COMBINATORIAL AND HARMONIC-ANALYTIC METHODS FOR
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ABSTRACT. A finite set of integers A tiles the integers by translations if Z can be covered by
pairwise disjoint translated copies of A. Restricting attention to one tiling period, we have
A& B = Zy; for some M € N and B C Z. This can also be stated in terms of cyclotomic
divisibility of the mask polynomials A(X) and B(X) associated with A and B.

In this article, we introduce a new approach to a systematic study of such tilings. Our
main new tools are the box product, multiscale cuboids, and saturating sets, developed
through a combination of harmonic-analytic and combinatorial methods. We provide new
criteria for tiling and cyclotomic divisibility in terms of these concepts. As an application, we
can determine whether a set A containing certain configurations can tile a cyclic group Zy,
or recover a tiling set based on partial information about it. We also develop tiling reductions
where a given tiling can be replaced by one or more tilings with a simpler structure. The
tools introduced here are crucial in our proof in [24] that all tilings of period (pgr)?, where
p,q,r are distinct odd primes, satisfy a tiling condition proposed by Coven and Meyerowitz
[2].
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1. INTRODUCTION

A set A C 7Z tiles the integers by translations if Z can be covered by pairwise disjoint
translates of A. Equivalently, there exists a set ' C Z (the set of translations) such that
every integer n € Z can be represented uniquely as n = a +t with a € A and t € T.
Throughout this article, we assume that A is finite and nonempty, and call it a finite tile
if it tiles the integers. Newman [34] proved that any tiling of Z by a finite set A must be
periodic, i.e. T = B @ MZ for some finite set B C Z such that |A||B| = M. Equivalently,
A @& B is a factorization of the cyclic group Z,,, with B as the tiling complement.

We are interested in investigating the properties of finite tiles. While this is a natural and
attractive question, surprisingly little has been known on this subject.

Newman'’s proof provides a bound on the tiling period, M < 2max(A)-min(4) " Thys, given a

finite set A C 7Z, the question of whether A is a tile is at least in principle computationally
decidable. However, Newman’s bound is exponential in diameter, and can therefore be very
large even if A has only a few elements. A more effective bound was proved recently by
Greenfeld and Tao [13].
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Further important reductions and observations were made by Sands [37], Tijdeman [47],
and Coven and Meyerowitz [2]. Sands’s theorem on replacement of factors [37] states that
if A® B = Zjy and M has at most two distinct prime divisors, then at least one of A
and B must be contained in a proper subgroup of Z,;. The proof of this is based on a
characterization of tiling pairs, also due to Sands, which we state here as Theorem 2.5.
Tijdeman [47] proved that if a finite set A tiles the integers, and if r € N is relatively prime
to |A[, then rA := {ra : a € A} also tiles Z with the same tiling complement. Coven and
Meyerowitz [2, Lemma 2.3] used this to prove that if a finite set A tiles the integers, then it
also tiles Zy, for some M which has the same prime factors as |A].

For the last two decades, the state-of-the-art work on the subject was due to Coven and
Meyerowitz [2]. In order to describe their main result, we need to introduce some notation,
which we will also use throughout this article. By translational invariance, we may assume
that A, B C {0,1,...} and that 0 € AN B. The characteristic polynomials (also known as
mask polynomials) of A and B are

AX) =) X B(X)=) X"

acA beB

Then A& B = Z); is equivalent to
(1.1) AX)B(X)=1+ X+ + XM mod (XM —1).
Let ®,(X) be the s-th cyclotomic polynomial, i.e., the unique monic, irreducible poly-

nomial whose roots are the primitive s-th roots of unity. Alternatively, &, can be defined
inductively via the identity

(1.2) X" —1=]]®.X).
s|n
In particular, (1.1) is equivalent to
(1.3) |A||B| = M and ®4(X) | A(X)B(X) for all s|M, s # 1.
Since @4 are irreducible, each ®4(X) with s|M must divide at least one of A(X) and B(X).

Coven and Meyerowitz [2] proved the following theorem.

Theorem 1.1. [2] Let S4 be the set of prime powers p* such that ®pe(X) divides A(X).
Consider the following conditions.

(T1) A(1) = [I,es, s(1),
(T2) if s1,...,sk € Sa are powers of different primes, then O, 4 (X) divides A(X).

Then:

o if A satisfies (T1), (T2), then A tiles Z;
o if A tiles Z then (T1) holds;
o if A tiles Z and |A| has at most two distinct prime factors, then (T2) holds.

The condition (T1) is, essentially, a counting condition, and is relatively easy to prove.
For sets A C Z such that |A| is a prime power, (T1) is a necessary and sufficient condition
for A to be a tile [34]. (In this case, (T2) is vacuous.)
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The second condition (T2) is much deeper. Coven and Meyerowitz [2] proved that if (T2)
holds, then A@® B° = Z,, is a tiling, where M = lem(S4) and B’ is an explicitly constructed
and highly structured “standard” tiling complement depending only on the prime power
cyclotomic divisors of A(X). We prove in Section 3 that having a tiling complement of this
type is in fact equivalent to (T2). While this equivalence was not stated explicitly in [2], it
follows readily from the methods developed there.

The Coven-Meyerowitz proof of (T2) for all finite tiles with 2 distinct prime factors relies
on the aforementioned structure and replacement theorems of Sands [37] and Tijdeman [47].
In [2, Lemma 2.3|, the authors deduce from Tijdeman’s theorem that if A tiles the integers
and |A| has at most two distinct prime factors, then A admits a tiling A ® B = Z,;, where
M has at most two distinct prime factors. By Sands’s theorem, one of A and B must then
be contained in a proper subgroup of Z;;. Coven and Meyerowitz use this to set up an
inductive argument.

A closer analysis of the Coven-Meyerowitz argument yields the same result in the case
when M = pi"* ... p3X, where py,...,pk are distinct primes, nq,...,ng € N are arbitrary,
and at most two of py,...,px divide both |A| and |B|. Essentially, any such case can be
reduced to the two-prime case via Tijdeman’s theorem and Lemma 2.3 of [2], whereupon
Theorem 1.1 may be applied. We provide the details in Corollary 6.2. (See also [46], [4],
39].)

The goal of the present article is to develop methods that can be used in the study of tilings
A @ B = Zy;, where M is permitted to have three or more prime factors dividing both |A|
and |B|. Sands’s factorization theorem does not hold in this case, with counterexamples in
[43], [25]. For the same reason, the Coven-Meyerowitz proof does not extend to such tilings.
We emphasize that this is not just a technical issue. Tilings with three or more distinct prime
factors dividing both |A| and |B| are genuinely different, and any comprehensive analysis
of them must account for new phenomena that have no counterparts for two prime factors,
such as Szabd’s examples [43].

The simplest tilings that cannot be reduced to the 2-prime case using the methods of [2]
are of the form A ® B = Z);, where |A| = |B| = p1paps and p1, pa, p3 are distinct primes.
In the follow-up paper [24], we use the methods developed here to resolve this case when
P1, P2, p3 are odd.

Theorem 1.2. [24] Let M = pipip;, where ps,p;, pr are distinct odd primes. Assume that
A® B =Zy, with |A| = |B| = pipjpx. Then both A and B satisfy (T2).

While our complete proof of Theorem 1.2 works only under the assumptions indicated,
many of our tools, methods, and intermediate results apply to general tilings A & B = Zyy,
raising the possibility of further extensions and improvements. We therefore chose to present
them here in more generality, deferring the actual proof of Theorem 1.2 to the paper [24],
which is restricted to the 3-prime setting.

We begin with the notation and preliminaries in Section 2. We identify Zy = Z,m_ nx
with Zpgq P-- ‘@ZP?(K, and use the induced coordinate system to identify the given tiling with
a tiling of a multidimensional lattice. This allows a geometric viewpoint whereby we can
describe the tiling in terms of objects such as lines, planes, or fibers (arithmetic progressions
of maximal length on certain scales). We emphasize, however, that the problem under

consideration is much more specific that the study of tilings of multidimensional lattices in
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general. It is important in our work that the different coordinate directions correspond to
distinct primes.

In Section 3, we present an alternative formulation of (T2) in terms of standard tiling
complements. Roughly speaking, if A@® B = Z,, is a tiling, then B satisfies (T2) if and only
if its tiling complement A can be replaced by a highly structured “standard set” A° with
the same prime power cyclotomic divisors as A. Such standard sets were already used in
2] to prove that (T1) and (T2) imply tiling. Here, we state the formal implication in the
other direction. In this formulation, the condition (T2) can be viewed as a distant cousin of
questions on replacement of factors in factorization of finite abelian groups (see [44] for an
overview).

In Section 4, we introduce one of our main tools, the box product. The idea comes from
the unpublished paper [11], and our main harmonic-analytic identity, Theorem 4.6, is in fact
a reprise of [11, Theorem 1] with relatively minor modifications. We are, however, able to
use it much more effectively. (We caution the reader that, while Theorem 1 in [11] is correct,
the proof of the main tiling result in [11] contains an error that cannot be readily fixed with
the methods of that paper.)

Our goal is to be able to start with an arbitrary tiling A & B = Zj;, and prove that
either at least one of the sets A or B can be replaced directly by the corresponding standard
tiling complement (which proves (T2) as indicated above), or else we can pass to tilings
with a smaller period N|M and apply an inductive argument. The machinery to do this is
developed in Sections 5-8, and includes the following main ingredients.

Cuboids (Section 5) and fibering (Section 8) are our main tools in determining cyclotomic
divisibility and proving structural properties. Cuboids have been used previously in the
literature in the context of vanishing sums of roots of unity [42] and Fuglede’s spectral set
conjecture [16]. We often have to use both cuboids and fibering at several scales at the
same time. In particular, we introduce “multiscale” cuboids that correspond to divisibility
by combinations of several cyclotomic polynomials.

In Section 6, we discuss two reductions that allow us to pass to tilings with a smaller
period, with the (T2) property preserved under the decomposition. We first review the
subgroup reduction from [2]. Next, we introduce a “slab reduction”, which we believe to be
new, and which covers many cases of interest that are not covered by the subgroup reduction.
We also develop a criterion for this reduction to apply. A concrete example of this is provided
in Corollary 6.7.

While the subgroup reduction is sufficient to prove Theorem 1.1, tilings with 3 or more
distinct prime factors include cases where such inductive arguments do not appear to be
easily applicable. One well-known obstruction to an inductive approach is provided by
Szabé-type examples [43]. However, Szabd’s examples are known to satisfy (T2). This was
observed already by Coven and Meyerowitz [2]; see also [4] for an explicit analysis of a class
of examples based on Szabd’s idea.

We do not know whether Szabd-type constructions are the only obstacle to an inductive
proof of (T2) for all finite tiles. In [24], we prove that this is indeed true for classes of
tilings that are broad enough to include all tilings of Zy; with M = (p1psps)?. The key new
concept turns out to be saturating sets — subsets of A and B that saturate appropriately
chosen box products (Section 7). Informally, if a tile A contains geometric configurations
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that indicate lack of structure on a certain scale, we are able to use it to our advantage
and locate highly structured configurations elsewhere in both A and B. In particular, the
less structure we have in one of the tiles, the more structured the other one is expected to
be. In the M = (p1p2p3)? case, we use this to prove that all tilings with “unfibered grids”
(see [24] for the definition) must in fact come from Szabd-type constructions. With this
established, we can prove (T2) for such tilings by reduction to standard tiling complements.
The full argument is carried out in [24], but we also provide examples of this procedure here
in Section 8.5.

In addition to applications to proving structural conditions such as (T2), we are also able
to use saturating sets to identify sets A C Zj; that do not tile Z,; based on the presence of
certain configurations. Results of this type include Lemma 7.9 and Proposition 7.10.

In Section 9, we discuss open questions and possible directions of study arising from our
research so far.

Since the work of Coven and Meyerowitz, there has been essentially no progress on proving
(T2), except for a few special cases of limited importance (such as [22]) and cases covered by
Corollary 6.2 ([46], [4], [39]). However, there have been significant recent developments on
other questions related to tiling and cyclotomic divisibility. Notably, Bhattacharya [1] has
established the periodic tiling conjecture in Z?2, with a quantitative version due to Greenfeld
and Tao [13]. In a continuous setting, there has been recent work on tilings of the real line
by a function [19].

There is an important connection between the Coven-Meyerowitz tiling conditions and
Fuglede’s spectral set conjecture [10]. The conjecture, dating back to the 1970s, states that
a set 0 C R™ of positive n-dimensional Lebesgue measure tiles R™ by translations if and
only if the space L?(2) admits an orthogonal basis of exponential functions. A set with the
latter property is called a spectral set. While the question originated in functional analysis,
it has intriguing connections to many other areas of mathematics, from convex geometry to
wavelets, oscillatory integral estimates, and number theory. The conjecture is now known to
be false in dimensions 3 and higher [45], [20], [21], [8], [33], [9]. Nonetheless, many important
cases remain open and continue to attract attention. losevich, Katz and Tao [14] proved
in 2003 that Fuglede’s conjecture holds for convex sets in R?; an analogous result in higher
dimensions was proved only recently, by Greenfeld and Lev [12] for n = 3, and by Lev and
Matolcsi [29] for general n. There has also been extensive work on the finite abelian group
analogue of the conjecture [15], [31], [7], [16], [17], [18], [30], [39], [40], [41], [6], [48].

Combined with a sequence of results in [26], [27], [23], proving (T2) for all finite integer
tiles would resolve the “tiling implies spectrum” part of Fuglede’s spectral set conjecture for
all compact tiles of the real line in dimension 1. Additionally, Dutkay and Lai [5] proved
that if a similar property could be established for spectral sets, then this would also resolve
the converse part of the conjecture for compact sets in R. While proving (T2) for a more
narrow class of integer tiles does not have that implication, it still establishes one direction
of Fuglede’s conjecture for that class of tiles in the finite group setting, as well as for sets
E =Jeala,a+1] C R, where A C Z is an integer tile in the permitted class [23].
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2. NOTATION AND PRELIMINARIES

2.1. Multisets and mask polynomials. Let M > 2 be a fixed integer. Usually, we will
work in either Zy; or in Zy for some N|M. In the context of the tiling problem, we reserve
M for the tiling period and N for its divisors. We also reserve K for the number of the

distinct prime divisors of M, and use pq,...,pg to denote those divisors, so that
K
M =]]r"
i=1
where pq,...,pg are distinct primes and nq,...,ng € N. We fix this notation and use it

throughout the rest of the article. For a prime p, an integer m, and a nonnegative integer
a, we will say that p® || m if p®|m but p** { m.

We use A(X), B(X), etc. to denote polynomials modulo X —1 with integer coefficients.
If A(X) is such a polynomial, we define its weight function wy : Zy; — Z so that wy(a) is the
coefficient of X in A(X). Thus A(X) = >_,., wa(a)X?. If Ahas 0-1 coefficients, then w,
is the characteristic function of a set A C Zj;. However, we will also consider polynomials
with integer coefficients not necessarily equal to 0 or 1. In that case, A(X) will correspond to
a weighted multiset in Z,;, which we will also denote by A, with weights w4 (a) assigned to
each a € Zy;. We will use M(Z,) to denote the family of all such weighted multisets in Z,,,
and reserve the notation A C Zj, for sets (with 0-1 weights). If A € M(Z,y), the polynomial
A(X) is sometimes called the mask polynomial of A. It will usually be clear from the context
whether A refers to the weighted multiset or the corresponding polynomial; whenever there
is any possibility of confusion, we will use A for the multiset and A(X) for the polynomial.

