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This final exam has 8 questions on 10 pages, for a total of 90 marks.

Duration wours 30 manule

Full Name:

Student number & Section:

. [201 1202 203

Signature:

UBC Rules governing examinations:
1. Bach candidate should be prepared to produce his/her library/AMS card upon request.

2. No candidate shall be permitted to enter the examination room after the expiration of one
half hour, or to leave during the first half hour or the last 15 minutes of the exarmination,
Candidates are not permitted to ask questions of the invigilators, except in cases of supposed
errors or ambiguities in the examination questions.

3. Candidates gnilty of any of the following or similar practices shall he immediately dismissed
from the examination, and shall be liable to diseiplinary action:

a) Making use of any books, papers or memoranda, other than those authorised by the
examiners.

b) Speaking or communicating with other candidates.

c) Purposely exposing written papers to the view of other candidates. The plea of accident

or forgetfulness wiil not be received.

4. Smoking is not permitted during examinations.
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1. (a) Negate the following statement:

Ve > 0,38 > 0st. il |2 —a| < d then |f{z) — L] <ec

Solution:

Je >0t V6> 0, (Jz —a] <) and (|f(z) — L] = ¢

(b} Let A and B be non-empty sets. What is the definition of a relation from A to B7

{d)

Solution: A relation R from A to B is a subset R C A x 5.

Give the definition of a set being denumerable.

Solution: A set A is countable if it is finite or denumerable (ie in bijection
with the set of natural numnbers).

State the princinle of mathematical induction.
i

Solution: Let P{n) be a statement for ali n € N. If
s J’(1) is true, and
o P(k)= P(k-1)is true for all k € N,

Then Pn) is true for all n € N.

Carefully define what it means for a graph to be a tree.

Solution: A graph is a tree when it is connected and does not contain any
cycles.

State the hand-shaking theorem.

Solution: Let (7 = (V, 2} be a graph. Then

S 6(v) = 2| B

vV
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[:2741&1g 2. Determine whether the following statements are true or false. Circle “TRUE” or “FALSE”
in the appropriate box and then justify your answer (just circling “TRUE” or “FALSE”
is not sufficient).

In parts (a),(b),(c) we use I to denote the set of irrational numbers.
(a) Grelst J3geQst. a-gcl
TRUE | FALSE

Solution: This is true. Let 2 = /2 and ¢ = 1. Then z¢ = V2 € II.

(b) dxelst. VgeQ, x-gcl
TRUE | FALSIE

Solution: This is false. The negation of the statement is
Veel,dge Qst. x-qg&1

Let z be any irrational number and set ¢ = 0 € Q. Then zg = 0 € Q. Hence
aq & I Since the negation is true, the original is false.

ey Veel, geQst. a+gecQ
TRUE | FALSE

Solution: This is false. Tt suffices to show that the swn of an irrational number ‘
and a rational number is always irrational. We prove this by contradiction.
Assume z +q = ¢, Then 2 = 7~ ¢ Since the difference of rational numbers is f
rational, this implies that z is rational which gives a contradiction.

{d) Let A, 8 be non-empty sets and f @ A - B and ¢ : B — A be functions. If
go f =1, (the identity function), then f is injective.

TRUE | FALSE

Solution: This is true. Let 2,2 € A and assume f(z) = f{z). Since g is
a function we know that g(f(z)) = g(f{z)). Now since g o f is the identity
function it follows that x == z. Hence f is injective.
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(e)

Let R be a relation on R defined by aRb iff |a — b} < 4. Then R is an equivalence
relation on R.

TRUE | FALSE

Solution: False. Transitivity does not hold: take a = 1,b = 2,¢ = 5. So
alib, bRe, a Re.

For any integers a, b, if ab = 0 (mod 6), then cither 6la or 6{b.
TRUE | FALSE

Solution: False, Take ¢ = 2,0 = 3.

