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Abstract

In the singular perturbation limit ¢ — 0, we analyze the linear stability of multi-spot patterns on a bounded 2-D
domain, with Neumann boundary conditions, as well as periodic patterns of spots centered at the lattice points of a
Bravais lattice in R2, for the Brusselator reaction-diffusion model

1
vt:e2Av+e27v+fuv2, Tut:DAqu—Q(vfqu),
€

where the parameters satisfy 0 < f < 1,7 > 0, and D > 0. A previous leading-order linear stability theory characterizing
the onset of spot amplitude instabilities for the parameter regime D = O(v~ '), where v = —1/log e, based on a rigorous
analysis of a nonlocal eigenvalue problem (NLEP), predicts that zero-eigenvalue crossings are degenerate. To unfold
this degeneracy, the conventional leading-order-in-v NLEP linear stability theory for spot amplitude instabilities is
extended to one higher order in the logarithmic gauge v. For a multi-spot pattern on a finite domain under a certain
symmetry condition on the spot configuration, or for a periodic pattern of spots centered at the lattice points of a
Bravais lattice in R?, our extended NLEP theory provides explicit and improved analytical predictions for the critical
value of the inhibitor diffusivity D at which a competition instability, due to a zero-eigenvalue crossing, will occur. Our
higher-order analysis also provides a detailed characterization of the spectrum of the linearization of the spot pattern
within the small ball |A| = O(v) < 1 of the spectral plane whenever D is sufficiently close to this competition stability
threshold. For the finite-domain problem the second term in the asymptotic expansion of this critical value of D is
shown to depend on the matrix spectrum of the Neumann Green’s matrix. For the periodic spot problem, this second
term is shown to depend on the regular part of the Bloch Green’s function for the Laplacian. Finally, when D is below
the competition stability threshold, a different extension of conventional NLEP theory is used to determine an explicit
scaling law, with anomalous dependence on ¢, for the Hopf bifurcation threshold value of 7 that characterizes temporal
oscillations in the spot amplitudes.

Key Words: Spot patterns, Brusselator, nonlocal eigenvalue problem, Hopf bifurcation, zero-eigenvalue crossing,
competition stability threshold, Bloch Green’s function, Bravais lattice.

1 Introduction

Spatially localized 2-D spot patterns are a class of “far-from-equilibrium” [19] patterns that are well-known to occur
for certain two-component reaction-diffusion (RD) systems in the singular perturbation limit of a large diffusivity ratio.
These localized patterns have been shown to exhibit a wide variety of phenomena such as slow spot dynamics, spot-
pinning behavior, spot self-replication, and two types of O(1) time-scale spot amplitude instabilities that occur in certain
parameter regimes (cf. [3], [7], [10], [11], [13], [17], [18], [20], [22], [24], [25], [26], [27], [32], [33], [34], [37]). Localized
spot patterns have also been observed in diverse experimental settings [16], [8], and [2]. A survey of localized pattern
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formation with application to chemical physics is given in [29], while [14] surveys localized pattern formation problems
that lead to snaking-type bifurcation diagrams in a range of specific applications. The rich phenomena exhibited by these
“far-from-equilibrium” localized patterns has been the impetus for the development of new theoretical tools for their
analysis, owing to the fact that conventional Turing-type stability analysis [28] is not applicable. A recent survey of some
of these theoretical tools, as applied to the study of localized spot patterns in the Brusselator RD model in 2-D, is given
in [30].

In this article we will develop an explicit higher-order asymptotic theory to analyze spot amplitude instabilities for the
non-dimensional Brusselator model, formulated in 2-D as

1
v = EAv+ € — v+ fur?, Tur = DAu+ — (v —w?) . (1.1)
€

The non-dimensionalization of the original Brusselator model of [21], which leads to (1.1), is given in Appendix A. We
will apply our higher-order theory to both periodic patterns of spots in R? and to N-spot patterns, with N > 2, in a
bounded 2-D domain with Neumann boundary conditions and under a certain symmetry condition on the configuration
of spots involving the Neumann Green’s matrix (see (2.7) below).

Mathematically, a spot pattern for (1.1) is a spatial pattern where v is concentrated as € — 0 near certain discrete spatial
points, which then typically drift asymptotically slowly in time towards some steady-state spot configuration (cf. [24], [26]).
For these spot patterns, spot amplitude instabilities are O(1) time-scale instabilities of the spot profile that are fast relative
to the asymptotically long time-scale associated with slow spot dynamics, and so these instabilities can be analyzed by
“freezing” the spatial configuration {xi,...,xn} of spots. There are two types of spot amplitude instabilities that are
associated with locally radially symmetric perturbations of the profiles of the localized spots: competition instabilities
due to a zero-eigenvalue crossing, which numerically are found to lead to spot annihilation, and time-periodic oscillatory
instabilities of the spot amplitudes resulting from a Hopf bifurcation. One primary challenge for analyzing spot amplitude
instabilities in a 2-D setting, that does not occur in the well-studied 1-D case (see [31], [23] and the references therein),
is that the key small parameter for the linear stability analysis is the logarithmic gauge v = —1/loge, and that spot
amplitude instabilities occur in the parameter regime D = O(v~1).

