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Abstra
t

In order to understand the relationship between the Gromov-Witten invariants of

a Calabi-Yau 3-fold X and the enumerative geometry of X , one needs to know how

multiple 
overs of 
urves 
ontribute to the invariants.

In these le
ture notes, we survey some old and new results about multiple 
over

formulas. We also de�ne \BPS invariants" in terms of the Gromov-Witten invariants

via the formula of Gopakumar and Vafa. These invariants are 
onje
turally integer

valued and we show that the known multiple-
over formulas for the Gromov-Witten

invariants indeed lead to integral 
ontributions to the BPS invariants, sometimes in

subtle ways. These integrality predi
tions lead to 
onje
tural 
ongruen
e properties of

Hurwitz numbers. We prove a few of these 
ongruen
es in the last se
tion.

Ultimately, we hope the understanding of the 
ontribution of 
urves in X to the

BPS invariants of X will lead to an intrinsi
 geometri
 de�nition of the BPS invariants

and that the Gopakumar-Vafa formula 
an be proven as a theorem (rather than a

de�nition).

�

The author is supported by an Alfred P. Sloan Resear
h Fellowship and NSF grant DMS-0072492

1
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1 Multiple 
over formulas

Let X be a Calabi-Yau 3-fold (for example, the quinti
 hypersurfa
e X

3

(5)

� CP

4

). We wish

to study the Gromov-Witten invariants of X. For g 2 Z

�0

and � 2 H

2

(X;Z), let M

g

(X;�)

be the moduli spa
e of genus g, degree �, stable maps to X and let [M

g

(X;�)℄

vir

be the

virtual fundamental 
lass (see [2℄, [16℄, or [7℄). Sin
e the virtual dimension of M

g

(X;�) is

always zero for a Calabi-Yau 3-fold, essentially the only Gromov-Witten invariants of X

are the zero-point invariants whi
h we 
an view simply as rational numbers N

g

�

(X) 2 Q

whi
h only depend on g, �, and the deformation type of X. In terms of the usual notation,

N

g

�

(X) := h i

X

g;�

=

Z

[M

g

(X;�)℄

vir

1 2 Q

where this last integral is just notation for the image of [M

g

(X;�)℄

vir

under the natural

map H

0

(M

g

(X;�);Q) ! Q.

The basi
 question that we wish to address is:

Question 1. How are the invariants N

g

�

(X) related to the enumerative geometry of X? In

other words, how are the Gromov-Witten invariants of X related to the number of genus g


urves in X in the 
lass � and visa-versa?

The following well known example is the proto-typi
al relationship between enumerative

geometry and Gromov-Witten invariants. It is 
lassi
ally known that a generi
 quinti
 3-

fold X

3

(5)


ontains 2875 lines and 609250 
oni
s. If H denotes the 
lass of the line, then

N

0

H

(X

3

(5)

) = 2875 = #flinesg

N

0

2H

(X

3

(5)

) =

4876875

8

= #f
oni
sg+

1

8

#flinesg:

The se
ond term in the formula for N

0

2H

is the 
ontribution of maps whi
h are degree two


overs of the lines. One sees in this 
ase that one 
an re
over enumerative information

about X from its Gromov-Witten invariants as long as one understands the 
ontributions

of multiple 
overs to the invariant.

There are 2875 lines

and 609250 
oni
s on X
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In order to dis
uss multiple 
over 
ontributions in general, we make the following de�-

nition.

De�nition 1.1. Let C � X be a 
urve and let M

C

� M

g

(X; d[C℄) be the lo
us of maps

whose image is C; suppose that M

C

is an open 
omponent of M

g

(X; d[C℄). Then de�ne

N

g

d

(C � X) 2 Q, the lo
al Gromov-Witten invariant of C (also 
alled the multiple 
over


ontribution of C) by restri
ting [M

g

(X; d[C℄)℄

vir

to H

0

(M

C

;Q) and then pairing with 1.

Note that N

g

d

(C � X) only depends on the in�nitesimal neighborhood of C in X. We

will sometimes just write N

g

d

(C) if the neighborhood of C is understood from the 
ontext.