Let G = (V, E) be a simple graph with » vertices. Then (7] < Zf%lﬂ

TRUE | FALSE

Solution: True. Since the graph is simple each vertex has degree at most n— 1.
The handshaking theorem then says

2| B = Zé(fu) < Z(n — D =n(n-1)

2EV eV

The result Tollows.

(h) Let G = (V, EY} be a simple planar graph with n vertices and ¢ edges. If every face

of G is surrounded by at least 4 edges then e < 2n — 4.
TRUE | FALSE

Solution: True. Buler’s formula says n 4 f = e -+ 2. Since every face needs at
least 4 edges, and each edge belongs to 2 faces, 4/ < 2e. Thus

Exi‘a—!~,f'—~«2§7‘z,+§——2

Qe < 2n+e—4

The result Tollows.
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Solution: Let f be a function and € € A. Now let y € f{A) ~ f(C). Since
y € f(A) it follows that there is some z € A so that flz) = 4. Now cither
zeCorux¢g.

e Iz € C then flu) € f(C) (by definition). But this would imply that
y = flz) & f(A) — f(C). Hence we must have that z ¢ C.

But now, z € Aand 2 ¢ C. Thus 2 € A~ C, and so y = f{2) € f(A~C) as
required.

Construct an example that shows that f(4 — C) € f{A) — f(C).

Solution: Let A = {1,2},B = {3,4} and C = {2}. Let f(l) = f(2) = 3

Then f(A) = f(C) = {3} and f(A—C) = f{{1}) = {3}, Hence f(A~C) = {‘%}
but f{A) - f(C) = @.




Mathematics 220 FFinal Examination -- PPractice Version Page 6 of 10

Prove that for all natural numbers 7

1|1%%1m_11_§11+411
nt 1l nA2 o\ 2 3 4 -1 2n)

Hint -~ be careful with both sides of the equation.

Solution: We prove the result using induction.

e PBase case — when n = 1 we have
true when 7 = 1.

% =1 - 4. Hence the statement is

1
141

o Inductive step — assume the statement is true when n = k:

Lo Ly Ly 1
E+1 0 k42 ok 2 3 4 2%k ~1 2k
We must show that
ST NSNS SIS S ST A DU (R 1
2 ok 2k 1 2k4+2 2 2k -1 2k+2/)°
So start by adding (555 — z5) to both sides. The RHS becomes
(] 1 *{7(1 1 - 1 1 H!w( 1 1
2/ \3 1 %k—1 2k) \2%k+1 2k+2
as required, and the LHS becomes
S S O W U S S Y A 1
k1 2% \2%k+1 2k+2) \k+2 2k + 1 k41 2k+2
1 1 1
— - ..iu s _.I_
k+2 2k4+1  2k+2

as required. Thus P{k + 1) is true.

By mathematical induction the statement is true for all n € N
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2

&6_1_1131@ 5. (a) Let g : [0,00) — [0,1) be a function which is defined by g{z) = L Is 17

T 1+ a?
surjective?

Solution: [For any ¢ € [0,1), we have ¢/(1 —¢) > 0 hence
z=+/¢/(1~¢) € 0,00).

Now, for this =, we have
z?
T} mr
g(@) = e
e/l —¢)
C14¢/(1—¢)
e

TR e I (2

and therefore ¢ is surjective.

2
(b} Let f: R — R x[0,1) be a function which is defined by f(z) = (.’1:2 + I{mm;)
' -

Is [ injective?

o +a =0+ and a®/(1+a®) =0 /(1 + V).
From the first equation we have

a? ~ 0+ (a0 =0
(@ —b)(a+Db)+{a=0b)=10
(a—0){e+b--1)=0

Hence cithera=bora=1 -5

The second equation gives us

a®(1+6%) = b (a® + 1)
a? 4 ab? = b2 4 b? and so
a? = b =0
(a=b)(a+b)=0

Thus either e =6 or a = —b.
Thus we must have

e g=>0and a=bandsoa=D>0

e a=>banda=-bandsoa=5=0.
ea=1-banda=>0andsoa=>b=1/2

e ¢« =1—band a= —b— which is impossible

So we must have a = b and so f is injective.
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a_}_ks] 6. (a) Give an example of a set that has no proper subsets.

