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Abstract

We extend Wolff’s “local smoothing” inequality [19] to a wider
class of not necessarily conical hypersurfaces of codimension 1. This
class includes surfaces with nonvanishing curvature, as well as certain
surfaces with more than one flat direction. An immediate consequence
is the LP-boundedness of the corresponding Fourier multiplier opera-
tors.

Mathematics Subject Classification: 42B08, 42B15.

The purpose of this article is to extend the “local smoothing” inequality,
proved in [19], [6] for circular cones in R¢, d > 2, and in [10] for more general
conical surfaces in R?, to a wider class of bounded surfaces of codimension 1
in R4+ d > 3.

Recall that Wolff’s inequality [19] states that if f is a function with Fourier
transform supported in a d-neighbourhood of the segment of the circular cone
with 1 < |z| < 2, then

_d-1.d_,
VedCe: |[flly < C5™ 2 o7 fllps, (1)

with d = 2 and p > 74; this was then extended in [6] to d >3, p > 2+ %,

andd>4,p>2+ %3. Here the norm on the right side is defined by

1/p
| fllps = (Z 120 * f||§) 7

where é; are, roughly, cutoffs in the Fourier space corresponding to the
natural covering of the d-neighbourhood of the cone by rectangular “plates”



of thickness 6. We propose to extend this inequality in two directions. First,
we will consider cones generated by more general surfaces of codimension
2. Second, we will also allow surfaces with more than one flat direction,
satisfying certain geometrical conditions stated below; the simplest nontrivial
examples are the “k-cones”, defined below and described in more detail in
Section 7. An immediate consequence is the LP boundedness of Bochner-
Riesz multipliers for the same classes of surfaces and for appropriate ranges
of exponents.

We now define specific classes of surfaces of interest to us. We will always
assume that S is a bounded surface of codimension 1 in R%*!, smooth every-
where except for the possible boundary, with all curvatures bounded from
above uniformly by a constant.

A nondegenerate surface in R will be a surface Sy defined by an equa-
tion of the type x4 = F(x1,...,2;), where F' is smooth with all derivatives
bounded uniformly in x, and all principal curvatures are bounded away from
Zero:

(D3F)ul = colul, u € R, (2)

with the lower bound ¢y uniform in u. Elliptic surfaces, such as e.g. a sphere
or a paraboloid, are clearly nondegenerate. However, we do not require
the Hessian to be positive definite, hence we also allow surfaces with both
positive and negative curvatures (e.g. hyperbolic paraboloids). The key
nondegeneracy condition (needed in Assumption (A) below) is that if n(a)
denotes the unit normal to Sy at a point a, then |n(a) —n(b)| 2 |a — b|; this
is guaranteed by (2).
A conical surface in R¥! is defined as

S:{tl'i {L‘ESQ,tE[Cl,CQ]},0<01<CQ<OO, (3)

where Sy is a surface of dimension [ = d — 1 contained in an affine subspace
X C R¥*! of dimension d which does not pass through the origin, such that Sy
viewed as a subset of X is a nondegenerate surface if X is identified with R?
in the obvious way. This class includes circular cones as well as more general
homogeneous quadrics of the form S = {z : 1 < |z| < 2, (Az,z) = 0},
where A is a symmetric (d 4+ 1) x (d + 1) matrix of full rank; note that we
do not assume anything about the signature of A.

A k-cone in R™!, where 1 < k < d — 1, is constructed as follows. Let L,
be a (d — k + 1)-dimensional linear subspace of R4 and let L; = Ly + v;
for i =1,...,k, where vy,...,v; are linearly independent vectors such that



Lo, v1,...,v, span R4 In each of the subspaces L;, i = 0,...,k, we fix
a bounded strictly convex solid F; such that E; = OF; is smooth and has
nonvanishing Gaussian curvature. Thus E; is a nondegenerate elliptic surface
of dimension d — k (i.e. of codimension 1 in L;). We say that a (k+ 1)-tuple
of points (zg,x1,...,xx) is good if x; € E;, i = 0,... k, and if the outward
unit normal vectors to E; at x; are the same. We then let

S = U n(xo, ..., xL),

(€0,....xx) good

where 71(xo, ..., x;) denotes the convex hull of xg, ..., z; in R4, In Section
7 we prove that this indeed defines a surface of codimension 1 and that each
point a € S belongs to n(zo, . .., xy) for exactly one (k+1)-tuple (zo, ..., xx);
we will then call n(zo, ..., xy) the k-plane at a, and denote it by n(a).

For illustration purposes, consider the simple case when k£ = 1 and Ly and
Ly are two parallel hyperplanes. If Fy, F; are spheres of different radii, then
S is a segment of a right circular cone or a slanted circular cone, depending
on the relative location of Ey, ;. Similarly, if Ey, F/y are spheres of equal
radii, S is a segment of a (right or slanted) circular cylinder. However, if
Ey, Ey are randomly chosen ellipsoids, then S will usually not be a cone, a
cylinder, or an affine image thereof. For £ > 2, these surfaces may be more
difficult to visualize; see Section 7 for more details. It is likely that similar
surfaces may be constructed if F; are allowed to be more general surfaces of
codimension 1 in L;, but since it seems difficult to find the precise conditions
on such more general E; under which the construction works, we choose not
to do this here.

What we will actually use in the statement and proof of our main in-
equality is that these surfaces admit a uniform “plate covering”, analogous
to that of [19], [6]. Let S be a hypersurface in R+ of one of the following

types:

e S is a nondegenerate hypersurface as defined above. We assume that
(2) holds, but do not require S to be elliptic. We let k£ = 0 in this case.

e S is a conical surface generated by a nondegenerate hypersurface Sy
of codimension 2, as defined above. In this case, we again assume (2)
but make no assumptions on the signs of the curvatures of S;. We let
kE=1.



e S is a k-cone, generated by k + 1 nondegenerate surfaces FEy, ..., Fy.
Recall that in this case Ejy, ..., E} are assumed to be elliptic.

Thus, k will always denote the number of “flat” directions of S. Fora € S,
we use n(a) to denote the unit normal to S at a. We may assume that the
map z — n(x) is continuous; if S is not orientable, we restrict our attention
to an orientable subset of S. For § > 0, let S5 denote the d-neighbourhood
of S. We write A < B if A < ¢B for some constant ¢ independent of §, and
A~ Bif A< B and B < A. Then S satisfies the following conditions.

Assumption (A). For each § > 0 and a € S, let 1,5 be a rectangular box
centered at a, of dimensions C§ x C'/2 x - x C§Y2 x C x --- x C, where
the short direction is normal to S at a, the long directions are parallel to the
k-plane n(a) at a, and the mid-length directions are tangent to S at a but
perpendicular to n(a). Then:

o cll,s CSsN{x e R™ : (x—a) n(a) <}, for some small c.

o (consistency) If 0 < 6 < o and if 1,5 N1y, for some a,b € S, then
Hajg - OHbJ.

e S5 admits a finitely overlapping covering Ss C UaeM(g 11,5, where Ms C
S (henceforth we fix such Mg for each §).

o (angular separation) For any a € Ms, there are at most O(1) distinct
points b € Mg such that |n(a) — n(b)| < c6'/2.

Here and in the sequel, “finitely overlapping” means the following: if a
family of sets Ss is given for each d, any z € R belongs to at most K
sets in S;. K,C,C’, ... denote constants independent of x, a, b, d, o, and the
choice of Ms and M,. If R is a rectangular box, we use C'R to denote the
box obtained by dilating R by a factor of C' about its center.