The �rst multiple 
over formula was 
onje
tured by physi
ists ([5℄ or [6℄), derived by

Aspinwall-Morrison [1℄, and proved in the 
ontext of Gromov-Witten theory by Voisin [20℄:

Theorem 1.2. If C � X is an embedded CP

1

with N

C=X

�

=

O(�1) �O(�1) (a so-
alled

(-1,-1)-
urve), then

N

0

d

(C � X) =

1

d

3

If one knew that all the rational 
urves inX were (-1,-1)-
urves, then using this formula,

one 
ould obtain the number of rational 
urves in ea
h degree re
ursively in terms of

the Gromov-Witten invariants. However, this hypothesis on the rational 
urves of X is

somewhat strong; for example, it fails for a generi
 quinti
 3-fold. Even if we assume the

Clemen's 
onje
ture (whi
h states that there are a �nite number of rational 
urves in ea
h

degree on a generi
 quinti
) there are always rational 
urves with 6 nodes in degree �ve;

Vainsen
her has shown that there are 17,601,000 su
h 
urves [19℄.

X has 6-nodal 
urves

in degree 5

The multiple 
over formula of a nodal rational 
urve is not the same as the multiple 
over

formula of a smooth rational 
urve. Therefore, this example shows that in order to under-

stand the relationship between the enumerative geometry and the genus 0 Gromov-Witten

invariants of a quinti
 (and probably any other Calabi-Yau 3-fold) we must understand the

multiple 
over formulas for more general kinds of rational 
urves. The �rst results in this

dire
tion were proved by Bryan-Katz-Leung in [3℄:
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Theorem 1.3. Let X be a Calabi-Yau 3-fold and let C � X be a rational 
urve with one

node and assume that C is super-rigid (see De�nition 2.3). Then

N

0

d

(C � X) =

X

njd

1

n

3

:

Multiple 
over formulas for the 
ase when C � X is an arbitrary 
ontra
table embedded

rational 
urve are also proved in [3℄. Su
h 
urves do not have to be (-1,-1)-
urves; they 
an

also have normal bundlesO�O(�2) or O(1)�O(�3). The multiple 
over formulas for these


urves do not just depend on the type of the normal bundle; they involve the multipli
ities

of 
ertain non-redu
ed subs
hemes supported on C in their Hilbert s
heme. We will state

the pre
ise results in Se
tion 3 in the language of BPS invariants (see Theorem 3.5).

2 Multiple 
over formulas in higher genus

For multiple 
over formulas for higher genus Gromov-Witten invariants, there are the fol-

lowing basi
 results:

Theorem 2.1 (Faber-Pandharipande [8℄). Let C � X be a (-1,-1)-
urve, then

N

g

d

(C � X) = d

2g�3

jB

2g

(2g � 1)j

(2g)!

:

Theorem 2.2 (Pandharipande [18℄). Let C � X be a super-rigid ellipti
 
urve (see

De�nition 2.3), then

N

g

d

(C � X) =

(

0 if g 6= 1

1

d

P

njd

n if g = 1

These two formulas should be viewed as the �rst two in a series of multiple 
over

formulas for generi
ally embedded 
urves of arbitrary genus.

For the rest of these notes we will mostly be interested in the multiple 
overs of a

generi
ally embedded genus g 
urve C

g

� X in a Calabi-Yau 3-fold when g > 1. We begin

by a digression on super-rigidity and its relevan
e to the de�nition of the lo
al invariants

of C

g

.

De�nition 2.3. If M

C

� M

g

(X; d[C℄) is an open 
omponent (
.f. De�nition 1.1) and

M

C

�

=

M

g

(C; d) then we say C is (d; g)-rigid. If C is (d; g)-rigid for all d and g, we say C

is super-rigid.

For example, a (-1,-1)-
urve is super-rigid and an ellipti
 
urve E � X is super-rigid if

and only if N

E=X

�

=

L� L

�1

where L! E is a 
at line bundle su
h that no power of L is

trivial. An example whereM

C

is an open 
omponent butM

C

6

�

=

M

g

(C; d) is the 
ase where

C � X is a 
ontra
table, smoothly embedded CP

1

with N

C=X

�

=

O �O(�2). In this 
ase
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M

C

has non-redu
ed stru
ture 
oming from the (obstru
ted) in�nitesimal deformations of

C in the O dire
tion of N

C=X

.

Let h � 0 and suppose a smooth 
urve C

g

� X is (d; g+h)-rigid. Then N

g+h

d

(C

g

� X)


an be expressed as the integral of an Euler 
lass of a bundle over [M

g+h

(C

g

; d)℄

vir

. Let

� : U ! M

g+h

(C

g

; d) be the universal 
urve and let f : U ! C

g

be the universal map.