6 m

Solution: Let A be the empty set. The only subsetl of A is the empty set itself,
Hence A has no proper subset.

(L) Give an example of a set B that has a proper subset C so that |3 = {C]. Prove
your answer {you must construct a bijection).

Solution: Tet B = Nandlet O = {2n | n € N}, Then C € B and the function
[ B~ C defined by f(n) = 2n is a bijection.

o Injcctive - let a,b € N so that f{a) = f(b). Hence 2a¢ = 2b and thus
a == So f is injective.

e Surjective — let ¢ € C. By the definition of the set €, ¢ = 2n {or some
n & N. Hence f(n) =2n = So [ is surjective.
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@:malkj] 7. Let n & N.

{a) Prove that if 3{n then 3in>.

Solution: Assume that 3|n and so n = 3k for some k € Z. Then n® = 27k% =
3(9k%). Hence 3in®.

(b) Prove that if 3jn® then 3/n.

Solution: We prove the contrapositive. Assume that 3 {n. Then n = 3k + 1
or n = 3k + 2 for some k & Z. Then

e when n = 3k -+ 1, n® = 27k% + 27k% + 9k + 1 = 3(9&% + Ok + 3k) + 1.
e when n = 3k+2, n? = 27k% - B4k? 4 36k -+ 8 = 3(0k® + 18K + 12k - 2) + 2.

In either case 3 ¢ n®.

{¢) Using the previous results (or otherwise) show that 3% is an irrational mumber.

Solution: Assume, to the contrary, that 3'/% is rational. Hence we can write
3% = a/b where a,b € 7 and further @, b have no common factors.

Now
3
)
3=
B3
B = o

Hence 3 | @ and so hy the previous result we mwust have that 3 | a. We can
write a = 3p with p € Z. Now
3 = =27p°
b= op?

Hence 3 | 0* and so 3 | b.

This gives a contradiction since 3 is a factor of both a,b. So 3'/% is not rational.
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(10 marks] 8 (a)

(b)

Let &G be a simple graph with 6 vertices with degrees 5,5,4,3,2,1. If ¢ exists then
draw it, otherwise explain why & does not exist.

Solution: No such graph exists. Let the vertices of the graph be denoted
Uy, ..., U, and assume their degrees are 5,5,4, 3,2, 1 respectively. Then since
v; has degree 5 it must be adjacent to all the other vertices. Similarly vy must
be counected to all other vertices. Hence all other vertices sy, vy, g, vg 10186
be adjacent to at least 2 other vertices. This contradicts G having a vertex of
degree 1.

Show that every connected graph on n vertices has at least n — 1 edges.

Solution: We use induction on the number of vertices.

e Base case — one can quickly vertify that the statement is true for a
connected graph on 1 vertex (it has no edges) and 2 vertices (it has at
least one edge joining the two vertices).

e Inductive step — assume the statement is true for all connected graphs
on n vertices or fewer. Let G be a connected graph on n + 1 vertices. It
suffices to show that ¢ has at least n edges.

Pick any vertex v of G. If that vertex has degree £ then when we delete v
and all of the £ edges attached to it, we split ¢ into at most £ connected
components. It cannot be more than this otherwise v would need to be
connected to more than £ different vertices.

Bach of these components contains ny, ng, ..., 1l vertices. By assump-
tion each is connected with at most n vertices, so they contain at least
ny — L,ng — 1,...,n¢ — 1 edges. Thus the original graph & contains at
least (ng — D)+ (o — 1)+ ... (ne— 1)+ L =ny +ny+--- +ng = n edges.
Hence ¢ contains at least n edges as required.

By induction the statement is true for all n € N.