We call 11, 5 0-sectors (note that our terminology is slightly different from
that of [19], [6]). If S is a nondegenerate hypersurface or a conical surface
generated by Sy, we may take M to be a maximal §'/%-separated subset of
S or Sy, respectively; the case of k-cones is discussed in Section 7. Whenever
the choice of the small parameter § is clear from the context, we will write
I1, instead of I, 5. We also let Ms = |M;|. Note that

Mas| ~ 62 1, My 6 2. (4)
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Let =, be smooth functions such that ||Ea]|1 ~ 1 and {é;}aeMa is a
smooth partition of uni /X on Ss with supp=, C Il,. Note that the latter
condition implies that ua ~ 1 on a box cll, of size about 55 +1 hence
|| a||2 = ||ua||2 ~ T We may thus choose =, to have size approxnnately
53"+ on a box dual to I1, of volume about 6~ 1, so that the L! estimate
is satisfied.

If suppf C Ss, we define

1/p
1 llps = ( > IIZa fH”)

aEMa

for 2 < p < o0, and
[ flloo.s = sup [|Za * flloo-
CLEMa

Our main result is the following:

Theorem 0.1. Assume that (A) holds. Then for all functions f with supp f C
S5 we have the estimate

YeICe: |Iflly < Co™ T T Fllps, (5)

with C. depending only on € and on the implicit constants in (A), provided
that d, k, p satisfy at least one of the following:

(i) k <45 ,p>p1(d k) =2+ gy
(ii) k < 33, p > py(d, k) == 2+ gy

For the special case of the spherical cone in R4, this is the result of [6].
For nondegenerate conical surfaces with d = 2 and k = 1 (i.e., cones in R?
generated by plane curves of nonvanishing curvature) the inequality (5) with
p > 74 (the same exponent as in [19]) has already been obtained by Pramanik
and Seeger in [10]. The technique in their paper was to approximate the cone
in question by circular cones to which a variant of the result of [19] could
be applied. Therefore, the main new cases of interest in the present paper
are k-cones with k£ > 2 and conical surfaces with both positive and negative
curvatures; such surfaces exist in R*! only if d > 3.

Observe that (ii) gives a better range of k for all d > 2. The range of p
given in (i) is better than (ii) if and only if d > 4k + 1. The best possible
range of p for which (5) could be expected to hold is

dk+

4
p22+m‘ (6)



This may be seen by considering the same example as in [19], page 1238:
construct a function f = )" _ M Jas Where f, is supported in a small cube
of sidelength § contained in I1,, |f,| < 1 on a cube Q of sidelength 671, f, is

bounded from below on a smaller proportional cube ¢@), and decays rapidly
outside of (). Then

_d=k
715 Y I alls = Ms|Q| = 6|1,

_p _(d=k)p
LAE 2 172 Q2 26727 1Q)-

Now plug this into the inequality (28) with o & 1, which will be shown to
follow from (5), and take & — 0. Using also (8) and comparing the exponents
of § on both sides, we see that (6) must hold.

If S is a conical surface in R generated by a nondegenerate surface Sy
in R?, the exponent of ¢ in (5) is =% + % — € both for S and for Sy. This
confirms the observation of [19] that one can deduce (5) for the nondegenerate
case in R? from the conical case in R, for those exponents p for which (5)
for the conical case is available. (The idea is to extend a function supported
in a d-dimensional neighbourhood of Sy to a homogeneous degree 0 function
defined near S, and then apply (5) to S.) However, going through the entire
proof with k£ = 0 allowed, rather than using the shortcut just described,
yields a slightly better range of p for the nondegenerate case in R?, namely
p>2+ % as opposed to 2 + min(d%g, %)

An immediate corollary of Theorem 0.1 is the following result concerning
the boundedness of Fourier multipliers associated with S, defined in the usual

manner: - R
Tof = maf, ma(§) = [dist (&, 5)[*B(¢),

where o > 0 and ¢ € C§° is a suitable smooth cut-off function supported in
a neighbourhood of S.

Corollary 0.2. Let S be as in Theorem 0.1. Then T,, defined as above, are
bounded on LP(RI*L) if

1
o3 (7)

and if one of the following holds:

(i) k < %L and either p > pi(d, k) or 1 <p < %,



b2 (dvk)

(it) k < 353 and either p > pa(d, k) or 1 < p < PNCASESE

where p;(d, k) are as in Theorem 0.1.

The proof for p > p;(d, k) is identical to that of Corollary 2(ii) in [19],
therefore we do not reproduce it here. For p < p;(d,k)/(pi(d, k) — 1), the
result follows by duality.

The range of o in (7) is sharp for a fixed p, see e.g. [12], pp. 389-390,
or [19] for a discussion of the cases k = 0,1. On the other hand, the range
of p is not sharp, and in particular it is possible to have LP-boundedness of
T, for exponents p > 2 for which (5) fails. Indeed, the best possible range
of p for (5) with k = 0is p > 24 2 (see (6)), but on the other hand the
spherical Bochner-Riesz multipliers with « as in (7) are known to be bounded
forp > 2 + di-kl and p < 2 — % if d > 2 [7], and the conjectured range is
all 1 < p < oo. Moreover, in dimension 2 (i.e. d =1, k = 0) T, are known
to be bounded for the optimal range of exponents 4/3 < p <4, « > 0, and
sr5m <P < 1955, 0 < < 1/2([3], [4], [3]).

For the case k = 1, we recover the result of [6] for circular cones and
extend it to more general surfaces. We do not know of any earlier results
of this type for nontrivial (i.e. not cylindrical) surfaces with & > 2. For
further discussion of the existing literature on cone multipliers, we refer the
reader to e.g. [2], [9], [12], [14], [18], [19]. Wolft’s inequality (5) for cones
has also been used to deduce a variety of other results, including an opti-
mal L? local smoothing result for solutions of the wave equation [19], LP
boundedness of maximal operators associated with curves in R? [10], bound-
edness of Bergman projections in tube domains [1]. We plan to explore the
applications of (5) for more general surfaces in a future paper.

The proof of Theorem 0.1 essentially follows the “induction on scales”
arguments in [19], [6], with modifications which we now describe. The in-
ductive argument of [19], [6] (rescaled to our setting) involves an application
of (5) on scale v/, then rescaling each v/d-sector to a neighbourhood of the
entire cone via a Lorentz transformation, followed by a second application
of (5) on scale V0. In our more general setting, a non-homogeneous scaling
cannot be expected to map S to itself, and in particular Lorentz transfor-
mations are usually not available. Instead, we work directly with the two
nested decompositions of S. This will require us to prove (5) in somewhat
greater generality, allowing for functions with Fourier supports in sectors
Sy = Ss N1l for 6 < o <« 1. We do this by first dividing the o-sector
in question into p-sectors, where p = v/od is our intermediate scale, and
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then subdividing the latter into d-sectors. Thus (5) for S¢ is obtained by
combining (5) for S7 and S§.

This of course sounds too good to be true, and it indeed is: if implemented
exactly as described, the above argument would fail due to the accumula-
tion of the 6~ ““-errors arising at each step of the induction. This problem
is resolved as in [19], [6]. Namely, we observe that if the p in S can be
replaced by a slightly bigger scale p!=¢ for some fixed €j, we gain additional
factors of ¢ which absorb the troublesome errors. We then have to find
conditions under which it is possible to do so. To this end, we decompose f
into standardized “wave packets”, Fourier-localized in p-sectors and almost
localized spatially in the dual plates. The inequality (5), for large p, is a
statement about the size of set of large values of f. Fix a tiling of R™! by
p~1Teo_cubes; then a combinatorial argument, similar in spirit to Bourgain’s
“bush” argument, shows that if A is sufficiently large relative to the total
number of wave packets, then the sets of wave packets contributing to the
parts of {|f| > A} localized in different cubes are essentially disjoint. We can
now adjust the scale by discarding the non-contributing part of each packet
(cf. the “two ends” reduction of [17]). The rest of the proof is arranged so
as to make this step possible, and in particular this is what determines our
range of p.

