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Abstra
t. We show two 
onstru
tions of surfa
e bundles over Riemann

surfa
es admitting nonvanishing signatures.

1. Introdu
tion

It is a well-known fa
t that Euler 
hara
teristi
s multiply in a �bration.

A

ording to 
lassi
al examples of Atiyah [1℄ and, independently, Kodaira

[6℄, the signature does not admit this property | there are 4-manifolds

with nonzero signature admitting surfa
e bundle stru
ture. After sporadi


examples [1, 5, 6℄, a more systemati
 study of this phenomenon was initiated

by Endo [2℄. More re
ently it has been proved that

Theorem 1.1 ([3℄). For any h � 3 and g � 9 there is a genus-h surfa
e

bundle X ! �

g

with nonzero signature.

Remark 1.2. It is fairly easy to see that for g = 0; 1 a �bration X ! �

g

has vanishing signature.

1

It 
an be proved that the same holds on
e h � 2.

Therefore Theorem 1.1 almost solves the \geography problem" of surfa
e

bundles with nonzero signature, i.e., the determination of pairs (g; h) 2

N�N for whi
h a genus-h �bration over the surfa
e of genus g with nonzero

signature exists. Noti
e that a surfa
e bundle with g = 2, h = 3 and nonzero

signature (su
h a manifold admits a symple
ti
 stru
ture a

ording to [13℄)

1

The proof of this fa
t follows from the equality �(X) = 4(g � 1)(h � 1) and the

inequality b

1

(X) � 2g + 2h for a genus-h �bration over �

g

. The above inequalities show

j�(X)j � b

2

(X) � 4gh + 2, hen
e for g = 0 the iterated �ber sum X#

f

X#

f

X has

vanishing signature (sin
e �(X#

f

X#

f

X) = 3�(X)); this implies �(X) = 0. For g = 1

the pull-ba
k of X ! �

1

via a (4h + 3)-fold unrami�ed 
over � : �

1

! �

1

shows that

j�(�

�

(X))j = (4h+ 3)j�(X)j = 0:

1
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would violate the Bogomolov-Miyaoka-Yau inequality 


2

1

(X) � 3


2

(X). (This

inequality is known to be true for 
omplex surfa
es and is 
onje
tured to hold

for symple
ti
 4-manifolds.)

In this note we give two 
onstru
tions for surfa
e bundles with nonze-

ro signature. In Se
tion 2 a very elementary topologi
al 
onstru
tion of a

genus-5 �bration of nonzero signature is given. In Se
tion 3 | by improving

te
hniques already present in [5℄ | we get surfa
e bundles over the genus-3

surfa
e. Using these examples we 
an improve bounds on the asymptoti


behaviour of the genus fun
tion g

h

(k). (For the de�nition of g

h

(k) see Se
-

tion 3 or [3℄.) We also show a 
onstru
tion whi
h produ
es rational 
urves

in moduli spa
es of 
omplex 
urves of 
ertain genus. In some of our 
on-

stru
tions we will use the 
orresponden
e between Lefs
hetz �brations and

relators in mapping 
lass groups 
omposed by right-handed Dehn twists.

(This 
orresponden
e is given by the monodromies of the singular �bers; for

a more 
areful treatment of these issues see [3, 4℄.)

2. The topologi
al 
onstru
tion

Consider the 4-manifold �

2

�S

2

(here, as always, �

g

denotes the Riemann

surfa
e of genus g), and �x the singular 
urve C = [

4

i=1

fq

i

g�S

2

S

[

2

j=1

�

2

�

fp

j

g � �

2

�S

2

(q

i

and p

j

are distin
t points in �

2

and S

2

resp., i = 1; : : : ; 4

and j = 1; 2).

Lemma 2.1. The desingularization Y of the double bran
hed 
over of �

2

�

S

2

bran
hed along C is di�eomorphi
 to �

2

� S

2

#8C P

2

.