To leading order in v for the D = O(v~!) regime, and with 7 = O(1), spot amplitude instabilities for the Brusse-
lator (1.1) have been analyzed in [22] from a rigorous spectral analysis of a nonlocal eigenvalue problem (NLEP). This
conventional leading-order NLEP theory, as motivated by similar NLEP analyses for other RD systems in [32] and [34]
(see also [36]), provides only a leading-order determination of the competition stability threshold in D. Moreover, this
leading-order theory also predicts that the zero-eigenvalue crossing is degenerate when N > 2, as N — 1 distinct spatial
modes are predicted to go unstable at the leading-order competition threshold value of D. In addition, with regards to
spot amplitude oscillations, the leading-order NLEP theory predicts that there are no oscillatory instabilities of the spot
amplitudes for any O(1) value of 7 when D is below this threshold. An open question then is whether a Hopf bifurcation
can occur in this regime of D for some 7 > 1.

In an effort to obtain a higher-order asymptotic theory, a hybrid asymptotic-numerical approach, similar to that first
developed in [11] and [7] for other RD systems, was formulated to study spot amplitude instabilities for the Brusselator on
the sphere [22] and in a planar 2-D domain [26]. In this formulation, the resulting eigenvalue problem for spot amplitude
instabilities is a globally coupled eigenvalue problem (GCEP) that accounts for all powers of v, but which can only be
solved numerically. From this GCEP, quantitatively accurate predictions for the stability thresholds can be computed
that result from either zero-eigenvalue crossings or Hopf bifurcations. However, a disadvantage of the GCEP formulation
is that analytically it is intractable to track the spectrum of the linearization as parameters are varied, and so no explicit
analytical results in the spectral plane are available.

As a compromise between the limitations of the leading-order NLEP theory, and the analytical intractability of the
GCEP hybrid asymptotic-numerical eigenvalue formulation, we will develop a higher-order-in-v extended NLEP theory
to analytically calculate certain parameter thresholds for spot amplitude instabilities more accurately than the leading-
order NLEP theory. Our higher-order theory, also provides detailed analytical results for the behavior of the spectrum
of the linearization near the critical stability thresholds. More specifically, our new focus in this article is to develop a
two-term asymptotic theory in the logarithmic gauge v to both accurately and analytically predict parameter thresholds
for instabilities of the amplitudes of a collection of localized spots in the large inhibitor diffusivity regime D = O(v—1),
where v = —1/loge. We will consider both N-spot patterns, with N > 2, in a bounded 2-D domain, under a certain
symmetry condition (2.7) on the spatial configuration of spots, as well as a steady-state periodic pattern of spots centered



at the lattice points of a Bravais lattice in R%. Our higher-order-in-v linear stability theory for the regime D = O(r~1)
relies on developing a two-term asymptotic approximation to the eigenvalues of the GCEP, as originally formulated in [22]
(see also [26]).

In §2 we briefly outline the hybrid asymptotic-numerical approach of [22] and [26] for constructing quasi-equilibrium
spot patterns and for deriving the GCEP governing spot amplitude linear instabilities. Although this analysis, which
effectively provides an approximation accurate to all orders in v, has been given previously, this explicit construction is
needed here as a starting point for our new explicit two-term asymptotic analysis in §4-5 below. In §3, we show how a
leading-order analysis of the GCEP in the D = O(v~!) regime recovers the conventional leading-order NLEP theory, and
a rigorous result for the competition instability from this leading-order theory is summarized in Proposition 3.2. In §3.1,
for an N-spot pattern on a bounded domain, we derive a modified NLEP to analyze the possibility of spot amplitude
temporal oscillations for some 7 > 1 when D is below the competition stability threshold. From this modified NLEP, we
show, for this range of D, that the spot amplitudes will undergo a Hopf bifurcation when 7 = 7 ~ e~ /v > 1 for some
anomalous threshold 7. > 0. An explicit formula for 7. is given in Proposition 3.3.

The main new results from our study are given in §4 and §5. For competition instabilities, which are due to zero-
eigenvalue crossings, our explicit two-term asymptotic theory for both the finite-domain and periodic problems in §4 and
§5, respectively, will yield a two-term asymptotic expansion for the stability threshold Dcomp,e of the inhibitor diffusivity
D in the form Dgomp,e = Doc/v + D + o(1), for some explicit Dy, and D;. However, most importantly, our refined
asymptotic theory also provides a detailed characterization of the spectrum of the linearization of the spot pattern within
the small ball |[A\| = O(v) < 1 of the spectral plane when D — Dy./v = O(1).

For an N-spot pattern on a bounded-domain, in §4 we show that the spectrum for D near the competition threshold
is discrete and is determined by the eigenvalues in an N — 1 dimensional eigenspace of the the Neumann Green’s matrix
(see Fig. 2 below). Our main spectral result is summarized in Proposition 4.1, and was simply stated without derivation
in the survey article [30]. For this bounded domain problem, our explicit two-term theory unfolds the N — 1 dimensional
degeneracy of the zero-eigenvalue crossing inherent with conventional leading-order NLEP theory. Moreover, since the
stability threshold is an asymptotic expansion in the logarithmic gauge v = —1/loge, our two-term theory provides a
significantly more accurate and explicit prediction of this threshold than that afforded by leading-order NLEP theory (see
Fig. 3 below). This theory also explicitly identifies which spatial mode is the first to lose stability as D is increased.

