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Introduction

Let S smooth projective surface
Hilbert scheme of points:

Sl = Hilb"(S) = {zero dim. subschemes of degree non S}
Sl is smooth projective, of dimension 2n
Universal subscheme:
Z(S) = {(x,[2]) | x € Z} c Sx Sl

p:Z)(S)— S, q:Z,S)— S projections
Fibre p~1([2]) = Z.
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p:Z,(S)— S, q:Z),(S) — S projections

Tautological sheaves: V vector bundle of rank r on S
Vil .= p,g*(V) vector bundle of rank rn on SI"l

VI([Z]) = H(V|z), in particular O ([Z]) = HY(0;)

Line bundles on S!": Pic(SI) = u(Pic(S)) ® ZE with E = det(O)).
We have

det(VIM) = u(det(V)) @ E®™V) |V e K(S)
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Introduction

Zy(8) = {(x,12]) | xe Z} c Sx 8l
p:Z,(S)— S, q:Z),(S) — S projections

Tautological sheaves: V vector bundle of rank r on S
Vil .= p,g*(V) vector bundle of rank rn on SI"l

VI([Z]) = H(V|z), in particular O ([Z]) = HY(0;)

Line bundles on S!": Pic(SI) = u(Pic(S)) ® ZE with E = det(O)).
We have

det(V[”]) = p(det(V)) ® E® V) ve K(S)
Want formulas for

x(S" (L) ® E®")  Verlinde formula

/ Czn(V[”]):/ san(— VI Segre formula
Sinl Sinl
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Cobordism invariance
Theorem (Ellingsrud-G-Lehn)

Let P(X1,...,Xon, Y1,---,Yn) Polynomial. Put

PIS 1] := | P(ci(SM), .., con(SI™M), e (L), .., cn(LI))
Slnl

There is a polynomial :E(X, y,z,w), such that for all surfaces S,
all line bundles L on S we have

P[SI [] = P(KZ, x(Os), LKs, K3).
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Cobordism invariance
Theorem (Ellingsrud-G-Lehn)

Let P(X1,...,Xon, Y1,---,Yn) Polynomial. Put

PISI, 1] := []P(c1(S[”]), oo Con(SIM), ey (LIM), .., en(LIM))
Sin

There is a polynomial :E(X, y,z,w), such that for all surfaces S,
all line bundles L on S we have

P[SI [] = P(KZ, x(Os), LKs, K3).

Usually look sequence of polynomials
Pn(X1,...X2n, ¥1,---,¥n), N> 0, "compatible”, then

S PALSI, L]x" = Aq (%) Aa(X)HKS A (x)S A (x)X(09)

n>0

for universal power series A, ..., Ay € Q[[x]]
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Lehn’s conjecture

For L a line bundle on S consider the top Segre class

/ Sen(LIM) = / Cen(—L!™)
St Sinl

Conjecture (Lehn 1999)
& b

[nlyn _ (1 — W)a(1 — 2W)
g/sm senll)2" = T —gw Teur)e

with the change of variable

w(1 —w)(1 —2w)*
(1— 6w+ 6w2)

with a = LKs — 2K2, b = (L — Ks)2 + 3x(Os),
c=x(8,L) = L(L— Ks) + x(Os)
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Lehn’s conjecture

For L a line bundle on S consider the top Segre class

/ Sen(LIM) = / Cen(—L!™)
St Sinl

Conjecture (Lehn 1999)

co b
[nlyn _ (1 — W)a(1 — 2W)
g/sm senll)2" = T —gw Teur)e

with the change of variable

w(1 —w)(1 —2w)*
(1— 6w+ 6w2)

with a = LKs — 2K2, b = (L — Ks)2 + 3x(Os),
c=x(8,L) = L(L— Ks) + x(Os)

Theorem (Marian-Oprea-Pandharipande, Voisin)
Lehn’s conjecture is true.
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Lehn’s conjecture

Marian-Oprea-Pandharipande consider a generalized Segre formula:
aformulafor Y-, .o [gn Con(el™)2", € K(S)

Theorem (Marian-Oprea-Pandharipande)

For any s € Z, there exist Vs, Ws, Xs, Ys, Zs € Q|[Z]] s.th. for any
a € K(S) of rank s on S, we have

Zz /[] [n]) VSOZ(DL) Wsa(a)2 sz(os) YSC:1(a)KS ZSK;
Sn
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Lehn’s conjecture

Marian-Oprea-Pandharipande consider a generalized Segre formula:
aformulafor Y-, .o [gn Con(el™)2", € K(S)