Then

N

g+h

d

(C

g

� X)

�

=

Z

[M

g+h

(C

g

;d)℄

vir


(R

1

�

�

f

�

(N

C=X

)):

In fa
t, this integral only depends on g, h, and d sin
e we 
an write

Z


(R

1

�

�

f

�

N

C=X

) =

Z


(R

�

�

�

f

�

N

C=X

[1℄)

=

Z


(R

�

�

�

f

�

(O

C

� !

C

)[1℄)

where all the integrals are over [M

g+h

(C

g

; d)℄

vir

. The �rst equality holds be
ause (d; g+h)-

rigidity implies that R

0

�

�

f

�

N

C=X

is 0; the se
ond equality holds be
ause N

C=X

deforms to

O

C

� !

C

(where !

C

is the 
anoni
al sheaf of C). This last integral only depends on g, h,

and d and we regard it as the idealized multiple 
over 
ontribution of a genus g 
urve by

maps of degree d and genus g + h.

We will denote this idealized 
ontribution by the following notation:

N

h

d

(g) :=

Z

[M

g+h

(C

g

;d)℄

vir


(R

�

�

�

f

�

(O

C

� !

C

)[1℄):

Whether of not there exist super-rigid 
urves of genus g > 1 in a Calabi-Yau 3-fold is

a subtle question about the geometry of Calabi-Yau's. On the other hand, to 
onstru
t

a genus g 
urve that is (d; g + h)-rigid for any �xed g, h, and d is probably 
onsiderably

less hard. Moreover, from the previous dis
ussion, we see that N

g+h

d

(C

g

� X) = N

h

d

(g)

whenever C

g

is (d; g + h)-rigid.

One also expe
ts that these rigidity issues are less deli
ate in the symple
ti
 setting. For

a generi
 almost 
omplex stru
ture on X, it is more reasonable to expe
t that a 
ondition

like super-rigidity will hold for any pseudo-holomorphi
 
urve in X.

In light of this dis
ussion, we see that the numbers N

h

d

(g) are natural to 
ompute and

are, in fa
t, 
riti
al to our understanding of the relationship of the Gromov-Witten invari-

ants with enumerative geometry. Unfortunately, as we've already seen in Theorems 2.1 and

2.2, these are 
ompli
ated rational numbers, even in the 
ase of g = 0 or 1. A priori, there

is no obvious way to organize and simplify these 
ontributions. Remarkably, the formula

of Gopakumar-Vafa and the BPS invariants seem to give a framework for understanding

multiple 
over 
ontributions in terms of simpler, 
onje
turally integer 
ontributions.
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3 BPS invariants and the Gopakumar-Vafa formula

In [9℄, Gopakumar and Vafa found, via physi
al arguments, a relationship between the

Gromov-Witten invariants and 
ounts of 
ertain BPS states in M-Theory. Currently, there

is no mathemati
ally rigorous geometri
 de�nition of the BPS state 
ounts (although there

have been some positive results in this dire
tion, 
.f. Remark 3.3). However, one 
an use the

Gopakumar-Vafa formula to de�ne the BPS state 
ounts in terms of the Gromov-Witten

invariants.

De�nition 3.1. We de�ne the BPS invariants n

r

�

(X) by the formula:

X

� 6=0

X

r�0

N

r

�

(X)t

2r�2

q

�

=

X

� 6=0

X

r�0

n

r

�

(X)

X

k>0

1

k

�

2 sin(

kt

2

)

�

2r�2

q

k�

:

Mat
hing the 
oeÆ
ients of the two series yields equations determining n

r

�

(X) re
ursively

in terms of N

r

�

(X).

From the above de�nition, there is no (mathemati
al) reason to expe
t n

r

�

(X) to be an

integer. Thus, the physi
s makes the following predi
tion.

Conje
ture 3.2. The BPS invariants are integers:

n

r

�

(X) 2 Z:

Remark 3.3. A

ording to physi
s, the BPS invariants should have a geometri
 de�nition

along the following lines: there should be a moduli spa
e of D-branes

^

M ! M where M

parameterizes 
urves in X in the 
lass � and the �ber of

^

M !M over some 
urve C 2M

parameterized 
at line bundles on C. Furthermore, there should be an sl

2

� sl

2

represen-

tation on H

�

(

^

M;C) so that the diagonal a
tion is the usual sl

2

Lefs
hetz representation

(assuming

^

M is 
ompa
t, smooth, and K�ahler). The BPS state 
ounts n

g

�

(X) should then

be the 
oeÆ
ients in a 
ertain kind of de
omposition of H

�

(

^

M;C) as a sl

2

� sl

2

represen-

tation. The 
orre
t general de�nition of the D-brane moduli spa
e is unknown, although

there has been re
ent progress in the 
ase when the 
urves move in a surfa
e S � X (see

