),

so that a, € JNK. By (9.55), ANTI(ak, p;) = ap * F; % Fy, is fibered in both directions, and
in particular II(ay, p;) contains no elements of A outside of A;.

Assume now that there exists aj, € K such that K is Nj-fibered in the p; direction on
Ay == A(aj,, D(N)). Then

(9.57) K%:/pk [d'] = pro(pr) for all ' € K N1 (ay, p;i),
so that
(9.58) Anlad'] + Anpp, '] + Appype [d'] = pi for all ' € KN 1I(a),p;).

Fix a) € K satisfying (9.57) and (9.58). We first claim that
(9.59) TNy, pi) = 0.

Indeed, suppose that (9.59) fails, and let a; € Z N T(a},p?). Since K N Ay is Ny fibered in
the py direction, by Lemma 9.20 we must have a; ¢ Ay, so that a; must be at distance M/p?
from the fiber chain in the py direction rooted at a). We can now extend (9.41) to

(9.60) M /p;, M /pr, M [p;pr, M/p3, M/pi, M/pipi, M/pipr, € Div(A),

where all the differences that do not appear in (9.41), come from the interaction between a;
and (i (ay,).
By (9.60), we see that for every b € B

|B N H(b,p?” <1+ IB3M/p]-pi [b]
< Dk
But, since Zj; has only pf residue classes modulo pf, it follows that
pipipk = | B| < pipx,

so that p; < p;, contradicting the assumption that (9.59) fails.
It, therefore, follows that A N 1I(ay,p;) C J UK. By (9.55) and Lemma 9.10 (i), we have
AnTl(a},p;) C K. But since all ' € K N1I(a},p;) satisfy (9.57) and (9.58), we get

PPk = sz

for some positive integer c. The latter implies p; divides p;, which is not allowed. This
completes the proof of the lemma. O

Corollary 9.24. Assume (F2’) and (9.54). Assume further that ®n,®y, |A and that py, < p;.
Then Z =0, and A is M-fibered in the p;, direction.
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Proof. By (9.54), we have p;, = min, p,. We first apply Corollary 9.13, with j and k inter-
changed. Since ®y,|A and p; # min, p,, we get that J C (ZUK). However, by Lemma 9.20
we have ZN J = (), so that we must in fact have J C K.

Assume, by contradiction, that Z is nonempty. We first prove that this implies

(9.61) Di < Pj-

Let a; € Z. Observe that II(a;, p;) cannot contain any elements ¢’ € 7, since any such
element would be associated with a grid @’ * F; « F}, C A, and by (9.55) and Lemma 9.20, we
would have Z N 1I(a;, p;) = 0. Thus A N1(a;,p;) C ZUK, and (9.61) follows from Lemma
0.10 (ii).

Applying Lemma 9.23, we see that I C J. This, together with the first part of the proof,
implies K = J. Hence any element a;, € K is associated with a grid ay * F; * Fj, C A, and as
shown above, such grids cannot intersect I1(a;, p;). Therefore ANTI(a;, p;) must be contained
in Z. That, however, is clearly false since p;p;, = |A N 1II(a;, p;)| cannot be a multiple of p;.
This contradiction concludes the proof. [l

Before we move on to the next two cases, we need two lemmas on the fibering properties
of B.

Lemma 9.25. Assume (F2). If ®n |B, then B is Ng-fibered on each D(Ny) grid, either in
the py direction or in the p; direction. The same is true with j and k interchanged.

Proof. Suppose that @y, |B. By (9.41), we have B]]\vf’;/pj [b] = 0 and IB%%: [b] =1 for all b € B.
Since M is odd, the lemma follows from Lemma 4.9. O

Lemma 9.26. Assume (F2’). If T # 0 and B is N;-fibered on a D(N;) grid, then it must
be fibered in the p; direction on that grid.

Proof. We argue by contradiction. Let Ag := A(b, D(N;)) for some b € B, and assume that
B N Ay is Ni-fibered in one of the other directions, say p;. Let also A := A(b, D(M)). By
(9.46), we have

(9.62) IBNA| = pi.