Theorem (Marian-Oprea-Pandharipande)

For any s € Z, there exist Vs, Ws, Xs, Ys, Zs € Q|[Z]] s.th. for any
a € K(S) of rank s on S, we have

Zz / [n]) VSOZ(DL) Wsa(a)z sz(Os) qu(a)Ks ZSK;
Sinl

With the change of variables z = t(1 + (1 — s)t)' 5, one has

Ve(2)=(1+ (1 = 9)t)'°(1 + (2 - s)1)*,

Ws(z)=(1+ (1 — $))251(1 + (2 — s)t)2(1—9),

12 1021

Xs(2)=(1+(1 =98)t)2 (1 +(2—-s)) 25 2(1 + (2 - s)(1 — s)t)~

ol

They showed explicit expressions for Ys, Zs for s € {—2,—1,0,1,2},
and conjecture that Ys, Zs are algebraic functions for all s € Z
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Verlinde formula for Hilbert schemes

Consider the generating series >_0° o w” (S, u(L) ® E®").

Theorem (Ellingsrud-G-Lehn)

For any r € 7, there exist gy, f;, Ar, B, € Q[[w]] such that for any
L € Pic(S), we have

o0 1 >
> w8, (L) @ E7) = g¥D X9 Ae B,
n=0
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Verlinde formula for Hilbert schemes

Consider the generating series >_0° o w” (S, u(L) ® E®").

Theorem (Ellingsrud-G-Lehn)

For any r € 7, there exist gy, f;, Ar, B, € Q[[w]] such that for any
L € Pic(S), we have

o0 1 >
> w8, (L) @ E7) = g¥D X9 Ae B,
n=0

With the change of variables w = v(1 + v)”*~!, we have
(1+v)*

gr(W):1 +V, fr(W):W
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Verlinde formula for Hilbert schemes

Consider the generating series >_0° o w” (S, u(L) ® E®").

Theorem (Ellingsrud-G-Lehn)

For any r € 7, there exist gy, f;, Ar, B, € Q[[w]] such that for any
L € Pic(S), we have

anx(s[”],u(L)@)E@’) Qr ng(OS) ALKSB

With the change of variables w = v(1 + v)”*~!, we have
(1+v)*

g(w)=1+v, f(w)= Tty

Serre duality implies A, = B_,/B; for all r. Furthermore,
A; = B, =1forr =0, +1. In general the A;, B, are unknown.
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Segre-Verlinde correspondence

We have seen

Zz /S[] [n]) Vsoz(of) WSC1(Ot)2 X;((Os) YSC1(<X)KS Z;(g’ s = rk(a)

S W (S (L) @ £27) = gr© (O g g

with Vs, Ws, Xs € Q[[Z]], fr, 9r € Q[[w]] known algebraic functions,
and Ys, Zs € Q[[2]], Ar, Br € Q[[w]] unknown
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Segre-Verlinde correspondence

We have seen

Zz /S[] [n]) Vsoz(of) WSC1(Ot)2 X;((Os) YSC1(<X)KS Z;(g’ s = rk(a)

S W (S (L) @ £27) = gr© (O g g

with Vs, Ws, Xs € Q[[Z]], fr, gr € Q[[w]] known algebraic functions,
and Ys, Zs € Q[[2]], Ar, Br € Q[[w]] unknown

Based on strange duality there is a conjectural relation between these
two generating functions

Conjecture (Johnson, Marian-Oprea-Pandharipande)

For any r € Z, we have
Al(w) = Ws(2) Ys(2), Br(w) = Zs(2),

wheres =1+randw = v(1+v)" =1, z=t(1+ (1 —s)t)'~S, and
v=t(1-rt)!
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Zw XS, (L) @ E57) = gi®) £2199) als ¢

(1+v)”

w=v(1+v)
14r2v’ (1+v)
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Hilbert schemes: A-series
With Mellit get (and partially prove) complete Verlinde (and Segre)

formula

Zw XS, (L) @ E57) = gi®) £2199) als ¢

(1+v)~
1+ réy

g(w)=1+v, f(w)= . ow=v(1+v) !