If N|M, then any A € M(Zys) induces a weighted multiset A mod N in Zy, with the
corresponding mask polynomial A(X) mod (X" — 1), and induced weights

(2.1) wh (z) = Z wa(z'), x € Zy.

' €Ly’ =xr mod N
For brevity, we will continue to write A and A(X) for A mod N and A(X) mod (XV — 1),
respectively, while working in Zy.

If A, B € M(Zyy), we will use A+ B to indicate the weighted multiset corresponding to
the sum of mask polynomials, or, equivalently, the sum of weight functions:

warp(x) =wa(r) +wp(zr), (A+ B)(X)=A(X)+ B(X).

We will use the convolution notation A x B to denote the weighted sumset of A and B, so
that (A* B)(X) = A(X)B(X) and

wanp(r) = (wa xwp)(z) = Y walr — y)ws(y).

If one of the sets is a singleton, say A = {x}, we will simplify the notation and write
x* B = {x} * B. The direct sum notation A & B is reserved for tilings, i.e., A® B = Zy,

means that A, B C Zy; are both sets and A(X)B(X) = £-=! mod (XM —1).

X—1
Since we will not need to use derivatives of polynomials in this article, we will use notation
such as A’, A”, etc., to denote multisets and polynomials that need not have anything to do

with the derivatives - A(X), %QQA(X), and so on.
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Yz

2.2. Array coordinates. Suppose that M = H,I; p;*, where pq, ..., px are distinct primes
and n; € N. By the Chinese Remainder Theorem, we have

K
Zu =Pz,
=1

which we represent geometrically as a K-dimensional lattice. The tiling A ® B = Zj; can
then be interpreted as a tiling of that lattice.

It will be useful to have an explicit coordinate system on Z,;. We fix one as follows. Let
M, = M/p}" = H#i p?j, then each x € Zj); can be written uniquely as
K
Tr = m(x)Mi, m(x) € me'.
i=1
The mapping x — (m1(x),...,mx(z)) identifies x with an element of Ly X e v X va;(K. We
will refer to the K-tuple (m(x),...,mx(x)) as the M-array coordinates of x.

We state a few easy properties for future reference.
Lemma 2.1. (i) x = m;(x)M; mod p",

(i) (&, M) = TT,=, p]" if and only if p]'

(#11) in particular, © =0 in Zy; if and only if m;(x) =0 for eachi=1,..., K,

(w) if © = > m(x)M;, y = > m(y)M;, and x +y = z = > m(2)M; are the respective
coordinate representations, then m;(z) = m;(x) + mi(y) mod p;* for each i =1,... k.

mi(z) for eachi=1,... K,

Each coordinate m;(z) of x € Zj; can be subdivided further into digits as follows. With
L, represented as {0,1,...,p" — 1} with addition and multiplication modulo p;*, we can

write uniquely
n;—1

m(x) = Z m,j(x)pf, 7rm-(a:) S {O, 1, N 1}
=0
Observe that (x — 2/, M) = HszlpZ if and only if for each i =1,..., K,

(2.2) Vi = {mm{j g (2) # mig(2)} i m(e) # m(e)

n; if m;(z) = m(2').

2.3. Grids, planes, lines, fibers.

Definition 2.2. Let D|M. A D-grid in Zy; is a set of the form
AN, D) :=x+ DZy = {2’ € Zp; : D|(x —2')}

for some x € Zyy.

An important case of interest is as follows. Let N|M. If N = p{* ... p%¥, withaq, ..., ax >
0, we let

D(N) :=p{"...px",

where v; = max(0,a; — 1) for ¢ = 1,..., K. Then a D(N)-grid is a “top-level” grid on the
scale N, and a natural setting to work on that scale.
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While a grid A is always an arithmetic progression in Zyy, it is often helpful to represent Z,,
by a K-dimensional coordinate array as in Section 2.2 and, accordingly, assign a geometric
interpretation to A. We point out several useful special cases below.

A line through = € Z); in the p; direction is the set
li(x) == Az, M),

and a (K — 1)-dimensional plane through = € Z); perpendicular to the p; direction is a set
of the form

(2.3) O(x, pi") := Az, pi).
Note that (2.3) defines a plane on the scale M;p;", which may be different from M.

An M -fiber in the p; direction is a set of the form x % F;, where x € Z,; and

Thus zx F; = A(x, M/p;). (More complicated multiscale fiber chains will be defined later.) A
set A C Zyy is M-fibered in the p; direction if there is a subset A’ C A such that A = A’ x Fj.

2.4. Cyclotomic polynomials and cyclotomic divisibility. We state a few basic facts
about cyclotomic polynomials for future reference. By (1.2), we have

(2.5) L+ X+ X744 X" = ] 2.%).

s|n,s#1

In particular, if p is a prime number, then ®,(X) =1+ X +---+ X7~ and, more generally,
by induction
a—1 a—1

B (X) = Bp(XP" ) = 14 X7 4 X2 4 X >

Thus ®,.(1) = p, and this together with (2.5) implies that ®4(1) = 1 for all s that are not
prime powers.

Suppose that A® B = Zyy, with M = [[X, pi as before. By (1.1), we have A(X)B(X) =
1+ X+ -+ XM mod (XM —1). For every prime power s = p®|M, we must have
O, (X)|A(X)B(X), so that

K n;
M=TT 1] & ] A(1)B(1) = |A||B| = M.

i=1 Ch;:l

It follows that
Al = T] @.(1)
sES A

and similarly for B, with S4, Sp defined as in Theorem 1.1; this is the proof of the tiling
condition (T1) given in [2]. Moreover, for any prime power s = p®|M, we have that ®(X)
divides exactly one of A(X) and B(X). (This is not true for s|M with two or more distinct
prime factors. For such s, the corresponding cyclotomic polynomial ®4(X) may divide either
one or both of A(X) and B(X).)

Divisibility by prime power cyclotomics has the following combinatorial interpretation.
For A C Zjy, the condition ®,,|A means that the elements of A are uniformly distributed
modulo p;, so that

| ANz, pi)| = [Al/pi Vo € Zas.
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More generally, for 1 < a < n;, we have @, (X)|A(X) if and only if

1
(2.6) |ANTI(z, p")| = ;|A N H(x,p?_1)| Vo € Ly,

i
so that the elements of A are uniformly distributed mod p$ within each residue class mod
pf‘_l. In particular, this implies the following bound on the number of points of a tile in a
plane on a scale M;p;"~ " or, equivalently, in an arithmetic progression of step p;"~*

%

Lemma 2.3 (Plane bound). Let A® B = Zy;, where M =[], p;’ and |A| =T, p;’. Then
for every x € Zyr and 0 < a; < n; we have
S plaz le/u'

v#i

(2.7) | AN Tz, py =)

The bound in Lemma 2.3 is, in general, sharp. For example, if A C p;”_lZM and @p;zi A,
then |A N II(z,p;")| = |A|/pi, so that (2.7) holds with equality for o; = 0. Examples of
sets A C Zj; with the above properties are easy to construct using the standard tiling sets
defined in Section 3.

We also note the following. Let N|M. Then the condition
DA Vs|N,s # 1,

means that 1+ X + -+ + XV~ divides A(X), or, equivalently, that the elements of A are
uniformly distributed mod N. For example, let N = pypy...pg. Suppose that |A| = N and
that ®,,|A for all i = 1,..., K. Then A satisfies (T2) if and only if ®,|A for all s|N with
s # 1, or, equivalently, if and only if each residue class mod N contains exactly one element
of A.

2.5. Divisor set and divisor exclusion.
Definition 2.4 (Divisor set). For a set A C Zyy, define
(2.8) Div(A) = Divy(A) :={(a—a', M) : a,d € A}.

Informally, we will refer to the elements of Div(A) as the divisors of A or differences in A.
We also define

Divy(A) :={(a—d,N): a,d € A}
for A C Zyr and N|M.
Divisor sets will be a key concept in our analysis, thanks to the following theorem due to

Sands [37].

Theorem 2.5. (Divisor exclusion; Sands [37]) If A, B C Zy; are sets, then A® B = Zy
if and only if |A||B] = M and

(2.9) Div(A) N Div(B) = {M}.

An alternative proof of Sands’s Theorem, based on Theorem 4.6 due to [11], is included
in Remark 4.2.
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3. A REFORMULATION OF T2

3.1. Standard tiling complements. We continue to assume that M = Hfil p;*, where
p1,...,px are distinct primes and n; > 0. We equip Zj,; with the array coordinate system
from Section 2.2 and use the notation of that section. Recall also that the divisor set Div(A)
for a set A C Zj; was defined in (2.8).

Definition 3.1. Let A, B be sets in Zy; such that A® B = Zy;. Let
A(4) = {o e (1,2, oni} s 2 (XA}

The standard tiling set A” is defined via its mask polynomial

i=1 ;€U (A)
(3.1) B
=11 11 (1 + XMes 4 +X<Pi—1>Mm?i’1>
=1 a; €A, (A)
M/p?
~
YM/p? A° e
B’ e
$3382 W/p 4np
0000
——
M/p;

FIGURE 1. The standard sets A°, B C szgpﬁ with p; =3,p; =5
and ®p?©pjz|A, ®,,®,,|B

Lemma 3.2. Define A" as above. Then A°(X) satisfies (T2) and has the same prime power
cyclotomic divisors as A(X).

Proof. Let a € {1,2,...,n;}. Then ®,«(X)|A’(X) if and only if it divides one of the factors

épi(XMip?i_l) with a; € 2;(A). By Lemma 3.3 below, this happens if and only if a = ;.
Furthermore, in that case we also have @« (X )|A°(X) for all d|M;, so that in particular
(T2) holds for A’. O

Lemma 3.3. Let
U(X) =1+ XN 4 X2

a—1

Fo o XEDNT g (XN”Q_I) ,
where (N,p) = 1. Then ®,(X)|V(X) if and only if s = dp® for some d|N.

Proof. We have ®,(X)|¥(X) if and only if W(e*™/%) = 0, i.e. (e2™/5)N?""" is a root of
®,. This happens if and only if (Np*~!)/s = k/p for some integer k such that (k,p) = 1.



12 IZABELLA LABA AND ITAY LONDNER

Equivalently, Np® = ks with (k,p) = 1. This means that k|N and s = %po‘ = dp®, where
d = N/k is a divisor of N. O

Observe that the standard set A°, while not necessarily a grid, is highly structured. In
terms of array coordinates, we have

A =Lacely: )= Z Tior1(2)PS Y, Mim,1(z) € {0,1,...,p; — 1}
aiemi(A)

={x €Zy: Tia,—1(x) =0 for all 7, o; such that o; ¢ A;(A)}.

(3.2)

The standard divisor set for A is
K
(33) DlV(Ab) = {szall 7 EQ[Z(A)U{TLZ—l—l}, 1= 1,,K} .
i=1

We will refer to the elements of Div(A4®) as standard divisors of A. The set B’ is defined
similarly.

With these definitions, we have the following alternative formulations of (T2).

Proposition 3.4. Suppose that A ® B = Zy;. Then the following are equivalent:
(i) Div(A®) N Div(B) = {M},
(ii)) A’ ® B = Zyy,
(i1i) B satisfies (T2),
(iv) | BN (x* A")| =1 for every x € Zy,.

Proof. The equivalence between (i) and (ii) is a special case of Theorem 2.5. The implication
(iii) = (ii) follows from the construction in the proof of Theorem A in [2]; the converse impli-
cation (ii) = (iii) was not pointed out there, but it also follows from the same construction.
Specifically, by Lemma 3.3, A’(X) is divisible by every cyclotomic polynomial ®, such that
P || s for some i € {1,..., K} and o > 1 such that ®,e|A. In other words, the only s such

that s|M but ®, does not divide A(X) are those with s = []_, p*, where for each i we have
cither §; = 0 or @ s, (X)|B(X). Let Sg be the set of such s.

If B satisfies (T2), then all &5 with s € Sg divide B(X), which implies (ii). Conversely,
suppose that (i) holds. Then each ®, with s|M has to divide A(X)B(X). By Lemma 3.3
again, if s € Sp, then ®; does not divide A(X), so it must divide B(X). Therefore (T2)
holds for B.

For part (iv), we shall prove that (ii) implies (iv) and (iv) implies (i). Suppose that (ii)
holds. We first claim that
(3.4) |IBN(z % A°)| <1 Yz € Zy.

Indeed, if b,b' € BN (z* A%), then b = x + a and b/ = z + o’ for some a,a’ € A°, so that
b—a =10 —d, contradicting (ii) unless b = b’ and a = '

[t remains to prove that (zq * Ab) N B # 0 for each g € Zy;. Let xg € Zjy;. Since
Div(B) = Div(—B), we have A* @ (—B) = Zy; by Theorem 2.5. It follows that there must
exist ag € A” and —by € (—B) such that ag — by = —x¢. The latter means ag + z¢ = by,
implying (x * A°) N B # 0 as claimed. Hence (iv) follows.
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Finally, suppose that (i) fails. Then there exist b,b' € B and m € Div(A") \ {M} such
that (b — b/, M) = m. But then b,b' € BN (b* A”) with b # b, contradicting (iv). O

Remark 3.1. If A® B tiles Zy;, where M = p" is a prime power, then (T2) holds vacuously
for both sets. Hence we have both A@® B® = Zy and A° ® B = Zy;.

It is tempting to try to prove that if A@® B = Z,;, then we should have Div(A®) C Div(A).
By Proposition 3.4, this would imply that B satisfies (T2). However, the example below
shows that Div(A) does not in fact have to contain Div(A”).

Example. Let M = p?q, where p, ¢ are distinct primes with p > ¢, and let A be the set of
numbers whose array coordinates in Zy; are (i + jp,i),i=0,1,...,q—1,j=0,1,...,p—1.
Then A® B = Zy; with B ={(4,0): j=0,1,...,p— 1}, and both sets satisfy T2. Since
®,2 and @, divide A(X), we have A’ = {(jp,i): i =0,1,...,¢— 1,7 =0,1,...,p — 1},
and in particular p € Div(A®). However, p ¢ Div(A). To see this, consider a,a’ € A with
coordinates (i + jp,i) and (¢ + j'p,d’). If i # ¢, then (a — o', M) = 1. If on the other hand
i =14 but a # d, then (a —a', M) = pq.

This shows that the condition Div(A”) C Div(A) is not necessary for a tiling, nor is it
simply a consequence of A(X) having the requisite prime power cyclotomic divisors. Note,
however, that in this example we still have p ¢ Div(B).

3.2. T2-equivalence.
Definition 3.5. We say that the tilings A® B = Zy; and A’ @& B = Zy; are T2-equivalent if
(3.5) A satisfies (T2) < A satisfies (T2).

Since the sets A and A’ tile the same group Z,; with the same tiling complement B, they
must have the same cardinality and the same prime power cyclotomic divisors, as discussed
in Section 2.4. For brevity, we will sometimes say simply that A is T2-equivalent to A’ if
both M and B are clear from context.

