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§.¥ñpli_itydgebas_
GI with + weights ④

Let f : U EEN → I ⇐QN homogeneous
(more generally GEUN affine , semiprojective , V smooths U Cohen-Macaulay)

- v0
"

-- {OB

Defh-mult-iplidtyafgebz.gg
- attracting

Qg : = ¢ [ f-
'

(A) = ①[ 0]
'

(Mot) = ¢ [✗" " ' ✗NJ/( f , , .. . ,fn)
- notion due to (Arnold et al 19821

THIEF" dim ( Qj) < • ⇐ f- is proper ⇐ f- is finite flat Kloc . free)
<⇒ f-

'

lot -- {of :(⇒ Envoystable
in this very stable case my:=dimfQg) is m-u.lt#EEyoff-Yo)-- degree off



- of ①
✗
- equivariant ⇒ QQ Qg ⇒ Qg =

☐
0¥ graded

Thm_ Qy complete intersection ⇒ - Qmf=QJf 1- dime

- Qif ✗ Qmfi → Off how ← degenerate

Poi¥du_oityn_ug

E+awplls_ of very stable maps : -§2 . Spectrum of equivariant cohomology

-§3. fixed point scheme of regular actions

-§4 spectrum of Kirillov algebras

- §5 Hitchiumapouveynstableupwardflowsnnnm-

-§6 SPEEGLE of_algebas_



§IEguivoniautcoho_logy

- G
cpx seductive , universal G-bundle

EG~*

to defined up to N
BG

Thm_ HE:=H*( BGIQ) ⇐ H*(bTiC)W=~Q[EsW←→ Spect tfw

grading from E-0€ weight 2 E affine space

TCG maximal forms W = Weyl group by Chandley

- G @ ✗ algebraic variety
Boselbustm-tiou.tt :

= ✗✗ EGG E%=BG
an ✗- bundle

Dy"_ It:(✗ ie) : - HEX.si G)
jT*4

µ;
graded commutative HE - algebra

- when dim H°dd(Kic) -0 ⇒ GE ✗ eguiraiantlgjonuol



⇐ ñ* : HI → It:(×) is a finite bee module HICKIE)=~H•l✗ic)✗H*g
⇐ Hottie) ⇐ It:(Xic) ④ it:$
⇐ f : spec ( Hattie)) → Sped.AE/--~tXW very stable

Un

Gabon Qg Er H*Hi¢) Poincare' duality ring
grading k n- k

EIample-TCBCPCGie.g.pk?gf*-#nk.acGLnin
T P

parabolic
wax tours Noll k h- k

Ge Glpp-ekagketye.g.GL/ph--~Grlbyn)H*gCG/piC1--~H:* (Gic) -E HEE HAE _- at]W<
L :-P /Ugt un *

e. g. Lk=Pk/uy=~GLk×GLn-k
→

Levi factor (seductive) huipoteut radical WL
,

Sk ✗ Su-k

⇒ Hodgd ( G /pic) -0 ⇒ eguirariautly jrnnol

f



thus f. Spec ( A :(Glpicl) → Spec HE eg . Spec(HI↳(Grlkinlic))→SpecHI↳
Ils Ils Ils Ils

Aflw
,
→ tlw think → tsn

e. g

very stable & Qy=~H*( Hpi G) E H*(Grlk,n)ic)E
4-[ell -knife,fn-k]←Q[air . - can]

§3_Fi# poivfscheme-sect.fctd-factt-th-iqtmt.iq
- Observation : (E)((Kun) for p=B)
5- afp-→ 11k . EAHWIESped.lt:(Glpic))

- springer
→/ { lap)EG✗Gp / x-p} /I :*:*. It

s
aÉ±→%%⇐e.tw#speclH:)
I→

Kostaut section : etoyfaagseg



- ay , pit , e : - Lieb ,Petit
- ogres : = { 1-Eog / dim g✗= dime} cog codims

.

- (eifih ) Cognac ay principal sea-triple

- S : - etaytc-cymgs-haseoyreHGkostautsedieu-X.SE GDGEt4wc-

- GEX smooth
pug: se-gul-ars.t.GEGreat 1/-11<0

-

enough to check for principal unipolar weep (e) E- G 1×4<0 1×9=1
- examples : partial flag varieties , some wonderful coiupaeitih

-actions
, spherical
varieties

V
- I

s✗ ✗ cog ✗✗
vector field by infinitesimal action , 2- ÷Z(v)cs×✗

fixed point scheme
£

- example 2--8 as ✗ Glp for G8X=G1p



Thou ( Hansel- Rychteaicz 2022) - JT : 2- → sEtw finite flat
-

1¥ Ei
equivariant

semisimple Tegular - 2- seduced CM ⇒ JT very stable

- ①[ 2-] ⇐ H*-g(✗ it )

Nate proof first for Boel BCG , generating (Brion- Carrell20041hr B-BCSK)

§4K_ÉalglbraS_
- G semisimple cpx , ✗c- Xt

,
Ge V

"
7-highest weight irred. seph

- I
>(g) : = ( slag) ☒ End V ')Gdassicalkin-lorolgeba.MS

Killing
= ( stay*) ☒ End V76 _- Maps lay → EndV76

graded associative algebra / scay-MGEQCajgGECCE.ws HE
p

ypuw Slay* ) =-10 Stalag *) ( we double
. degrees)



Iha ↳(g) commutative ⇐ V
'

weight multiplicity free
dim# 1--1 ME #

- e. g. 7 C- ✗
+

miunsuuk_ , for Shu Wu . . . ,why fundamental sep
"