In contrast, for competition instabilities associated with the periodic spot problem, in §5 we show when D — Dy./v =
O(1), for some leading-order threshold Dy., that there is a real-valued continuous band of spectrum within the small
ball |[A\| = O(v) of the spectral plane. This band depends on the regular part Rpo(k) of the Bloch Green’s function
for the Laplacian and is parameterized by the Bloch wavevector k (see Fig. 6 below). This main spectral result is
given in Proposition 5.1, and it was announced without any derivation in [30]. By detecting the right-most edge of this
continuous band, a max-min criterion involving Ryo(k) is formulated in order to identify that it is a regular hexagonal
lattice arrangement of spots that provides an optimal linear stability threshold. A similar methodology to identify optimal
periodic lattice arrangements of spots was developed in [10] for the Gierer-Meinhardt, Schnakenberg, and Gray-Scott
models. Our extension of this method of [10] to the Brusselator model (1.1) is significantly more intricate as the underlying
NLEP has two nonlocal terms, one of which must be eliminated in a self-consistent way.

In §6 we discuss a few open problems for the analysis of spot amplitude instabilities.

Finally, we remark that our higher-order NLEP-type analysis only characterizes spot amplitude instabilities for (1.1)
that occur on an O(1) time-scale when D = O(v~1). There are possibly other stability thresholds associated with the
small eigenvalues of order O(€?) in the spectrum of the linearization, which are not addressed herein. Unstable eigenvalues
of this type correspond to translational perturbations in the spot locations, but are weak instabilities in that they are only
realized over asymptotically long O(e~2) time-scales.

2 Quasi-Equilibrium Spot Patterns and Linear Stability Theory

In this section we briefly outline the asymptotic construction in of a quasi-equilibrium N-spot pattern for (1.1) for a given

spot configuration {x1,...,xy}, and we derive the globally coupled eigenvalue problem (GCEP) characterizing the linear
stability of the quasi-equilibrium pattern to radially symmetric perturbations near the j-th spot.
2

For € — 0, we have v = O(1) in the core of the spot, where |x — x;| = O(¢), and v ~ € away from the spot centers



where |x — x;| = O(1). In the core of the j-th spot, we let u = D~'/2u;(p) and v = D¥/?v;(p), with y = ¢ (x — x;) and
p = |yl, and obtain the radially symmetric core problem (cf. [22])
Apvjfvj+fujv]24:07 ApujJrvjfujv?:O, p=lyl >0,

2.1
u;(0) = v3(0) = 0; v; — 0, u; ~ Sjlogp+ x(S;) as p— oo, j=1,....,N, 21)

where A, = 0,, + p_18p. Here the parameter S; is the source strength for the j-th spot, which will be determined by
matching the core solutions to a globally defined outer solution. The function x(.S;), which also depends on f, must be
determined from a numerical solution to (2.1) by calculating lim,_, . (u; — S;log p) = x(S;).

To formulate the problem for the global inhibitor field u defined for [x —x;| > O(e), we note that the far-field behavior
for u; in (2.1) implies that cach spot is represented by a Dirac measure whose strength is proportional to S;. In this way,
in the outer region, (1.1) yields that v ~ €2, and that the global inhibitor field satisfies

N
DAu:—1—l—27r\/5§:5j(5(x—xj)7 x € Q; Oohu=0, xe€0. (2.2a)
j=1

Labeling v = —1/loge < 1 and x(S;) = x;, the asymptotic matching conditions yield that
u~ D7V (S;log|x — x;| + Sj/v+x;) as x—x;, j=1,....N. (2.2b)

The key feature in (2.2b) is that in each singularity condition u ~ A;log|x — x,| + Bj, the regular part, B;, of it is
prescribed. This yields one constraint for each j = 1,...,N. We then solve (2.2) in terms of the Neumann Green’s
function for any small fixed v, to obtain a nonlinear algebraic system (NAS) for the spot strengths S; for j =1,...,N.
In this way, our construction of quasi-equilibria has the effect of summing all the logarithmic terms in powers of v.