On the other hand, the N;-fibering assumption means that B N Ay can be divided into
mutually disjoint N;-fibers in the p; direction, each one of cardinality p;, and each one either
entirely contained in A or disjoint from it. This implies that p; divides |B N A|. That,
however, contradicts (9.62). O

Next, we consider the case @y, { A, @y, + B. This case will be split further, according to
whether p; or py is the smallest prime.

Lemma 9.27. Assume (F2’) and (9.54). Assume further that ®n, { A, ®n, { B, and
p; =min, p,. If Z #0, then:

e B is Nj-fibered in the p; direction,

e KCJ,

o |[ANI(d,p;)| = pjpx for any a’ € A,

® Di < Pk-
Proof. We first note that the second claim follows from Corollary 9.13 and Lemma 9.20, and
the third one from Lemma 9.19 (iii). Next, let a; € Z. Then Z N 1l(a;, p;) is nonempty and,
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by Lemma 9.20, disjoint from J UK = J. By Lemma 9.10 (ii) with j and & interchanged,
it follows that p; < px.

It remains to prove the first claim. We have ®y |B, hence by Lemma 9.25, B is Nj-
fibered on D(N;) grids in one of the p; and p; directions. Since p; < p;, it follows that

B%ﬁ Jp: (] < &(p;) for all b € B, hence B must be Nj-fibered in the p; direction. O

Lemma 9.28. Assume (F2°) and (9.54). Assume further that ®n, { A, ®n, { B, and
p; =min, p,, Then T =0, and A is M-fibered in the p; direction.

Proof. Assume, by contradiction, that Z # (). By Lemma 9.21, &y, |B.

Assume first that V;/p; ¢ Div(B). By Lemma 4.9, B is fibered on D(N;) grids in one of
the p; and p;, direction. That, however, contradicts Lemma 9.26.

Suppose now that b,b’ € B with (b — ¥, N;) = N;/p;. By Lemma 9.27, B is N,-fibered in
the p; direction. This together with (9.46) implies that |B N II(b, py)| > pip;. By Corollary
4.4, we have (I)Pﬁ‘B’ hence @, |A. The latter, in turn, implies

(9.63) |ANTI(d, pi)| < pip; Va' € A.
On the other hand, let @ € J N K with a x F; * F}, C A as provided by (9.40). Then

AN (a, pr)| = pipe > pivj,
where at the last step we used Lemma 9.27 again. This contradicts (9.63).

This proves that Z = (). By the second claim in Lemma 9.27, we have K C 7, hence A is
M fibered in the p; direction. 0

Lemma 9.29. Assume (F2°) and (9.54). Assume further that ®n, { A, ®n, { B, and
pr =min, p,. Then T =10 and K C J. Consequently, A is M-fibered in the p; direction.

Proof. The proof splits between two cases.

Case 1: pr < p; < p;. In this case, by Lemma 9.23 we have K C J. Assume, by
contradiction, that Z is nonempty, and let a; € Z. By Lemma 9.19 (iii), we have |A N
II(a;, pi)| = pjpk. By Lemma 9.10 (ii) with j and & interchanged, it follows that py > p;,
contradicting our assumption. Therefore Z = ().

Case 2: pp < p; < p;- We first note that if Z is nonempty, then ij Ipi [b] < ¢(p;) for all
b€ B. Since ®y,|B, by Lemma 9.25

(9.64) B must be N; fibered in the p; direction.

Next, we follow the first part of the proof of Lemma 9.23. (This part does not use the
Lemma 9.23 assumption that p; < p;.) By the same argument as there, I must be Ni-fibered
on every D(N}) grid in either the p; or the pj, direction, and for every a; € K we have one
of the following:

e (9.56) holds, hence a, € J NK and ay, * Fj * Fj, = AN (ay, pi),
e (9.57) and (9.58) hold for all @’ € K N A(ag, D(Ny)).