A(w)=(1+v) ZeXP(Z( D ﬁ{(%ﬁ)

equivalently if A,'J(W)% are the r — 1 solutions of yjﬂ%)’y = vz, then

y
Ar(w) = —1
§(1+v)2 1= A2,

NN
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Hilbert schemes: B-series

We can conjecturally also determine the B-series.

r—1
. A; 4r42
Br(W)s _ ( =1 I,r) (1 + V)r2+2r(1 Jr,.2‘/)3

v
r—1
JI( - AA H(1—AfAf
ij=1 ij=1

i#i

Z w' X(S[n],/‘(L) ® E®’) gr x(L) fgx (0s) ALKS BKS
n=0

ZZ /s[] all ]) Vs 2 () WSC1(0¢)2 XSX(OS) yg(a)Ks ZSK§
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Hilbert schemes: B-series

We can conjecturally also determine the B-series.

r—1
. A; 4r42
Br(W)s _ ( =1 I,r) (1 + V)r2+2r(1 Jr,.2‘/)3

v
r—1
JI( - AA H(1—AfAf
ij=1 ij=1

i#i

Z w' X(S[H]J‘(L) ® E®’) gr x(L) fgx (0s) ALKS BKS
n=0

ZZ /s[] all ]) Vs 2 () WSC1(0¢)2 X;((Os) yg(a)Ks ZSK§

The Verlinde-Segre correspondence is true:
A(w) = Wri1(2) Yria(2),  Br(w) = Zr44(2)
withw =v(1 +v)" =, z=t(1+ (1 = s)t)'"~S,and v = t(1 — rt)~"
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Aim: Extend invariants to higher rank moduli spaces, and also
use insights from there to shed new light on Hilbert schemes

Let (S, H) polarized surface.

Assume in the following that py(S) > 0, b1(S) =0

For p € Z+g, ¢ € H?(S,Z), and ¢, € H*(S,Z), let

M .= MSH(p, c1, ¢2) moduli space of rank p H-semistable
sheaves on S with Chern classes ¢y, ¢
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Moduli spaces of sheaves

Aim: Extend invariants to higher rank moduli spaces, and also
use insights from there to shed new light on Hilbert schemes

Let (S, H) polarized surface.

Assume in the following that py(S) > 0, b1(S) =0

For p € Z+g, ¢ € H?(S,Z), and ¢, € H*(S,Z), let

M .= MSH(p, c1, ¢2) moduli space of rank p H-semistable
sheaves on S with Chern classes ¢y, ¢

Note: via Z + Iz, we have SI"l = M5(1,0, n).
Assume M contains no strictly semistable sheaves

For simplicity also assume there exists a universal sheaf £ on
S x M, (|e E|S><{[E]} = E)
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M = Mg’ (p, c1, o) has a perfect obstruction theory of expected
dimension

vd(M) = 2pc, — (p — 1)¢f — (p* = 1)x(Os)
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Moduli spaces of sheaves

M = Mg’ (p, c1, o) has a perfect obstruction theory of expected
dimension

vd(M) = 2pc, — (p — 1)¢f — (p* = 1)x(Os)

In particular
e it carries a virtual class [M]"" € Hoyq(umy(M)
@ has a virtual Tangent bundle T}i" € KO(M)

@ has a virtual structure sheaf O} € Ky(S)
For any V € K°(M) the virtual holomorphic Euler
characteristic of V is x""(M, V) := x(M, V @ O}I)
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Virtual Verlinde formula

Determinant bundles: Let ¢ € K(S) be the class of
EeM=MY(p,ci,co)and Ko := {v € K(S) : x(S,c®v) =0}
Fora e Kcputwithng: SxM— S, mry: SxM—->M
projections

Aa) := det (my (75 - [€])) 7 € Pic(M)
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Virtual Verlinde formula

Determinant bundles: Let ¢ € K(S) be the class of
EeM=MY(p,ci,co)and Ko := {v € K(S) : x(S,c®v) =0}
Fora e Kcputwithng: SxM— S, mry: SxM—->M
projections

Aa) := det (my (75 - [€])) 7 € Pic(M)

Fix r € Z, L € Pic(S) ® Q with £ := L ® det(c) # € Pic(S)
take v € K such that rk(v) = r and ¢¢(v) = L, put

(L) ® E®" := \(v) € Pic(M).

On ME (1,0, n) = Sl this is previous definition of p(L) ® E®"
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Virtual Verlinde formula

Determinant bundles: Let ¢ € K(S) be the class of
EeM=MY(p,ci,co)and Ko := {v € K(S) : x(S,c®v) =0}
Fora e Kcputwithng: SxM— S, mry: SxM—->M
projections

Aa) := det (my (75 - [€])) 7 € Pic(M)
Fix r € Z, L € Pic(S) ® Q with £ := L ® det(c) # € Pic(S)
take v € K such that rk(v) = r and ¢¢(v) = L, put
(L) ® E®" := \(v) € Pic(M).