Proof. Compose the map ' : Y ! �

2

� S

2

with the proje
tion to �

2

. The

resulting map � : Y ! �

2

equips Y with a �bration over �

2

; the generi


�ber is the double bran
hed 
over of S

2

bran
hed in two points | hen
e

it is the sphere S

2

again. Therefore � de�nes a singular ruling on Y . By

taking a 
loser look at the desingularization pro
ess, we will show that Y is

di�eomorphi
 to �

2

� S

2

#nC P

2

for some n and also determine the value of

n. (It is known that a singular ruling is the blow-up of a ruling [4℄, but we

will not use this fa
t in our dis
ussion.)

One way of resolving the singularities of a double bran
hed 
over of �

2

�

S

2

along C is the following: blow up �

2

� S

2

in the singular points of

C and take the bran
hed 
over along the (smooth) proper transform in

2
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�

2

�S

2

#8C P

2

. The blow-ups turn the trivial S

2

-bundle �

2

�S

2

! S

2

into an

S

2

-�bration with four singular �bers | ea
h singular �ber is the plumbing of

two disjoint rational (�1)-
urves and a rational (�2)-
urve whi
h interse
ts

the two ex
eptional 
urves transversally on
e. The (�1)-
urves give rise

to rational (�2)-
urves in the bran
hed 
over (sin
e the ex
eptional 
urves

are not in the bran
h lo
us), while the (�2)-
urves be
ome rational (�1)-


urves upstairs, sin
e the (�2)-
urves are in the bran
h lo
us. (For more

details about the above pro
ess see Chapter 7 of [4℄.) Blowing the four (�1)-


urves in Y down we still have a singular ruling on the resulting 4-manifold

| ea
h of the four singular �bers 
onsist of two transversally interse
ting

(�1)-
urves now. Blowing down four of these we end up with an honest

S

2

-�bration over �

2

, hen
e Y is di�eomorphi
 to �

2

� S

2

#8C P

2

.

The 
omposition of ' : Y ! �

2

� S

2

with pr

2

: �

2

� S

2

! S

2

provides a

holomorphi
 map h : Y ! C P

1

; after perturbing h slightly we get a genus-5

Lefs
hetz �bration g

Y

: Y ! S

2

on Y . (For more about Lefs
hetz �brations

see [3, 4, 8℄, for example.)

Lemma 2.2. The Lefs
hetz �bration g

Y

: Y ! S

2

admits 20 singular �bers.

Proof. From the handlebody de
omposition of a genus-g Lefs
hetz �bration

X ! S

2

it is 
lear that �(X) = 2(2� 2g) + s where s denotes the number

of singular �bers in the �bration. In our 
ase Y = �

2

� S

2

#8C P

2

, hen
e


omputing �(Y ) in two di�erent ways yields �(Y ) = 2(2 � 4) + 8 = 2(2 �

10) + s. This implies s = 20, 
on
luding the proof.

Noti
e that h : Y ! S

2

has two singular �bers (over the points p

1

and

p

2

2 S

2

in the above notation), and the two singular �bers admit 
oin
iding

monodromies. By perturbing h we 
an a
hieve that the 
riti
al points of the

proje
tion Y ! S

2

be
ome Morse 
riti
al points and the new map is inje
tive

on the set of its 
riti
al points. It is not hard to see that the monodromy

of ea
h (new) singular �ber is a right-handed Dehn twist along some simple


losed 
urve (see, e.g., [4℄). Sin
e we 
an assume that the perturbations of

h agree near the two singular �bers, the word in the mapping 
lass group


orresponding to the perturbed �bration g

Y

: Y ! S

2

is of the form �

m

i=1

t

i

�

�

m

i=1

t

i

= 1. Lemma 2.2 now implies that m = 10, hen
e the relator given

by the monodromies of g

Y

: Y ! S

2

is (�

10

i=1

t

i

)

2

= 1 (where all t

i

are right-

handed Dehn twists along the appropriate vanishing 
y
les of the singular

3
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�bers). It is a well-known fa
t that the mapping 
lass group �

g

is perfe
t

(i.e., (�

g

)