If (9.56) holds for all @’ € K, then K C 7, and it follows by the same argument as in Case
1 that Z = 0.

We now prove that the second case is impossible. Indeed, assume by contradiction that
there exists a; € K such that (9.57) and (9.58) hold for all ¢’ € K N A(ay, D(Ny)). We first
claim that

(9.65) I N1 (ay, p;) = 0.
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Indeed, if (9.65) fails, we continue as in the proof of Lemma 9.23 and find an element a; € 7
at distance M /p? from the fiber chain through a;. But (9.64) implies M/p; € Div(B), which
is a contradiction. Hence (9.65) holds.

By (9.49), we have |ANII(ag, p;)| = p;pk. It follows from (9.65) and Lemma 9.10 (i) that
ANTIl(ag,p;) C K. As in the proof of Lemma 9.23, all elements of A in II(ay, p;) must satisfy
(9.57). Hence

pipe = |[AN(ak, p;)| = cp}

for some positive integer ¢, so that pj divides p;, a contradiction. This completes the proof
of the lemma. 0

We now address the case in which &y, 1 A for v € {j, k}.

Lemma 9.30. Assume (F2’) and (9.54). Assume further that B is Ny-fibered in the py
direction, M/p; € Div(B), and that T # (0. Then for all a; € T we have KK N 11(a;, p;) = 0.

Proof. Assume, by contradiction, that a; € Z and K N I(a;,p;) # 0. Replacing a; by a
different element of a; * F; if necessary, we may further assume that p?|a; — a; for some
ar € K N1(a;,p;) Moreover, it follows from the fibering assumption on B that the pair
(A, B) has a (1,2)-cofibered structure in the p; direction, with the cofiber in A rooted at ay.

Suppose that (a; — ax, M) = M/p;pi. Applying Lemma 2.9, we could then shift the
cofiber ay * F} in the p, direction, obtaining a new T2-equivalent tiling A’ & B = Z); in
which the shifted cofiber a), * F}, satisfies (a; — agx, M) = M/p;. We claim that A’ contains a
p; extended corner structure. Indeed, by Lemma 9.20 we have A(a;, D(M)) N (JUK) = 0.
Hence A N (a; * F; % F}) is M-fibered in the p; direction but not in the p; direction, and
AN (a}, * F; * F},) must be empty, so that A" N (a), * F; * Fy) = a}, * F},. This proves the claim.
However, Theorem 8.1 now implies that ®,2|A, contradicting (F2’).

Since M/p; € Div(B) by the fibering assumption, we are now left with (a; — ag, M) =
M /p?pi. But then, by the same fiber-shifting argument as above, we get a T2-equivalent
tiling A” ® B = Zy;, where M/p? € Div(A”). This contradicts the assumption that M/p? €
Div(B) O

Corollary 9.31. Assume (F2°) and (9.54). If B is N,-fibered in the p, direction for both
v=7jandv ==k, then T = (.

Proof. By the fibering assumption,
(9.66) M/p?, M/p; € Div(B).

Suppose that Z # (), and let a; € Z. It follows from Lemma 9.30 that J and K are both
disjoint from II(a;, p;). Therefore ANII(a;, p;) C Z, and in particular, p; divides | ANII(a;, p;)|-
But this contradicts (9.49). O

Lemma 9.32. Assume (F2’°) and (9.54). Assume further that ®n ®y,|B. Then T = ().

Proof. Suppose that Z # (). Without loss of generality, we may assume that p, = min,, p,.
By Lemma 9.25, B is Ny-fibered on D(Ny) grids in one of the p; and py directions. However,
B cannot be Ny fibered in the p; direction on any D(Ny) grid, since the assumptions that

Z # () and py < p; imply that B%Z/pi [b] < ¢(p;) for all b € B. Hence

(9.67) B must be Ni-fibered in the p; direction.
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By the same argument as above, if p; < p;, then B must also be Nj-fibered in the p; direction,
and an application of Corollary 9.31 concludes the proof.
It remains to consider the case when

(9.68) Pr < Pi < Dj-
We claim that in this case,
(9.69) M /pipy, € Div(B).