On ME (1,0, n) = Sl this is previous definition of p(L) ® E®"
Denote by O}y the virtual structure sheaf of M

The virtual Verlinde numbers of S are the virtual holomorphic
Euler characteristics

XM, u(L) ® E®) i= x(M, u(L) @ E®" @ O)f)
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Virtual Verlinde formula

For simplicity we assume in the following that py(S) > 0, b1(S) =0
and S has a smooth connected canonical divisor

Write ¢, := exp(27i/p) and [n] :== {1, ..., n}. Forany J C [n], write |J|
for its cardinality and [|J|| :=>_c,J
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Virtual Verlinde formula

For simplicity we assume in the following that py(S) > 0, b1(S) =0
and S has a smooth connected canonical divisor

Write ¢, := exp(27i/p) and [n] :== {1, ..., n}. Forany J C [n], write |J|
for its cardinality and [|J|| :=>_c,J

Conjecture (GK)

Letp € Z~o andr € Z. There exist A, = Af,’f), B, = BS?,) € C[[wz]]
for all J C [p — 1] such that x""(ME (p, ¢1, ¢2), u(L) ® E®") equals the
coefficient of wz¥dM) of

pZ*X(OS)‘FKé G;((L) FI%X(OS) Z (71 )lJ‘X(OS) El‘)JHKsm A5~9rL Bfl(:sf

JClp—1]
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Virtual Verlinde formula

For simplicity we assume in the following that py(S) > 0, b1(S) =0
and S has a smooth connected canonical divisor

Write ¢, := exp(27i/p) and [n] :== {1, ..., n}. Forany J C [n], write |J|
for its cardinality and [|J|| :=>_c,J

Conjecture (GK)

Letp € Z~o andr € Z. There exist A, = Af,’f), B, = BS?,) € C[[wz]]
for all J C [p — 1] such that x""(ME (p, ¢1, ¢2), u(L) ® E®") equals the
coefficient of wz¥dM) of

pZ*X(Os)JrKé G;<(L) ,:réx(os) Z (,1)|J\x(os) IVIIKscy AKSL B8

J,re
JC[p—1]
2
r2
Here G/(w) =1+v, F/(w)= & withw = v(1 + v)2
145
p?

Furthermore, A, ,, By, are all algebraic functions.
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In general one gets the following (which we will need later)
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Virtual Verlinde formula

In general one gets the following (which we will need later)

Conjecture (GK)

Letp € Z~gandr € Z 1
There exist A;, B, Air, Bjr € C[[wz]] forall1 <i<j<p—1
sth. x""(M5(p, 1, ¢2), (L) ® E®") is the coefficient of wz*iM) of

p—1
PG Ok gs S TT A% swa) Al ] B

(@1,--,8,1) j=1 1<j<k<p—1
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Virtual Verlinde formula

In general one gets the following (which we will need later)

Conjecture (GK)

Letp € Z~gandr € Z 1
There exist A;, B, Air, Bjr € C[[wz]] forall1 <i<j<p—1
sth. x""(M5(p, 1, ¢2), (L) ® E®") is the coefficient of wz*iM) of

p—1
1 2 iq: b .
PG Flatisgls S T swa) AT [ BY.
(ar,-.,a,—1) j=1 1<j<k<p—1

Here SW : H?(S,Z) — Z are the Seiberg-Witten invariants

If S has a smooth connected canonical divisor only nonzero SW
invariants are SW(0) = 1, SW(Ks) = (—1)x(Os)

This gives previous version with

Asri= A’HAj*” Byr:=B H Bij.r

jed i<jed
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Virtual Segre numbers of moduli spaces

For any class o € K°(S), we define with 7y : S x M — M,
mg: SXxM— S,

o = —man(rha - € - det(E) )

On M := ME(1,0,n) = SI"l, we have apy = ol



Moduli of sheaves
000

Virtual Segre numbers of moduli spaces

For any class o € K°(S), we define with 7y : S x M — M,
mg: SXxM— S,

o = —man(rha - € - det(E) )

On M := ME(1,0,n) = Sl we have ay = ol
Fora e KO( ), the virtual Segre number of M is

Culam) €Z
[/w]wr
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Virtual Segre numbers of moduli spaces

For simplicity we assume in the following that py(S) > 0, b1(S) =0
and S has a smooth connected canonical divisor

Write ¢, := exp(27i/p) and [n] := {1, ..., n}. Forany J C [n], write |J|
for its cardinality and [|J|| :=>_c,J
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Virtual Segre numbers of moduli spaces