0

= �

g

) on
e g � 3, 
onsequently (�

10

i=1

t

i

)

�1


an be written as

the produ
t of 
ommutators: (�

10

i=1

t

i

)

�1

= �

k

j=1

[a

j

; b

j

℄ 2 �

5

. The relator

�

10

i=1

t

i

�

k

j=1

[a

j

; b

j

℄ = 1 now de�nes a genus-5 Lefs
hetz �bration g

Z

: Z ! �

k

over �

k

with 10 singular �bers (
orresponding to the Dehn twists t

i

in the

de�ning relator). Fix disks D

1

; D

2

� S

2

and D

Z

� �

k


ontaining 10 
riti
al

values of g

Y

and g

Z

respe
tively (and D

i

� S

2


ontains the 10 
riti
al

values 
orresponding to the 10 singular �bers providing monodromy equal

to �

10

i=1

t

i

). It is now easy to see that the �brations g

�1

Y

(D

i

) ! D

i

(i =

1; 2) and g

�1

Z

(D

Z

)! D

Z

are �ber- and orientation-preserving di�eomorphi
.

By 
hanging the orientation on Z this di�eomorphism be
omes orientation-

reversing, hen
e 
an be used to glue Y � (g

�1

Y

(D

1

)[g

�1

Y

(D

2

)) and two 
opies

of Z�g

�1

Z

(D

Z

) together along their boundaries. In this way we get a genus-

5 surfa
e bundle f : X ! �

2k

with signature �(X) = �(Y ) � 2�(Z). (The

negative sign in the formula results from reversing the orientation on Z.)

Now we are ready to prove

Theorem 2.3. For all suÆ
iently large g there exists a 4-manifold X whi
h


arries a surfa
e bundle stru
ture f : X ! �

g

with �ber genus 5 and has

positive signature.

Proof. Consider the genus-5 �bration X ! �

2k


onstru
ted above. All we

need to show is that �(X) 6= 0. (If �(X) < 0 then reverse the orientation

on X; this leaves the surfa
e bundle stru
ture un
hanged but 
hanges the

sign of the signature.) We will show that �(X) is not divisible by 8 | in

parti
ular, it is nonzero. Noti
e that (based on our previous des
ription)

we know that �(Y ) = �8, hen
e we only need to examine �(Z). A

ording

to a result of Gompf (see [4℄, for example), a Lefs
hetz �bration with �ber

genus at least 2 admits a symple
ti
, hen
e an almost 
omplex stru
ture.

Sin
e the Noether formula applies to almost 
omplex manifolds, we get that

�(Z) +�(Z) is divisible by 4. Now �(Z) 
an be 
omputed as (2� 2 � 5)(2�

2 � k) + 10 � 2 (mod 4), hen
e �2�(Z) � 4 (mod 8). This observation

shows that �(X) � 4 (mod 8), hen
e it is not divisible by 8, 
onsequently

it is nonzero. Now for any g � 2k the �ber sum of the above X with the

trivial genus-5 �bration �

5

��

g�2k

! �

g�2k

gives the desired �bration sin
e

�(X) = �(X#

f

(�

5

� �

g�2k

)).

4
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Remark 2.4. A

ording to [7℄, k 
an be 
hosen to be at most 6, hen
e we


an arrange that X (with the properties given by Theorem 2.3) �bers over a

Riemann surfa
e of genus at most 12.

Remark 2.5. Similar argument works for any �ber genus of the form 4n+1.

For other �ber genera either the modi�
ation of the argument or the (tedious)

determination of the signature �(Z) is needed in order to rea
h a 
on
lusion

similar to the one we proved in Theorem 2.3.