Acknowledgements: We are grateful to the ananymous referee and
to Andreas Seeger for careful reading of the paper and helpful suggestions.
This work was partially supported by NSERC grant 22R80520 and by NSF
grant DMS-0245408. Shortly before this article went to press, we learned that
Garrigés and Seeger have obtained an improvement in the range of exponents
for Wolft’s inequality for elliptic cones; see their forthcoming paper for details.

1 Notation and preliminaries

General notation:

S: a d-dimensional bounded connected surface in R, C? everywhere
except boundary, with all curvatures bounded, satisfying (A).
p: an exponent as in Theorem 0.1 which will remain fixed throughout the

paper.
d—k _d—k+1 9 5
_— _2 D —
r=-2 2 =1-2__2_
TF P p(dK)



0, p,o: small dyadic parameters, always satisfying 0 < § < p <o < 1.

€0, €1, €2, €3 : small positive numbers with €;; much smaller than ¢;, de-
pending only on d, k,p, to be fixed later. They will remain fixed through
Sections 3-6.

t: a dyadic number such that t ~ (§/0).

C,C;, (", ete.: constants which may depend on the choice of S and p, and
in particular on the implicit constants in (A), but will always be independent
of § and of the choice of sector decomposition in (A). They may change from
line to line and may be adjusted as needed, in particular after each application
of Proposition 3.4.

A < B: A < OB for some constant C.

Ax B: A< Band B < A

A< B: A < (log §)°B for some constant C'.

Xg: the indicator function of the set E.

|E|: the Lebesgue measure or cardinality of F, depending on the context.

A logarithmic fraction of E: a subset of E with measure Z |E|.

An [-cube is a cube of side length [ belonging to a suitable fixed [-grid on
R thus any two [-cubes are either identical or have disjoint interiors. If [
is fixed, for any x € R¥?! we let Q(z) be an [-cube such that x € Q(z).

If R is a rectangular box (e.g. a tube or a plate), we will denote by cR
the box obtained from R by dilating it by a factor of ¢ about its center.

If Ry is a rectangular box centered at the origin, the dual box to Ry is the
rectangular box

Ry ={zxcR"™ : |z-y| <1forallyc Ry},

where - denotes the usual scalar product in R*!. We will sometimes say
that two boxes R, R*, not centered at the origin, are dual to each other if
and only if their translates Ry, R, centered at the origin are dual to each
other.

We let ¢(x) = (1+]|z]?)~2 with K large enough, and ¢ = ¢pouy', where
ug is an affine map taking the unit cube centered at 0 to the rectangle R; thus
¢r is roughly an indicator function of R with “Schwartz tails”. If R is a family
of rectangular boxes (usually tubes or plates), we write ®r = > r Or-

We let 1(z) : R — R be a function with the following properties:

(i) ¥ = n?, where 7 is supported in a small ball centered at 0.
(ii) ¢» # 0 on a large cube centered at the origin.

(iii) Y cgan Y(z —v) = L

K
2



We also write ¥p = 1 o “1_21 with ug as above. If R = Ry is the unit cube of
sidelength d centered at 0, we will write s = Vg, .

If a family of functions Fj is given for each 9, we will say that the functions
in Fjs are essentially orthogonal if

1Y 3= D 113
feFs fEFs

For example, functions with finitely overlapping supports or Fourier supports
are essentially orthogonal.

Sector decompositions:

II,5: 0-sectors, defined in (A).

M;: set of centers of d-sectors. For nondegenerate surfaces, we may take
M to be any 6%/2-separated subset of S; for conical surfaces, My may be a
§1/2-separated subset of SN{|x| = Cy} for some fixed Cy with C; < Cy < Cs,
where C, Cy are as in (3). The case of k-cones is discussed in Section 7.

Ms = | Ms|.

S§(a) = SsNll, », for 6 < o < 1. Whenever the choice of a is unimportant
— which will be most of the time — we will write S{ instead of S§(a).

M, 5: the number of J-sectors contained in S§.

Note that
M ~ 5—(d—k)/27 (8)

M5 ~ Ms/M, = (5/5§) k)72, (9)

Indeed, the covering and finite overlap conditions in (A) imply that Ms|I1, s| ~
|Ss| =~ 0, hence (8) follows from (4). Also, by the finite overlap and consis-
tency conditions in (A) we have

’Sg’ ~ Ma,élﬂa,é‘ ~ Mm(;’S(;’/M(;.
In particular, all S§ have approximately the same size, hence
|55 | ~ [S5] /Mo

Comparing the last two estimates and using also (8), we get (9).
Dual plates:
We define 7§ to be the rectangular box dual to II, — a:

7r8={a:€Rd+1: |z - (y—a)| <1, yell}.
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We fix a tiling of R**! by translates of 7§: R*" = J,c, 7§, where 7§ is the
translate of 7j centered at b. We will refer to 7', b € A,, as plates dual to
the sector II,. Thus each 7 = 7} has a unique sector II, to which it is dual;
we will sometimes indicate this by writing I1, = II(7f).

Note that 7® have dimensions ~ 6!, §='/2, 1 in the directions parallel to
the short, medium, and long directions of II,, respectively.

2 The wave packet decomposition

Several basic properties of the norm ||- ||, s will be used throughout this paper.
We first record the estimate

||f||0<>5 5 ||f||<>o 5 Ma,é”f”oo,da supp f C st" (1())

The first inequality in (10) follows from
[ Flloos < max (|2 # flloo < [Zallillflloc < 1100

and the second one from the identity f =" . M; =a * f. Note also that the
functions =, * f have finitely overlapping Fourier supports and therefore are
essentially orthogonal, so that

1£1136 = D 1Za* £1I5 ~ [I£113: (11)

aeEMs

Lemma 2.1. For all p > 2 we have

2 1-2
1fllps S IS5 (12)

Proof Let f, ==, % f, then
1185 = D Ifally < maxlfall2e® - D 1 fall
= IS5

It now suffices to combine this with (11). O

We now study the structure of functions with Fourier support in Sj.
More precisely, we want to decompose such functions into “Knapp exam-
ples”, each of which is Fourier localized in a d-sector and spatially localized

2
2,6°
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(modulo Schwartz tails) in the plate dual to the sector in question. The
definition below and the next two lemmas are identical to the corresponding
arguments in [19], [6] modulo notation and rescaling; we include the proofs
for completeness.

Definition 2.2. Let 0 < § < o S 1. We define ¥§(a) to be the space of all
functions of the form f =" o fr, where P = P(f) is a family of d-plates
such that each wf € P is dual to a sector I(x{') = Il centered at a point
a € S¢(a), and

FEISEZ3 (13)

supp]/”;r C (). (14)

If P C P, we say that fpr = > __p fr is a subfunction of f. When the
choice of a is unimportant, we will often omit a from the notation. Note that
for functions in 3§ we have ||f|l < M, s instead of (15). If o ~ 1, we will
sometimes write X7 = ;.

Lemma 2.3. Let f € £9. Then supp f C S¢(a) and

”fHOO Sz Ma,&a (15)
1/p
1ls S (D Iel) " for2 <p < oc. (16)
TEP

Proof The support statement is clear from the definition. Recall also that
all plates 7" with fixed a have disjoint interiors; this immediately implies (15).
It remains to prove (16). By (12), we only need to do so for p = 2 and p = occ.
We first claim that f, are essentially orthogonal. Indeed,

I = | 2 (S s)[, = Z [ (X 4=)

since ), Jre 1s Fourier supported in II,, and the latter have finite overlap.
It remains to prove the essential orthogonality of fre for fixed a; this follows
from an easy argument using the decay of ¢,. Since || fx|3 < [|¢x]3 ~ |7,
this yields (16) for p = 2.