In practice, A" will be a set obtained from A using certain permitted manipulations such
as fiber shifts. We will use T2-equivalence to reduce proving (T2) for the initial tiling to
proving (T2) for related tilings that are increasingly more structured. In particular, the
following reduction is sufficient to prove (T2) for both sets in the given tiling.

Corollary 3.6. Suppose that the tiling A® B = Zy; is T2-equivalent to the tiling A’ ® B =
Zyr. Then A and B satisfy (T2).

Proof. Since A” satisfies (T2), by (3.5) so does A. By Proposition 3.4, B satisfies (T2) as
well. O]

4. BOX PRODUCT

z

4.1. Box product characterization of tiling. We continue to assume that M = Hfil D,

where pyq, ..., px are distinct primes. We will use ¢ and p to denote, respectively, the Euler

totient function and the Mobius function: if n = Hle g, where qq,...,q; are distinct

j
primes, then
L

ot = [T =TTl =0

Jj=1 K
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(-].)L ilezTQZ"':TL:]_,
p(n) = e
0 if 3j € {1,..., L} such that r; > 2.

Let N|M. Reordering the primes if necessary, we may assume that N = pi* ... p*, with
1<k< Kand ay,...,ar > 1.

Definition 4.1. (N-boxes) An N-box is a k-dimensional matriz

77777

of size (o +1) X+ - X (g +1), with entries A, . ~,) € R. Since each multiindex (y1, ..., vx)
with 0 < v; < ay can be uniquely associated with a divisor m of N given by m = pi* ...p}*,
we will use such divisors to index the entries of A, so that

.....

For any N|M, N-boxes form a vector space over R, with addition of boxes and multipli-
cation of a box by a scalar defined in the obvious way. We also equip this space with an
inner product structure as follows.

Definition 4.2. (Box product) If A and B are N-bozes, define

1
(4.1) (A,B) = gl;v WAmIB%m.

Of course, (4.1) depends on N, but since N is determined by the fact of A and B being
N-boxes, we will not use additional subscripts or superscripts to indicate that.

The N-boxes associated with multisets in Zy are as follows.

Definition 4.3. (Boxes associated with multisets) Let A € M(Zy) and N|M. Con-
sider the induced multiset A € M(Zy), with the weight function mod N defined in (2.1).
For x € Zy, define AN[z] = (AN[z])ymn, where

A [a] = >, wil

a€Zn: (z—a,N)=m
In particular, if A C Zy is a set, we have
ANzl =#{ac A: (v —a, N)=m}.

If N = M, we will skip the superscript and write A,,[x] = AM[x] whenever there is no
possibility of confusion.

Theorem 4.4 below explains the reason for Definition 4.2. The theorem is based on [11,
Theorem 1] (see Sections 4.2 and 4.3 for details). The equivalence between A @ B = Zj; and
the condition in (ii) provides an alternative proof of Theorem 2.5; however, Sands’s proof is
easier and does not require Theorem 4.4. The point of Theorem 4.4 is that tiling also implies
the formally stronger condition (4.2) for all N|M and z,y € Zy,.

Theorem 4.4. (Box product characterization of tiling) (i) Suppose that A@& B = Zy
is a tiling. Then for any N|M, and for any x,y € Zy;, we have
_AlBl _ M

(12) (AN, BV ) = i = o
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In particular,

(4.3) (AM[z],BM[y]) =1 Va,y € Zy.

(ii) Conversely, suppose that A, B C Zy are sets such that |A||B| = M and (AM[a], BM [b]) =
1 foralla € A andbe B. Then A® B = Zy,.

Corollary 4.5. Under the assumptions of Theorem 4.4, let LN(A) be the linear space
spanned by the bozes AN[z], i.e.

,CN(A):{Z c. AN 2] : cweR},

J,‘EZN

and similarly for B. Then for any N-bozes A € LN (A) and B € LY (B), we have

(1.4) (A, B) = LS(A)5(B)

where S(A) =37 n A

N-boxes AN[z], x € Zy, are a convenient way of encoding structural information about
A. Theorem 4.4 provides a tiling criterion for A @ B = Z,; in terms of the box product,
and it is also possible to express cyclotomic divisibility in terms of N-boxes. However, this
convenience comes with some loss of information. In [24], we have to work with the actual
sets A and B, not just with the N-boxes representing them. We do not know whether it is
possible to give a proof of properties such as (T2) purely in terms of the N-boxes associated
with the sets.

Remark 4.1. The equivalence between the conditions (iii) and (iv) in Proposition 3.4 can
be stated in terms of M-boxes. Suppose that A@ B = Zyy is a tiling. Then the following are
equivalent:

(i) B satisfies (T2),
(1) 3 mepiv(ary Bmlyl = 1 for ally € Zay.
Indeed, the condition (iv) of Proposition 3.4 can be rewritten as follows: for any y € Zyy,

there exist unique b € B and a € A’ such that b =1y + a, or equivalently, y —b = —a. Since
{a € Zyr o (—a, M) € Div(A*)} = A%, this implies the claim.

4.2. A Fourier-analytic identity. Fix N = p{*...p.*, where py,. .., pj are distinct primes
and ag,...,ap € N. Let A, B,C, D € M(Zy). For m|N, we define

AN[C) = AN[dwe(c) = Y wal@)we(e)la—en)=m-

In particular, if A(X) is a polynomial with 0-1 coefficients corresponding to a set A C Zy,
then

ANTA] = #{(a,d) € Ax A: (a—d,N) =m}.
This defines N-boxes in the sense of Definition 4.3, and in particular we may consider the
box product

N N 1 N N
(AT[C] B [D]>=§|;VWAm[O]Bm[D]-
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The following theorem is a slight generalization of the main identity from [11]. Specif-
ically, Theorem 1 in [11] states that (4.6) holds when A(X) and B(X) are polynomials
corresponding to multisets A, B C Zy. We will need an extension of it to 4 polynomials,
not necessarily with non-negative coefficients. The proof is essentially the same, but since
[11] remains unpublished, we include it here for completeness.

Theorem 4.6. Let A(X), B(X),C(X),D(X) be polynomials modulo X~ — 1 with integer
coefficients. Then

45 WOABWD) =Y o | X AOC0| | X BODE
dIN G:®q(¢)=0 G:®q(¢)=0

In particular,
N N _ 1

(1.6) LA B = 3 e D),

where

E(A)= > JAQI

C‘bd(g):o

The rest of this section is devoted to the proof of Theorem 4.6. We will use the discrete
Fourier transform in Zy: if f : Zy — C is a function, then

F&) =" fla)e =N, ¢ € Zy.

TELN
Lemma 4.7. Let

Ay i={x € Zyn: mlz},

H,={z€Zy: (&,N)=m}=A,\ U Apr .

m’:m|m/|N, m/#m

Then 1g, (€) = Ge¢(N/m), where

(4.7) Ge(v) = 3 p(v/d)d.

Proof. Using that
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we get by inclusion-exclusion

1, (€)=Y w(d)Ta,, ()

d
N
= > u(d) 7 LA/ (&)
d
N
=Y (=5 )d 1, ()
d'| X
N !
- Z 'u(md’>d
&'|(55.€)
= G¢(N/m)
O
Proposition 4.8. We have
1 s WEN)=( N)=d
4.8 GG (V) = { 2N/
4 2 3oy Celt)Ge) {o (€ N) £ (€.),

Proof. We first claim that for every ¢, the function G¢(v) is multiplicative in v. Indeed, let
(x,y) =1, (z,€) =1, (y,€) = s. Then (t,s) =1 and (zy,&) = ts. Writing u = o’ - ", v/|x
and u"|y, we get

LY T Y
Geloy) = > w(T)u= D>, p()u(=5)u'u" = Ge(w)Ge(y).
ul(zy,£) u'[(2,€),u”[(y,€)
Therefore G¢(v) is entirely determined by its values G¢ (v) on prime powers p{ ,7=0,1,...,q,

i=1,...,k. Let £ =p7*...p*. Then pf || (p], &) for kK = min(j, ;). If j =0, we have K =0
and Ge(p?) = Ge(1) = 1. If j > 1, we have

i g1 . .
' Vi p; — i it k=7
G:(v)) = b2 = 1 e — 5
e(p]) Zu<u>u p! ifk=5j—1
ulpf 0 if k<j
which is equivalent to

o (H T =) i<

(4.9) Ge(pi) = { —pi" if j =1 +1

0 ifjg>y+1
Next, if F'is a multiplicative function, then

I F<pa‘1...p;f>=n(z’F<gi>)

[N 0<ji<an, ..., 0<jx <ay, =1 \}ji=0
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Applying this with F(v) = G¢(v)Ge (v) for fixed &, &', we get

1 - - 1 ji Ji
(4.10) %V: (0) (0)Ge(v) =] (Z (b(pji)Gs(p? )Ge (b )>

=1 \;=0 ?

Fix a prime divisor p;|N, and consider the corresponding factor in (4.10). Suppose that
0 < v,/ < oy are such that p? || €, p? || €. Without loss of generality, we may assume that

i
v < V. In accordance with (4.9), we have three cases.

e If v <V <ay, then v+1 < q; and

(82

1
Zcb(p)

J=0

—pl )+ (/) (—p})

4 1
pl) o(pi ™)
= 1+Z(pf —p )= =0

j=1

elfr=v<a,thenv+1=1v+1<q; and

(p))Ge (p])

(6% 1 v+1

> ¢(; n (p))Ge(p]) =1+ Z )+ (=) = ?’

J=0

o If v =1V = q, then

(673 1 ) ) 7 ) . .
GG ) =1+ S — ) =
j=0 o(p;) ey
Since
pal pai lf V= q;
— = a; v+1 .
(b(p?%_l’) (pi_lfp;lifufl = Zz_l lf V<< (67}
we conclude that
Qg 1 ] ) 0 lf v # V/
> - Gelp)Ge () = { oo
=0 o(p}) ) ifr=v

We now plug this into (4.10), and, since p; is no longer fixed, write v; and v instead of v
and /. If (§,N) # (¢, N), then v; # v] for at least one p;, so that

Z¢ (v)Ge(v) =0

If on the other hand (£, N) = (¢, N), we get

1A /U:k Pt N
2 GG = Zne=r = sy my

D;

which proves the proposition. 0J
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In order to finish the proof of Theorem 4.6, we write

ANICI = Y wal@)we(y)la, (2)le-y=

=5 Y walwel)ln,(z) 3 ¢
T,Y,2ELN EELN
- %EZZ DIGIEGIPNG
- %g%ms)@(s)agwm)
Therefore
W CLBID) = 5 2 5 (Z @(@@(5)@5@)) ( S @H(€)T €)Ge (v >>
v|N EETy geln
1 S 1
- X T ) LN S G0 )

By Proposition 4.8,

(AM[C], B ZZ > wA > wpE)wn@) ],
N ¢ &(&N)= (¢ ,N)=d

which is (4.6), since wa(€) = A(e™2™¢/N) and ¢ = e 2™/N is a root of ®4(X) if and only if
(&, N) = N/d.

4.3. Proof of Theorem 4.4. (i) Assume that A ® B = Zj;. Let N|M, and let C = {z}
and D = {y} for x,y € Zy. By (4.5), we have

(AN[z] =% ¢ !Z A(Q)C(Q)

d|N C:®y4(¢

¢:24(¢)=0

> B(C)W] -

If d # 1, then ®4(X) divides at least one of A(X) and B(X). Hence the only non-zero
contribution is from d = 1, which yields

(4], BVl = Ae B = AP
This proves (4.2).
(ii) Suppose that A, B C Z; satisfy (AM[a], BM[b]) =1 for all a € A,b € B. Then
(AMALBY[B)) = > (AM[a], BM[b])

SRR

a€AbeB
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By (4.6), this implies that
Z —5d E4(B) = M.
d|M

However, we are also assuming that & (A)E(B) = |A]*|B|*> = M?. Hence E;(A)E4(B) =0
for all d|M, d # 1, so that A @ B = Zy; as claimed.

Remark 4.2. We indicate a proof of Theorem 2.5 based on (4.6). Suppose that A® B = Zy,
is a tiling, and apply (4.6) with N = M. Since ®4(X)|A(X)B(X) for all dM, d # 1, we

get

m|M
But we also have A%[A]IB%[B] = |A||B| = M. Hence all other terms AM[AIBM[B] with
m # M must vanish. This proves Theorem 2.5.

5. CUBOIDS

5.1. Definitions.
Definition 5.1. Let M = HZ 129Z

(i) A cuboid type T on Zy is an ordered triple T = (N, 5 T), where:

o N = H P s a divisor of M, with 0 < o; <n; for eachi=1,... K,
° 5:(51,...,5K), with 0 < 6; <n; —ay fori=1,..., K,
o T'C Zn 15 a nonempty set.

We will refer to N as the scale of T, and to T as its template. We also define J
{7 :0; #0}.

(ii) Let T = (N, s T) be a cuboid type as above. A cuboid A of type T is a weighted
multiset corresponding to a mask polynomial of the form

I
<
Sy

(5.1) AX) =X TJ(—x%),
JEJ
where c,d; are elements of Zy; such that (dj, N) = N/pé»j. The vertices of A are the points
(5.2) —c—l—ZeJ €= (¢j)je3 € {0,111,
JEJ

with weights wa (xz) = (—1)23'63 <
(iii) Let A € M(Zy), and let A be a cuboid of type T. Then the (A,T)-evaluation of A
18
AT[A] = AN[A+T] = Z wa(r2) AN [ze* T1,
€e{0,1}k
where we recall that x«T ={x+t: t € T}, so that
ANa;e*T ZAN:BE—I—t

teT
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For consistency, we will also write
AT[z] = ANz xT), =€ Zy.

In some situations, it will be easier to write out A in its polynomial form. We will then iden-
tify the polynomial A(X) with the corresponding weighted multiset A, and write A7 [A(X)]
instead of AT[A].

Definition 5.2. Let A € M(Zyy), and let T = (N, 5 T) be a cuboid type as above. We will
say that A is T-null if for every cuboid A of type T,

(5.3) AT[A] =0.
Lemma 5.3. Let A € M(Zy), and let T = (N, 5, T) be a cuboid type. Suppose that for all
6.
m|N, the cyclotomic polynomial ®,,(X) divides at least one of A(X), T(X), or 1 — XN/’
for some j € J(6). Then A is T -null.
Proof. This follows e.g. from Theorem 4.6 applied to A(X) and C(X) = A(X)T(X), with
B =D ={0}. O
5.2. Classic cuboids.
Definition 5.4. An N-cuboid is a cuboid of type T = (N, 5, T), where N|\M, T(X) = 1,
and 0; =1 for all j such that p;|N. Thus, N-cuboids have the form
A(X) = X° H (1— ijN/pj)
pjIN
with (p;,p;) =1 for all j, and the associated A-evaluation of a multiset A € M(Zy) is
ANIAT = > wa(za)AN[ad,
€e{0,1}13

where J = {j : p;|N} and the cuboid vertices xz are defined in (5.2). If T is as above and
A e M(Zy) is T-null, we will also say for short that A is N-null.