3. Bran
hed 
over 
onstru
tions

Now we des
ribe our 
onstru
tion of surfa
e bundles with small base genus

(allowing the �ber genus to be
ome 
omparatively large). The main result

of this se
tion is summarized by the following theorem:

Theorem 3.1. There exist smooth algebrai
 surfa
es X

n

that have signature

�(X

n

) =

8

3

n(n � 1)(n + 1) and admit two smooth �brations X

n

! B and

X

n

!

e

B so that the pair (g; h) given by the base genus and �ber genus of

the �brations are (3; 3n

3

� n

2

+ 1) and (2n

2

+ 1; 3n) respe
tively.

In proving Theorem 3.1 we will des
ribe an improved version of Hirzebru
h's

original bran
hed 
over 
onstru
tion given in [5℄.

Proof. Hirzebru
h showed ([5℄, page 262) that if D

1

; D

2

� S are smooth,

disjoint 
urves in an algebrai
 surfa
e S, and the homology 
lass of the

divisor D = D

1

�D

2

is divisible by n, then there exists an algebrai
 surfa
e

X whi
h is a Z=n 
y
li
 
over of S, totally rami�ed over D, and the signature

of X is given by

�(X) = n�(S)�

n

2

� 1

3n

D

2

:

LetB be a 
urve of genus 3 with a free involution � . (Consider, for example

an unrami�ed double 
over B ! C of a genus-2 
urve C and 
hoose � to be

the nontrivial de
k transformation.) Let � � B�B denote the diagonal and

let �

0

denote its image under Id� � . � and �

0

are smooth, disjoint 
urves,

but ���

0

is not a divisible 
lass so we 
annot dire
tly apply Hirzebru
h's


onstru
tion. The solution is to �nd a 
ertain unrami�ed 
over � :

e

B ! B

and pull � and �

0

ba
k to

e

B � B. We de�ne � as follows.

5
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Note that the image of 1 � �

�

: H

1

(B;Z=n)! H

1

(B;Z=n) has rank two,

hen
e we have

0! Ker(1� �

�

)! H

1

(B;Z=n)! (Z=n)

2

! 0:

Let � :

e

B ! B be the (Z=n)

2


over 
orresponding to the surje
tion �

1

(B)!

H

1

(B;Z=n)! (Z=n)

2

. Note that the genus of

e

B is 2n

2

+ 1.

Let �

�

�

e

B � B be the graph of � and let �

0

�

be the image of �

�

under

Id� � . �

�

and �

0

�

are smooth, disjoint 
urves; let D = �

�

� �

0

�

.

Lemma 3.2. The homology 
lass of D is divisible by n.

Proof. We need to show that [D℄ is 0 in H

2

(

e

B�B;Z=n). For any unrami�ed

map f : Z ! Y , the 
lass of the graph �

f

� Z�Y is given by

P

i

f

�

(�

i

)��

i

where f�

i

g is a basis for H

�

(Y ) and �

i

is the dual basis so that �

i

��

j

= Æ

ij

.

(Here � is the interse
tion produ
t, i.e., the Poin
ar�e dual of the 
up produ
t.)

Sin
e f is a free 
over, if � is a geometri
 
y
le then f

�

(�) is just represented

by the inverse image f

�1

(�).

For the sake of 
on
reteness, we pi
k a geometri
 basis fa; b; 
; d; e; fg for

H

1

(B;Z=n) su
h that the interse
tion form and �

�

are given respe
tively by

0

B

B

B

B

B

�

0 �1 0 0 0 0

1 0 0 0 0 0

0 0 0 �1 0 0

0 0 1 0 0 0

0 0 0 0 0 �1

0 0 0 0 1 0

1

C

C

C

C

C

A

and

0

B

B

B

B

B

�

0 0 0 0 1 0

0 0 0 0 0 1

0 0 1 0 0 0

0 0 0 1 0 0

1 0 0 0 0 0

0 1 0 0 0 0

1

C

C

C

C

C

A

:

This is simply what one gets if one draws B with its 3 holes in a row, assigns

(a; b), (
; d), and (e; f) to the three standard pairs of generators, and lets �

be the involution obtained by 180

Æ

rotation about the axis passing through

the middle hole.