The solution to (2.2) is

N N
uw=—2rD"1/? Z SiGo(x;x;) + 1, provided that 271’\/52 S; =19, (2.3)

i=1 j=1

where (2] is the area of Q. Here @ is an unknown constant, and Go(x;X¢) is the Neumann Green’s function satisfying

AGy = —d(x—x9), x€Q; 0,Gog =0, x€09;

1
Q
i 1 (2.4)
/Godx:O, GoN—Q—log\x—xo|+R0(x0)—|—o(1) as X — Xp.
Q s

By calculating the limiting behavior of v in (2.3) as x — x;, we enforce that its regular part agrees with that in the
singularity condition (2.2b). This yields that Si,..., Sy and % must satisfy the nonlinear algebraic system

N N
_ . €
Sj+27r1/ SjRoj-F;SZ‘G()ﬁ -I—I/X(Sj) :I/Dl/QU, J = 1,...,N; ;Sj = 27(@, (25)
i#£]
where we have defined Ry; = Ro(x;), Goji = Go(x;;%;). By eliminating @ from (2.5), we obtain a NAS for S:
S+27w(I—S)QOS+1/(I—5)x:&e. (2.6a)
2rNvVD
Here (-)” denotes the transpose, Z is the N x N identity matrix, and we have defined
S1 X1 1 1 R . .
. . . j 1= ..
S = , X= , e= , E=—eel ) (G = 05 7, d4i=1,...,N.
: : : N / Go(xi;x5) i#7
SN XN 1
(2.6b)

S



When the NAS (2.6) has a solution Sy, ..., Sy, the Brusselator (1.1) has an N-spot quasi-equilibrium solution for the
given spatial configuration {x1,...,xy} of spots. Since a detailed study of the solvability of the NAS for an arbitrary
spot configuration is intractable analytically, we will focus our analysis below on “symmetric” spot patterns for which
e=(1,...,1)T is an eigenvector of the Neumann Green’s matrix Gy, i.e. that

doe = ko€, (2.7)

for some kg1. For such symmetric spot patterns, the NAS (2.6) admits a common source strength solution with

€]
Si=8.=——+~, =1,...,
! 21V DN J

A ring-pattern of spots, where the ring is concentric within the unit disk, is a simple example of a symmetric spot pattern.

N. (2.8)

2.1 Linear Stability of Quasi-Equilibrium Spot Patterns

Next, we derive the globally coupled eigenvalue problem (GCEP) characterizing the linear stability of N-spot quasi-
equilibria to locally radially symmetric perturbations of the profile of the spot. There are two types of such O(1) time-
scale “spot amplitude” instabilities. A competition instability, due to a zero-eigenvalue crossing, is a sign-changing linear
instability that preserves the average spot amplitude, but which ultimately triggers a nonlinear process through which
one or more spots are annihilated. The second type is an oscillatory instability of the spot amplitudes, which occurs via
a Hopf bifurcation when a complex conjugate pair of eigenvalues of the linearization crosses the imaginary axis.

We let ve and u,. denote the quasi-equilibrium pattern, and in (1.1) we introduce the perturbation
V=10, 4 e, u=u. +eMn, (2.9)
where |¢| < 1 and n < 1, This yields the singularly perturbed eigenvalue problem

EAP — ¢+ 2fucved + foin=Np, xE€Q, Onp =0, x€0, (2.10a)
1
DAn+ = (¢ — 2ucved —vin) = 7An, x€Q, Onn=0, xe€dfN. (2.10Db)
€
Near the j-th spot centered at x;, we have that v, ~ D'2v;(p) and u.(p) ~ D~'/?u;(p), with y = e *(x — x;) and

p = |yl|, where u; and v; satisfy the core problem (2.1). In the j-th inner region, we introduce the locally radially
symmetric eigenfunction

o(x) ~ D;(p),  n(x)~ N;(p). (2.11)

Then, from (2.10), we obtain the following radially symmetric BVP system on p > 0:
qu)j — q)j + Qij’Uj(I)j + f’sz-Nj = )\éj s (I)j — 0 as p — 00, (212&)
ApNj+(1—2UjUj)‘I)j—U]2Nj =0, N;~Cjlogp+Bj, as p— o0, (2.12b)

where A, = 0,, + p_lap, provided that the following consistency condition holds:
A2 /D < 1. (2.13)

In (2.12b) we have specified the far-field behavior N; = O(log p) as p — oo, as is consistent since A,N; — 0 for p > 1.
As a remark, since (2.12) is linear and homogeneous, we can write

Bj = C;B;(\,S;) (2.14)

where Bj(),S;) must be computed numerically from (2.12) with the far-field conditions d,N; ~ 1/p and ®; — 0 as
p — 00.



As similar to the analysis of the quasi-equilibrium pattern, the outer problem for 7, as obtained by matching the local
behavior for  as x — x; to the far-field behavior of N; as p = o0, is

N
A
An—%n:Zﬂ;CﬂS(x—xi), x €, On=0, xe€0Q, (2.15a)
o )
n~Cjlog|x —xj|+—++B;, as x—x;, j=1,...,N, (2.15b)
. y :
where v = —1/loge. Since the regular part of the singularity condition in (2.15b) is prescribed, each such condition

introduces a constraint. These constraints will lead to the GCEP. The solution to (2.15) is

N
n= —QWZ CiGA(x5%;) (2.16)

i=1

where the eigenvalue-dependent Green’s function G (x;x;) satisfies

A
AGy — 2Gy = —6(x—xi), x€Q;  9,Gr=0, x€;
D
' (2.17)
G,\~—%10g|x—xi|+R>\(xi)+o(1) as X — Xj.