[12℄, [13℄, [15℄). The nature of the 
orre
t D-brane moduli spa
e in the 
ase where there are

non-redu
ed 
urves in the family M (e.g. any multiple of a 
urve 
lass) is 
urrently poorly

understood. In this 
ase, the �ber of

^

M !M over a point 
orresponding to a non-redu
ed


urve may involve higher rank bundles on the redu
tion of the 
urve.

The physi
al dis
ussion suggests that the BPS invariants will be a sum of integral


ontributions 
oming from ea
h 
omponent of the D-brane moduli spa
e (whatever it is).

Consequently, we expe
t that various 
ontributions to the Gromov-Witten invariants arising

from 
omponents in the moduli spa
e of stable maps (e.g. the lo
al invariants N

g

d

(C � X))

should lead to integral 
ontributions to the BPS invariants. Thus we de�ne (again via the

Gopakumar-Vafa formula) the lo
al BPS invariants 
orresponding to the lo
al Gromov-

Witten invariants.
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De�nition 3.4. De�ne the lo
al BPS invariants n

g

d

(C � X) in terms of the lo
al Gromov-

Witten invariants by the formula

X

� 6=0

X

g�0

N

g

d

(C � X)t

2g�2

q

d

=

X

d6=0

X

g�0

n

g

d

(C � X)

X

k>0

1

k

�

2 sin(

kt

2

)

�

2g�2

q

kd

:

Note that n

g

d

(C � X) is well de�ned whenever the lo
al invariants N

g

0

d

0

(C � X) are

de�ned for all g

0

� g and d

0

jd. We also use the notation n

h

d

(g) for the lo
al BPS invariants

obtained from N

h

d

(g).

The lo
al BPS invariants are mu
h simpler than the 
orresponding lo
al Gromov-Witten

invariants in the known 
ases. The multiple 
over formulas stated in the previous se
tion


an be restated as follows

1

:

n

g

d

((-1,-1)-
urve) =

(

1 for g = 0 and d = 1

0 otherwise,

n

g

d

(super-rigid ellipti
 
urve) =

(

1 for g = 1 and any d

0 for g 6= 1,

n

g

d

(super-rigid 1-nodal rational 
urve) =

8

>

<

>

:

1 for g = 0 and any d

1

#

for g = 1 and any d

0

#

for g > 1,

Amazingly, the Gopakumar-Vafa formula has magi
ally en
oded all the 
ompli
ated

rational numbers, sums over divisors, et
. that o

ur in the N

g

d

's into the few simple

integers o

urring in the n

g

d

's !

The lo
al BPS invariants 
an have values other than 0 or 1 as shown in the following

result of Bryan-Katz-Leung [3℄ for embedded 
ontra
table CP

1

's:

Theorem 3.5. Suppose C � X is a smoothly embedded, 
ontra
table CP

1

in a Calabi-Yau

3-fold X. That is, there exists a map � : X ! Y with Y normal su
h that �(C) = fpg

and � indu
es an isomorphism XnC

�

=

Y np. De�ne subs
hemes C = C

1

� C

2

� � � � � C

l

by their ideal sheaves as follows. Let I

C

l

= �

�1

(I

p

) and de�ne I

C

i

, 1 � i � l to be the

sheaf of fun
tions on X that vanish to order i along C when restri
ted to the pullba
k of a

generi
 hyperplane se
tion in Y passing through p. Note that i is the length of C

i

over C

(
.f. De�nition 1.6 in [3℄).

Let k

i

be the multipli
ity of C

i

in its 
orresponding Hilbert s
heme. Then

n

g

d

(C � X) =

(

k

d

if g = 0 and d 2 f1; : : : ; lg

0 otherwise.

1

The numbers marked by # are not proved but are based on reasonable 
onje
tures in Gromov-Witten

theory.
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The number l is K�ollar's invariant \length". If N

C=X

�

=

O � O(�2), then l = 1 and

k

1

> 1 is Reid's invariant \width". For N

C=X

�

=

O(1) �O(�3), the length 
an be 2, 3, 4,

5, or 6. No other normal bundles are possible for a 
ontra
table CP

1

(see [14℄).