To complete the proof for p = oo and therefore for all p, it suffices to
verify that || f * Z,/|cc S 1 for each Z,. We have f*Z, =Y fr * Z,, where

the only non-zero terms are those corresponding to m whose dual plates II

2
)
2
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intersect II,. Since the number of such II is bounded, and since the plates =
corresponding to each II are disjoint, it follows that the plates contributing
to f *x =, have finite overlap. Hence

1f*Zalloo S m;?Xan * Ealloo S max [ fxlloo S 1.

O

Lemma 2.4. Assume that supp f C S and ||f|ees < 00. Then there are
fr € X9, with dyadic X satisfying

A S 1 lloos (17)
and with corresponding plate families Py, such that
FRY A (18)
A
DN Il SfI (19)
A TEP

for each fized p € [2,00).

Proof We may assume that f is supported in some J-sector II,, so that

[fllp.s = [[fllp- Let P = thra; observe that (|4 fllec S 1fllecs = [[fllec- For A
as in (17), we let Py = {7y : A < ||nf]loc < 2A} and

A=Y A
THEP
To see that f, € X¢, it suffices to verify that each f, := A~14)2 f satisfies
(13), (14). Indeed, (13) is immediate from the definition; also, ]?b = 2 * f

and 7 is supported in a translate of ¢II, centered at 0 for some ¢ < 1, hence
(14) follows.

We have >, Ay = > ¢pf and 1 < 30,98 S D0, ¢ = 1, so that (18)
follows. Moreover, by Bernstein’s inequality

N & [ f e S IMalllef I} = g |~ w7,

Z)\p Z || < Z low £l S A1
A b

b €Px

hence

as required. O
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3 Proof of Theorem 0.1

Let p be as in Theorem 0.1. In the inductive argument that follows, we will
need a variant of our main estimate for functions with Fourier support in
sectors S§. In this setting, our main inequality may be stated as follows:

suppose that supp fC S¢ and

1fllps <1, (20)
then
I£I < 67 M5 (21)
for any € > 0, where we recall that
2 2
r=1--—-— ———. 22
p pld—Fk) 22)
Observe that (21) becomes (5) when o = 1.
Proposition 3.1. For any ¢ > 0, we have the estimate
£ < 6= METILF1I3, (23)

for all f with || f|lccs S 1 and supp f C Sy.

Assuming Proposition 3.1, let us complete the proof of (21). Pick f with
supp f C S§ and obeying (20), then by Lemma 2.4 we have

fr Y My hexs

A< flleo

From (19) and Lemma 2.3 we have || fi|/cos S 1 and

LAYl 2 W hllss = NI, (24)

TEP

which together with (23) yields (21) for Af;.

The conclusion follows by summing over A if we can show that the sum-
mation can be restricted to the logarithmically many values of A in [§%,§—% /]
for some K, K’. Indeed, for any C' we have Y, s« Afy < 09 if K is large
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enough, hence (21) holds for this part. It remains to prove that || f|joc < 67X

Let f, =Z, * f, then

1 falloe S a7l fall < 1Ta]*7,

by Bernstein’s inequality and (20). The desired bound follows on summing
over a. [

Proposition 3.1 is an immediate consequence of Proposition 3.3 and Corol-
lary 3.5 below. The main inductive argument is given in Proposition 3.4, the
proof of which will occupy Sections 4-6.

Definition 3.2. We say that P(p,a,€) holds if for all functions f such that
supp f C S¢ and || floos < 1 we have

{11 > AH S AP M3 (25)
for all0 < § <o <1, provided that 6 is small enough.
Proposition 3.3. P(p,«,€) holds for all a,e > 0.

Proof We will assume that f is as in Definition 3.2. Observe that (25)
follows automatically from Chebyshev’s inequality if

N M (26)

By (10), we may assume that A < ||f|l S M,s. Thus for (26) to hold, it

~Y

. _92 _ .
suffices if MP5* < §7<M!%" or in other words

(e}

2
p—2—rp—av __ d—k —€
M s = M5 NI
This has two consequences of interest to us:

1. (25) holds for all @ > 0 if 67¢ > M(j? ~ 0/d (the last equality comes
from (9)),

2 _a
2. P(p,a,¢€) holds for any € > 0 if o > ﬁ, since then M[;* — S 1.

The main inductive step is contained in the following proposition.

Proposition 3.4. Fiz p > p; and 0 < €3 < €. Suppose that P(p,a,€) holds,
and let € > 0 be sufficiently small (depending only on p,d, k). Then (25)
holds with o and e replaced by (1 — ¢)a and 4e, respectively, provided that

g/d 2 0.
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Assuming Proposition 3.4 for the moment, let us finish the proof of Propo-
sition 3.3. Fix a, e > 0. Fix also ag > 2/(d — k), sufficiently small positive
numbers €7, €5 (depending on d, k, p), and a large integer myg so that

log(a/av)
Mo = log(1 — €/6)’

By 2. above, P(p, ag, €1) holds.
Assume that we know P(p, (1 — €y/6)™ g, 4™€;) for some integer m > 0.
We claim that this implies P(p, (1 — €/6)™ g, 4™ e, ). Indeed, if

€1 <4 M€, € < €. (27)

g/6 ST
then (25) follows from 1. above. Otherwise, we must have
o/6 > > 5 > e

in which case the claim follows from Proposition 3.4. After my iterations, we
obtain P(p, (1 — €/6)™ g, 4™€¢;). From (27) we have (1 — €y/6)™ay < «
and 4™0¢; < ¢, hence P(p, «, €) follows as required. O

Corollary 3.5. Assume that P(p,«,¢€) holds. Then for all f with suppf C
S§ and || flleos S 1 we have

11} = 6= MG L1115 (28)

Proof Write |f| = >, Axqifj~a} With dyadic A\. Then ||f|« < Mos by

(10); also, (28) is trivial if || f||cc < 0™ for n large enough. The lemma follows
by summing (25) over dyadic A with 6" <A < M, . O

4 A substitute for scaling

In this section we develop the geometrical arguments which will replace the
scaling arguments of [19], [6]. Instead of rescaling S by powers of d, we keep S
fixed and consider its p-neighbourhoods for intermediate values of p between
0 and 1. We then need a mechanism for efficient conversion of functions
with Fourier support in Ss to functions with Fourier support roughly equal
to S,. This is done as follows. Take a function f with supp f C S5, and let

16



fo = vqf, where Q is a p~'-cube. This localizes f spatially in @, modulo

Schwartz tails, and (since ?c\g = % * ]?) extends its Fourier support to S,. It
is instructive to examine what happens to a function f = f, satisfying (13),
(14). Tf p < V6 (which we will assume in all applications of the lemma), fg
is essentially obtained from f by shortening the supporting plate 7 to length
about p~! in the long direction; to compensate for it, the thickness of the
Fourier support II increases to p.

Lemma 4.1. Assume that supp]? C S¢, and let Q be a p~'-cube for some
0SpSo. Let fg=1qf. Then supp fo C S5 and

1 fallow < (6/0) /"ML P ISP 1l (29)
for all p > 2.