We then have the basis fpt; a; b; 
; d; e; f; Bg for H

�

(B;Z), and its dual

basis is fB; b;�a; d;�
; f;�e; ptg. Thus

�

�

= �

�

(pt)�B + �

�

(B)� pt

+ �

�

(a)� b� �

�

(b)� a + �

�

(
)� d� �

�

(d)� 


+ �

�

(e)� f � �

�

(f)� e

6
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and

�

0

�

= �

�

(pt)� B + �

�

(B)� pt

+ �

�

(a)� f � �

�

(b)� e+ �

�

(
)� d� �

�

(d)� 


+ �

�

(e)� b� �

�

(f)� a

so

D = �

�

(a)� (b� f) + �

�

(e)� (f � b)

� �

�

(b)� (a� e)� �

�

(f)� (e� a)

= �

�

(a� e)� (b� f)� �

�

(b� f)� (a� e):

One 
an use the de�nition of � to dire
tly 
he
k that the elements �

�

(b� f)

and �

�

(a� e) are 0 modulo n. This proves the lemma.

Let X

n

be the Z=n 
y
li
 bran
hed 
over of

e

B � B rami�ed over D. Let

X

n

!

e

B and X

n

! B be the indu
ed proje
tions. Sin
e Dj

pt�B

is the

divisor �(pt)� �(�(pt)), the �bers of X

n

!

e

B are smooth Z=n 
overs of B

totally rami�ed over 2 points, hen
e have genus 3n. Similarly, sin
e Dj

e

B�pt

is the divisor �

�1

(pt)� �(�

�1

(pt)), the �bers of X

n

! B are Z=n 
overs of

e

B rami�ed over 2n

2

points, hen
e have genus 3n

3

� n

2

+ 1.

The signature of X

n

is determined by Hirzebru
h's formula whi
h, sin
e

�(

e

B �B) = 0, be
omes

�(X

n

) = �

n

2

� 1

3n

D

2

:

Now D

2

is easily 
omputed as follows:

D

2

= 2�

�

(a� e) � �

�

(b� f)� (b� f) � (a� e)

= 2�

�

(a � b+ e � f)� (b � a + f � e)

= �8�

�

(pt)� pt

= �8n

2

:

Thus we have �(X

n

) =

8

3

(n

3

� n) whi
h 
ompletes the proof of our main

theorem.

Remark 3.3. One way we improved Hirzebru
h's 
onstru
tion in the above

was by 
onsidering an n

2

-fold 
over as opposed to the n

6

-fold 
over taken

7
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in [5℄. (We repla
ed the kernel of the natural map �

1

(B) ! H

1

(B;Z=n)

by the kernel of the 
omposition �

1

(B) ! H

1

(B;Z=n) ! (Z=n)

2

when we

de�ned the unrami�ed 
over of B.) This makes us able to �nd �brations

over the same base genus as in [5℄ with smaller �ber genera. The other basi


improvement was to observe that both the proje
tions to B and

e

B indu
e

smooth �brations, in parti
ular, Hirzebru
h's original 
onstru
tion gave a

�bration with base genus 3. (This latter fa
t was also observed by LeBrun

[9℄.)

4. Con
luding remarks

4.1. Asymptoti
s of the genus fun
tion

The question of determining the smallest possible base genus of a surfa
e

bundle over a surfa
e with nonzero signature 
an be re�ned as follows:

De�nition 4.1. Let g

h

(k) be the smallest possible base genus for a smooth

genus-h �bration with signature 4k, i.e.

g

h

(k) = minfg j 9 a �

h

-bundle X ! �

g

with �(X) = 4kg:

It is not hard to see that the sequen
e

g

h

(k)

k


onverges; following [3℄ we de�ne

G

h

as lim

k!1

g

h

(k)

k

.

