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This midterm has 7 questions on 4 pages, for a total of 50 points.

Duration: 50 minutes

Read all the questions carefully before starting to work.

justifications will not be marked.

Continue on the back of the previous page if you run out of space.

Give complete arguments and explanations for all your calculations; answers without
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12 marksl 1. Decide whether each of the sets below is open, closed, or n
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and the interior of each set?

For this question only, an answer without explanation

(a) {(z,y,2) eR*: 0< Vo2 +y? <3}

either. What is the boundary

is sufficient.

Solution: The set is neither open nor closed. The interior is the set 0 <
Jz2 +12 < 3, and the boundary consists of the cylinder :132 + y2 = 3 and

the line z =y = 0.

(b) {(z,y,2) eR®: =0, 2+ y?+ 22 >4}

The boundary consists of the half-sphere z > 0, 22y + 2=

4, and the s

Solution: The set is closed. The interior is the Set z > 0, :L‘ +y?+ 22 > ;\
et

r=0, y*+2* >4

9. A surface in R? has the equation -+ 5
of intersection of the surface with the planes z =

22 _ 1. Sketch the surface. Find the equations
0, z =1, z = 2, and sketch these curves.

Solution:

The surface is a hyperbolmd of one sheet
are the hyperbolas 2—y?=12— e =

(pictured below). The intersection cur
i—, and the pair of lines x = %y.

<

A
A
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3. A surface in R® has the equation R? —4Rsin ¢ + 3 = 0 in spherical coordinates. Find its
equation in cylindrical coordinates.

Solution:

We have r = Rsin@ and R? = r% + 22, hence our equation in cylindrical coordinates
is 72 + 22 — 47 + 3 = 0. (Optional: To see what kind of a surface this is, we rewrite
the equation as (r — 2)? + 22 = 1. This is the torus obtained by rotating the circle
(x — 2)? + 2% = 1 in the zz-plane around the z-axis.)

4. Find the equations (in whichever form you prefer) of the line of intersection of the planes
3r—y+z=2and z+2y — 2z = —4.

Solution:

The two planes have normal vectors n; = 3i—j+k and n, = i+2j—k. The direction
vector v of the line should be perpendicular to them both, so we take

i j k
v=m xXxn =13 =1 1 |=—-i+4j+7k
1 2 -1

To find a point on the line, set e.g. z = 0 in the equations of both planes. We get
—y 42z =2 and 2y — 2 = —4. Adding these two equations we get y = —2, then from
the first equation z = y +2 = 0. Thus, P = (0,2,0) is a point in the plane. (Of
course there are other possibilities.)

Using P and v as above, the (vector parametric) equation of the line is

r=(—t, —2+4t, Tt)

5. Find the volume of the parallelepiped in R? spanned by the vectors i — j + 4k, 3j — k,
: 2i +j.

Solution:

1 =1 4
V=0 3 —1|=]1-1+1-2+4-(=6)|=|-21]=21
2 1 0
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6. Write the vector w = 3i — 5j + v/2k as a sum of two vectors w = u + v such that u is
parallel to the plane z + 2y — 2z = 0 and the other is perpendicular to it.

Solution: The vector v should be the vector projection of w on a vector n normal
to the plane. From the equation of the plane, we can take n =i+ 2j — 2k. Then

won o 3-10-2v2 7+2V2

=w, = — = i+2j—2k
vV=w 1nl21r1 T 5 (i+2j )
T4+2v2. 14+4v2, 14+4V2
= — 1— )+ k
9 9 9
and
T4+ 2vV2 .. 14 + 42, 14 + 42
u:w—v:(3+—9\/——)1+(—5+—9\/—_)J+(\/§——9——\/_)k
344+2v/2, -314+4v2, —14+5v2
= 9\/_1—4— 9 \/_,]+ 9 \/—k

7. Find the equation of the plane that contains the line x = ¢,y = 2¢, z = 0, and the point
(3,-1,-1).

Solution: The plane has to be parallel to the vector i+2j (the direction vector of the
line). We are given that the point (3, —1, —1) lies in the plane, and so does (0,0,0)
since it lies on the given line, so another vector parallel to the plane is 3i —j — k. We
now find the normal vector

i j k
n=Gi—-j-k xi+2j=3 -1 —1|=2—j+7k
1 2 0

The plane perpendicular to n and through (0,0,0) is 2z —y + 7z = 0.