Proof Observe that wQ is supported in a p—cube Centered at 0, and has

size about p~@~1 on a proportional cube. We have fQ = @Z)Q * f The support
statement follows immediately as discussed above. By (12), it suffices to
prove (29) for p = 2 and p = oco. We have fo = ¢Yof = >, ¥qo(ZE. * f).
If we convolute this with a function whose Fourier transform is supported
in a p-sector, the only contributing d-sectors will be those that intersect the
p-neighbourhood of the p-sector in question, hence the L* bound follows.
For p = 2, we write

~

Fal) = T * 7€) / T — n)xs: () (n)en,

and use Schur’s test. We have f ]@(5 —n)|xss(n)dn < 6/p and f |1Z5|(§ —
n)xss(n)d¢ < 1. Hence

| fall = Falls S (6/0)' 211 Fll2 = (3/0) |1 £l (30)

as required. O

We also need a substitute for the Lorentz transformations used in [19],
(6], [10]. The key geometrical observation turns out to be the following.

Suppose that f is supported only in a small part of Ss, say in S§ for some

d S o < 1. Compared to S5, S7 is quite flat. We may therefore convolute f
with the characteristic function of a box R whose dimensions in these “flat”

17



directions are larger than p, and still stay in a p-neighbourhood of SY. For
o < 1, this box can be quite a bit larger than a p-cube; in the special case
when o = p = ¢, it will be a d-sector as opposed to a d-cube. This will result
in a considerable gain in (33) below. The reader may be interested to verify
that replacing |R| by |Q| = p~% ! in (33) would have disastrous consequences
at the end of the proof of Theorem 0.11.

Lemma 4.2. Let § < p < o <1, and assume that o < 6Y/2. Let f satisfy
supp f C S{(a). We define

R = po 'y, —a). (31)

We also let Ry be the box dual to R centered at 0. Fiz a translate R of Ry,
and let fr = Yrf. Then

Rl = |R|™ = p o2, (32)

and:
(i) supp fr C S, (a),
(it) fr obeys (29) with p = oo, i.e. || frllco,cp S Mpsl| fllso,s,
(iii) if p < Vob, we have the estimate

1/2
I £rll2 S MYZIRIMV?| flloos- (33)

Note that if p &~ v/od, then R has dimensions (¢6)~/2 6712 (a/8)'/?,
and (32) becomes
|R| ~ olk=1/25=(dH1/2, (34)

Proof We first claim that for all b € S N1L,,,
Iy, +R C Cll,p. (35)
Indeed, from the consistency condition we have
[, C Cll,, C C'lyy,
hence

Hp,b +R = Hp,b -+ pOﬁl(Hg’a — a) C Hp,b + pO’il(Hmb — b)

Tt would generate additional negative powers of o in (65), making it unusable for our
purposes when o < 1.
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cll,,+C(I,, —b) C CII,,.

At the last step we used that po~'Il,, C CII,;, which is seen by comparing
sidelengths and using that p < o.

We now prove (i)-(ii). We have E = @//J; * fand supp[b} C R. Asin the
proof of Lemma 4.1, (i) follows from

S¢(a) + R C S7(a), (36)

which is an immediate consequence of (35). For (ii), it suffices to verify
that if b € SN .SY(a), then there are at most M, 5 d-sectors Ilsy, ' € Ms,
which intersect II,, + R. By (35), any such sectors would have to intersect
CT1,4, hence (by the consistency condition in Assumption (A)) they would
be contained in CTI,;, for some C. The cardinality assertion now follows from
the finite overlap property.

It remains to prove (iii). If p < /o, the same argument as in the proof
of (35) shows that b + R is contained in the box B, obtained from ClIl;s, by
thickening its shortest sidelength to C'p. Hence the functions on the right-
hand side of the identity fr =, ¥r - (Zp * f) are essentially orthogonal
since their Fourier supports have finite overlap. It follows that

1fRlE S D 1r- G x NIES D I1F s 1VR15 S Mos|RIN 25
b b

as claimed. O

5 The localization property

Throughout this section we will assume that 0/J 2 6=, where €2 > 0 was
fixed in Section 3.

Definition 5.1. Let f € X§. We say that f localizes at A\ if there are
subfunctions f9 of f, where Q runs over t0~'-cubes (recall that t =~ (§/a)%),

such that
Y 1P S IP(f)] (37)
Q

and

A =2 £ 1N {If% 2 A} (38)
Q
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Our task is now to find conditions under which f localizes.

Lemma 5.2. Let P be a family of plates, and let W C R, Then there is
a relation ~ between plates in P and t6~'-cubes Q such that

HQ: 71~ Q} <1 forallm e P, (39)
and )

I, St WPz, (40)
where

= ¥ @)=Y HeeWnr: Q@) ).

TEP, 4 Q(x) TeP

Proof We may assume that W C {|z| < 67'}. For each 7 € P, we let
Q(7) be the t6~'-cube with maximal [W N Q N | (if there is more than one,
pick one arbitrarily). We then say that 7 ~ Q if Q@ N 10Q(7w) # ). Clearly,
the number of such cubes (for a fixed ) is < 1. We now prove (40).

By dyadic pigeonholing, there are v and P’ C P such that |[,| 5 v|P/|
and

HreWnnm: 7 Qx)} ~ v for each m € P

Thus for each m € P’ there is a cube Q'(7) such that © ¢ Q'(7) and |[W N
Q' (r)Nm| 2 tv. But then [WNQ(w)N7| 2 tv, by the definition of Q(7). The
total number of cubes covering W is < ¢797! hence we may choose @, Q' so
that Q = Q(r) and Q' = Q'() for at least t2¢72|P’| plates m € P’. Let

A=>"WnQnn|-[Wn@ nnl,

TeP!

then for ), Q)" as above we have
A Z t2d+2|73/| . (tl/)2 — t2d+4l/2|73/|.

But on the other hand,

A= / / Xr(2) X (2 )dx'dx
wne JwWwne' ﬂ_ezr];/

:/ / {reP': 2 € n}|ded.
wnQ Jwne!
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We claim that the integrand is bounded by t~¢. Indeed, let € Q, 2’ € Q"
then |z — 2/| 2 té~!. If z,2’ € ©?. then the angle between x — 2’ and n(a)
is < t716'2; but by (A), |n(a) — n(a’)| > 6'/2 for a # a’, hence there are at
most < ¢~ distinct a’s as above. Thus

ASTIWNQ[- W Q| St W

From this and the lower bound just stated, we have? v < t=¢|W||P'|~'/2, so
that
L] S VIP'| S W] P2 < el PlY2

as required. O
In the sequel, we will use a version of Lemma 5.2 with “Schwartz tails”.

The proof follows word-for-word the standard argument given in detail in
[19] and [6], and we see no reason to reproduce it here.

Lemma 5.3. Let W C R™! be measurable, and let P be a family of plates.
Fiz a large constant My. Then, if the constant K in the definition of ¢ has
been chosen large enough, there is a relation ~ between t6~'-cubes Q@ and
plates in P satisfying (39) and such that

[ o P+ s, ()
w

where

@)= S ale) (42)

TEP,mhQ(x)
Lemma 5.4. Let f € X, with plate family P. Assume that

|73| S t2c+2)\2 (43)
with ¢ as in (41). Then f localizes at \.

Proof Let W = {|f| > A}, and let ~ be the relation defined in 5.3. For
each Q, let f9 = > nng Jr- By (39), (37) holds. Also, we have

| ah s eepiwl s o
w

2We could keep track of the exact powers of ¢ but will have no need to do so.
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Hence we must have ®%(x) < tA on some set W* C W with proportional
measure. Let x € W* N @, then

[f(@) = o) = | Y fal@)] S Dpla) S tA.
ThQ

Hence |f9(z)] 2 A on W* N Q as claimed. Observe that the assumption
that /0 < 6 is needed here to ensure that the logarithmic factors in < are
dominated by t = (§/0)° < §0. O

Lemma 5.5. Let f € X3(a), with plate family P. Fiz a tiling {R} of R4
by translates of the rectangular box Ry defined in Lemma 4.2, with p ~ V/00.
Then either f localizes at X\, or else there is a subfunction f* of f such that
|f*| £ A on a logarithmic fraction of {|f| > A} and

lorfH5 St N 2(0/0) "M, s|R||P). (44)
for each R.