/“7
—1weighted
piN/pl-{ ] e +1 weighted
—— PkN/pk
piN/p;

FIGURE 2. An N-cuboid with N having 3 prime factors

The geometric interpretation of N-cuboids A is as follows. With notation as in Definition
5.4, recall that D(N) = N/[[;c;p;- Then the vertices zz of A form a full-dimensional
rectangular box in the grid A(e, D(N)), with one vertex at ¢ and alternating +1 weights.
We reserve the term “N-cuboid”, without cuboid type explicitly indicated, to refer to cuboids
as in Definition 5.4; for cuboids of any other type, we will always specify 7.

The following cyclotomic divisibility test has been known and used previously in the
literature, see e.g. [42, Section 3] in the context of vanishing sums of roots of unity, or [16,
Section 3] and [17] with applications to the “spectral implies tiling” direction of Fuglede’s
conjecture.



22 IZABELLA LABA AND ITAY LONDNER
Proposition 5.5. Let A € M(Zy). Then the following are equivalent:
(1) On(X)|AX),
(i) For all N-cuboids A, we have
(5.4) AN[A] = 0.

Proof. Let m|N satisfy m # N. Then m|(N/p;) for some i such that p;| N, so that &,,|(1 —
XN/Pi). The implication (i) = (ii) now follows from Lemma 5.3.

An alternative proof that (i) implies (ii) (without using Theorem 4.6; cf. [42], [16]) is as
follows. By classic results on vanishing sums of roots of unity (see [3], [28], [32], [35], [36],
38]), ®n(X)|A(X) if and only if A(X) is a linear combination of the polynomials ®,(X/?),
where p runs over all prime divisors of N, with integer (but not necessarily nonnegative)
coefficients. Equivalently, ®5(X)|A(X) if and only if A can be represented as a linear
combination of N-fibers. It is very easy to see that (5.4) holds for all N-cuboids A if A mod
N is an N-fiber, therefore it also holds if A mod N is a linear combination of such fibers.

The proof that (ii) implies (i) is by induction on the number of prime divisors of N (this
argument was also known previously in the literature, see e.g. [42, Proposition 2.4]). We
present it here for completeness.

If N = p*is a prime power, the claim follows from (2.6). Suppose that the claim is true
for all N' with at most k prime divisors. Suppose that N has k + 1 prime divisors, and that
A e M(Zy) obeys (5.4) for all N-cuboids A in Zy. Let p be a prime divisor of N, and let
N’ = N/p®, where (N, p) = 1.

Assume first that
(5.5) A e M(*'Zy).

Write A(X) = Z?;é XINPA(X), where A; € M(p*Zy). Each “layer” A; can be identified
in the obvious manner with a multiset in Zy-.

For j =0,1,...,p— 1, let A;( be the weighted multiset defined via A;((X) = A;(X) —
Ap(X). The condition (5.4) implies that, with the obvious notation,

(A0)V[AT=0

for every full-dimensional cuboid A’ in Zy/. By the inductive assumption, ® /(X )|A;0(X).
By the structure theorem for vanishing sums of roots of unity, A; is a linear combination
of N'-fibers in Zys. Returning to Zy now, and summing in j, we get that A(X) = A'(X) +
A"(X), where:

o A(X)= Z?;é XINPA,4(X). By the above argument, A’ is a linear combination of
fibers in directions perpendicular to p.
o A" = Z?;é XINP Ao(X). This is a linear combination of fibers in the p direction.

Thus A is a linear combination of fibers, and therefore @ (X)|A(X).

Finally, in the general case (without assuming (5.5), we can write A as a union of multisets
A® i =0,1,...,p° " — 1, where each A® is a translate of a multiset satisfying (5.5). If
(5.4) holds for A, then it also holds for each A®). By the previous argument we get that
Oy (X)|AD(X) for each i, therefore it divides A(X). This completes the proof that (ii)
implies (i). O
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Remark 5.1. Proposition 5.5 implies in particular that, for any N|M, ®y divides A if and
only if it divides the mask polynomial of AN A(x, D(N)) for every x € Zy;. Indeed, the
vertices of any N-cuboid A are all contained in the same D(N)-grid. Hence the divisibility
of A by @, is associated with the structure of A on such grids.

5.3. Multiscale cuboids. In many situations, we need to work with cuboids on several
scales simultaneously. This happens, for example, when we investigate divisibility of a poly-
nomial A(X) by combinations of cyclotomic polynomials, or when we try to reduce a tiling
of Zy; to tilings of cosets of a subgroup. We will use cuboids with nontrivial templates to
facilitate such multiscale cuboid analysis.

Definition 5.6. (Folding templates) Let M = [[, p and N = [[X, p ™, with 0 <
a; <mn; fori=1,..., K. The folding template T is given by

XM 1
Ui (X) = ——— mod (XM —1)
ZH” ZE I XV -1
where
(5.6) Wy (X) = @y (XM/P) = 1 4 XML XML g X iDL

When M is fized, we will sometimes write Ty instead of T for simplicity.

Strictly speaking, W, depends on both M and p?, and not just on their quotient;
however, both numbers will always be clear from the context. We also note that Wy, = F;.

Definition 5.6 allow us to consider N-cuboids as cuboids with templates in Z,,. Specifically,
let N|M be as in Definition 5.6. Then for any A € M(Zy) and x € Zyy,
(5.7) ANz] = A2 T,

Consequently, we have the following.

Lemma 5.7. With M and N as in Definition 5.6, let T = (M, g, T, where

6_{6%4-1 z'fozz-<ni

(5.8) ief{l,...,K}

We will sometimes write § = 5}1\\? to indicate the dependence on M and N. Let A € M(Zyy)
be a multiset. Then the following are equivalent:

L4 ¢N|A;

e A is T-null in Zyy,
o the multiset induced by A in Zy is N-null (see Definition 5.4).

Let
(5.9) A=X ] (1=X%), ceZy, (Md)=M/p;,
i:pi|N
be a cuboid of type T as in Lemma 5.7. Then the cuboid A mod N, induced by A in
Zy, is an N-cuboid. Conversely, any N-cuboid A’ in Zy can be written (not necessarily

uniquely) as A (mod N), where A is a cuboid of the form (5.9) in Zj;. Therefore, whenever
working on scales N and M simultaneously, we will represent N-cuboids as cuboids of the
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form (5.9) in Zy,. In this notation, a multiset A € M(Z,) satisfies any one (therefore all)
of the conditions in Lemma 5.7 if and only if

AN[A] = AT[A] = A[A«TRT =0
for all A asin (5.9). Transitions between several intermediate scales Ny, No, ... |M will be
handled similarly, with Z,; as the default ambient space.

Cuboids with more general templates can be used to indicate divisibility by combinations
of several cyclotomic polynomials. We will be particularly interested in implications of the
form “if @y,,..., D, divide A(X), then A is T-null for a given cuboid type 7.” It will not
be necessary to aim for “if and only if” conditions such as those in Lemma 5.7.

Examples. Let M = Hfil it

(1) Assume that n; > 2 for some i € {1,...,K}. Let T = (M,0,1) and 7' =
(M7(5,T]J\\f/pi), with §; = 2 and §; = 1 for j # i. Then

Por/p|A & Ads T'-null,
@y | A  Ads Tonull.

The first equivalence follows from Lemma 5.7. The second one is easy to check
directly. Specifically, if A is a cuboid of type T, then ®,,|A for all m|M except for m €
{M /p;, M }; conversely, both M-cuboids and M /p;-cuboids can be expressed as linear
combinations of cuboids of type 7. (A similar result appears in [17, Lemma 2.13],
where it is stated in terms of “n-dimensional cube rules” and applied to Fuglede’s
conjecture on cyclic groups.)

d

/| >M /p?

/] /M/pk;

7 /
——

M/p;

FIGURE 3. A classic M-cuboid (green) vs. a multiscale cuboid (red)
corresponding to the product ®®py/p,

(2) Let 2 < o < n;. Then
DprPasyp, - - Pasype|A
if and only if A is T,-null, where 7, = (M, 5; 1), 0, =a+1if a; < mny, 6; =0 if
a; = n;, and 0; = 1 for j # 4. This can be proved in the same way as in Example (1)
above.
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(3) Assume that n; > 2 for some i € {1,...,K}. Let T = (M,8,T), where §; = 3 if
n; > 3,0 =0ifn; =2,0; =1 for j # ¢, and
XM/pi _q
T XM
We claim that if (IDM(I)M/plﬂA, then A is 7-null. Indeed, if n; > 3, cuboids of type T
have the form

T(X) — 14 XM/ x e )M/p]

A(X) = X(1 = XM T (1 — XM/,
J#i
where (p1;, M) = (p;, M) = 1. It follows that A(X)T(X) is divisible by all cyclotomic
polynomials ®,,(X), m|M, except for & myp2 and @y If n; = 2, the same argument
applies, except that there is no factor 1 — X#M/P! in A(X).

6. TILING REDUCTIONS

6.1. Subgroup reduction. In this section, we discuss two ways in which the question of
proving (T2) for a tiling A @& B = Zj; (and, more generally, investigating the structure of
such tilings) may be reduced to the analogous question for tilings A’ @® B’ = Zy, where N|M
and N # M. We start with a recap, in a slightly more general setting, of the reduction that
Coven and Meyerowitz used in [2] to prove Theorem 1.1.

Theorem 6.1. (Subgroup reduction) ([2, Lemma 2.5]; see also [4, Theorem 4.4]) Assume
that A® B = Zy;, where M = Hfilpm, and that:

1

(i) there exists an i € {1,..., K} such that A C p;Zy,
(ii) (T2) holds for both A" and B' in any tiling A’ @ B’ = Zy,, where N; = M/p;,
| Al = [A], and |B'| = | B| /p:.

Then A and B satisfy (T2).
Proof. We have A(X) = A/(XP?) for some A" C Zy,. Write also

pi—1
B(X) =Y X*MP"B,(XP) mod XM — 1,

v=0
where B, C Zy, for v =0,1,...,p;, — 1. If b € B and b = r mod p;, then a + b = r mod p;
for all a € A; in other words, the tiling breaks down into separate tilings of residue classes
mod p;, with A’ ® B, = Zy, for each v.

By the assumption (ii), A" and B, satisfy (T2) for all v. We need to check that this is still

true for A and B. We first claim that for any polynomial F'(X), and for any s € N,

(6.1) Do) (X)F(XP) & 0(X)[F(X),
where

) =38 if p; 1 s,

(s) {pis if py|s.

Indeed, we have (s (X)|F(X??) if and only if F(e2"?i/7(*)) = (. This means that F'(e2"/*) =
0 if p;|s, and F(e?™Pi/*) = 0 if p; + s. In both cases, this is equivalent to ®,|F.
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Observe first that, by (2.6), we must have
@,.18.
Suppose that sy, ..., s are powers of distinct primes such that @y, ..., |A. Asnoted above,
we cannot have s; = p; for any j. Let s; = s;/p; if s; is a power of p;, and s} = s; otherwise.
Then s are prime powers, and s; = 7(s}). By (6.1), @y ... oy |A’, and since (T2) holds for
A’, we have <I>S/1___S;€]A’. Since 7(s}...s}) = s1... 5k, we get that &, |A.

Suppose now that si,...,s; are powers of distinct primes such that ®,, ..., |B and
S1,...,8k # Pi, and define s,..., s, as above. Then for j = 1,...,k we have &, { A,
therefore <I>53_ 1 A" and, since A’ @ B, = Zy, is a tiling, <I>S; |B, for each v. Since B, satisfies
(T2), we have &y« |B,. It follows that g, _, [B,(X?") for each v, and therefore @y, s, |B.

Finally, suppose that sq, ..., s are powers of distinct primes such that @, ... ®,, |B and
S1,..., Sk are not powers of p;, and consider ®,, s with s = s;...s;. We have
pi—1 '
B(627ri/pis) _ Z eQﬂiVM/,gpilBy(€27ris) =0,
v=0
by (T2) for each B,. O

Corollary 6.2. Let A® B = Zy, where M = pi'py?ps® ... ppk. Assume that for each i > 3,
the prime factor p; divides at most one of |A| and |B|. (This happens e.g., if n; = 1 for
i & {1,2}). Then both A and B satisfy (T2).

Proof. This is not stated explicitly in [2], but it follows by a very similar argument. (See
also [46], [4], [39].) We proceed by induction in the number of prime factors. If K = 2 and
M = p*ps?, this is Theorem 1.1. Suppose that K > 3 and that (T2) holds for both A" and
B in any tiling A’ ® B’ = Zyp, . By the assumption of the lemma, at least one of |A| and
|B| is not divisible by pg. Assume without loss of generality that px t |A|. By Tijdeman’s
theorem ([47, Theorem 1]; see also [2, Lemma 2.2]), A ® B = Z,; is again a tiling, where
A(X) = A(XPx). We have A C pgZy;, so that we may apply Theorem 6.1 to conclude
that A and B satisfy (T2). By (6.1), this also means that A satisfies (T2), since the (T2)
condition for A involves only cyclotomic polynomials ®, with (s, px) = 1. O

6.2. Slab reduction. Our second tiling reduction also involves passing from a tiling A& B =
Zy to a tiling of a smaller cyclic group. However, instead of restricting to residue classes and
thus constructing a family of tilings of a subgroup p;Z);, we will use periodicity. Recall that
M-fibers F; and M-fibered sets were defined in Section 2.3 (see (2.4)). Let M = Hfilpz”,
and define

(6.2) A, ={acA: 0<ma) <pl ' -1},

where 7; is the array coordinate defined in Section 2.2. Suppose that we have S & B = Z,,
where S is the M /p;-periodic extension of A, to Zy:

(6.3) S(X) = Ay (X)Fi(X).

Then we may reduce the period of the tiling and write A, & B = Zy;y,, where A, and B
are now considered mod M/p;.

As a motivating example, suppose that A & B = Z,;, with M as above, and that A is
M-fibered in the p; direction. Let A’ be a set obtained from A by choosing one point from
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each fiber, so that |A’| = |A|/p; and A = A’ x F;,. Then A is the periodic extension of A’
and we have A" ®© B = Zyyp,.

Our main results in this section are Theorem 6.5 and Corollary 6.6, where we develop a
criterion for A,, to admit periodic tilings as described above, and prove that passing to such
tilings preserves the (T2) property.

Lemma 6.3. Let A € M(Zyy), with M as above. Assume that ®4|A for some d such that

pit|d|M. Then for every 1 < o; < n;,
()

A= By 0iA,,

d/pt

Proof. Let d = M/ ], p;j and d' = d/pj". Assume that &;P,|A. We would like to show
that ®4|A,,. To this end, we define cuboid types T = (M, 5 Ty) and T' = (M, 5 T ), where
Ty=TM, Ty =T are the folding templates from Definition 5.6, and § = 637, &' = 63 are
defined as in (5.8) with N = d and N = d’, respectively.

Let S be the periodic extension of A, to Zy, defined in (6.3). We have ®4|F; but @4 { F;,
so that ®4|S if and only if ®4|A,,. We need to prove that
SE[A] =0
for all cuboids A of type 7'. Fix such a cuboid
AX) = XV -T(1 = X%), where y € Zas, (d;, M) = M/p]".
J
Let
Ai(X) =XV T - x%)
J#
so that
1— XWA;(X) if o ;
A(X): ( ) Z( ) 1 Oél<nl7
Az(X) if a; = Ny.
Observe that if p; € Zy satisfies (p;, M) = M /p;, then (1 — X*)A;(X) is a cuboid of type
T. Since A is T-null, we have A4[(1 — X?))A;(X)] = 0, so that
AZIA] = Adlps * A).
Averaging the last equality over all p; € {M/p;,2M /p;, ..., (p; — 1)M/p;}, we get

1
AN = —AJ[A; = (F; — 1)).
U] = S AlA* (FL- 1)
Clearly we may take linear combinations of the latter, i.e. for any set V' C Z,,,
1
6.4 AdA; « V] = ——AYA; « (F; — 1) x V].