- e. g. Skye G
"
= VW ' standard representation

M : ay → End V7 given by sepsis

Ew
,
( sem) GEM] ←? HE

Thm_Eher2oo4)_ - for a c-✗
+

weight multiplicity free
- Ekg) ← HE finite Slaf

- reduced Cohen - Macaulay (⇒ Spector)→ .tl/w )
very stable

- ✗ C-✗
+ minuscule minuscule Jtag variety

↳ (g) Eat]↳EttHG%p→ it) as HE - algebras



- example G- Stu
, WE Abide ✗

+

Glu) , G1pwn⇐ Grckin)
construct Slu - equivariant maps seu→ End( Akan )
- A c- seu → Nlt - I- A) : akin) → Aki

")
K

tht Eitk" -1 . . . + Eh e. g. E,
=

tieCpwk1lA1-MCAlaud@h-kCt.I-A))* : Ah (d) → Aklan )
"

th" + F
,
th
"'t

. .. -1 Fuk

Mi : seu → End (NCE
" )) Ni : seu-sEud(1144

" ))
A- to Ei A ↳ Fi

they are commuting G- equivariant maps :

( tk-E.tk
-'

+
. . . +Er) (th

- "

+ Fit
""-'
+

. .
.

+ E-a) =det(t -I-A) Idahos
ThM_ zwnlslu) E <Mini Mk ,Nii . . - inn-u> E- HELL Grlkin)i



§-

apou-veyskupwrad-flows-csmoothpvoj.ae
rue j G : = PGLN j G

"
= Shu

- MG- moduli space of semis table said u degree d Higgs bundles

(Elt) ☒ c- ☒ Cci End Eo☒k ) modulo line bundles LE Pic (C)
rank! "

Higgs field →

trace free CLE ,E) ~ (E , #-)
- alg . symplectic weÑ(%) leven hypekiiluler)

- h : %-) it i. =
④H°( Ci ki) jct
i -2

( EA) ti deft * - E) char . polynomial

Hitchings : proper , completely integrable Hamiltonian system
- Q✗ GMG ( E

, E) ↳ (EAI)
semiprojective :

I

• him ✗Fetish forall Fell - Wet:={4-EM / bing.7.F-EJ.CM✗ → o

-upwav_dfloW_



• ①✗
EMG linear

ME !÷µ¥É BB partition
• ME proper ⇒
• him ✗ f- exists forall Fella - Wet:={4- C-Mcf bing.7.F-EJC.MG✗ → o

upward flow
Ilm ears

"

mqpwet-I.IE & Lagrangian
- - -

loc
. closed

Def
" Earls

, wet very stable ⇐ he :=hlwg : wet→ it very stable
Er

notion of Dñufeld, Lannon 1988 for E-(Eco) ⇐) Wg+nhYo)={e}<⇒ finite flat

E-amples_ of very stable Higgs bundles

Example 1 I. = i.
° )0 :

Eoe (Eoi Ios) to :-O -0K" -10
. . . ④ Eh"→"°K -00 ④ . . .

④ K
""

= Eo K

EEEÉmngH_iggsb_de .



Wot : -- Wei = { Ea=(Eo ,#a) / Ea _- (% I }Hitchinsection.cat
← companion matrix of aho : Wot # it

is a section of Hitchin map h (G) = a

⇒ very stable k

o

0 )
see#(4-014) ±

E-xauiplef.cc-C-tk-EI.rs/....oEHYCikh-'k-Egk)
• k -4,4 . . or n - 1 ,

no

• Eh :-O -1612-1+0
.
-

② K'
↳ '+01<-44+0

. .

→ Eq ☒ K

( Hansel - Hitchin 2021) ⇒ Ek :-(Eh, ☒a) c-Ms very stable

i.e.hn : WE :-Weis → it very stable

Tlk(Wot) E WE by both fundamental Hecke transformation
I



" Hitchin map he ? Wth → it is modelled by
.AE Wii→ Specht:(Graphic))

f- , spectrum of 1T¥ (Grck ,n) ; G)
"

hah It
idea → Spec/ H*• ) e-g. Qua ← It

* ( Grusin) , a)

§6-EH.of-alget.ms
- G- PGLN , G' = Slu

classical
- MG ME SYZ minor ÑÑ

"

5 :D (Mod ~ Demo)
"

h☒¥hGV
generically by relative Fourier-Mukai

co-ujectuselltausel-ltifcuin20211-cc-C.SIOw:) = Hi-Fi
☒ uiiiversal Slu- bundle €

"

Matt ✗C



in k-th fundamental representation

Ehecko→É

relative FM should induce ha* (OWE) ⇐ ÑEÉvw;
7

thus a fundamental universal bundle of algebras on

indeed (Ei☒|a←a±rw; = Ei ,#a)
- an

☒
• i.iq

,

: 151→ End / EY

Ei - K
- ¥+0

. . .

+0k¥→ K ( K
-

"

¥+0
. . .
-0k¥ )



apply Mic#a) : K
"
→ End ( AKE ) from Kirillov's Zwblseu)

combine to a bundle of algebra structure

AKEYrwg.xotlk-L-Yrwq-AKEYrwg.TL
Spec (NII) E Wii → Spec ( It:(Grlkinlic ))it

a- Iflyhklv⇐ it → Spec ( It:)
"

spectrum of Kirillov algebras"=
"

fixed pointsheme
"
_-

"

spectrum of equivariant
cohomology"