4 BPS invariants of higher genus 
urves

In this se
tion we will dis
uss results for the degree d, genus g + h multiple 
overs of

embedded genus g 
urves. That is, we wish to 
ompute the (idealized) lo
al Gromov-

Witten invariants N

h

d

(d) and the 
orresponding lo
al BPS invariants n

h

d

(g).

In general, there are few, if any, te
hniques to 
ompute the integral required for N

h

g

(g).

When g = 0 this 
an be done by Graber-Pandharipande lo
alization [10℄ sin
e there is a C

�

a
tion on the moduli spa
e indu
ed by the a
tion on P

1

. When g = 1, there is the a
tion

of the ellipti
 
urve itself on the moduli spa
e indu
ed by translation, and this a
tion plays

a 
ru
ial role in Pandharipande's 
omputation[18℄. But for g > 1 the usual te
hniques for


omputing Gromov-Witten invariants do not apply.

4.1 Contributions from maps with a single �etale 
omponent.

The moduli spa
e M

g+h

(C

g

; d) is extremely 
ompli
ated in general; it 
an be singular

with many di�erent 
omponents of di�erent dimensions interse
ting along 
ompli
ated sub-

s
hemes. However, it does have some open 
omponents where the integral de�ning N

h

d

(g)

is 
omputable. One su
h 
omponent that is important is the lo
us of maps 
onsisting of a

single �etale 
omponent with simply atta
hed 
ollapsing 
omponents.

De�nition 4.1. Let M

�et

� M

g+h

(C

g

; d[C

g

℄) be the lo
us of maps f : D ! C

g

with D =

D

�et

[D

0

where D

�et

is 
onne
ted, f : D

�et

! C

g

is �etale, and f is 
onstant on the 
omponents

of D

0

. Furthermore, we require that the 
omponents of D

0

are simply atta
hed to D

�et

, that

is in the dual graph of D no 
y
le 
ontains the vertex 
orresponding to D

�et

.

�

Etale

Component (D

�et

)f

Collapsed 
omponents (D

0

)

C

g
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The above �gure illustrates a map in M

�et

.

A deformation argument shows that M

�et

is an open 
omponent of M

g+h

(C

g

; d). Sin
e

M

�et

is an open 
omponent, it has a virtual fundamental 
lass obtained by restri
ting the

virtual 
lass of M

g+h

(C

g

; d) to it. De�ne N

h

d

(g)

�et

to be the 
ontribution to N

h

d

(g) obtained

by integrating over this 
omponent, that is

N

h

d

(g)

�et

:=

Z

[M

�et

℄

vir


(R

�

�

�

f

�

(O

C

� !

C

)[1℄):

De�ne n

h

d

(g)

�et

to be the 
orresponding 
ontribution to the BPS invariants.

Remark 4.2. A priori, there is no obvious reason, even physi
ally, for the numbers n

h

d

(g)

�et

to be integers (ex
ept for the range of d, h, and g where M

g+h

(C

g

; d) = M

�et

so that

n

h

d

(g)

�et

= n

h

d

(g)). However, in [4℄ Bryan and Pandharipande 
ompute a 
losed formula

for n

h

d

(g)

�et

and they show that n

h

d

(g)

�et

2 Z for all d, g, and h. This is highly suggestive

that the 
orre
t D-brane moduli spa
e for multiples of a rigid 
urve has a distinguished


omponent 
orresponding to the �etale 
ontributions n

h

d

(g)

�et

.

The formula for n

h

d

(g)

�et

is as follows:

Theorem 4.3 (see [4℄). For any �xed d and g, the �etale BPS invariants n

h

d

(g)

�et

are given

by the follow generating fun
tion:

X

h�0

n

h

d

(g)

�et

y

h+g

=

X

kjd

k

d

�(

d

k

)C

k;g

�

yP

d

k

(y)

�

k(g�1)

where �(a), C

k;g

, and P

l

(y) are de�ned below.

�(a) is the M�obius fun
tion, i.e.

�(a) =

(

0 if a is not square-free

(�1)

l

if a is a produ
t of l distin
t primes.