Let ¥ C Zys be a set such that W(X) = [[)2, ¥aypr (X) mod XM/pi — 1 and

(6.5) 0<m(y+z)<pl'—1VzeWU.
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Then
T (X) = To(X) F(X)¥(X)
= Ta(X)¥(X) + (F — 1)T(X)¥(X),
so that
AN = AMIA; « Ty

= AM[A; * Tyx U]+ AN[A; + (F — 1) % Ty + 0]

= AJ[A; # U]+ AJA; * (F; = 1) x U]
By (6.4) with V = U, we get

(6.6) A%[A] = %Agmi « 0.

The proof of (6.6) used only that ®,|A. Since S has the same property, it follows that

SEIA] = SESilA )

By (6.5), we also have
A4[A; * U] = SI[A; * U]

Assume first that a; < n;, and note that all of the above arguments apply with A; replaced
by d; * A;, yielding the same conclusions with W replaced by W' such that (6.5) holds with
y replaced by y + d;. Recall that A is T’-null, so that

0=A%[A]

= P 8] A0 50 )
= Pl ]~ i B0 ).

Taking the convolution with Wy, and using that W(X )Wy, (X) = W(X) W, (X) mod
(XM — 1), we conclude that

0 =SYA * U x ¥yp,]
= Sy[A]
It follows that S is 7'-null, as required.

If a; = n;, the proof is the same as above, except that then A = A; and so the terms with
d; * AA; do not appear in the above calculation. ([l

Lemma 6.4. Let A € M(Zy), with M as above, and let p'
that ®;,,0:|A,, for all translates A" of A. Then ®49 ;,0:|A.

dM and 1 < o; < n;. Assume

Proof. Let d = M/ Hj#p?j and d' = d/p*. Define the cuboid types T = (M,0,T,) and
T' = (M, ¥, Ty) as in the proof of Lemma 6.3.
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In order to prove that ®4|A, it suffices to show A%[A] = 0 for all cuboids of the form

(6.7) A(X) =XV T = XY), y € Zar, (dy, M) = M/p}.

We write A(X) = 3% ' A,(X), where

(6.8) A, ={a€ A|0<m(a) — l/pz”f1 < p’i“*1 -1}, v=0,1,...,p;, — 1.
Then
pi—1
AGIAT = (A)G[A] =0
v=0

using the assumption that A, are 7'-null for all v.

We now prove that ®,4]A. It suffices to show A4[A] = 0 for any cuboid of the form
(6.9) A(X) = (1= XMP)A(X),
where y € Zy, and

AX) =XV [0 = XY), y € Zag, (dy, M) = M/pS .
J#i

Indeed, any cuboid of type 7 can be written as a linear combination of cuboids as in (6.9).

Let W(X) = ])%, Warype (X), and

a;+1

A"(X) = {(1 — XMPYA(X) %f a; < ng,
A;(X) if o = n;.
Define also
A ={acA: 0<mla—y) <pt -1},
Al ={acA: 1<mla—y) <pl'}.
By our assumption on A, ¢4 divides both A} and AY. Suppose first that o; < n;. Then
0= (ADD[A"] = ALA; * U] — AL[(M/p> ) A, % B,

[(M/p;
0= (A))§[A") = AZA * W] — AJI(M/p) * Ay # 0],
where U/(X) = ¥ — 1 + XM/Pi_ Taking the difference, we get
0 = (ADH[A"] = (A])[A"]
= AYA; * U] — AY[A; x V]
= AglA],
which proves the claim.

a;+1

If a; = n;, the proof is the same, except that the terms with (M/p""") * A, are replaced

by 0 in the above calculation. 0
Theorem 6.5. Assume that A® B = Zy and ®,n:|A. Then the following are equivalent:
(i) For any translate A" of A we have A}, & B = Zyyp, .
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(i1) For every d such that p;*|d|M, at least one of the following holds:

(6.10) D4\ A,
(11i) For every p;*|m|M,
(6.12) m € Div(A) = m/p; ¢ Div(B).

Proof. Let N; = M/p;. The assumption that @ n:
we have |A} | = |A|/pi, so that

(6.13) A ||B| = N..

i

A implies that for any translate A" of A,

(i) = (ii): Assume that (i) holds, and suppose that (6.11) fails for some p;*|d|M. Then
there is an a; such that 1 < o; <n; and @, p%i { B. Then &, Jp%i A for any translate A’ of

A. By Lemma 6.4, (6.10) must hold.

(ii) = (i): Assume that (ii) holds. With (6.13) in place, it suffices to prove that for every
d'[Ni, d > 1, @ divides at least one of A, (X) and B(X). Let d'|N;, d’ > 1, and suppose
that &5 1 B. Then d' = d/p;" for some p;*|d|M and 1 < «; < n;. By (ii), we must have
d4|A. Since A@ B = Zy, is a tiling, we must also have ®,|A. By Lemma 6.3, we must have
| A, as claimed.

(i) = (iii): Assume that (i) holds. This implies in particular that A7 and B mod Zy;, are
sets, so that IV; ¢ Div(B) and (6.12) holds for m = M.

Next, Theorem 2.5 applied to the tiling A}, @& B = Zy, implies that
(6.14) Divy, (A) N Divy, (B) = {N;},

Suppose that (6.12) fails for some m # M such that p;*|m|M, so that m € Div(A) and
m/p; € Div(B). Then m/p; # N; and m/p; € Divy,(A) N Divy,(B). But this contradicts
(6.14).

(iii) = (i): Assume that (iii) holds. By Theorem 2.5, it suffices to prove that A , B mod
Zy, are sets such that (6.14) holds.

We first verify that A} , B mod Zy, are sets. Indeed, if a,a’ € A}, and a = a’ mod N;,
then a = @ by the definition of A} . On the other hand, M € Div(A) trivially, and by (6.12)
it follows that N; ¢ Div(B), so that B mod N; is also a set.

Suppose now that (6.14) fails, with m; € (Divy,(A) N Divy,(B)) \ {V;}. Since Div(A) N
Div(B) = {M}, we must have m; = my/p; for some my with p;"|ms|M, so that

m; € Div(A] ), my € Div(B)

for some permutation (j,%) of (1,2). By the definition of A} , we cannot have prit || s for
s € Div(Aj},), so that j =2, k = 1. But this contradicts (6.12). O

Remark 6.1. In the special case when A is M-fibered in the p; direction, the condition (6.11)
of Theorem 6.5 is satisfied since then ®4|A for all p;|d|M. It is also easy to verify directly
that (6.12) holds in this case.
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Corollary 6.6. (Slab reduction) Assume that A& B = Zy;, where M = Hf;p?i, and
that:
e (T2) holds for both A’ and B’ in any tiling A’ ® B’ = Zy,, where N; = M/p;,
|A'| = |Al/pi, and |B'| = |B],
o there emists an it € {1,..., K} such that @
the conditions (i)-(iii) of Theorem 6.5.

Then A and B satisfy (T2).

A and A, B obey one (therefore all) of

Proof. We are assuming that A, @ B = Zyy,, for any translate A’ of A. By the inductive
part of the assumption, A7 and B satisfy (T2). It remains to prove (T2) for A. Suppose
that d = Hjejp?j, where J C {1,...,K}, 1 <a; <nj;forall j €J, and @p;‘j(X)lA(X) for
all j € J. For each prime power p?j with a; # 0, the polynomial <I>pej (X) can divide only
one of A and B in the tiling A ® B = Z,;, hence ‘

(6.15) CIDP;_xj 1B VjeJd

Write A(X) = 37" A,(X), where A, are as in (6.8), so that A, @ B = Zy, for each v.
We consider two cases.
e Assume that either ¢ ¢ J, or i € J but a; # n;. By (6.15), we have @ «;[A, for

all j€ Jand v =0,1,...,p; — 1. We are assuming that (T2) holds for A,, so that
®4|A,. Summing over v, we get that ®y|A.

e Assume now that i € J and a; = n;, and let d' = d/p;". Then ®y|A; for any
translate A" of A, by the argument in the first case applied to A’ instead of A. By
Lemma 6.4, it follows that ®4|A.

O

We note the following special case.

Corollary 6.7. Assume that A@® B = Zy;, where M = pi'py?ps® and p1, p2, ps are distinct
primes. Moreover, assume that there is a permutation (i, j, k) of (1,2,3) such that |A| =
pip?jpg’“ for some 0 < a; < nj;, 0 < oy < ny, and that A is M-fibered in the p; direction.
Then A and B satisfy (T2).

Proof. This follows from Corollary 6.6 and Corollary 6.2. OJ

7. SATURATING SETS

7.1. Preliminaries.

Definition 7.1. (Restricted N-boxes) Let A, X C Zys, and x € Zy;. The restriction of
AN[z] to X is the N-box AN [x|X] with entries
Anlz]X] = > wy (a), m|N.
a€X: (z—a,N)=m

In particular,

AMz|X]=#{a € ANX: (v —a,M)=m}.
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The next definition is the key to our analysis of unfibered tilings in [24]. While it could
be extended in an obvious way to N-boxes with N|M, our current arguments only use the
M-box version below.

Definition 7.2. (Saturating sets) Let A, B C Zy;, and x,y € Zy;. Define
Apy={acA: (x—a,M)=(y—>b,M) for someb € B},

Ay = Aas-

beB
Equivalently,

(7.1) A, ={a€A:(x—a,M) € Div(B)}.
We will refer to A, as the saturating set for x. The sets B, , and B, are defined similarly,
with A and B interchanged.

With the above notation, A, , is the minimal set that saturates (the A-side of) the product
(AM[z],BM[y]), in the sense that
(7.2) (AY [2]X], BY[y]) = (AY[z], BY[y])

holds for X = A, ,, and if X C Z), is any other set for which (7.2) holds, then A,, C X.
The set A, is the minimal set such that

(7.3) (AM[z|A,], BM[b]) = (AM[z], BM[b]) Vb€ B.

While Definition 7.2 makes sense for general sets A, B C Z,,, our intended application is
to the tiling situation A @ B = Z,,. In that case, by Theorem 4.4, the box products on the
right side of (7.2) and (7.3) evaluate to 1. Hence A, , is the smallest set such that

(7.4) (AM[z| Az ], BY[y]) = 1,
and A, is the smallest set such that
(7.5) (AM[z|A,),BMb]) =1 Vb€ B.

Observe in particular that a saturating set for any x € Z,; must be nonempty, and that by
Theorem 2.5,

(7.6) A, = {a} Vae A.

In the next few definitions and lemmas, we will work towards geometric descriptions of
saturating sets. Assume that A® B = Zy,. Let x € Zy; \ A, and suppose that a € A,. By
(7.1) and divisor exclusion, we must have (z—a, M) ¢ Div(A), and in particular (xr—a, M) #
(@' —a, M) for all @’ € A. This motivates the definition below.

Definition 7.3. Let M = pi'...p~, where py,...,px are distinct primes, and let x,x’ €
Zyr, x # 2'. Suppose that (x — o', M) = p{* ... pR%, with0 < o <mnj forj=1,... K.
Define
Span(z, ') = U Iz, p2 ),
(77) iy <my
Bispan(z, 2') = Span(z, x’) U Span(z’, x).
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Examples: Let M = p]'py2ps®, where py, po, ps are distinct primes and ny, ng,ng > 2. Let

x,x' € Ly, and let m = (z — 2/, M).

e Suppose that m = M /pipeps, so that a; = n; — 1 for ¢ = 1,2,3, and represent
Zyr as a 3-dimensional M-array. Then Span(x,2’) is the union of the 2-dimensional
planes II(z, p;") with ¢ = 1,2, 3, all passing through z, and similarly for Span(z’, x),
with z and 2’ interchanged. Geometrically, Bispan(z,z’) is the union of those 2-
dimensional planes at the top scale that contain at least one 2-dimensional face of
the 3-dimensional rectangular box “spanned” by z and z’.

e Suppose now that m = M /p; for some i € {1,2,3}. Then Span(x,z’) = Il(z,p") is a
single plane passing through x and perpendicular to the p; direction, and, similarly,
Span(a’, z) = II(2', p;"*).

o If m = M/p;p; for some i # j, then Span(z,z’) = l(z, p;") U H(x,p;-”) is a union of
two planes.

The higher-dimensional case has a similar interpretation. As should be clear from the
above examples, the definition is not symmetric with respect to x, z’, so that Span(z,z’) #
Span(z’, x). However, we have the following.

Lemma 7.4. Let x,x' € Zy;. Then
z' € Span(z, z) & x € Span(z/, 2).
Proof. We have ' € Span(z, z) if and only if there exist ¢ € {1,..., K} and 0 < a; < n;

such that pi || z — z, pi" || ' — 2z, and pf‘iﬂ | 2 — 2’. These conditions are clearly symmetric
with respect to x and /. O

Lemma 7.5. If (x — 2, M) = (x — 2", M) = m, then Span(x,z’) = Span(z, z").

Proof. This follows directly from the definition. 0

Lemma 7.6. Let A,B C Zy, z,2’ € Zy, and a € A. If (x —a, M) # (2’ —a, M), then
a € Bispan(z, 2').

Proof. Suppose that (z —a, M) # (2’ — a, M). It follows that (z — a,p;") # (' — a,p;") for
some ¢ € {1,..., K}. Interchanging x and 2’ if necessary, we may assume that p" || x — a
and p®™ |2’ —a for some a; € {0,1,...,n;—1}. Hence p¥ || z —2’, and a € Span(a’,z). O

Lemma 7.7. Let A, B C Zys be fixed. Then:

(i) For any x,x',y € Zy;, we have
(7.8) Ay C Ay UBispan(z, 2).

1) Suppose that AD B = Zy,. en for any x € L,
) S hat A® B=17 Th Z
(7.9) A, C ﬂ Bispan(z, a).

acA

Proof. To prove (i), suppose that a € A,/ ,. Then (2' —a, M) = (y—b, M) for some b € B. If
(x—a, M) = (z'—a, M), it follows that a € A, ,. If on the other hand (x—a, M) # (z'—a, M),
then by Lemma 7.6 we must have a € Bispan(x,z’). This proves (7.8). Part (ii) follows from
(i) and (7.6), since a € Span(a, z). O
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We note a lemma which will be useful in the evaluation of saturating sets.

Lemma 7.8. (Enhanced d1v1sor exclusion) Let A® B = Zy;, with M = [, pi. Let

m = Hz Pyt and m' = Hi:l Py, with 0 < ay, o) < ny. Assume that at least one of m,m’ is
different from M, and that for every i =1,..., K we have either a; # o) or a; = o, = n;.
Then for all z,y € Zy we have

Ay (2] Any 2] By, [y] Boyly] = 0.
In other words, there are no configurations (a,a’,b,t') € A x A x B x B such that
(7.10) (a—xz,M)=0b—-y,M)=m, (d —x,M)=0" —y,M)=m'.