Proof For each m = 7}, € P we let 75 be a rectangular box containing
7, with the same dimensions except that all short sidelengths are extended
from 1 to \/o /0. From this family of boxes, we choose a maximal subset 7
with the property that 7/ ¢ C7 for any 7/,7 € 7 and for a suitable large
constant C, and let 7 = {2C7 : 7 € T}. Abusing the notation and standard
terminology, we will refer to the boxes in 7 as tubes and continue to denote
them by 7. Each m € P is then contained in some 7(7) € 7 (if there is
more than such 7, we choose one arbitrarily). Observe that the largest angle

between two line segments of length ~ 6! contained in a tube 7 is bounded
by 6+/0/8 < V9, hence the angle separation condition in (A) implies that

[{b € Ms: mp C 7 for some b'}| < 1. (45)

We let 7, be the set of those 7 € 7 with [{m € P: 7(m) = 7}| between
m and 2m. Let also P, = {m € P: 7(x) € 7,,}. Then for some m we have

(WIZ I = A,
where W = {z: [f(z)| > A, |fp,.(x)| £ A}. Fix this value of m, then

T é [Pl /m.
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We now consider two cases.

Case 1: If X > t=9(|P,n|/m)"/?, f localizes. The proof is similar to that
of Lemma 5.4: we first construct a relation ~ between td~!-cubes and tubes
in 7,, such that (39) holds, and

[ @k SO e (46)
w

where M is a large constant and

Oy (r)= Y o.(a). (47)

TETm,T#Q(x)

The construction is identical to that in Lemma 5.3, therefore we omit it.
Since |7, S |Pm|m ™1, it follows that

1/2
/ @%mét‘c(“;—m') (W] S tAW].
w

Hence CIDbTm < tA on a subset W* C W with proportional measure. We write

7w~ Qif 7(7) ~ Q, and let
fQ:Zfﬂ"

~Q
Then (37) follows from (39), and for z € W* N @ we have
[f(2) = f22) =1 ) fa(2)] S OF, (2) S 1A,
T4Q
so that [f9| > X on W* N Q as required. O

Case 2: Assume now that A < t=9(|P,,|/m)?; we will show that fp,
satisfies (44). Fix R. It is easy to see (cf. the proof of Lemma 4.2) that g fr
are essentially orthogonal, hence

lonfrnll = 'S wnfel? /Z\f!dm / B, b1

TEPm TEPm

where at the last step we used (45).
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Recall that if p = v/od then R has dimensions (¢6)~"/2, 6='/2, (a/8)"/2.
The main geometrical observation is that if a plate 7 = «}, intersects CR
at all, then a piece of 7(7) of length ~ (06)~%/2 is entirely contained in C'R
for a suitable choice of C’. Indeed, let B, be the box defined in the proof of
Lemma 4.2, and recall the inclusion R +b C B,. Thus the converse inclusion
holds for the dual boxes. Hence if 7 intersects C'R, then a piece of 7 of
length ~ (06)~/2 (which is dual to B,) is entirely contained in C'R. Since
all dimensions of R are > (0/6)"/?, we may increase C’ (if necessary) to
obtain the same inclusion for 7.

The corresponding Schwartz tails estimate is

/R S e Smlo/o) 2 [ 6 (48)
wr(mw)=T7

C'R

for all R and 7 € 7. Namely, let T be the infinite tube extending 7 in the
direction of its longest axis. If RN CT # (), (48) follows from the above

observation and from the fact that |7| = (0/8)*2|n|. Otherwise, we have
the pointwise bound Y- . () < m(a/8) "¢ (x), which again yields
(48).

Summing (48) over all 7 € 7, we obtain

/(I)pm S m(a/(S)_k/z/ (I)T
R C'R

for all R. By an easy covering argument,

/‘PPmeR S (0/5)_k/2m/@7¢0/5:'

Fix a point x, then the number of tubes with z € 7 is bounded by C'M, ;.
We convert this to a Schwartz tails bound ®7,, < M, s, and deduce that

[ ®r.on S mo/5) s [ b0 S mio/5) MM R
Recall also that m < t~|P,,|A~2. Therefore

loafoll < / B, b < 1CIPIN2(0/8) M2 M, 4| R].
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6 Proof of Proposition 3.4

In this section we complete the inductive argument. The outline of the proof
is as follows. Let supp f C S¢; we want to estimate || f|, in terms of || f|,s.
To this end, we introduce an intermediate scale p = v/oé and first break up

7 into smaller pieces S§, then decompose these further into d-sectors. On
each S% we apply the inductive assumption P(p, o, €). We would now like
to Complete the proof by applying P(p, «,€) on Sy to deal with the coarse
decomposition. This, however, would not decrease the value of «; therefore
at this point we want to change scales from p to p'~, which will ensure the
desired gain. We will see that this is possible if f localizes. Hence the coarse-
scale decomposition in Lemma 6.1 is designed so as to allow localization,
either on scale p or on a second intermediate scale between p and o.

We continue to assume that

a/d 207, (49)

where we recall that €5 was chosen in Section 3 so that ¢; < €. Fix also a
small positive number €3 with €3 < €2.

Lemma 6.1. Assume that P(p,a,€) is known for some p and «. Assume
that supp f C SZ and that || f|lees S 1. Let p = \od. Let also R, Ry be the
boxes defined in Lemma 4.2, and fiz a tiling { R} of R4 by translates of Ry.
Let A > 1. Then for any € > 0 we may find a Ax and functions fr € X7, with
respective plate families Pr, such that a logarithmic fraction of {|f| > A} is
contained in \Jp{|fr| > A} and

FIAM, 5 S M S My, (50)

3 Jnf < 670 > lorfl3, (51)
TEPR

Z Z 7| < ( ”5 TES M 3. (52)
R wePgr

Proof We write f = > ,tprf. Using (10) and the Schwartz decay of 1,
it is easy to prove that

{111 = 2} < | JH{|enf] = er}. (53)
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By Lemma 4.2, supp%;f C 87 and |[Yrfllcop S Mys. Lemma 2.4 now
yields a decomposition

vrf Y hgf,
h

where gff € X7 and h < M, 5.

Since we assume that A > 1, there are logarithmically many relevant
dyadic values of h. We may therefore choose h = h(R) so that a logarithmic
fraction of {|tygpf| > §%\} is contained in the set {|hglt| > §**\}. Finally,
we pigeonhole to get a value of h so that a logarithmic fraction of {|f| > A}
is contained in (J,{|hgt| > §2A}).

Let A\, = 6**Ah™! and fp = gf, with this value of h. The lower bound
in (50) follows from the bound on h just stated; for the upper bound, we use
that

A= 89007 < gl o S Mo,

Let Pg be the plate family for fz. From (19) we have

> xS hlew s, (54)

TEPR

Letting p = 2 and recalling the definition of A., we deduce (51).
It remains to prove (52). By (54), it suffices to show that

D Ierfllh, S 67 “MEIf]5. (55)
R

We first claim that

D NOrfIE, S UFlnp =D 1% % fIE, (56)
R b

where {VU,} is the partition of unity defining | - ||,,. Indeed, observe that
Yr(Ep * f) is Fourier supported in II, +R. As shown in the proof of Lemma
4.2, the latter set is contained in a Cp-neighbourhood of II,. Hence the
number of ¥ such that Zy * (¥ - (Z * f)) # 0 is bounded by a constant
independent of § and b, and similarly with b and ' interchanged. We thus
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have

XRjanfuz,,, - %j;uzb*wmnz
S ZZZ IZs % (4 - (B )2
< ZZHwR Sl
< Zn_b/*fn

as required.
Note that supp ¥, * f C S&s. We also have

105 % flloos = max [|Zq # Wy * flloo S max [[Wy[[1[|Za * flloo S (| fllocs S 1.