As a 
orollary of Theorem 3.1 we have:

Corollary 4.2. For h = 3n the asymptoti
 value G

h

satis�es G

3n

�

3n

n

2

�1

:

Proof. The proof follows the standard argument by taking an m-fold un-

bran
hed 
over

e

B

m

of the base

e

B and pulling ba
k the family X

n

!

e

B

found in Theorem 3.1. In this way we obtain a genus-3n �bration over

a 
urve of genus 1 + 2n

2

m, whose total spa
e has signature

8m

3

(n

3

� n).

Therefore g

3n

(

2m

3

(n

3

� n)) � 1 + 2n

2

m and so

G

3n

� lim

m!1

1 + 2n

2

m

2m(n

3

� n)=3

=

3n

n

2

� 1

:

This 
on
ludes the proof of the 
orollary.

Remark 4.3. Noti
e that in De�nition 4.1 we used the fa
t that the sig-

nature of a surfa
e bundle is divisible by 4. This follows from the Noether

8
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formula (be
ause a surfa
e bundle of �ber genus � 2 admits an almost 
om-

plex stru
ture) in the same way as this formula had been used in the proof

of Theorem 2.3.

Remark 4.4. By setting h = 3n we get that G

h

�

9

h�

9

h

�

9

h�2

on
e h is

divisible by 3. This bound improves the bound found in [3℄ nearly by 50%.

4.2. Surfa
es in the moduli of 
urves

By �xing a Riemann metri
 on a surfa
e bundle f : X ! �

g

of �ber

genus h the �bers be
ome 
omplex 
urves, therefore the map f indu
es

a map '

f

: �

g

! M

h

, where M

h

is the moduli spa
e of genus-h 
om-

plex 
urves. It is known that H

2

(M

h

;Z)

�

=

Z on
e h � 5 and from

Meyer's work [11℄ for a generator a of this 
ohomology group we have

4ha; ('

f

)

�

[�

g

℄i = ��(X): Therefore a surfa
e bundle with nonzero signa-

ture gives a (real) 2-dimensional surfa
e in M

h

representing a nontrivial

homology 
lass. Hen
e the problem of determining the smallest possible

base genus of a surfa
e bundle with nonzero signature and �ber genus h is in


lose 
onne
tion with the minimal genus problem of 2-dimensional homology


lasses of M

h

. Noti
e, though, that be
ause of the failure of the existen
e

of the universal 
urve over M

h

, a map ' : �

g

! M

h

does not ne
essarily


ome from a surfa
e bundle through the above 
onstru
tion.

We 
on
lude the paper by a 
onstru
tion of a holomorphi
 map ' : C P

1

!

M

321

. Sin
e '(C P

1

) is a 
omplex submanifold, it is nontrivial in homology

(be
ause the K�ahler form of M

321

evaluates nontrivially on it).

Remark 4.5. It is known [10℄ that �

1

(M

h

) = 0, hen
e H

2

(M

h

;Z)

�

=

�

2

(M

h

), implying that every se
ond homology 
lass 
an be represented by

a sphere. The novelty of our 
onstru
tion is that it provides an example of

a 
lass represented by a holomorphi
 sphere, i.e. a 
omplete rational 
urve.

4.2.1. The 
onstru
tion of the map

Consider an unrami�ed double 
over � : C

0

! C of the holomorphi
 genus-

2 
urve C. For 
 2 C we 
onstru
t a genus-321 holomorphi
 
urve (and

therefore an element inM

321

) in the following way: take the unrami�ed 
over

of C

0

� �

�1

(
) 
orresponding to the subgroup of �

1

(C

0

� �

�1

(
)) spe
i�ed by

the kernel of the natural surje
tion �

1

(C

0

� �

�1

(
))! H

1

(C

0

� �

�1

(
);Z=2).

Let B




be the 
ompa
ti�
ation of this 
urve; an easy argument shows that

9
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B




is of genus 321. The 
omplex stru
ture on B




only depends on the


omplex stru
ture of C and the point 
, therefore B




is isomorphi
 to B

t(
)

where t : C ! C is the hyperellipti
 involution of C. Sin
e the quotient of

C by the a
tion of t is C P

1

, we get the desired map ' : C P

1

! M

321

by

[
; t(
)℄ 7! [B




℄.