Proof. If we did have a configuration as in (7.10), then, under the assumptions of the lemma,
we would have

(a—d,M)=(b—V,M H min(e.0f),
with the right side different from M. But that is prohlblted by Theorem 2.5. 0

7.2. Examples and applications. We first provide examples of using Lemma 7.7 to derive
geometric constraints on saturating sets. For simplicity, in the examples below we return to
the 3-prime case with M = p}'py?p5?, where py, po, p3 are distinct primes and ny, no, ng > 2.
Assume that A @ B = Z), is a tiling, and let x € Z,,.

e Suppose that (x —a, M) = M/p; for some a € A and i € {1,2,3}. Then
A, C Bispan(z,a) = I(z, p*) U Il(a, pi").

a
} M/p;

e Suppose that there are two distinct elements a,a’ € A such that (xr — a, M) =
(x —a', M) = M/p;. Then

A, C Bispan(z,a) N Bispan(z, a’) = II(x, p").

a
}M/Pi
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e Suppose that there are two elements a;,a; € A such that (v — a;, M) = M/p; and
(x —aj, M) = M/p;, with 4, j € {1,2,3} distinct. Then
A, C Bispan(z, a;) N Bispan(z, a;) = (i (x) U lg(a;) U lx(a;) U lp(xi)),
where {1,2,3} \ {¢,7} = {k}, and x;; € Z); is the unique point such that (z;; —
CLZ',M) = M/p] and (JZij — ay, M) = M/pl
e Suppose that (z —a, M) = M/p;p; for some a € A and ¢, j € {1,2,3} distinct. Then
A, C U(z, pi) UTl(a, pi*) UTI(z, p;”) U (a, p;”?).

e We leave it as an easy exercise for the reader to verify that if there are a,d’,a” € A
such that (z — 2/, M) = M /p;p; for all pairs of distinct elements z, 2’ € {x,a,d’,a"},
then

A, C T, p*) UTL(z, p;?).
e Suppose that © € Zy; \ A and y € Zy, \ B with
(7.11) (x —a,M)=(y—0b,M)= M/p; for some a € A,b € B.
We claim that
(7.12) Ay, CH(x,p ™Y, By. CI(y,pi ).

One way to prove this is as follows. Let a € A and b € B be as in (7.11). As
in the first example above, we have A,, C Bispan(z,a) C I(x,p"""). Hence
By, C (b, p ") =TI(y, p/"~"). Applying (7.8) to B, and using that Bispan(y,b) C
I(y, pj*~"), we get that B, ., C II(y,pj*"") as claimed. This also implies the first half
of (7.12). Alternatively, (7.12) can also be deduced from Lemma 7.8.

Saturating sets are very useful in identifying configurations that cannot occur in tiling
complements. For example, we have the following easy but important lemma.

Lemma 7.9 (No missing joints). Let A@® B = Zy;, where M = pi* ... pi~. Suppose that

(7.13) {D(M)|m|M} NDiv(B) =0,
and that for some x € Zy; there exist ay,...,ax € A such that
(7.14) (x —a;, M) =M/p; Yie{l,...,K}.
Then z € A.

Proof. Suppose that x ¢ A, and let A be the M-cuboid with vertices x, ay,...,ax. By (7.14)
and (7.9), the saturating set A, is contained in the vertex set of A. But that is impossible
by (7.13). O

As an application, we prove the following restriction on fibered grids that can be a part
of a tiling set.

Proposition 7.10. Let M = p}'p3*py®. Assume that A@® B = Zyy is a tiling, and that there
exists a D(M)-grid A such that AN A is a nonempty union of disjoint M -fibers. Then there
is a subset {vi,vo} C {1,2,3} of cardinality 2 such that ANA is a union of disjoint M -fibers
in the p,, and p,, directions.
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Proof. Fix A and A as in the statement of the proposition. We will say that x : ANA —
{1,2,3} is an assignment function if AN A can be written as

ANA= U (a*FK(a)),

a€ANA

where for any a,a’ € AN A, the fibers a x Fy,) and a’ * F,, (o) are either identical or disjoint.
Thus, if a’ € a * F), then x(a’) = k(a). Note that s is not necessarily unique, since there
exist sets that can be split into nonintersecting fibers in more than one way. We will use =
to denote the set of all assignment functions for A N A.

It suffices to prove that any assignment function x € = may take at most two values. To
prove this, assume for contradiction that there exists k € = such that x(a;) = 1, k(az) = 2,
k(az) = 3 for some aq,as, a3 € AN A. Then the fibers a; * Fy, ay x Fy, ag * F3 are contained
in A and pairwise disjoint.

Let x € A be the point such that
(a1, py*) N (az, p5*) N 1l(as, pi*) = {z}.
Then there are points a} € ay x Fy, a)y € ay * Iy, ay € az * Fy such that
(x —ay, M) = M/p3, (x—ay, M) = M/py, (x—ay, M) = M/p,.

Moreover, {D(M)|m|M} C Div(ANA), hence (7.13) holds. By Lemma 7.9, we must have
x € A. However, there is no permitted value for x(z), since z % F} intersects ag * Fy, x * Fy
intersects az x F3, and = * F3 intersects a; * F7. This contradicts the definition of k. ]

For example, under the assumptions of Proposition 7.10, if A & B = Z,, is a tiling, then
AN A cannot consist of three nonintersecting fibers in different directions.

ANANANANANAN

.
FIGURE 4. A D(M) grid with disjoint M-fibers in all 3 directions

Remark 7.1. Suppose that ®y|A, where M = pi'py?ps®. Let A be a D(M)-grid such that
ANAN#0. As discussed in Section 5.2, ANAN(X) can be written as

(7.15) (ANA)X)= ) QX)F,(X),

ve{l,2,3}

where @1, Q2, Q3 are polynomials with integer coefficients depending on both A and A. If, in
addition, Q1, Qs, Q3 are polynomials with nonnegative coefficients, then ANA is a nonempty
union of disjoint M -fibers. By Proposition 7.10, if A@® B = Zy; is a tiling, then AN A can
be written in the form (7.15) with at least one of Q1,Q2, Q3 equal to 0.
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It is likely that some consistency conditions of this type occur more broadly in tiling sets.
For example, in part (ITa) of [24, Theorem 9.1], we prove a much more difficult and technical
result of this type on a lower scale.

8. FIBERS AND COFIBERS

8.1. Fibers and fiber chains.
Definition 8.1. Let N|M, and assume that p} | N for some 6 > 1. Define
(B1)  Wyype(X) = @y (XY = 14 XV XNy XN

This is the same notation as in (5.6), but here we are using it for a different purpose.
Specifically, we will use polynomials of the form (8.1) as building blocks for multiscale fibers
and fiber chains below. While ¥ N/p? depends on both N/p? and p;, both numbers will always
be clear from the context. We will also use that

XN
(82) W yps (X) = V1 11 ®,(X),

SIM: 51, pr=o s
where v > 1 is the exponent such that p? || N.
Definition 8.2. (Fibers and fiber chains) Let N|M, and assume that p;|N.
(i) A set Fy C Zyps is an N-fiber in the p; direction if Fy mod N has the mask polynomial
(8.3) Fo(X) = cX*WUpp, (X) mod XV —1,
with fived c € N and a € Zy. Equivalently, Fo mod N is a multiset in Zy with weights

wg (2) = ¢ ifre{a,a+ N/p,a+2N/p;,...,a+ (p; — 1)N/p;},
0 0 otherwise.

If a fiber Fy has the form (8.3), we will refer to ¢ as its multiplicity, and will say that the
fiber is rooted at a or passes through a.

(i) A set A C Zy; is N-fibered in the p; direction if it can be written as a union of disjoint
N-fibers in the p; direction, all with the same multiplicity.

(11i) Let P C {1,2,...,n;} be non-empty, wherep;" || M. A set F' C Zy is a P-fiber chain
in the p; direction if |F| = py)‘ and F is N-fibered in the p; direction for each N = M /p$,
where o € P. We will also use the convention that if P = 0, then a P-fiber chain in any
direction is any singleton set {x} with x € Zyy;.

(iv) A set A C Zyy is P-fibered in the p; direction if it can be written as a union of disjoint
P-fiber chains in the p; direction.

We list a few examples. Observe that, while we will not use P-fiber chains with multiplic-
ities greater that 1, Definition 8.2 (iii) does require the concept of N-fibers with multiplicity.

e A {1}-fiber chain in the p; direction is simply an M-fiber in that direction, and an
{1}-fibered set in the p; direction with multiplicity 1 is M-fibered in that direction,
as defined in Section 2.3.
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e A {2}-fiber chain in the p; direction is a set F' C Zj; such that for some a € Z); we
have F(x) = X(1 + XM/®P 4 X2M/vi ... 4 X@0i=DM/p?) mod (XM/Pi — 1), Note
that |F| = p;.

o A {1,2}-fiber chain in the p; direction is a set F' C Zj, such that for some a € Zy we
have F(z) = Xo(1+ XM/PI 4 X2M/p; 4. XWE-DM/PE) mod (XM —1). Note that
|F| = p?, F is M-fibered in the p; direction with multiplicity 1, and M /p-fibered in
the p; direction with multiplicity p;.

Lemma 8.3. (Properties of fibered sets) Assume that A C Zy is P-fibered in the p;
direction for some P C {1,2,...,n;}. Then the following hold.

(i) We have

(8.4) T sy (X)1AX).
a€P
In particular, ®,(X)|A(X) for all s\M, s # 1, such that s = p}* **'s', where o € P and
(s',p;) = 1.
(ii)) We have py)' | |A|. In particular, a P-fiber chain F as in Definition 8.2 (iii) is a
manimal set that is P-fibered in the p; direction.
(111) {M/p¢ : o € P} C Div(A).

(iv) Let F C Zy be a P-fiber chain with multiplicity 1 in the p; direction. Translating F
if necessary, we may assume that 0 € F. Let v = maxP. Then F C (M/p])Zy C ¢;(0),
and F tiles (M /p])Zy = Zyy with the standard tiling complement G, where

Gx)=  JI  Tawr().

T 1<t<y, T¢P

(We use the convention that an empty product is equal to 1.)

Proof. Part (i) follows directly from the definition, and (ii) follows from (i) since ®p;pe (1) =
pi. For (iii), let o € P, and let a,a’ € A be elements that belong to the same M /p?~'-fiber
in the p; direction, but not to the same M/ pf -fiber in the p; direction for any 8 < a — 1.
Then (a —a', M) = M/p, as claimed.

We now prove (iv). Assume that 0 € F. Since Wy /p0(X) = @p:_aH(XM/p?) for a <, by
(i) we have F(X) = Q(X)U(XM/P{) mod (XM — 1), where

V(X) =[] @,en(X).

Since W(1) = [[ cppi = |F|, we have Q(1) = 1. Splitting up the weighted multiset corre-
sponding to Q(X) into residue classes mod M/p], and using that F' is a set, we see that
Q € M((M/p])Zy). Hence F C (M /p])Z .

Let F' = {ﬁ : x € F}, so that ' C Zyy and U(X) | F'(X), with ¥(1) = lpi| P! =
|F’|. This is the (T1) tiling condition for F’. Hence F” tiles Z,» with the standard tiling
complement (see Remark 3.1). Rescaling back to F' C Zy, we get (iv). O
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8.2. Cofibers and cofibered structures. Given a tiling A® B = Z;, we will be interested
in the occurrences of “complementary” fiber chains in A and B, in the following sense.

Definition 8.4 (Cofibers). Let A, B C Zy, and fir 1 <y < n;. Let Pa, Pp be two disjoint
sets such that

(8.5) PsUPs={1,2,...,7}.

We say that F C A,G C B are (Pa, Pg)-cofibers in the p; direction if:

o [ is a Pa-fiber chain in the p; direction,
o (G is a Pg-fiber chain in the p; direction.

We will also refer to (F,G) as a (Pa, Pg)-cofiber pair.

Note that if v = 1, then one of the sets P4 and P must be empty. If v =1 and Py
then F'is a singleton and G is an M-fiber in the p; direction.

Our goal will be to find global cofibered structures as described below. If A B = Z,, is a
tiling pair, having a cofibered structure will often allow us to reduce proving (T2) for (A, B)
to proving it to an equivalent but simpler tiling pair. In order to allow for intermediate steps

involving sets that are only partially fibered, we state the definition below for arbitrary sets
A, B C Zy.

Definition 8.5 (Cofibered structure and cofibered sets). Let A, B C Zy, and fix
1 <~ <mny;. Let Py, P be two disjoint sets obeying (8.5).

(i) We say that the pair (A, B) has a (Pa, Pg)-cofibered structure in the p; direction if:

0,

e B is Pp-fibered in the p; direction,

o A contains at least one “complementary” Pa-fiber chain F' C A in the p; direction,
which we will call a cofiber for this structure. We will say that F is rooted at a € A
ifa € F.

(1) We say that the pair (A, B) is (P4, Pp)-cofibered in the p; direction if:

o A is Pa-fibered in the p; direction,
e B is Pp-fibered in the p; direction.

We emphasize that part (i) of the definition is not symmetric with respect to A and B.
Our convention is that the second set in the pair must be fibered in its entirety. While a
cofibered structure may have more than one cofiber in A, we do not require that the entire
pair (A, B) be cofibered. We will refer to the number 7 in Definitions 8.4 and 8.5 as the
depth of, respectively, the cofiber pair or the cofibered structure.

If A and B satisfy the condition of Definition 8.5 (i), then by Lemma 8.3,

(8.6) {M/p*: aePa} CDiv(A), {M/p}: 3ePg}CDiv(B),
(87) [T @ (IBX),
BEPB

and if a cofiber F'is rooted at some a € A, then

(8.8) X T wargee ()P ().

a€Py
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Remark 8.1. Assume that A, B C Zys satisfy Div(A)NDiv(B) = {M}, and fir 1 <~y <n,.
Let P4, Pp be two disjoint sets obeying (8.5). Assume that

(8.9) {M/p}: aePa}nDiv(B) =0.

(In particular, if A® B = Zy; and A contains a Pa-fiber chain in the p; direction, then (8.9)
holds by Lemma 8.3 (iii) and divisor exclusion.) Then, in order to prove that B is Pg-fibered
in the p; direction, it suffices to verify that every b € B belongs to a Pg-fiber chain F(b) in
the p; direction. Indeed, by Lemma 8.3 (iv), every F(b) is a mazimal subset of bx (M /p])Zs
such that Div(F(b))N{M/p® : o € Pa} = 0. Hence, under the above assumptions, any two
fiber chains F(b) and F (V') with b,/ € B must be either identical or disjoint.

8.3. Fiber shifting. Cofibered structures are important for two reasons. On one hand, they
arise naturally from 1-dimensional saturating spaces (see Lemma 8.9 below). On the other
hand, with a cofibered structure in place, Lemma 8.6 allows us to shift the cofibers in A as
indicated while maintaining both the tiling property and the (T2) status of A. Applying
such shifts repeatedly, we are able to reduce many cases to simpler tilings where (T2) is easy
to verify.

Lemma 8.6 (Fiber-Shifting Lemma). Let A ® B = Zy;. Assume that the pair (A, B)
has a (Pa, Pg)-cofibered structure, with a cofiber FF C A. Let A" be the set obtained from A

by shifting F by M/pf for any B € Pg. Then A’ ® B = Zy;, and A is T2-equivalent to A’.