C

k;g

is the number of 
onne
ted, �etale, degree k, 
overs of a genus g 
urve, ea
h 
ounted

by the re
ipro
al of the number of automorphisms. Finally, P

l

(y) is the polynomial de�ned

by the equation

P

l

(4 sin

2

(t)) =

sin

2

(lt)

sin

2

(t)

;

it is given expli
itly by

P

l

(y) =

l�1

X

a=0

l

a+ 1

�

a+ l

2a+ 1

�

(�y)

a

:

It is not obvious from the formula in the theorem that n

h

d

(g)

�et

2 Z. However, it is true

and also proved in [4℄. The proof relies on somewhat deli
ate properties of the rational

numbers C

k;g

and the polynomials P

l

(y).

Theorem 4.4 (see [4℄). The �etale BPS invariants n

h

d

(g)

�et

are integers.
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4.2 Contribution from maps with 2 rami�
ations

There is another situation where M

g+h

(C

g

; d) has a distinguished open 
omponent. If

h = (d� 1)(g � 1) + 1

then there are exa
tly two open 
omponents, namely the �etale 
omponent M

�et

and one

other

f

M � M

g+h

(C

g

; d). In this subse
tion we �x d, g, and h so that the above equation

holds. The generi
 points of

f

M 
orrespond to maps of smooth 
urves with exa
tly two

simple rami�
ation points. Let

e

N

h

g

(d) be the 
orresponding 
ontribution to the Gromov-

Witten invariants so that

N

h

d

(g) = N

h

d

(g)

�et

+

e

N

h

d

(g):

The 
omponent

f

M has a �nite map to Sym

2

(C

g

) given by pointwise by sending a map to

its bran
hed lo
us (see [8℄ for the existen
e of su
h a morphism).

The invariant

e

N

h

d

(g) is 
omputed by Bryan and Pandharipande in [4℄ by a Grothendie
k-

Riemann-Ro
h (GRR) 
omputation. The relative Todd 
lass required by GRR is 
omput-

ed using the formula of Mumford [17℄ adapted to the 
ontext of stable maps (
.f. [8℄

Se
tion 1.1). The interse
tions in the GRR formula are 
omputed by pushing forward to

Sym

2

(C

g

). The result of this 
omputation is the following:

Theorem 4.5.

e

N

h

d

(g) =

Z

~

M


(R

�

�

�

f

�

(O

C

g

� !

C

g

)[1℄) =

g � 1

8

�

(g � 1)D

d;g

�D

�

d;g

�

1

27

D

��

d;g

�

:

The numbers D

d;g

, D

�

d;g

, and D

��

d;g

are the following Hurwitz numbers of 
overs.

D

d;g

= the number of 
onne
ted, degree d 
overs of C

g

simply bran
hed over 2 distin
t

�xed points of C

g

.

D

�

d;g

= the number of 
onne
ted, degree d, 
overs of C

g

with 1 node lying over a �xed

point of C

g

.

D

��

d;g

= the number of 
onne
ted, degree d 
overs of C

g

with 1 double rami�
ation point

over a �xed point of C

g

.

The 
overs are understood to be �etale away from the imposed rami�
ation. Also, D

d;g

,

D

�

d;g

, and D

��

d;g

are all 
ounts weighted by the re
ipro
al of the number of automorphisms

of the 
overs.

There is an additional Hurwitz number whi
h is natural to 
onsider here:

D

���

d;g

= the number of 
onne
ted, degree d 
overs of C

g

with 2 distin
t rami�
ation points

in the domain lying over a �xed point of C

g

.
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However, D

���

d;g

is determined from the previous Hurwitz numbers by the degeneration

relation:

D

d;g

= D

�

d;g

+

1

3

D

��

d;g

+D

���

d;g

(1)

(see [11℄). Theorem 4.5 therefore involves all of the independent 
overing numbers whi
h

appear in this 2 bran
h point geometry.

As M

g+h

(C

g

; d) has the two 
omponent de
omposition

f

M [M

�et

, the 
orresponding

Gromov-Witten invariant N

h

d

(g) = N

h

d

(g)

�et

+

e

N

h

d

(g) is determined by Theorem 4.3 and

Theorem 4.5. Sin
e the BPS invariant n

h

g

(g) only depends on N

h

0

d

0

(g) for h

0

� h and d

0

jd,

when h = (d � 1)(g � 1) + 1 we 
an 
ompletely determine n

h

d

(g) if d is prime; it only gets


ontributions from the �etale 
ontributions and

e

N

h

d

(g). Thus we get the following:

Corollary 4.6. Let h = (d� 1)(g � 1) + 1 then

N

h

d

(g) =

g � 1

24

�

� 2dC

d;g

+ (3g � 3)D

d;g

� 3D

�

d;g

�

1

9

D

��

d;g

�

:

Suppose also that d is prime, then

n

h

d

(g) = n

h

d

(g)

�et

+

e

N

h

d

(g):

Sin
e n

h

d

(g)

�et

is integral by Theorem 4.4, the integrality 
onje
ture predi
ts that

e

N

h

d

(g) 2

Z when d is prime. Using our 
omputation of

e

N

h

d

(g), this 
an be rephrased as the following


onje
tural 
ongruen
e properties about Hurwitz numbers:

Conje
ture 4.7. Let

�

d;g

= (g � 1)

�

27(g � 1)D

d;g

� 27D

�

d;g

�D

��

d;g

�

:

Then for d prime,

�

d;g

� 0 (mod 216):

Although D

d;g

, D

�

d;g

, and D

��

d;g

are not a priori integers, we will prove in Se
tion 5 that

�

d;g

2 Z. We will then verify the 
onje
ture for d = 2 and 3.

Remark 4.8. Various 
ongruen
e properties of C

d;g

(the number of degree d 
onne
ted

�etale 
overs) were also used in the proof of the integrality of the �etale BPS invariants

n

h

d

(g)

�et

(see [4℄). We spe
ulate that these and the above 
onje
ture are the beginning

of a series of 
ongruen
e properties of general Hurwitz numbers that are en
oded in the

integrality of the lo
al BPS invariants.
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5 Congruen
e properties of Hurwitz numbers

In this se
tion we prove Conje
ture 4.7 for d = 2 and 3.

Let D

d;g

, D

�

d;g

, D

��

d;g

, and D

���

d;g

be the Hurwitz numbers de�ned in Subse
tion 4.2. We

begin by showing that �

d;g

is an integer. This immediately follows from the degeneration

relation (Equation 1) and the following lemma.

Lemma 5.1. The numbers D

�

d;g

, D

��

d;g

, and D

���

d;g

are integers.

Proof: Let

e

D

��

d;g

and

e

D

��

d;g

be the Hurwitz numbers analogous to D

��

d;g

and D

���

d;g

but

where we allow 
overs that are not ne
essarily 
onne
ted in the 
ount. Similarly, let

e

C

d;g

be the analog of C

d;g

, i.e. the number of (not ne
essarily 
onne
ted) �etale 
overs (this is


alled a

d;g

in [4℄).

These numbers are more natural from the point of view of group theory. A 
over of

a genus g 
urve rami�ed over at most one point is determined by the monodromy of the

2g generators of the on
e pun
tured surfa
e. The rami�
ation type is determined by the

monodromy around the pun
ture. Thus we get:

e

D

���

d;g

=

1

d!

#f(a

1

; : : : ; a

g

; b

1

; : : : ; b

g

) 2 (S

d

)

2g

j

g

Y

i=1

[a

i

; b

i

℄ is 2 disjoint 2-
y
lesg;

e

D

��

d;g

=

1

d!

#f(a

1

; : : : ; a

g

; b

1

; : : : ; b

g

) 2 (S

d

)

2g

j

g

Y

i=1

[a

i

; b

i

℄ is a single 3-
y
leg;

e

C

d;g

=

1

d!

#f(a

1

; : : : ; a

g

; b

1

; : : : ; b

g

) 2 (S

d

)

2g

j

g

Y

i=1

[a

i

; b

i

℄ = 1 g:

By the proof of Lemma C1 in [4℄, the numbers

e

D

��

d;g

,

e

D

�

d;g

, and

e

C

d;g

are all integers. The

relationship between the above Hurwitz numbers and their analogs for 
onne
ted 
overs is

easily derived geometri
ally. Clearly,

e

D

��

d;g

=

d

X

j=0

D

��

j;g

e

C

d�j;g

(2)

e

D

���

d;g

=

d

X

j=0

D

���

j;g

e

C

d�j;g

:

These formulas imply indu
tively that D

��

d;g

;D

���

d;g

2 Z. By taking the normalization of

the 
overs 
ounted by D

�

d;g

, we get the following relationship:

�

d

2

�

e

C

d;g

=

d

X

l=2

D

�

l;g

e

C

d�l;g

: (3)



5 CONGRUENCE PROPERTIES OF HURWITZ NUMBERS 13

(See [4℄ for the relationship between

e

C

d;g

and C

d;g

). Multiplying the above equation by q

d

,

summing over d, and re-indexing, we arrive at the following identity of formal power series:

1

2

q

2

d

2

dq

2

0

�

X

d�1

e

C

d;g

q

d

1

A

=

0

�

X

l�2

D

�

l;g

q

l

1

A

0

�

X

m�0

e

C

m;g

q

m

1

A

:

The series on the left is an integer series and sin
e

P

1

m=0

e

C

m;g

q

m

is an integer series

beginning with 1, it has an inverse series that is integral. Thus

P

D

�

l;g

q

l

is an integer series

and the lemma is proved.