For simplicity we assume in the following that py(S) > 0, b1(S) =0
and S has a smooth connected canonical divisor

Write ¢, := exp(27i/p) and [n] := {1, ..., n}. Forany J C [n], write |J|
for its cardinality and [|J|| :=>_c,J

Conjecture (GK)

Letp € Z~o and s € Z. There exist Vs, Ws, Xs € C[[Z]], Yys,

Zs € C[[z2]), forall J C [p— 1] s.th. for all S as above, any
a € K°(S) with rk(a) = s we have that

/ Cualam)
[ME (p,c1,c2)]

is the coefficient of zzV4M) of
2—x(0s)+K2 Vscz(a) WSC1(a)2 X;((OS)

S (—1)VIO9) cllkser y ks z'¢.
JC[o—1] ’ ’

p
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Virtual Segre numbers of moduli spaces

Conjecture (GK)

Jipe €am) is the coefficient of z2vdM) of

pz—x(osHKé Vsce(a) V|/Sr:1(oz)2 sz(Os) Z (_1)\J|X(Os) 6\;|)J\|KSC1 yi1s(a)Ks ZJk
JC[p—1]

»n O
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Virtual Segre numbers of moduli spaces

Conjecture (GK)

Jipe €am) is the coefficient of z2vdM) of

2
pz—x(osHKé Vsc"e(a) V|/Sr:1(a)2 sz(Os) Z (_1)\J|X(Os) 6\;|)J\|KSC1 yi1s(a)Ks ZJk

. JC[p—1]
With z = t(1+ (1 — 2)t)' =%, we have

Vs(2) = (1+ (1= £)D)°°(1 + (2 - )1,
We(z) = (14 (1 = $)H2E719(1 4 (2 - 8)p)201=9),

n ®

Xe(2) = (14 (1 = HNFECERIA 42— 5)n)=25+ (1 4 (1 - 5)@2 - )n)f

S
P

(SE

Furthermore, Y, s, Z, s are all algebraic functions

Theorem (Oberdieck 2022)
This conjecture is true for K3 surfaces
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Virtual Segre-Verlinde correspondence

We get the following analogue of the Segre-Verlinde
correspondence for Hilbert schemes

Conjecture (GK)
Foranyp € Z~gandr € Z, forall J C [p — 1], we have

AJ,r(W) = Wp+r(z) YJ,p+f(Z)7 BJ,r(W) = ZJ,p+r(Z)7
with

r2

r_ S
w=v(1+ VA, z=t1+(1 -0, v=t{1 Ity
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Blowup formulas

Letr:S— S blowup of S in a point with exceptional divisor D
For many invariants (Donaldson invariants, GW-invariants, . ..)
blowup formula gives important structural information

Let L € Pic(S), let c € K°(S) be a class of rank p. Let |r| < p. Then

X (Mg ("), (" L+kD) R E®") =" (Ms(c), u(L)SE®"), k=0,...,p

X"(Mg (" e—LOp), p(r" L (k+ 1= )D)©E®") =0, k£ =1,...,p—1

There are similar s formulas for the Segre invariants
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Blowup formulas

Letr:S— S blowup of S in a point with exceptional divisor D
For many invariants (Donaldson invariants, GW-invariants, . ..)
blowup formula gives important structural information

Let L € Pic(S), let c € K°(S) be a class of rank p. Let |r| < p. Then

(Mg (" €), pu(m* L+KD)DES") =" (Ms(c), (L)SE®"), k=0,...,p

X"(Mg (" e—LOp), p(r" L (k+ 1= )D)©E®") =0, k£ =1,...,p—1

There are similar s formulas for the Segre invariants

Based on computations with Mochizuki’s formula

Note: similar formulas shown earlier by Nakajima-Yoshioka for

eq. sheaves on A? vs A2. Tannaka-Kuhn showed this generalizes to
virtual invariants of moduli spaces of sheaves

use this: working on a proof
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Blowup formulas

Using the structure conjecture this gives

Conjecture

Let|r| < p. Recall [p —1] ={1,....p =1} and |J[| = >_jc,J

@ Fora= —p,...,0 we have
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Blowup formulas

Using the structure conjecture this gives

Conjecture

Let|r| < p. Recall [p —1] ={1,....p =1} and |J[| = >_jc,J

@ Fora= —p,...,0 we have

Q F0f£:—1,...,p—1,a:i—f—|—%Withi:—p—1,...,—1 we

Z ef)HJHAirBﬂ -0

JC[p—1]
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Using the structure conjecture this gives