Proof. We have
Al(X)=AX) + (X"”M/Pf - 1)F(X)
for some k with (k,p;) = 1.

We must prove that ®4(X)| A (X)B(X) for all s|M,s # 1. Fix such s, and write it as
s =p;" 's', where (s,p;) = 1. Consider three cases.

o If v > 8, then ®,(X) | (X*M/?] — 1), therefore it divides A if and only if it divides
Al

o If v < B and v € Pp, then ®4(X) | Uy (X) | B(X).

o If v < B and v € Py, then ®4(X) [ Upy0 (X) | F(X), therefore g divides A if and
only if it divides A’.

This implies the first part of the lemma.

Suppose furthermore that @ is a (T2) cyclotomic polynomial of A, in the sense that
$ = 81...8;, where s1,...,s, are powers of distinct primes such that &, ... o, |A. In
particular, we must have D e | A, and therefore D e 1 B. By the above analysis applied
to p;"" " instead of s, we must have either v > 5 or v € P4. In both cases, we get that ®;
divides A if and only if it divides A’, so that the (T2) property is preserved when we pass

from A to A’. O

8.4. Fibers and 1-dimensional saturating spaces. We now prove that 1-dimensional
saturating sets imply cofibered structures.

Lemma 8.7. Assume that A® B = Zy;, and let x,y € Zy;.
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(i) Let 1 < a,a < n; with o # /. Then
Ant/pe[7] Bar/pz Y] AM/p‘Z?'/ [z] ]BM/pg’ [y} = 0.
In particular, if Ay, C £;(z), then the product (Alx],B[y]) is saturated by a single divisor.
(11) Suppose that A, C {;(x). Then there exists an o with 0 < a < n; such that
Ant/pe [2] Barjpe[b] = ¢(pf') for all b € B.
Proof. Part (i) is a special case of Lemma 7.8, and part (ii) follows from (7.9). O
Definition 8.8. Let P C {1,2,...,n;}, and let F C Zp; be a P-fiber chain in the p; direction.

(i) An element x € Zyy is at distance m from F if m|M is the mazimal divisor such that
(z —x, M) =m for some z € F.

(11) If 1 <6 < n;, we will write P[6] =P N{L,2,...,0}.

If x € Zy; and F' C Z,; is a P-fiber chain in the p; direction, then for all z € F' we have
(z—x, M) = m’pf‘(z), where m/|(M/p;'") is the same for all z € F'. In particular, the distance

from x to F' is well defined and is equal to m/p; <" (@),

Lemma 8.9 (The structure of 1-dimensional saturating spaces). Assume that A ®
B =7y is a tiling.

(i) Suppose that x,y € Zys satisfy x ¢ A and

(8.10) AN [2]Bag o Y] = 6(07)

for some 0 < v < n;. Then there exist two disjoint sets Pa, Pg with

(8.11) PaUPs={1,...,v—1},

(8.12) {M/p®: a e Py} CDiv(A), {M/p’: e Pp}C Div(B),

such that the following holds. Let Ay C A, be a mazimal subset such that for all a,a’ € Ay
with a # o' we have (a —a', M) = M/p], and let By be a similar subset of B, .. Then one
of the sets Ay and By has cardinality 1, the other has cardinality p; — 1, and furthermore

(8.13) Aoy = J Fla), By.=J GO,
a€Ap beBo
where F(a) is a Pa-fiber chain in the p; direction rooted at a, and G(b) is a Pg-fiber chain
i the p; direction rooted at b.
(ii) Suppose that x € Zp \ A and A, C {;(x), with
(8.14) A%/p;, [:B]IB%%/pZ [b] = o(p]) for allb € B,

where 0 < v < n; (as follows from Lemma 8.7 (i1)). Then the pair (A, B) has a (Pa, Pp U
{v})-cofibered structure, with A, as a Pa-cofiber at a distance M /p] from x.

Proof. We first prove (i). Define Ay and By as above. Since Ag C x * (M/p])Zy and each
element of AgU{z} is contained in a different residue class mod M/p], we have |Ag| < p; —1,
and similarly for By. By divisor exclusion, at most one of these sets has cardinality greater
than 1.
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Next, let Ay C o * (M/p])Zyn be a maximal subset of A, , such that
Va,a' € Ay with a # d’, we have (a —a/, M) = M/p] ™",

and define By similarly. Then |A;| < p;|Ao|, since for each a € A; there must be a “parent”
ag € Ag with M/ pzfl | @ — ag, and each ag can have at most p; such “children” a € A; (we
allow a = ag, so that Ay C A;). Similarly, |B;| < p;|By|. Moreover, if |A;| > |Ag|, then we
must have M/p]~" € Div(A), and similarly for B, so that at least one of |A;| = |Aq| and
|By| = | By| must hold. If |A;| > |Ao|, we place v — 1 in P4, otherwise we place it in Pg.

We continue by induction, constructing a sequence of sets
AycAicACc---CA L =4Ay, ByCB CByC---CB,_1 =By,
and two disjoint sets P4, Pp obeying (8.11), so that for each I =1,2,...,v— 1:

o if [ € Py, then |A, 41| < pil Ay, | By-141] = | By, and M/p] ™" & Div(B),
e if [ € Pp, then the same holds with A and B interchanged.

It follows that
AN B[] < Aol |Bol P p7 < (pi = 1)p] ™! = ()

Furthermore, for the equality to hold, one of the sets Ay, By must have cardinality p; — 1,
for each a € Ay the set F(a) := {a € A,, : M/p]”" | a — ap} must be a full P,-fiber chain
in the p; direction rooted at a, and a similar statement must hold for B. This yields the
structure described in part (i).

For part (ii), assume that (8.14) holds, and let By(b) be the set from (8.12) with y = b for
each b € B. Since M/p] € Div(B), we must have |Ag| = 1 and |By(b)| = p; — 1, Fix b € B,

so that

B.= |J Gw).

b€ Bo (b)
Let ' € By(b), and apply part (i) of the lemma with y = ¥'. Since b € By, there is a
Pp-fiber chain G(b) C B rooted at b, so that
By.=Gb)u | GO.
b€ By (b), b/ b/

Thus Uyre gy oy G(V”) is a (PsU{7})-fiber chain in B, rooted at b. Applying this argument
to all b € B, and using Remark 8.1, we get the cofibered structure as indicated. 0

The following special case will be used frequently in [24].

Corollary 8.10. Assume that A ® B = Zy is a tiling. Suppose that © € Zy \ A, b € B,
M/p; € Div(A), and

(3.15) AL L [o]BY L] = 6(0?).

Then there exists a ({1}, {2})-cofiber pair (F,G) such that F C A is at distance M/p? from
x, G C B is rooted at b, and

(8.16) AN /92 [z| F|BM 12 [01G] = (p?).

In particular, if M/p; € Div(A) and A, C {;(z) with M/p? as the contributing divisor (cf.
Lemma 8.7 (ii)), then the pair (A, B) has a ({1}, {2})-cofibered structure.
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For simplicity, when M is fixed, we will write “(1,2)-cofiber pair” instead of “({1},{2})-
cofiber pair”, and similarly for cofibered structures.

8.5. Examples and applications. Let M = p* ... pp with K > 3 and py,...,px > 3.
Assume that A® B = Zy; and |A| = p; ... pk. Let also A be a fixed D(M) grid, and assume
that 0 € ANA.

Example 1. By Lemma 7.9, we cannot have A\ A = {z} for a single point € A. Similarly,
we cannot have AN A = Ag if Ay is obtained from A by deleting a few more points in an
“unstructured” way so that the assumptions of Lemma 7.9 still apply.

Suppose, however, that Ag = A\ (z* F}) for some z € A and i € {1,..., K}. Then Lemma
7.9 is no longer applicable, and indeed, it is possible to have AN A = Ay. However, as we
now show, this determines the structure of the entire set A, and, in particular, both A and

B satisty (T2).

Indeed, we have Ay, 1] > 2 for all j # i. It follows by (7.9) that A, C f;(z). By
Proposition 8.9, the pair (A, B) has a (P4, Pp)-cofibered structure of depth v > 2, with
1 € P4 since M/p; € Div(A). In particular, A must contain an M-fiber in the p; direction
at distance M/p] from z. By Lemma 8.6, we can shift that fiber to x, proving that A is
T2-equivalent to A. Thus A” = A, and Corollary 3.6 implies (T2) for both A and B.

We note that the same argument still applies if AN A has several fibers missing (possibly
in different directions). This is the case e.g., in Szabé-type examples in [43], [25].

Example 2. We now consider a more difficult example where saturating sets are not as
obvious. Let M = pip3p; with p;, p;, pr > 3, and assume that |A| = pip;py, tiles Zy;. Suppose

that there exists an element z € A\ A such that

(8.17) Anyp,s [z] = ¢(pi)7AM/pjpk 2] = ¢(pjpr)

and A,,[z] = 0 for all m € {D(M)|m|M} \ {M/p;, M/p;pi}. In the terminology of [24], this
is a p;-full plane structure. We prove in [24, Section 7] that, for a broader class of tilings
including this situation, we have A* = A and the tiling A & B = Z,, is T2-equivalent to
A @ B = Zy; via fiber shifts. By Corollary 3.6, both A and B satisfy (T2). For expository
purposes, we restrict our attention here to this specific structure.

FIGURE 5. A p;-full plane structure on a D(M) grid.

Consider the saturating set A,, with = as above. This time, geometric restrictions alone
are not sufficient to confine A, to a single line through z. Nonetheless, with an additional
argument we have the following lemma.
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Lemma 8.11. Under the assumptions of Example 2, we have either A, C {;(x) or A, C

U ().

Proof. By (7.9), we have

(8.18) A, Cli(x) Uly(z).

Let b € B. Suppose that A, N {¢;(x) is nonempty. Since M /p; € Div(A), we must have
(8.19) Apgyp2 [2]Bagyp2[b] > 0.

If we also had A, N lx(x) # O for the same b, that would imply that

(8.20) Apgpz [x]Bagyp2 0] > 0;

however, having (8.19) and (8.20) at the same time would contradict Lemma 7.8. Therefore
we must have either A,, C ¢;(x) or A, C fi(x). Notice that in the former case we have

Since M/p; € Div(A), this can only happen if

In other words, the pair (AN{;(x), BN{;(b)) contains a (1,2)-cofiber pair in the p; direction.
If Ay, C l(z), (8.21) and (8.22) hold with j replaced by k.

We claim that either A, C ¢;(x) or A, C {x(z). Indeed, assume for contradiction that
there exist b, b, € B such that A,y C £;(x) and A,y C €x(x). It follows from (8.22) that

ANTI, )] 2 Agle] + Aagale] + Aagpe 2
=pj+pe+(pj—Dpx — 1)
=pjpe + 1.

This, however, contradicts Lemma 2.3. 0

Assume, without loss of generality, that A, C ¢;(z). By Corollary 8.10, the pair (A, B)
has a (1, 2)-cofibered structure in the p; direction, with a cofiber in A at distance M/ p? from
x. By Lemma 8.6, we may shift the cofiber to x. Let A’ be the set thus obtained, so that
A"N A contains all points of AN A plus, additionally, the fiber x * F; C A’. Moreover, A’ is
T2-equivalent to A, and A’ @ B = Zyy.

In this example, we do not get T2-equivalence to a standard set right away. Instead, the
new set A’ contains a structure we call a p;-corner [24], consisting of two nonintersecting
M-fibers in the p; and p,, directions in A. We then have to work further with that structure
to prove that, ultimately, A" (therefore A) is T2-equivalent to A.

9. CONJECTURES AND OPEN QUESTIONS

9.1. Tiling reductions. We first consider the question of whether proving properties such
as (T2), or, more generally, proving structure and classification results for tilings, could be
accomplished by inductive arguments involving reduction to tilings of smaller groups.

Let A® B = Zj; be a tiling, and assume for convenience that 0 € AN B. If M has at
most two distinct prime factors, then Sands’s theorem [37] states that at least one of A, B
must be contained in pZ,, for some prime p|M. Thus we can always use Theorem 6.1 to
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decompose such a tiling into tilings of residue classes, with at least one of the sets A and B
tiling pZy;. This was the route taken in [2].

Suppose now that M = Hfil p;*, where p; are distinct primes and K > 3. Sands’s
theorem no longer holds in that setting, with counterexamples given by Szabd [43] (see also
[25]). However, it is conceivable that other inductive arguments, not based on Theorem 6.1,
may still apply. For example, the following question is open.

Question 1. Let A® B = Zy; with M = Hfilpm.

7

(i) (Strong version) Suppose that ® ni|A for somei € {1,2,..., K}. Is it always true that,
in the notation of Theorem 6.5, we have A, & B = Zyyp, for every translate A" of A?

(ii) (Weak version) Must there always exist some i € {1,2,..., K} such that either A @
B = Zyp, for every translate A" of A, or A® B, = Ly, for every translate B' of B?

We do not know of any counterexamples to this. Szabd’s examples [43] satisfy the con-
ditions of Theorem 6.5, as do all tilings of period M = p?p3p3, where py,po, p3 are all odd
[24].

Assume that @ ni[A for some i € {1,2,..., K}. By Proposition 3.4, the property (T2) for

B is equivalent to A” ® B = Z,;, where A° is the corresponding standard tiling complement.
Heuristically, the slab reduction could be thought of as going part of the way in that direction,
with the original tile A replaced by a new tile S which keeps some of the structure of A but,
additionally, is periodic in the p; direction. On the other hand, even if we assume a prior:
that both A and B satisfy (T2), this does not appear to imply the slab reduction in any
obvious formal way. We do not know whether it is always possible to start with the original
tiling and reach A° @ B = Z,, via a sequence of slab reductions or other similar steps. While
it does follow from [24] that all tilings of odd period M = p?p3p3 satisfy the conditions of
Theorem 6.5, this is obtained a posteriori as a consequence of our classification of all such
tilings, with (T2) and the classification results obtained by other means in some cases.

It is worthwhile to describe Szabé-type examples in more detail. (For the purpose of this
paper, we use a modification of Szabd’s original construction in [43], which was set in a
different abelian group but was nonetheless based on the same idea. See also the examples
in [25] and [4].) We start with the standard tiling 4> @ B® = Z,;, where M = p?p2p2, A’ is
the standard tiling set with ®,2|A for all 7 € {1,2, 3}, and B’ is the standard tiling set with
®,,|B for all i € {1,2,3}. We then use fiber shifts (Lemma 8.6) to modify A” so that for each
i, one M-fiber in A® in the p; direction is shifted by a distance M /p?. For K = 3, the M-fibers
in all 3 directions can be selected so that all three shifts can be performed independently
without destroying the tiling property. This produces a new tiling A @& B’ = Z,, in which
neither A nor B’ is contained in a proper subgroup of Zy;.

Noting that the pair (A, B”) in the above construction has a (1,2)-cofibered structure in

all three directions, one might ask whether one of A and B must in fact be contained in a
proper subgroup if no such obstructions are present. This motivates the following question.

Question 2. Let A® B = Zy with M = Hfilpf Suppose that @A for some i €

{1,2,...,K}. Is it always true that at least one of the following must hold?