Applying the inductive assumption P(p, ) in the form (28) to ¥, x f, we see
that
[ % flIb S 0™ ME [ Wy * fI3.

Combining this with (56) and using the essential orthogonality of W} x f, we
obtain (55) as claimed. O

Lemma 6.2. Assume that P(p,«,¢€) holds, and that f € 3¢ localizes at \.
Let P be the plate family for f. Then for any 8 > (1 — €y)a we have

{1 > N S AP MG " . (57)
TeP

Proof Let W = {|f| > A}. The localization assumption means that f has
subfunctions f¢, where Q ranges over td~!-cubes, such that (37) holds and

Wiz IUwal,
Q

where Wo = Q N {|fol £ A}

Let gg = waQ By Lemma 4.1, supp gg C S(;/t and ||gQ||006/t M5
Applying the inductive hypothesis (25) to M 5/1.69Q; with § replaced by §/t
and A replaced by (log %)_CMé_/;5)\, we obtain

Hlgal Z M S (M50 P(0/8) M5 M1 sg0ll3
S ATPME M5/ Nlgoll3:
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By (30), (16), and (37), we have

dolgelzStd I/CIEStd Y gt Inl
Q Q Q reP(9)

TEP fQ TeP

Hence

l

WIZY Wol = > Hlgel 2 A}
Q

Q

QN

ATP(S/t)" MEAMIET Y |

TeP
< AP/t MG Z |7 - tMg/;?;”p*a,

TeP

where at the last step we used that Ms/, sM, 5/, = Mys. Recall that p —2 —
rp= 2 and t = (§/0). Using also (8), we get

EME2 VT g (1 e
5/t,6 - s/t~ ‘( )

ko O\ _(d— —€0xx —€Q
%t(d k)a/2 ~ ((_) (d k)/2) 0 %Mgﬁo

)
which yields (57) as required. O

Y

Lemma 6.3. Assume that we have P(p,«,¢€), and that f € X with plate
family P satisfies

[P S ON(§/) "5 F. (58)
Then for any v > (1 — 2)a we have
[{IF1 > A S AP6 2 MBS . (59)
TP

Proof Apply Lemma 5.5 to f. If f localizes at A, then we are done by
Lemma 6.2. Otherwise, pick a subfunction f* as in Lemma 5.5, and apply
Lemma 6.1 to it. We obtain fr € X7 and a value of A, as in (50) so that

{1771 & A = TUg{lfrl = A})| and

)\*
> Il < 67 (SR 3, (60)

TEPR
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Z > Inl<o Cq"’( =M (61)

TEPR

From Lemma 5.5 and (60) we have

a4k G o
Prlp™ = "~ Y Inl < 67O 55 (5) 2 Mg RI[P.

TE€PR
Plugging in (9) and (34), we obtain after some algebra that

N oo
oy
Combining this with (58), we see that

|PR| < 5_C€3tc/\z.

|Pg| S 67 vl

By Lemma 5.4 and (49), fg localize at A,. Applying Lemma 6.2 we see that
{Ifrl 2 AH S 6 NPMEP D | (62)
TEPR

for any § with > (1 — ¢y)a. Hence

{IfI= M = Z|{|fR| > A
< 5N pMTp+BZ Z ||

R wePpr
52O\ MM £

< 5 2e— 063)\ pMTp+Oé+ﬁ/QZ| ‘

TeP

IN

where we also used (61) and Lemma 2.3 with p = 2. O

Proof of Proposition 3.4. Assume that supp fC S¢ and
[ flloos < 1. (63)

We observed at the beginning of the proof of Proposition 3.3 that (25) follows
from Chebyshev’s inequality if (26) holds. In particular, it holds for any

a,e >0if A < M;f%/(p*z). We may therefore assume that

x> MO, (64)
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Recall also that the assumptions of Proposition 3.4 include (49).
Choose fr € X7 as in in Lemma 6.1, with p = vod. Suppose that we
can prove that fr obey (59), with § and A replaced by p and A,. Then, using

also (52) and (9), we obtain

A= M £ D HIfrl = A

N

Y Y e

R wePgr
e 3e—Cle-
AP £

S
< Ao O £

for any 6 > (a + 7y)/2, as required.

It thus remain to find conditions under which fr obey the assumptions
of either Lemma 6.2 or 6.3. From (51), (33), (63) we have

_d=k__
[Prlp™ 2 > Inl

T€PR

Q

M
S (TR 1S

A
< 0799(5) Mo Rl

A
Plugging in the expression (34) for |R|, we obtain after minor simplifications
As
[Pl S 670 (502 Mo (35 (65)
A )
Assume first that d > 2k + 1 and p > pi(d, k) := 2 + ;——. From (65)
and (64) we have
< —Ce3\2 17% 0 d+1
[ Prl S 07 NM, 4 (5) T,
Recalling (22), we see that 1 — jﬁ’; =—1+ m. We now also plug in

(9) for M, 5. After some algebra, this yields
o

J

_d—2k—1

[Pr| S 679N

Recall that t = (§/0). If we assume that ¢, is sufficiently small depending
on p,d,k, and if €3 is small enough compared to the e; in (49), then our
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assumption that p > pi(d, k) implies that [Pr| < t“\2. By Lemma 5.4 fr
localize, hence Lemma 6.2 applies.

Assume now that p > po(d, k) :== 2+ %; in this case we will see that
(58) holds, with A and § replaced by A, and p. It suffices to check that the

right side of (65) is < tc/\i(p/d)#_ . After some simplifications, this is
equivalent to
o _
)\2)\2 z 5_C€3t_CMJ75(5)M

By (64) and (50), we have

4rp

_ —=—1
N2N2 2 6CNIM 2 > O M TN A 5O M

where at the last step we used (9). It thus suffices to prove that

drp 4 O . 5d+3—4k
-2 —Cez—C 22—
M;& 260 %t MU’5(§)

Using again (9) and (22), we see after some algebra that this is equivalent to

()55 > 5Oy €

6 ~Y
But if p > po(d, k), then the exponent on the left is positive, hence the
last estimate follows if €y was chosen small enough and if €3 is small enough

compared to €5 in (49). O

7 Properties of k-cones

We first recall the construction of k-cones described in the introduction. In
this section, we will use superscripts to denote Cartesian coordinates in R%*!,

eg. x=(x,.. . z¢).
Let Ly be a (d — k + 1)-dimensional linear subspace of R%*! and let
L; = Lo+ v; for i« = 1,...,k, where vy,...,v, are linearly independent
vectors such that Lg, vy, ..., v span R4 Applying an affine transformation
if necessary, we may assume that
Lo={(0,...,0, 2 . x%tY)y . gt e RY,

vi= (v, v, v =1, 0] =0ifi # .
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If v = (2,...,2%") € R™! we will also use the notation z = (z*,zl),
where z+ = (z',...,2%) and 2l = (¥*! ... 2%!) denote the components
orthogonal to Ly and parallel to it, respectively.