Indeed, since Z # (), the failure of (9.69) would imply that N;/py & Divy,(B). It would then
follow from Lemma 4.9 that B is N;-fibered on D(N;) grids. By Lemma 9.26, B can only be
N;-fibered in the p; direction. In particular, ®,,|B, contradicting Lemma 9.19 (ii).

Let b1, by € B with

(9.70) (by — by, M) = M/pipi.

By (9.46), one may find bs, . .., b,, € B satistying (b, —b,,, M) € {M/pipi, M /pip;, M /pip;pi}
for all v # v/'.
By Lemma 9.25, B is N;-fibered on each D(N;) grid in one of the p; and p; directions.

However, it is clear from (9.46) and (9.70) that ij/m [b,] < é(p;) for all v € {1,2,...,p;},

so that B cannot be N; fibered in the p; direction on the grid A := A(b,, D(N;)). It follows
that B is Nj-fibered in the p; direction on A. Taking also (9.67) into account, we see that

(9.71) |BN(b,,p?)| > pjpx for all v € {1,2,...,p;}.
Since |B| = pip;pk, (9.71) must in fact hold with equality for each v, and

(9.72) B\ O (b, p3) = 0.

Let b € B be arbitrary. We claim that
(9.73) M /pipr. € Div(B N A(b, D(N;))).

To prove this, we start by arguing as in the proof of (9.69) that if (9.73) fails, then B is
Ni-fibered in the p; direction on A(b, D(N;)). However, if that were the case, then we would
have M /p? € Div(B), contradicting (9.72).

We further note that by (9.72), BNA(b, D(N;)) = BNA(b, D(M)), so that in fact we have

M /pipi € Div(B N A(b, D(M)) Vb € B.

With this in place, we repeat the argument starting with (9.70) to prove that B is N;-fibered
in the p; direction on all D(NV;) grids.

It follows that B is N,-fibered in the p, direction for both v = j and v = k. By Corollary
9.31, we have Z = () as claimed. O

9.6. Proof of Proposition 9.4. In this section, we are working under the following as-
sumption.

Assumption (F3): We have A ® B = Zy;, where M = p?pip; is odd. Furthermore,
|A| = |B| = pipjpr, Pu|A, A is fibered on D(M)-grids, Z = 0, and

(9.74) the sets J \ K and K\ J are nonempty.
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The proof below works regardless of whether J and K are disjoint or not. If 7 N K # 0,
then (since Z = ) any element a € J N K must satisfy the conditions of Lemma 9.5 (i), so
that

(9.75) ANTl(a,p}) = a* Fj x Fy.

It follows that the set J \ K is M-fibered in the p; direction, and K\ J is M-fibered in the
i direction.
We begin with the case when at least one of @y, and @y, divides A.

Lemma 9.33. Assume (F3), and that ®y;, |A. Then

(9.76) <I>p?|A.

Furthermore, IC is Mj-fibered in the p; direction, so that for every ai € K we have
(9.77) K%Z/pj [ar] = pr - 9(p;)-

and

(9.78) AN (ak,p?) C Mak, pip;).

The same holds with py, and p; interchanged.

Proof. Notice first that the fibering statement holds trivially for all a, € XN 7.

Let now £ := K\ J, with the corresponding N-boxes LY for N|M. The assumption
@y, |A implies, by (9.5), that @, [£. By Lemma 4.7, £ mod M, is a disjoint union of
M-fibers in the p; and p; direction. Hence, any element ay € £ which does not belong to
an Mj-fiber in the p; direction must satisfy

(9.79) Lyt . laol = pi - ¢(pi)
and [ANTII(ag, p7)| > pipr. By Lemma 4.3,
(9.80) |AN H(ao,p?)| = DiDk,
in particular
(9.81) ANT(ag,p;) C £ and J N1I(ag,p5) = 0.
We first prove (9.76). Indeed, assume for contradiction that ®, [A. Then
(9.82) |ANTI(a,p;)| = pipx for all a € A.