Conjecture

Let|r| < p. Recall [p —1] ={1,....p =1} and |J[| = >_jc,J

@ Fora= —p,...,0 we have

JC[p—1]
Q Foré:—1,...,p—1,a:i—r+% withi=—p—1,...,—1 we
have
Z Gf;HJHAirBJj: -0
JC[p—1]

There are similar formulas for the Segre invariants
related to the formulas for the Verlinde invariants by the
Verlinde-Segre correspondence
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o0

Case s = 0 and Donaldson invariants

Making suitable assumptions, the blowup formulas allow computation
of coefficients of Ay r, By, Yy s, Zss

In case s = 0 we can consider the case a = 0, thus

f[Mm] clam) = f[M”,] 1, and f[M\,,,A] 1 =0unless vd(M) =0

Thus Z,0(z) = B, _,(w) are constant (independent of w and 2)
Using blowup formulas and extensive computations for p < 10 we find

Conjecture

|

g\iﬂ'\, — i+l

Let ¢ primitive 4p-th root of unity. Fori,j < p—1 let 5 = o

Ford C [p— 1] put

Bi= 11 B B= ), %

ied Je[p—1
jelp 1\ <=1l

Then B/’,p = Z/,o = B/.




Relations for p > |r|

oce

Case s = 0 and Donaldson invariants

Application: Donaldson invariants in arbitrary rank



Relations for p > |r|

oce

Case s = 0 and Donaldson invariants

Application: Donaldson invariants in arbitrary rank

For any v € HX(S, Q) let

1) = (cal€) = 551 er(€)?) /PD(y) € HH(M, Q). Let L & H¥(S, Q).
The rank p Donaldson invariants of S with respect to H, ¢; are

D/%S,Cz(L +upt) = / exp(u(L) + ppt)u).
Mg (p.c1,02)1



Relations for p > |r|

oce

Case s = 0 and Donaldson invariants

Application: Donaldson invariants in arbitrary rank

For any v € HX(S, Q) let

1) = (cal€) = 551 er(€)?) /PD(y) € HH(M, Q). Let L & H¥(S, Q).
The rank p Donaldson invariants of S with respect to H, ¢; are

D/%S,Cz(L +upt) = / exp(u(L) + ppt)u).
Mg (p.c1,02)1

DS (L + upt) is the coefficient of 2 of

p—1
2 i(3.C) =~ N 17—
pZ_X(OS)BgSe(%L2+pU)Zz§ : | IEJp'(3/701)SW(aj)efsm(vrﬁ)(ajL)zI Iﬁia:(a/ aj)
(a1,-.-,@p—1) J=1 1<i<j<p—1




Relations for p > |r|

oce

Case s = 0 and Donaldson invariants

Application: Donaldson invariants in arbitrary rank

For any v € HX(S, Q) let

1) = (cal€) = 551 er(€)?) /PD(y) € HH(M, Q). Let L & H¥(S, Q).
The rank p Donaldson invariants of S with respect to H, ¢; are

D/%S,Cz(L +upt) = / exp(u(L) + ppt)u).
Mg (p.c1,02)1

DS (L + upt) is the coefficient of 2 of

p—1
2 i(3.C) =~ N 17—
pZ_X(OS)BgSe(%L2+pU)Zz§ : | IEJp'(3/701)SW(aj)efsm(vrﬁ)(ajL)zI Iﬁia:(a/ aj)
(a1,-.-,@p—1) J=1 1<i<j<p—1

Here a:= 2a— Ks for a € H3(S,Z), and éW(é) := SW(a) are the
Seiberg Witten invariants in differential/algebraic geometry
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In joint work with Kool, we had observed the following:

Conjecture (GK)

Forallp >0, r € Z, A, starts with 1, and the coefficient of vz of Ay,
B, is a polynomial of degree < ninr

In case p > |r|, knowing the constant terms of the A, , B, , gives us
starting point. Then blowup formulas give successively degree by
degree in vz linear equations for the coefficients of A, ,, B,

With computer determine A, ;, B;, for |r| < p < 6 modulo v7°

Satisfy alg. equations of degree 27~ (recall [p — 1] = {1,...,p—1})

Letp > |r|, then

II v-An vy, II v-8.)eQv)y.

JC[p—1] JC[p—1]

We determined these polynomials for |r| < p <6
this gives conjectural Segre and Verlinde formula for |r] < p < 6
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@00

Simpler relations for factors

These relations are complicated and difficult to generalize
e.g.rank 4, r =1

@)y _ .8 8F8VHVE o 28420V
[1-A%= d+ve 7 T arve?