By letting x — x; in (2.16), and then enforcing the singularity conditions in (2.15b), we obtain in matrix form that

Ry, 1=

, 2.18
Ga(xi5x5) i#] (2.18)

[[ +27vGr]c+vb =0, (G2)ij = {

where ¢ = (C4,...,Cn)T and b = (By,...,By)". In view of (2.14), the GCEP (2.18) is simply a homogencous linear
system of the form M (X)c = 0 for the vector ¢ of spot amplitude perturbations. This system has a nontrivial solution at
values of A where det M(A) = 0. Since the perturbation in v has the form

N
v=0.+D ZCJ@j [ |x — x|] M, (2.19)

Jj=1

it follows that any eigenvalue of the GCEP (2.18) in Re(A) > 0 corresponds to an instability in the spot amplitudes
resulting from a locally radially symmetric eigenfunction.

3 NLEP Theory: Spot Patterns in 2-D when D = Dy /v

In this section we study the linearized stability problem for the distinguished limit D = Dy /v > 1, where v = —1/loge.
In this regime, the GCEP (2.18) reduces to leading order in v to a nonlocal eigenvalue problem (NLEP). By analyzing
the spectrum of this NLEP we will analyze both competition and oscillatory instabilities on a finite domain.

In our derivation of an NLEP from the GCEP (2.18) for the distinguished limit D = Dg/v > 1, we will assume that
the spot pattern is symmetric in the sense that (2.7) holds. When D = O(r~1), (2.8) yields that the common spot source
strength is S. = O(v'/?) < 1. As a first step to deriving the NLEP, we need to determine a two-term asymptotic solution
to the core problem (2.1) when S. = O(v'/?). The result, which is readily derived from §4.1 of [22], is as follows:

Lemma 3.1 For S; = S. ~ vY/2(Sy +vSy +--+), a two-term expansion for the solution to the core problem (2.1) is

vj ~ V2 (vjo +vvjy ) uj ~ v 2 (ujo +vug o) X~ v Y2 (xo+vxi+0) (3.1a)
where
= X ! - (3.1b)
Vio = 57—, Vi1 = ——F7>5W— —5301p, Uio = X0 Uit = X1 — 5 Ulp - .
T fxo ! e xrr ! ! xof? "



Here b = fooo pw?dp, and w(p) is the unique ground-state solution satisfying
Ayw—w+w?=0, 0<p<oo; w(0) >0, w'(0)=0; w—0 as p—o0. (3.1c)
In (3.1b), v1, and uip, are defined uniquely by the linear BVPs

Lovip = wuip,  Augy =w® — fw,
0V1p = W U1y Upp = W fw (3.1d)
vip =0 and uip ~b(1 — fllogp+o(l) as p— oo,

where the operator Ly is defined by Lo = A, — 1+ 2w, with A, = ,, + p~10,. Moreover, xo and x1 are defined by

b(1 — b(1—f) S S >0
w=tamt =Rl oty ) e .

To derive the leading-order NLEP, in (2.12) we expand
(I)le/((I)jo-‘rl/(I)j1+"')7 NjNNj0+VNj1+"', BjZBj0+VBj1+"'7 Cj:V(Cj0+VCj1+"'). (3.2)

Upon substituting (3.2) into (2.12), and by using (3.1a) for the core solution v; and u;, we obtain that

2

w
Lo®jo+ —5Njo = AP, D0 —0 as — 00,
050 2% Jo 30 J0 P (3.3)
ApNjOZ(), N]‘ONBJ‘O as p— 00,
where Lo®j0 = A, @0 — ®jo + 2wdjo. We conclude that Njo = Bjg. At next order, we obtain that /Nj; satisfies
2w w?
Aplez— 1—7 (I)j()—f—fTX(Q)NjQ7 leNCjologp+Bj1 as p— 00. (34)
By using the divergence theorem on (3.4), we conclude that
b < 2w
040:7B40+/ p(l)fb-odp. (3.5)
g 0 f !

Next, we integrate the equation for ® ;¢ in (3.3) to calculate fooo p®j0 dp as

o 1 o b

This allows us to eliminate fooo p®0dp in (3.5) for Cjg. Then, by substituting C; = vCjo + --- and B; = Bjo + --- into
the GCEP (2.18), we obtain in vector form, with ¢y = (C1o, - ..,Cno)? and by = (B, - .., Bno)?, that

(I + QWVQA)CO +byg=0. (37)

Here for self-consistency we must ensure that vGy, = O(1). This is done below in two distinct parameter regimes. Then,
by substituting (3.6) and (3.5) into (3.7), we derive that by satisfies the matrix problem

b - o0
j§ﬂA+1—ﬂI+fQ+&MI+2mgQ 1b0:—ﬂA+1—fX/ pw®dp, (3.8)
0 0
where &y = (P19, ..., Pn0)7. We then use (3.1e) for o, together with Sy = |Q|/(2rN+/Dy), to write
X3 4 N?(1 - f)?