Let a; € J, and consider the plane system II(a;,p;). These planes cannot contain any
elements a € L satisfying (9.79), since any such element would belong to an M;-fiber in the
p; direction in £, of cardinality p;py, and contained in II(a;, p;), and this would leave no room
for the additional element a; & L.

Thus every element of ANII(a;, p;) must either belong to 7, or else it must be an element
of £ belonging to an Mj-fiber in the p; direction in £, of cardinality p;ps. Since the two sets
are disjoint, (9.82) implies that

pipr = [ANIa, pj)| = c1p; + capjpr,
where ¢y, co are nonnegative integers. But then p; divides either p; or py, a contradiction.

Therefore <Dp?|A. Suppose now that there actually exists an element ay € £ such that

(9.79) holds. Then A C Il(ag,p;). Since J is nonempty, it follows that J must intersect
I1(ap, p7), contradicting (9.81). This proves the fibering conclusion of the lemma. O
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Lemma 9.34. Assume (F3). The following holds true:
(i) If @p2 Py |A, then A is contained in a subgroup.
(ii) If ®,,|A, then |ANI(a,p;)| = pjpk for alla € A. Moreover, for every a € A we have
either ANIl(a,p;) C J or AN1(a,p;) C K.

Proof. For part (i), by Lemma 9.33 every a; € K satisfies (9.77). By Lemma 4.3,
(9.83) |A N TL(ax, p?)| = p;pk, hence AN Tl(ay, p7) C K.

If ®,2|A, then A C II(ay, p;). This proves the first part of the lemma.
For part (ii), assume that ®,,|A. Then |A NIl(a,p;)| = pjpx for all a € A. The second

part follows from Lemma 9.10 (i) with «o; = 1. O
Lemma 9.35. Assume (F3) and

(9.84) D, Dy, |A.

Then @y, 1 A.

Proof. Assume, by contradiction, that ®x |A. By (9.74) and Corollary 9.13, we must have
pj = min, p,. We first claim that

(9.85) if ®,|A, then J must be Nj-fibered on D(N;) grids.
Indeed, suppose that (9.85) fails. By Lemma 9.12, we have
(9.86) {D(M)|m|M} C Div(A).

Applying Corollary 9.13 and (9.74) again in the p; direction, we get ®x, |B. By (9.86) and
Lemma 9.11 (ii), B is Ng-fibered in the p; direction, implying a (1,2)-cofibered structure for
(A, B) with all fibers in K as cofibers.

Fix a; € K, and recall that it must satisfy (9.77). This produces a family of M-fibers in
the pp direction, all contained in A N II(ag,p?). Using Lemma 2.9 to shift and align these
fibers if necessary, we get a T2-equivalent set A’ such that A’@ B = Zy; and a* F;xFj, C A'.
By T2-equivalence, ®,,|A’, and by Lemma 4.3,

(9.87) ar * Fy + F, = AN (ay, p).

Since Z = (), a; cannot belong to an M-fiber in the p; direction, and in particular there
exists an x € Zy; \ A with (ay —x, M) = M/p;. We have A/, C I(ay, p?) UTl(z, p?). However,
it A, NII(z,p7) # 0, then |A'NTI(z,p;)| > 0. By Corollary 4.4 and (9.83), we have ®2|A’,
which contradicts the fact that @, |A’.

Thus A’ C I(ay, p?), and by (9.87), for any b € B we have

1
1= Z —AM/mpi [$|H(ak’p?)]BM/mpi [b]
c{1.p; _ P(mp;)
me{1,p; PPk}
Hence {D(M)|m|M} N Div(B) is nonempty, contradicting (9.86). This proves (9.85).