JC[3]
56+ 120V + 7112 + 88 . 70 + 160V + 10412 + 16V8 + v*
- A+ v)e yor A+ v)F
56 +120v +71v2+8v3 , 28+20v , 8+8v+ V2 1
- A+ ) Yraro? T arve YT aroe

There is one hint, that something good happens
This polynomial is essentially palindromic
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Simpler relations for factors

Recall that
AJ,r = AFHAj,fv BJ,r =B H Bl‘j',r

jed i<jed
Proceed as follows:
@ Express A, and thus all Ayrinterms of the A; ,
@ find simpler relations for the Air

(and similar for B; work in progress, only discuss the A case)
Step 1: the equation for the A, , is essentially palindromic.

P+

P, y.v)= [ v— 1+ A

JClp—1]
3
HIGJAi,r

p+r—1 1
)7 [ AL

satisfies y?* ', (1,v) =P, (v, v); equiv. A, =
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2
H:e/ A/,r
P+

Step1: A, = ——<
(+) 2 g A%
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1_[Iel A/,r
(141" HI'QIA/%r
Step 2: The A;, satisfy a very simple algebraic equation

Step1: A, =

Conjecture

Letie[p—1], r < p, let primitive 4p-th root of unity

1 P —P 1
. V25 satisfi ; Y=y — i
(Air)2s satisfies the equation Ty = V2
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Simpler relations for factors

1
1_[Iel A/?r
(140) 75 [T, A7,
Step 2: The A;, satisfy a very simple algebraic equation

Step1: A, =

Conjecture
Letie[p—1], r < p, let primitive 4p-th root of unity

1 P —p 1
Y = ; y'—y — Wi
(Air)2s satisfies the equation Ty = V2

(A; )ﬁ = exp eXP(pv%) — eXp(—,ov%) —1
Ivr £2=p exp(rv2) + €02/ exp(—rv2)

(compositional inverse)

Result: Assume 0 < |r| < p. Get Conjectural Verlinde formula for
X(Mg (p, €1, ¢2), u(L) @ E®) for pg(S) > 0 g(S) = 0 and K5 =0
(resp. formula for f[M]m c(am) for 0 < s = rk(a) < 2p)

Working on the case K3 # 0.
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Strange duality

@00

Virtual strange duality

How to remove the condition |r| < p? We have no blowup
formulas in this case

Use a virtual version of strange duality

Determinant bdls: ¢ € K(S) class of E € M(c) = ME(p, c1, )
Fora e Ko :={ve K(S) : x(S,cev)=0}

Aa) := det (mep (5 - [€])) ' € Pic(M(c))

Conjecture (Strange duality)

If \(«) is sufficiently positive (can be made precise) on M(c)
and \(c) is sufficiently positive on M(«), then

X(M(c), M) = X" (M(a), A(c)).

Note that ¢ has rank p and « has rank r, then A(a) = p(L) @ E®"
and \(c) = u(L') ® E®?, so strange duality exchanges r and p.
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Virtual strange duality

Use virtual strange duality and the algebraic equations for A,f; ,

Bff;) to order by order determine the coefficients and thus also

algebraic equations for the Ayp), B,(fp)

We find the following

Conjecture
Assume p > r > 0.

Q Write p, (v, y) = TLjcp,_1y(¥ — A%D,)) € Q(v)ly]
Then for J C [r — 1], (A‘(f,)p)?, J C [r—1] is a zero of
Por(y+Y)

Q@ Write g, r(v,y) = I1jcjp-n(¥ — Bfﬁ)) € Q(v)[y]
Then for J C [r — 1], B(f;, is a zero of g r(L, y).
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Virtual strange duality

Use virtual strange duality and the algebraic equations for A,f; ,

Bff;) to order by order determine the coefficients and thus also

(n g

algebraic equations for the A; 2B,

We find the following

Conjecture
Assume p > r > 0.

Q Write p, (v, y) = TLjcp,_1y(¥ — A%D,)) € Q(v)ly]
Then for J C [r — 1], (A(Jf)p)f, J C [r—1] is a zero of
Por(y+Y)

Q@ Write g, r(v,y) = I1jcjp-n(¥ — Bfﬁ)) € Q(v)[y]
Then for J C [r — 1], B(f;, is a zero of g r(L, y).