One 
an also argue that the 
lassifying map B !M

3n

3

�n

2

+1

indu
ed by

X

n

(see Se
tion 3) fa
tors through B ! C ! C P

1

whi
h gives in parti
ular

a rational 
urve in M

21

. In all of the above 
ases, it is not hard to show

that the family over the genus-3 
urve B will not des
end to a family over

the genus-2 
urve C (or C P

1

, obviously). Thus, to �nd a �bration with a

base of genus 2 requires a di�erent 
onstru
tion.

A
knowledgement: The authors would like to thank the organizers of the

G�okova Topology Conferen
e for their hospitality and the informal ambian
e

from whi
h this work grew out. The authors would also espe
ially like to

thank Dan Freed and Ivan Smith for dis
ussions on these matters.

The resear
h of R.D. was partially supported by NSF grant DMS98-02456.

The resear
h of J.B. was supported by NSF grant DMS-0072492, an Alfred P.

Sloan Foundation Resear
h Fellowship and the Clay Mathemati
s Institute.

A.S. was partially supported by OTKA and Sz�e
henyi Professzori

�

Oszt�ond��j.

Referen
es

[1℄ M. F. Atiyah, The signature of �bre-bundles, Global Analysis, Papers in Honor of

K. Kodaira, Tokyo Univ. Press, 1969, 73{84.

[2℄ H. Endo, A 
onstru
tion of surfa
e bundles over surfa
es with non-zero signature,

Osaka J. Math. 35 (1998), 915{930.

[3℄ H. Endo, M. Korkmaz, D. Kots
hi
k, B. Ozbag
i and A. Stipsi
z, Commutators,

Lefs
hetz �brations and the signature of surfa
e bundles, preprint.

[4℄ R. E. Gompf and A. I. Stipsi
z, 4-manifolds and Kirby 
al
ulus, Graduate Studies

in Mathemati
s, vol. 20, Ameri
an Math. So
iety, Providen
e 1999.

[5℄ F. Hirzebru
h, The signature of rami�ed 
overings, Global Analysis, Papers in Hon-

or of K. Kodaira, Tokyo Univ. Press, 1969, 253{265.

[6℄ K. Kodaira, A 
ertain type of irregular algebrai
 surfa
es, J. Anal. Math. 19 (1967),

207{215.

[7℄ M. Korkmaz, Private 
ommuni
ation.

[8℄ K. Lamotke, The topology of 
omplex proje
tive varieties after S. Lefs
hetz, Topol-

ogy 20 (1981), 15{51.

10



Jim Bryan, Ron Donagi, and Andr�as I. Stipsi
z

[9℄ C. LeBrun, Di�eomorphisms, symple
ti
 forms and Kodaira �brations, preprint

2000. (arXiv:math.SG/0005195)

[10℄ C. Ma
la
hlan, Modulus spa
e is simply 
onne
ted, Pro
. AMS 29 (1971), 85{86.

[11℄ W. Meyer, Die Signatur von Fl�a
henb�undlen, Math. Ann. 201 (1973),239{264.

[12℄ A. I. Stipsi
z, Surfa
e bundles with non-vanishing signatures, preprint.

[13℄ W. Thurston Some simple examples of symple
ti
 manifolds, Pro
. AMS 55 (1976),

467{468.

Department of Mathemati
s, Tulane University, 6823 St. Charles Ave.,

New Orleans, LA 70118

E-mail address : jbryan�math.tulane.edu

Department of Mathemati
s, University of Pennsylvania, Philadelphia,

PA 19104-6395

E-mail address : donagi�math.upenn.edu

Department of Analysis, ELTE TTK, Ke
skem

�

eti u. 10-12, H-1055 Bu-

dapest, Hungary

E-mail address : stipsi
z�
s.elte.hu

11