By (9.74), we may find a; € J \ K. It follows from Lemma 9.11 (i) that AN A(a;, D(N;))
can only be Nj-fibered in the p; direction. Recall from Lemma 9.34 that |[ANIL(a;, p;)| = p;pk
and ANIl(a;,p;) C J \ K. But the fibering in 7 \ K implies that

Pjpr = C- Pi,
thus p; must divide p;, which is clearly false. The lemma follows. 0

Lemma 9.36. Assume (F3) and (9.84). Then ®py, jp,|A.
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Proof. Denote N = My, /p;, and write
AX) = J(X) = (T NK)(X) + £(X).
By Lemma 9.5 (i) and (9.4), ®y divides both J and J N K. Hence it suffices to prove that
D y|K.
Let a;, € K. By Lemma 9.33, we have Ky*[a] = Kj/*[z;] = py for all z; € Zy with

(ar, — x;, M) = M/p;. In particular, |K N (ak, p?)| = pjpk, and, since ®,,|A, there are no
other elements of A in II(ay, p;). It follows that, for any z; as above,

(9.88) K [ax] = K [z;] = pi

We need to prove that KY[A] = 0 for every N-cuboid A. It suffices to check this under
the assumption that at least one vertex of A belongs to K, so that two of its vertices are at
points aj, and z; as above. The other two vertices are at x,2’" € Zj; with

(ap —x,N) = (z; —2',N) = N/p; and (x — ', N) = N/p,.

By (9.88), the cuboid face containing a; and z; is balanced. Consider now the face containing
x and 2’. By Lemma 9.34 (ii) we need to consider two cases. If ANII(x,p;) C J, then this
face must be balanced on the scale NV, since ® 5| J. Otherwise, we must have ANII(z, p;) C K,
and then by the same argument as above, either KY[z] = K¥[2/] = py or K¥[z] = K [2/] = 0.
In both cases, the cuboid is balanced, which proves the lemma. 0]

Lemma 9.37. Assume (F3) and (9.84). Then
®y|B Vd € {N;, Ne, M/p;pr, M/p3pr, M/p;pi}.

Proof. For d = Nj, this follows from Lemma 9.35.

Assume, by contradiction, that @y, |A. By Lemma 9.8, we must have @y, |[K. As in the
proof of Lemma 9.36, we have |K N TI(ag, p?)| = p;px for all a € K, with each line ¢;(z) for
x € ay * F; containing an M-fiber in the p;, direction. In particular,

(989) |IC N Kk(ak)| =pr Va, € K.

On the other hand, let aj, € £\ J. Then ®y, |K implies one of the following:

e K is not fibered on A(aj, D(Ng)). By Lemma 9.12, there exists an « € Zy, such that
Kt/ [2] = 0(07).

e K is Ny-fibered on A(a}, D(Ny)). By Lemma 9.11 (i), it can only be fibered in the
p direction.

Both of these are clearly incompatible with (9.89). This proves that ®y, |B.

To prove that ®ur/pp, 1 A, let ap € K\ J, and consider M /p;p,-cuboids with vertices
at ay and = € l(ay) with (z — ay, M) = M/p:. By (9.78) and Lemma 9.34 (ii), we have
A%fi ;g i [v] = 0 for any cuboid vertex v other than aj and z. Varying x as above, we see that

in order for all such cuboids to be balanced we must have

M .
(AN TI(ax, p2)| = prey22* o).

But this is not possible, since the left side is equal to p;p, and the right side is divisible by
p;. The same argument, with the cuboids collapsed further to scale M/ p?pk, proves that

q)M/pfpk TA.
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Finally, we prove that ®, /,, { A. Consider any M /p;-cuboid with one vertex at a; €
K\ J. By the same argument as above, we have A]\Aﬁ;g j [v] = 0 for all vertices v # ay, hence

the cuboid cannot be balanced. O

Lemma 9.38. Assume (F3) and (9.84). Then the conditions of Theorem 2.6 are satisfied
in the p; direction, after interchanging A and B.

Proof. By assumption, ®,2|B. We need to verify that for every d such that p;*|d|M and
®, 1 B, we have

(9.90) Bajpe|A, o€ {1,2}.