Thus if we know equations for the AS’;), B,(”r) forp>r>0,we
also know them for r > p.
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In case p > r have p,. (v, y) = [T,cp,_n(¥ — AY)) € Q)Y
Now assume r > p

The (Aﬁﬁ))ﬁ with / C [p — 1] are 2°~" of the 2"~ zeros of p, (1, y)
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Virtual strange duality

In case p > r have p,. (v, y) = [T,cp,_n(¥ — AY)) € Q)Y
Now assume r > p

The (Aﬁﬁ))ﬁ with / C [p — 1] are 2°~" of the 2"~ zeros of p, (1, y)
Define (Af,’fz)ﬁ for J C [r— 1]\ [p — 1] as the other solutions

0 _AD

— Jr.r [ —

"= forj=p,...r -1
Ng

Define A}
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Virtual strange duality

In case p > r have p,. (v, y) = [T,cp,_n(¥ — AY)) € Q)Y
Now assume r > p

The (A(p))n with / C [p — 1] are 2°~" of the 2"~ zeros of p, (1, y)
Define (A ) for J C [r — 1]\ [p — 1] as the other solutions

A
DeﬂneA {”’forj_p,.. r—1

Carry out steps 1 and 2 above: Step 1:

iy — Jcr—1]

p+r 1 1

ierr—mo Al

AJ,r =

vE(14+v)“ 2

Step 2 (in progress): We find that A; , satisfy equations similar to
case |r| < p (worked out until now for ged(r, p) = 1, or p|r)

Step 3 (in progress): Extend this to the B, ,: expect to find complete
Verlinde and Segre conjecture for surfaces with p; > 0, g =0
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Finally for Hilbert schemes of points we can get (and partially prove)
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Hilbert schemes: A-series

Finally for Hilbert schemes of points we can get (and partially prove)
the complete Verlinde (and Segre) formula

ZW XS, (L) @ E57) = gi®) £2199) 4l ¢

r2 ,
gw =1+v, fw)=UFY vy

1+ r2v

=01+ ) e (2 T ot ($=55)7))

° X
i>0

equivalently the A; ,(w)z are the solutions of % = vz, and
Ar(W) = 1 r ! 1

vZ2(14+v)2 TTic,_q AZ,
Method of proof: by cobordism invariance can assume S is toric, use
localization. This expresses answer in terms of combinatorics of
partitions. Use results and methods of Anton Mellit on symmetric
functions to study generating functions (would be talk by itself)
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Hilbert schemes: B-series

We can conjecturally also determine the B-series.
Zw XS, (L) @ E57) = gi®) £199) 4l ¢

(1+v)"

2_14
W, w = V(1 + V)r

gw)=1+v, f(w)=
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Hilbert schemes: B-series

We can conjecturally also determine the B-series.
Zw XS, (L) @ E57) = gi®) £199) 4l ¢

1+v)° _
gw)=1+v, f(w)= (1+7r2)v w=v(1+v)

3

Conjecture

r—1
A 4r+2
Bi(w)* = (5,7 ) (v vy
r—1
H (1 - Al fA/ r H(1 - A;7rA;,r)2
,j 1 ij=1

i#

There is also closed formula in terms of binomial coefficients
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Hilbert schemes: B-series

We can conjecturally also determine the B-series.
Zw XS, (L) @ E57) = gi®) £199) 4l ¢

(1+v)”
14 ray

Conjecture

gw)=1+v, f(w)= w=v(1+ v)’Z*1

3

r—1
A 4r+2
Bi(w)* = (5,7 ) (v vy
r—1
H (1 - Al fA/ r H(1 - A;7rA;,r)2
,j 1 ij=1

i#

There is also closed formula in terms of binomial coefficients
Expect that for all p, r, the Bff) can be expressed in terms of the A(p)
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Hilbert schemes: Verlinde-Segre correspondence

> 7" / Cenfal) = VO WO X (O) yp e 26,
n=0 St

with Vs, Ws, X5 known.
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Hilbert schemes: Verlinde-Segre correspondence

ZZ /s[] [”]) VSCZ(@) W;H(Ot)2 Xg(os) YSC1(a)Ks Z£<§'

with Vs, Ws, Xs known.

Conjecture (Johnson, Marian-Oprea-Pandharipande)

For any r € Z, we have

Ar(w) = Ws(2) Ys(2), B(w) = Zs(2),

wheres=1+randw=v(1+v)" =1, z=1t(1+(1-s)t)'~5, and
v=t(1-rt)"!

This conjecture is true.

The methods for now are not strong enough to prove formula
for B and Z series, but enough to show they become the same
after change of variables
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