:Doe, 0=

b Rk



Upon substituting (3.8) into (3.3) for ®;q (recalling N;o = Bjo for j = 1,...,N), and using (3.9), we obtain the vector
NLEP

> pw®q d
Lo®, — /CuﬂmepLQOp —AD,, B0 as p— oo, (3.10a)
Jo~ pw?dp
where the matrix K is defined by
-1
K=20+1—f) [(A +1— )T+ Dof(A+1) (T +2mGy) "] . (3.10b)

To diagonalize this vector NLEP, we introduce the matrix spectrum of the A\-dependent Green’s matrix Gy as

g)\Vj = K;jVy, ]:1,,N (311)
In this way, in terms of the matrix eigenvalues ; of Gy, (3.10) yields the N scalar NLEPs given by
wWpdp 20 +1 - .
LO\IJ—ﬁj(A)wQIOOO 5 =\, B; = ( DJ;) ,  j=1,...,N, (3.12)
fo w pdp ()‘+1) |:1+ 1+27[1J'w€j:| _f

where ¥ — 0 as p — oco. Here Dy = Dv, 6 is defined in (3.9), and «; depends on A through the Green’s matrix Gy.

The conventional parameter regime for which vr; = O(1) in (3.12) is where D = Dy /v and 7 = O(1). This regime is
studied in this section. The second regime is for D = Dy /v but where 7 has the anomalous scaling 7 = O (¢~ " /v) for
some 7. > 0. This second regime is discussed in §3.1 below in the context of oscillatory instabilities in the spot amplitudes.

For the regime where D = Dy /v and 7 = O(1), (2.17) readily yields for » < 1 and X # 0 that

DogN 1 5

= & O E=— 3.13
g>\ VT)\‘Q| +g0+ (V)v Nee 5 ( )
where e = (1,...,1)T. Then, since e = e and £q; = 0 for j = 2,..., N where que = 0, the eigenvalues x; of Gy are

k1~ DoN/[vTA|Q|] and k; = O(1) for j =2,..., N. In this way, we obtain that

2w N D,
2TVKy ~ i; 2mvk; = O(v), for j=2,...,N, where pu= Ao (3.14)
TA 9]

The eigenpair k1 and vi = e is referred to as the synchronous mode, while the other N — 1 eigenpairs x; and v; = qj,
with q]Te =0 for j =2,..., N, are referred to as the asynchronous, or competition, modes. These latter modes preserve

the sum of the spot amplitudes owing to the fact that qfe =0, forj=2,...,N.

By substituting (3.14) into the NLEP (3.12), we obtain the following two distinct multipliers of the NLEP corresponding
to either asynchronous or synchronous perturbations in the spot amplitudes:

20 +1—-1) 20 +1—-1)
A+1) (14 Dob) — [’ A+ Dh(TA) = [

Dog’l’)\ _ 27TDON

/BaE T)\+M’ n= |Q|

Bs =

where h(TA) =1+

(3.15)

In [35] and [36], and more recently using a rigorous winding number approach in [27] and applied to the Brusselator in
[30], several key rigorous results have been established for the spectrum of NLEPs of the form (3.12) when §; is a bilinear
function of A. Since (3, in (3.15) is bilinear, these results can readily be used to analyze the linear stability properties for
the asynchronous modes. The following result for the competition instability threshold, corresponding to a zero-eigenvalue
crossing for the asynchronous modes, was proved in Proposition 3.3 of [30]. We summarize it as follows.

Proposition 3.2 Let N > 2, and consider the NLEP (3.12) for the asynchronous modes where B; = f,, as given in
(8.15). Then, Re(X) < 0 if and only if
D < Diomyp ~ Do /v Dy = % where b= /00 pw? dp. (3.16)
P ’ AT2N2p(1 — )’ 0
When D > D omp, the NLEP (3.12) has a unique positive real eigenvalue.

In §4, our new focus will be to extend the NLEP theory to one higher order in v in order to obtain a two-term
asymptotic result for the critical value D, of D at which a competition stability occurs. Moreover, we will provide a
detailed analysis of the spectrum of the linearization near this critical value.



3.1 Hopf Bifurcation for the Synchronous Mode

In this subsection we briefly discuss a few recent results in [30] for oscillatory instabilities of the spot amplitudes resulting
from a Hopf bifurcation of the NLEP (3.12) for the synchronous mode where the multiplier 3, is given in (3.15).

Since s = 2 4 O(r) for 7 < 1, we have from Theorem 3.7 of [35] that Re(A) < 0. This proves that the synchronous
mode is linearly stable for all Dy when 7 < 1. Next, we observe from (3.15) that 5 = 2 when A = 0, which from (3.12)
yields the null-solution ¥ = 0 (see Lemma 4.3 below). For the synchronous mode, we conclude that there can never be a
zero-eigenvalue crossing for the NLEP (3.12) for any parameter values. These two observations motivate seeking a Hopf
bifurcation value of 7 where a complex conjugate pair of eigenvalues enter Re(\) > 0 through the imaginary axis as 7 is
increased.