(i) (Subgroup tiling) A C Zps/p,
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(i1) (Obstruction) There exists an element x € Zpr \ A such that A, C {;(x). Furthermore,
the pair (A, B) has a (Pa, Pg)-cofibered structure of depth at least 2, with 1 € Py.

It is possible that, at least for K > 4, more complicated obstructions may occur that
cannot be reduced to 1-dimensional saturating spaces. However, the results of [24] show that
the answer is affirmative if M = pip3p3. It seems reasonable to conjecture the following.

Conjecture 9.1. The answers to Questions 1 (both versions) and 2 are affirmative when
M has at most 3 distinct prime factors.

Proposition 3.4 also relates the (T2) property to divisor sets, in the sense that B satisfies
(T2) if any only if its divisor set Div(B) is disjoint from Div(A®). The equivalence between
conditions (ii) and (iii) in Theorem 6.5 establishes a more granular result in this direction,
by connecting a smaller family of differences in A to the corresponding family of cyclotomic
polynomials. Specifically, if we write S; := {m : p"|m|M} for a fixed i € {1,..., K},
then Theorem 6.5 establishes a fundamental connection between the set of differences m €
Div(A) N S; and the collection of all cyclotomic polynomials &, dividing A, for d € S;.
It would be interesting to know whether such relationships exist on the level of individual
differences and cyclotomic polynomials. As an extreme example of a hypothetical result of
this type, we state the following.

Conjecture 9.2. If ¢ »

A, then M/p; ¢ Div(B).

A if and only if

M /p; € Div(A®). Tt is obviously necessary in order for (T2) to hold, though not sufficient.
Absent a proof of (T2) in its full generality, this might be an interesting direction to explore.

This conjecture can be stated purely in terms of differences, since P n

Our saturating set techniques provide partial support for the conjecture, as follows. Sup-
pose that M/p; € Div(B), with (b — V', M) = M/p; for some b, b’ € B. Suppose further that
Conjecture 9.2 is true. Then @ »: t A, so that ® »|B. In particular,

|B N II(y, p;")

1
Di

for every y € Zy; with (y — b, M) = M/p;. We do not know how to prove this, but we
can prove the weaker statement that B N II(y, p!'") # 0 for each such y. Indeed, if y € B,
this is obvious. If, on the other hand, y ¢ B, then by (7.9) we have B, C II(y,p;"), and in
particular B N II(y, p;) is nonempty.

We note that fibering plays a significant role in all our tiling arguments. For instance, if A
is M-fibered in some direction, this is sufficient to apply the slab reduction (see Remark 6.1).
At the other extreme, if ®/|A but A fails to be M-fibered on some D(M) grid, our strategy
in [24] is to identify and use cofibered structures, which in particular implies fibering in B
on a lower scale. Motivated by this, we conjecture the following.

Conjecture 9.3. For every i there exists 1 < a; < n; such that either A or B is M/p;"-
fibered in the p; direction. In particular, if M has 8 prime factors, ®yr|A, and there exists a
D(M) grid A such that ANA is not fibered in any direction, then B is fibered in all directions
on some scale. (This happens e.qg., in Szabd’s examples.)
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9.2. Saturating sets. We have seen in Lemma 8.9 and Corollary 8.10 that if A, C ¢;(z)
for some i € {1,...,K} and € Z\ A, this implies a cofibered structure in (A, B). By
Lemma 8.6, this allows us to shift M-fibers in A in the given direction. We use this in [24]
to reduce A ® B = Zj; to T2-equivalent tilings A’ & B = Zj;, where A’ has additional
regularity properties. It would therefore be interesting to either find a structure theorem
(an analogue of Lemma 8.9) for saturating sets contained in higher-dimensional subspaces,
or, alternatively, to find a systematic way of adding geometric constraints on saturating sets
until we find a cofibered structure.

In all examples where we have been able to determine saturating sets, we found that they
enjoy pleasant “splitting” properties. For example, suppose that (x —a, M) = M /p; for some
ac€Aand i€ {l,...,K}. By (7.9), we have

(9.1) A, C Bispan(z,a) = H(z, p;") U(a, p*).
However, what actually tends to happen is that either A, C II(x, p}") or A, C I(a,p;"). For
instance, if Ayz/p,[a] > 0, then Ay, [2] > 2 and
A, C (x, p").
If, however, B/, [b] > 0, then
Ay C (a, pi).
For an example of a less obvious situation where this happens, see e.g. [24, Lemma 9.18].

Similarly, suppose that K = 3 and let x € Zj;. Assume that there are two elements
a;,a; € A such that (x —a;, M) = M/p; and (v — a;, M) = M/p;, with i,j € {1,2,3}
distinct. Then, by Lemma 7.9 again,

A, C Bispan(z, a;) N Bispan(z, a;) = (p(x) U lg(a;) U lx(a;) U lp(xy).

where z;; € Z) is the unique point such that (z;; —a;, M) = M/p; and (z;; —a;, M) = M/p;.
However, in all tiling examples that we have worked out, A, is in fact contained in just one
of the above lines. An example of this type of situation is provided by [24, Lemma 4.6]. See
also Lemma 8.11 in this paper for a different example where the initial geometric constraints
restrict the saturating set to a union of two lines (8.18), but then additional arguments show
that only one of these lines may participate.

Returning to the “two planes” situation as in (9.1), we can in fact say a little bit more.
By (9.1), we have for any b € B,

1
1= W(Am (1B D] + Ay [ B, [0]).

Suppose that B,,[b] and B,,,,[b] are both nonzero for some m with p}*|m|M. If there were
an o' € A with (x — a/, M) € {m, m/p;}, then we would also have (a — da’', M) € {m,m/p;},
contradicting divisor exclusion. Moreover, if B, p, [b] # 0, then any o’ € A with (z—a', M) €
{m,m/p;} must lie in the plane II(a, p;*). Hence

9.2) 1=y mmmwmm (1= 8 )Ann[a]Byp 1)
Py m

where 0, € {0,1} for all p;"

It appears reasonable to conjecture the following.

m.
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Conjecture 9.4. Let A® B = Zy; be a tiling, and assume that (x —a, M) = M /p; for some
ac€ A xeZy\A andi € {1,...,K}. Then either A, C Il(x,p!") or A, C Il(a,p]").
Furthermore, either 6, = 1 for all m, or é,, = 0 for all m, depending only on the choice of
a€Aandbe B.

A similar reasoning, with only slightly more effort, applies to A, , and B, , as in (7.12)
with o € Zy \ A and y € Zy, \ B.

9.3. Subspace bounds. The special case of Lemma 2.3 with K = 3 and «; = 0 is a simple
but very effective tool in [24]. Tt would be useful to have similar bounds for lower-dimensional
subspaces, for example lines in the 3-prime case. In this regard, we formulate the following
modest conjecture.

Conjecture 9.5. Suppose that pi* || |A| with o; < n;. Then for all x € Zy
(9.3) AN (x)] < pi.

Conjecture 9.5 is clearly true when:

e p}'* exceeds the plane bounds [A N TI(x,p;”)| for j # i,
o A satisfies (T2) (in this case, A @ B* = Zj; and there exists 3; so that M/p;* ¢
Div(A)).

10. ACKNOWLEDGEMENT

Both authors were supported by NSERC Discovery Grants.

REFERENCES

—_

. S. Bhattacharya, Periodicity and Decidability of Tilings of Z?, Amer. J. Math. 142 (2020), 255-266.

2. E. Coven, A. Meyerowitz, Tiling the integers with translates of one finite set, J. Algebra 212 (1999),
161-174.

N.G. de Bruijn, On the factorization of cyclic groups, Indag. Math. 15 (1953), 370-377.

4. D. E. Dutkay, I. Kraus, On spectral sets of integers, in: Frames and Harmonic Analysis, Contemporary
Mathematics, vol. 706, edited by Y. Kim, A.K. Narayan, G. Picioroaga, and E.S. Weber, American
Mathematical Society, 2018, pp. 215-234.

5. D. E. Dutkay, C.-K. Lai, Some reductions of the spectral set conjecture to integers, Math. Proc. Cambridge
Phil. Soc. 156 (2014), 123-135.

6. T. Fallon, G. Kiss, G. Somlai, Spectral sets and tiles in Zf, X Zg, preprint, arXiv:math/2105.10575

7. T. Fallon, A. Mayeli, D. Villano, The Fuglede Conjecture holds in ]Ff; for p = 5,7, Proc. Amer. Math.
Soc., to appear.

8. B. Farkas, M. Matolcsi, P. Mora, On Fuglede’s conjecture and the existence of universal spectra, J. Fourier
Anal. Appl. 12(5) (2006), 483-494.

9. B. Farkas, S. G. Révész, Tiles with no spectra in dimension 4. Math. Scandinavica, 98 (2006), 44-52.

10. B. Fuglede, Commuting self-adjoint partial differential operators and a group-theoretic problem, J. Funct.
Anal. 16 (1974), 101-121.

11. A. Granville, I. Laba, Y. Wang, A characterization of finite sets that tile the integers, unpublished
preprint, 2001, arXiv:math/0109127.

12. R. Greenfeld, N. Lev Fuglede’s spectral set conjecture for convex polytopes, Analysis & PDE 10(6) (2017),
1497-1538.

13. R. Greenfeld, T. Tao. The structure of translational tilings in Z¢, Discrete Analysis, 2021:16, 28 pp.

14. A. Tosevich, N. Katz, T. Tao, The Fuglede spectral conjecture holds for convex planar domains, Math.

Res. Lett. 10 (2003), 559-569.

it



15

16.

17.

18.
19.

20.

21.
22.

23.

24.

25.

26.
27.

28.
29.

30.

31.

32.
33.

34.
35.
36.

37.
38.
39.
40.

41.
42.

43.
44.
45.
46.

47.

48

COMBINATORIAL AND HARMONIC-ANALYTIC METHODS FOR INTEGER TILINGS 49

. A. Tosevich, A. Mayeli, J. Pakianathan, The Fuglede conjecture holds in Z, X Z,, Analysis & PDE 10(4)
(2017), 757-764.

G. Kiss, R. D. Malikiosis, G. Somlai, M. Vizer, On the discrete Fuglede and Pompeiu problems, Analysis
& PDE 13 (3), (2020), 765-788.

G. Kiss, R. D. Malikiosis, G. Somlai, M. Vizer, Fuglede’s conjecture holds for cyclic groups of order pqrs,
Discrete Anal. 2021:12, 24 pp.

G. Kiss, S. Somlai, Fuglede’s conjecture holds on Zf) X Zgq, Proc. Amer. Math. Soc. 149 (2021), 4181-4188.
M.N. Kolountzakis, N. Lev, Tiling by translates of a function: results and open problems, Discrete
Analysis, 2021:12, 24 pp.

M.N. Kolountzakis, M. Matolcsi, Complex Hadamard matrices and the spectral set conjecture, Collect.
Math., Vol. Extra (2006), 281-291.

M. N. Kolountzakis, M. Matolcsi, Tiles with no spectra, Forum Math. 18(3) (2006), 519-528.

S. Konyagin, 1. Laba, Spectra of certain types of polynomials and tiling the integers with translates of
finite sets, J. Number Theory 103 (2003), 267-280.

I. Laba, The spectral set conjecture and multiplicative properties of roots of polynomials, J. London Math.
Soc. 65 (2002), 661-671.

I. Laba, I. Londner, The Coven-Meyerowitz tiling conditions for 8 odd prime factors, preprint, 2021,
arXiv:2106.14044.

J.C. Lagarias, S. Szabd, Universal spectra and Tijdeman’s conjecture on factorization of cyclic groups,
J. Fourier Anal. Appl. 1(7) (2001), 63-70.

J.C. Lagarias, Y. Wang, Tiling the line with translates of one tile, Invent. Math. 124 (1996), 341-365.
J.C. Lagarias, Y. Wang, Spectral sets and factorization of finite abelian groups, J. Funct. Anal. 145
(1997), 73-98.

T.Y. Lam and K.H. Leung, On vanishing sums of roots of unity, J. Algebra 224 (2000), 91-109.

N. Lev, M. Matolcsi, The Fuglede conjecture for convex domains is true in all dimensions,
arXiv:1904.12262, to appear in Acta Mathematica.

R. D. Malikiosis, On the structure of spectral and tiling subsets of cyclic groups, preprint,
arXiv:2005.05800.

R. D. Malikiosis, M. N. Kolountzakis, Fuglede’s conjecture on cyclic groups of order p™q, Discrete Anal-
ysis, 2017:12, 16pp.

H. B. Mann, On Linear Relations Between Roots of Unity, Mathematika 12, Issue 2 (1965), 107-117.
M. Matolcsi, Fuglede’s conjecture fails in dimension 4, Proc. Amer. Math. Soc. 133(10) (2005), 3021—
3026.

D.J. Newman, Tesselation of integers, J. Number Theory 9 (1977), 107-111.

L. Rédei, Uber das Kreisteilungspolynom, Acta Math. Hungar. 5 (1954), 27-28.

L. Rédei, Natiirliche Basen des Kreisteilungskorpers, Abh. Math. Sem. Univ. Hamburg 23 (1959), 180—
200.

A. Sands, On Keller’s conjecture for certain cyclic groups, Proc. Edinburgh Math. Soc. 2 (1979), 17-21.
I. J. Schoenberg, A note on the cyclotomic polynomial, Mathematika 11 (1964), 131-136.

R. Shi, Fuglede’s conjecture holds on cyclic groups Zyz4, , Discrete Analysis 2019:14, 14pp.

R. Shi, Equi-distribution on planes and spectral set conjecture on Zy> x Zy, J. London Math. Soc 102(2),
(2020), 1030-1046.

G. Somlai, Spectral sets in Zyz24, tile, preprint, arXiv:1907.04398.

J. P. Steinberger, Minimal vanishing sums of roots of unity with large coefficients, Proc. London Math.
Soc. 97 (3) (2008), 689-717.

S. Szabd, A type of factorization of finite abelian groups, Discrete Math. 54 (1985), 121-124.

S. Szabd, Topics in Factorization of Abelian Groups, Hindustan Book Agency, 2004.

T. Tao, Fuglede’s conjecture is false in 5 and higher dimensions, Math. Res. Letters, 11 (2004), 251-258.

notes-on-the-coven-meyerowitz-conjecture/

R. Tijdeman, Decomposition of the integers as a direct sum of two subsets, in Number Theory (Paris
1992-1993), London Math. Soc. Lecture Note Ser., vol. 215, 261-276, Cambridge Univ. Press, Cam-
bridge, 1995.

. T. Zhang, Fuglede’s conjecture holds in Z, X Z,n, preprint, arXiv:2109:08400.

T. Tao, Some notes on the Coven-Meyerowitz conjecture, https://terrytao.wordpress.com/2011/11/19/some-



50 IZABELLA LABA AND ITAY LONDNER

LABA: Department of Mathematics, UBC, Vancouver, B.C. V6T 172, Canada
ilaba@math.ubc. ca
LONDNER: Department of Mathematics, UBC, Vancouver, B.C. V6T 172, Canada.

Current address: Department of Mathematics, Faculty of Mathematics and Computer Sci-
ence, Weizmann Institute of Science, Rehovot 7610001, Israel

itay.londner@ueizmann. ac.il