Theorem 5.2. Conje
ture 4.7 holds for d = 2 and d = 3. That is �

2;g

� �

3;g

� 0

(mod 216).

Proof when d = 2: In this 
ase, the Hurwitz numbers 
an be determined expli
itly.

Sin
e d = 2, D

��

2;g

= D

���

2;g

= 0 and so D

2;g

= D

�

2;g

whi
h 
an be 
ounted as follows.

The normalization

e

C

0

! C

0

of a double 
over C

0

! C

g

with one node over p 2 C

g

is

�etale. Conversely, any �etale double 
over

e

C

0

! C

g

gives rise to a 
onne
ted 
over with one

node over p by gluing. The number of su
h 
overs is 2

2g

and sin
e they all have a Z=2

automorphism, we have

D

2;g

= 2

2g�1

:

Thus

�

2;g

= 27(g � 1)(g � 2)2

2g�1

whi
h is 0 modulo 216.

Proof for d = 3: In this 
ase, D

���

3;g

= 0 and D

3;g

= D

�

3;g

+

1

3

D

��

3;g

so

�

3;g

= (g � 1)(27(g � 2)D

�

3;g

+ (9g � 10)D

��

3;g

):

From Equation 2 we see that D

��

3;g

=

e

D

��

3;g

and from Equation 3 we dedu
e that

D

�

3;g

= 3

e

C

3;g

�

e

C

2;g

= 3

e

C

3;g

� 2

2g�1

:

We need to show that �

3;g

� 0 (mod 8) and �

3;g

� 0 (mod 27). We �rst 
ompute

modulo 8:

�

3;g

� (g � 1)(3(g � 2)3

e

C

3;g

+ (g � 2)

e

D

��

3;g

) (mod 8)

� (g � 1)(g � 2)(

e

C

3;g

+

e

D

��

3;g

) (mod 8):
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Sin
e a produ
t of 
ommutators is an even 
y
le and the only even 
y
les in S

3

are the

identity and the 3-
y
les, we see that

e

D

��

3;g

+

e

C

3;g

=

1

3!

#f(a

1

; : : : ; a

g

; b

1

; : : : ; b

g

) 2 (S

3

)

2g

g

= 6

2g�1

:

Thus

�

3;g

� (g � 1)(g � 2)6

2g�1

(mod 8)

� 0 (mod 8):

It remains to prove that �

3;g

� 0 (mod 27). Sin
e

�

3;g

� (g � 1)(9g � 10)

e

D

��

3;g

(mod 27)

it suÆ
es to prove that

e

D

��

3;g

� 0 (mod 27) for g > 1.

Let � 2 S

3

be a non-trivial 3-
y
le. For any � 2 S

3

de�ne

D

�

g

= #f(a

1

; : : : ; a

g

; b

1

; : : : ; b

g

) 2 (S

3

)

2g

j

g

Y

i=1

[a

i

; b

i

℄ = �g:

Note that

e

C

3;g

=

1

6

D

1

g

and

e

D

��

3;g

=

1

6

(D

�

g

+D

�

2

g

) =

1

3

D

�

g

. A dire
t 
ount shows that D

1

1

= 18

and D

�

1

= D

�

2

1

= 9. So we have

D

1

g

= D

1

g�1

D

1

1

+D

�

g�1

D

�

2

1

+D

�

2

g�1

D

�

1

= 18D

1

g�1

+ 18D

�

g�1

;

and therefore

e

C

3;g

= 18

e

C

3;g�1

+ 9

e

D

��

3;g�1

:

Similarly,

e

D

��

3;g

=

1

3

D

�

g

=

1

3

(D

�

g�1

D

1

1

+D

1

g�1

D

�

1

+D

�

2

g�1

D

�

2

1

)

= 9D

�

g�1

+ 3D

1

g�1

= 27

e

D

��

3;g�1

+ 18

e

C

3;g�1

:

Using these formulas, indu
tion on g then easily implies that

e

D

��

3;g

� 0 (mod 27) for

g > 1 and the theorem is proved.
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