This Hopf threshold value of 7 was computed numerically in §4 of [30] by developing a new parameterization for the
NLEP (3.12) for purely complex eigenvalues of the form A = iA;. For f = 0.5, a normalized Hopf threshold 75 /p and the
Hopf eigenvalue A;py are plotted versus Dy in the left and right panels of Fig. 1. From Fig. 1(a), we conclude that there
is a unique Hopf bifurcation threshold 74 only on the range Dy > Dy.., and that 7 — +oo and Az — 0T as Dy — D(J{C.
The scaling law for this behavior, as derived in §4 of [30] is

Do ( 1 )_1/2 po(1 — f) ( 1 ) +
Aig ~ A —=— — 1| —= — 2k, , TH ~ —2K¢ ), as Dy — Dy, 3.17
IH DOC (1 7 f)2 H (DD70 B 1) (1 7 f)2 0 0 ( )

where o = 27N Do /|€2|. Here k. = UOOO p(w+ pw'/2)? dp] /[ pw? dp = 0.436.
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Figure 1: From [30]: The Hopf bifurcation threshold Tu /i (left panel) and Hopf eigenvalue Arg (right panel) versus Do/Doc when
f = 0.5 for the synchronous mode of instability for the NLEP (8.12) with multiplier Bs in (8.15). There is no Hopf threshold for
Do/Do. < 1, and T — 400 while Arg — 0" as Do/Doc — 1%, The inserts validate the scaling law of (8.17) (dashed curves) as
DO/DQC — 1+.

Together with the result in Proposition 3.2 for the competition modes, we conclude for v < 1 that the synchronous
mode is linearly stable when D < Dy./v for any 7 > 0 with 7 = O(1). When D > Dy./v, there is always a unique positive
real eigenvalue of the NLEP for the competition modes, in addition to an unstable complex conjugate pair of eigenvalues
for the synchronous mode when 7 increases above the Hopf bifurcation threshold 7.

Since the scaling law (3.17) yields that Ty A;g/D — oo as D — Dy /v for the synchronous mode, the assumption that
|7A/D| < 1, which was used in (3.13) to derive the NLEP with the multiplier 85 in (3.15), is not valid as D — Dy./v.
In [30] (see also [27] for related RD systems) this was the motivation for considering a new asymptotic limit for the range
7 > 1, but that still ensures that vk; = O(1), as required in (3.12). Assuming that |7A/D| > 1, we obtain that the
eigenvalue-dependent Green’s function Gy in (2.17) is well-approximated by the free space Green’s function Gy y, so that

1
Ga(x;x%0) ~ Gya(x;%x0) = ﬁKO (Or]x — x0]) , 0\ =+/7\v/Dy . (3.18)

Here the principal branch of the square root is specified to ensure that Gy \(x;xo) decays exponentially away from x.
Since Ko(z) has exponential decay as |z| — oo in Re(z) > 0, we obtain for |05 > 1 that the Green’s matrix Gy is,



asymptotically proportional to the identity, and is given by Gy ~ R, T where Ry ) is the regular part of Gy . This
regular part is readily calculated by using the asymptotics of Ky(z) for z — 0%. Therefore, in (3.12) and (3.11), we get in
terms of Euler’s constant 7, that

2mvk; ~ 2TVvRy N =V (—; log (v7\) + log (2\/5()) - %) . (3.19)
The key observation from (3.19) is that 27rvk; = O(1), when 7 is chosen to have an anomalous scaling of the form
T=¢ /v, (3.20)
where 7. > 0 is an O(1) parameter. With this scaling, (3.19) reduces to
vk = f% +vKo, Ko = f% log A + log (2\/D70) —Ye - (3.21)
By substituting (3.21) into (3.12) we obtain a modified NLEP problem in which 7. is a parameter. By analyzing this

modified NLEP, a Hopf bifurcation threshold value of 7. > 0 was identified in [30]. From (3.20) this yields a Hopf
bifurcation threshold with 77 > 1 in the regime where D < Dy, /v. This result of [30] is summarized as follows:

Proposition 3.3 For an N-spot pattern for the Brusselator (1.1) when D = Dy/v and Dy < Dy., where Dy, is the
competition instability threshold defined in (3.16), the NLEP (3.12) has a Hopf bifurcation, corresponding to temporal
oscillations in the spot amplitudes, when T = 7y and A\ = +i)\y, where

1 D
T~ —€ ¢, Tc:2(1— 0

v D0c> —Vlogy+y<2]og (2\/170> _Q'Ye—logx\fo) + 0%,

(3.22)
A ~ivAp + OW?), Ao = (1—f).

We remark that for v < 1, we have 0 < 7. < 2, since Dy < Dg.. Thus, with A = O(v) it follows that our required
consistency condition (2.13) is satisfied. We further remark that this anomalous Hopf threshold is not uniformly valid in
the limit Dy — D, for which 7. — 07. In the narrow regime where Dy — Dy, is asymptotically small, the Hopf bifurcation
threshold must be computed numerically from (3.12) by using the eigenvalues x; of Gx. We do not pursue this here.