By Lemma 9.37, it remains to check (9.90) for d € {M, M;, M, }.

e For d = M, (9.90) follows from Lemma 9.8 since Z = ).

e For d = My, we have q)Mk/pi(I)p§|A by Lemmas 9.33 and 9.36.

e For d = Mj, if ®,;|B, there is nothing to prove. If on the other hand ®,,|A, then
Lemma 9.33 and Lemma 9.36 hold with j and & interchanged, and so (9.90) also
holds in this case.

O

This resolves the case ®, |A. The case ®y;[A is similar, with j and % interchanged. It
remains to prove Proposition 9.4 under the assumption that

(9.91) Dy, 1 A for v e {j,k}.
Without loss of generality, we may also assume that
(9.92) P> D,

By Corollary 9.13, this implies that @y, @5, |B. It follows that B is 7-null with respect to the

cuboid type T = (Vy, 5 1), where 5= (1,1,0). Since cuboids of this type are 2-dimensional,
it follows by Lemma 4.7 that for every b € B at least one of the following holds:

(9.93) Bas[y] + Baryp, [y] = 1 for every y € Zy with (b —y, M) = M/p;,
(9.94) Bas[y] + Baryp, ly] = 1 for every y € Zy with (b —y, M) = M/p;.
In particular, this implies that

(9.95) {D(M)|m|M} NDiv(B) # 0.

Lemma 9.39. Assume (F3), (9.91), and (9.92). Then ®,,|A and ®y, 1 A.

Proof. We start with the second part. Assume for contradiction that ®y,|A. By Lemma
9.12 applied to p;, (9.95), and Lemma 9.11 (i), the set J \ K must be N; fibered in the p;
direction. Let a; € J \ K. We now consider two cases.

e Suppose that ®,|A. By Lemma 9.34 (ii), we have A N II(a;,p;) € J \ K and
|ANII(a;,p;)| = pjpr. But then the fibering of J \ K implies that p;py is divisible
by p?, a contradiction.

e Assume now that ®,:[A. Let A’ be a translate of A such that a; € A, . By the
cyclotomic divisibility assumption, we have ]A;i\ = pjpr. On the other hand, by the
fibering properties of A,

pipk = AL | = ¢;p7 + ckpr, ¢ > 0.
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Thus ¢; = pic; and p; = ;pjz + ¢, with ¢ > 0, a contradiction.

Therefore @y, { A. By (9.91), we have ®y,®);,[B. Applying the same argument as in
(9.93), (9.94) to p; instead of py, we get that every b € B must satisfy at least one of

Bar[y] + Basyp,; [y] = 1 for every y € Zy with (b —y, M) = M /p,

(9.96) B[yl + Basyp, [y] = 1 for every y € Zyy with (b —y, M) = M/p;.

But since py > p;, if the former holds for some b € B, we must have M /p;, € Div(B), which
is not allowed. Thus (9.96) holds for all b € B. Hence the assumptions of Lemma 4.2 hold
for B, with m = M/p;p; and s = p?. Tt follows that ®,2|B, and therefore ©,, |A. O

Lemma 9.40. Assume (F3), (9.91), and (9.92). Then the conditions of Theorem 2.6 are
satisfied in the p; direction, after interchanging A and B.

Proof. We verify the conditions of Theorem 2.6. By (9.91) and Lemma 9.39, we have ®4|B
for d € {p?, M;, My, N;}. Next, we claim that

(9.97) ®q|B for d € {M/p;pr, M/pipr, M/p;pi}-
Bince (9.96) holds for all b € B, we may write B as
(9.98) B(X) = BY(X) + Q(X)(XM/ri —1)

for some polynomial Q(X), where B’ is M-fibered in the p; direction. By (9.4), we have
®4| B for all p?|d. Using also that ®,4|(X™M/Pi — 1) for all d|M/p;, we get (9.97).

Finally, since ®)/|A, we need to prove that ®pr/e|A for a € {1,2}. Indeed, since Z is
empty, this follows from Lemma 9.8. U

This concludes the proof of Proposition 9.4.
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