Welet E; C L;,; i =0, ..., k, besurfaces of dimension d— k such that Fj is
the boundary of a strictly convex solid in L;, is smooth, and has nonvanishing
Gaussian curvature. Thus for each unit vector n € S?*, each E; contains
exactly one point z; such that n is the outward unit normal vector to F; in
L; at z;. We will then write n = n;(x;). Since E; is smooth, the mapping
x; — n;(x;) is a smooth diffeomorphism from E; to S+,

We say that a (k + 1)-tuple of points (zg, z1,...,2x), ¥; € R is good
ifx; € F;,1=0,...,k, and if the outward unit normal vectors to E; in L; at
x; are the same (i.e. ng(zg) = -+ = ng(xy)). We then let

S: U 77($0,...,$k),

(%0,...,xx) good

where n(zo, ..., x;) denotes the k-dimensional convex hull of zg,...,x in
Rd—i—l'

We first verify that n(zo,...,zx) is indeed k-dimensional. Indeed, if
n(xo, . .., xx) had dimension less than k, then the dimension of the affine space
spanned by n(zo, ..., x) and Ly would be less than d + 1. But on the other
hand, this affine space contains both Ly and vy, ..., v, (since v; — x; € Lyg),
hence must be equal to all of R which proves our claim.

Let T;(x;) be the d — k-dimensional affine space tangent to E; in L; at z;.
Note that if (xg, ..., x) are good, then T;(x;),i =0, ..., k, are parallel. The
above argument shows that T;(x;), n;(x;), L; span R4TL. In fact, we can say
slightly more. Let D be a closed disc in S % and let

Ei|D = {ilfl € El . nl(a::z) € D},

Slp = U n(os -, Tp).-

(z0,..,xk) good, ni(x;)€D

We may then choose orthonormal bases
Fli(zg) = {ua (o), - - -, ua—r(w0)}, (66)

F*(20) = {tta-k11(20), - -, ua(0)}, (67)

for Ty(zo) and n(zo, . . ., zx), respectively, so that each u;(z() depends smoothly
on zy € Ey|p. (For FIl this is clear from smoothness of Ey; for F*, it can be
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done by applying Gram-Schmidt orthonormalization to z1 — zg, . .., Ty — Tg.)
Let V(z0) denote the volume of a parallelepiped spanned by Fll(zq), F* (o),
no(xg). From the above considerations we have V' (zg) # 0. But also V()
is a continuous function of xq, hence

V(.To) >co >0, x9 € E()’D. (68)

As noted above, n(xg, ..., xx) depend smoothly on (x,...,x). Thus to
show that S is a smooth surface of codimension 1 in R, it suffices to prove
that it is nonsingular, i.e. the different n(zo, ..., x;) do not intersect. This
follows from the lemma below.

Lemma 7.1. Let L be a (d — k + 1)-dimensional affine subspace parallel to
Lo. If S intersects L, then the cross-section E := S N L is a closed smooth
d — k-dimensional surface with nonvanishing Gaussian curvature, bounding
a strictly convex body in L. Moreover, each n(xq,...,xy) intersects L at a
unique point x € ENn(zo,...,x;). The mapping xo — = is smooth, and the
unit outward normal vector to E in L at x is equal to ng(xo).

Proof Suppose that z = (2,...,21) € LNn(z,...,2), and that z ¢
{z0,...,2r}. Since z belongs to the convex hull of zy, ..., zx, taking the first
k coordinates we may write

2t =ap(0,...,0) +1(1,0,...,0) +-- -+ a(0,...,0,1),

with all oy > 0, Z?:o a; = 1, and at least one a; > 0. Since along

n(zo,...,2) each 27, j > k, is a linear function of 2!, ..., 2*

fact have

, we must in

Z = Qpzp+ -+ Q2.
Similarly, if = is any other point in LS with x € L N n(zo,...,xx), then
zt = 21, so that

T = QoTo+ -+ Qply,
with the same «q, ..., a;. This shows that x depends smoothly on xg.

Next, we show that the mapping xy — x is one-to-one. Suppose to the
contrary that x € LNn(xg,...,zx) ON(yo, ..., Yk). Then

Consider, however, the scalar product

no(wo) - (cowl + -+ + agw)), (70)
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where (wy, ..., wy) ranges over all good k-tuples. By the strict convexity of
each E;, (70) is maximized when (wy,...,wy) = (zo, ..., xx), and only there.
But this contradicts the second equality in (69).

Interpreting (70) as the distance from the point w € LNn(wy,...,w) to
the plane {y € L : no(x0) - (y!! — zl) = 0, and observing that it is a smooth
function of wy, we see that F is indeed a smooth surface in the neighbourhood
of xyg. The argument in the last paragraph now shows that ng(zg) is indeed
the unit outward normal vector to E in L at z. O]

We now define a covering of Ss, & > 0, by d-sectors as follows. We may
assume that S is contained in a large cube of sidelength C,. Fix a §'/%-
separated subset A of the unit sphere S%*. For i = 0,1,...,k, let M; be
the set of points in E; where the outward unit normal vectors in L; belong to
N. We then define M to be the set of the centers of mass of n(zo,...,zx),
x; € M;. We also define the corresponding d-sectors to be rectangular boxes
I1, centered at a € M such that if a is the center of mass of n(zo, ..., zy),
then II, has sidelengths C' X - - - X C' in the directions parallel to n(zo, . .., xx),
CoY2 x --. x C§'? in directions tangent to S at a but perpendicular to
n(xo,...,xx), and CJ in the direction parallel to n(a), the normal vector to
S at a. Here C'is a large constant with C' > 2CY, to be fixed later.

First, let TI° = TI, N Lyg. Then IIY is a rectangular box, centered at
zo, of dimensions at least C'6'/% x --- x C§'/? x C6, where the long axes
are tangent to Fy at xg. We claim that the dimensions of this box can-
not exceed C'6Y/% x --. x C'6Y% x ("5, for some other constant C’. To
this end it suffices to prove that the maximal number of disjoint trans-
lates of the box spanned by (dng(xo),dui(xg),. .., 0uq_x(zo)) (recall that
u; were defined in (66)) that can be placed inside I1? is bounded by <
§-(@=k)/2 But consider the corresponding translates of the box spanned by
(0ng(xo), 0us(xq), - . ., 0ug—k(xo), Ug—r+1(xo), - - -, uqs(xg)). They are also dis-
joint, each one has volume > 64 %! (by (68)), and they are all contained
in II, which has volume ~ §“z°+!. Thus the claim follows by comparing
volumes.

This shows that {19 },crq, s, if C'is large enough, a standard finitely over-
lapping covering of the d-neighbourhood of Fj in Ly by rectangular boxes of
dimensions roughly C§'/2 x - - - x C'6Y/? x C'§, with centers in a §'/?-separated
set M. The same argument can now be repeated for Eq, ..., E,. In partic-
ular, this implies the finite overlap property.

It remains to prove the angular separation property. We may restrict
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our attention to a small segment S|p as defined earlier such that ng(zg) #
—no(yo) for any xg,yo € Eo|p. We then want to prove that if z,y € M,
x # v, then |n(x) — n(y)| = 6'/2. Tt suffices to prove that

n(@)! = n(e)!] 2 8.

But if z € n(zo,...,21), ¥ € (Yo, - .., yx), then n(z)l = c(xg)no(zy) (since
both vectors are orthogonal to Ty(zo)), and similarly n(y)!l = c(yo)no(yo).
By the nonvanishing curvature assumption for Fy, the angle between ng(zo)
and ng(yo) is at least §'/2; hence it suffices to prove that c(x¢),c(y) = 1.
But on the other hand, we have ¢(xy) = V (zy), where V() is the volume of
the parallelepiped defined before (68), and similarly for yo. Thus the claim

follows from (68).
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