4 Refined Asymptotic Analysis of the Competition Stability Threshold

A key observation in the analysis leading to Proposition 3.2 is that the leading-order competition stability threshold
D ~ Dy./v for v < 1 occurs as a result of a zero-eigenvalue crossing for an N — 1 dimensional subspace of asynchronous
perturbations in the spot amplitudes, as characterized by qfe =0 for j = 2,...,N. In this sense, this leading order
competition stability threshold is degenerate, and a higher-order asymptotic analysis is required to unfold this zero-
eigenvalue crossing, and to determine a more refined prediction of the competition instability threshold. More specifically,
we now introduce the de-tuning parameter Dy by

D = Dyo/v + Dy +o(1), (4.1)
so that by expanding S = v'/2(Sy 4+ vS; + ---) as in Lemma 3.1, we obtain from (2.8) that

__ Sy = D
27N/ Doe ! 2Do.
Our goal is to determine the eigenvalues A in the spectrum of the linearization within a small ball |A\] = O(v) < 1 near

the origin that are associated with asynchronous perturbations in the spot amplitudes. This detailed analysis is a new
result for spot patterns in a finite domain. It was simply stated, without derivation, in the survey article [30] as follows:

So So - (4.2)
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Proposition 4.1 Let v < 1, N > 2, 7 = O(1), and suppose that the symmetry condition (2.7) on the spot configura-
tion {X1,...,xn} holds. Then, for D = Dy./v + Dy + o(1), the spectrum of the NLEP corresponding to asynchronous
perturbations in the spot amplitudes has discrete eigenvalues A near the origin, with |\ = O(v) < 1, given by

Dy 1 >
A=2v(1—-f)|-mKo; + 5D, + A=) /0 PU1p dp} +o(v), (4.3a)
where v1,, s defined in (3.1d). Here koj;, for j =2,...,N, are the eigenvalues of the Neumann Green’s matriz Gy in the
N — 1 dimensional subspace orthogonal to e, i.e.
Goqj = Kojqj, Jj=2,...,N, where que =0. (4.3b)

A schematic plot of the spectrum near the origin is shown in Fig. 2. To determine the stability threshold, we simply
determine the largest discrete eigenvalue Aeqge from (4.3a), which is given in terms of the smallest xg;, and then choose a
small enough de-tuning parameter D; to ensure that Aeqge < 0. This yields the following result:

***** e i e S
1
A} | )\edge 3
*\ discrete spectfum S Re(N)
~§~ | "’
Sa ! .

-
- -
Srmada=="
|

Figure 2: Discrete real eigenvalues within the small ball |\ = O(v) for the case where the Green’s matriz Go has five distinct
etgenvalues ko; in the subspace orthogonal to e. The de-tuning parameter D1 is chosen small enough to ensure that the largest such
eigenvalue Aedge Satisfies Aeqge < 0.

Corollary 4.2 Let v < 1, N > 2, then there is a zero-eigenvalue crossing for the asynchronous modes at the (possibly)
N — 1 distinct values of D, given by

Dy, [ ( 1 / > .
D~D; = 14+v(27ky — 55— pvipdp |, j=2,...,N, 4.4
J TRE=f )
where vy, is defined in (3.1d). The competition instability threshold, defined by D comp.e = min; D, is
Do, 1 e _ .
Dcomp,E ~ v l:l +v (27T’fmin - m /0 PU1p dp>:| ) Rmin = ]€{r2r,nn,N} Roj - (45)

For the asynchronous modes, we have Re(X) < 0 when D < D comp.c-

The rest of this section is devoted to a derivation of our main result in Proposition 4.1. For D near the competition
threshold, we introduce the de-tuning of the diffusivity D in (4.1) and consider the neighborhood near A = 0,

A=vA +o(v). (4.6)

Then, upon writing the N inner problems in (3.3) in vector form with ®y = (®19,...,®n0)?, No = (N1, ..., Nno)T, and
bg = (B1o, - - -, Bno)T, we obtain with A = O(v) that
2

L0<I>O+%N0=O, Py —+0 as p— oco; A,Nog=0, No~by as p—oo. (4.7)
X0

11



Since Low = w?, we conclude from (4.7) that

w
i
By writing (3.4) in vector form, and expanding ¢ and b as (see (3.2))

®y=———by, by=Np. (4.8)

C:I/Co—|—V2C1—|—I/302—|—"', b:b0+1/b1+"', (49)
we get
2w w?
ANy =— 1—7 @0+WNO, p>0; N; ~cplogp+by as p— 0. (4.10a)
0
From the divergence theorem we conclude that
b < (2w
Co = 7b0 +/ 14 < - 1) (I)O dp 4.10b
il P\ (100)
Then, we use (4.8) for ®y and Ny in (4.10a), to obtain that
b
ApN1=—fT;2(w2—fw), p>0; N; ~cgologp+by as p— 0. (4.11a)
0

Upon using fooo pwdp = fooo pw? dp = b, together with (4.8) for @, we calculate cj in (4.10b) as

gt el r(-F ) vt (ord [ ooz [T tar) =
Ch=—F55+—— 1—-— Jwdp=—=(b+ wdp — 2 wdp | = —==(f—1)bg. 4.11b
0 f2X(2) fX(% 0 P f r f2x% ! 0 poar 0 P p f2X% f )b ( )

Next, we set A ~ vA; and D = v~ ! (DoC +vD + 12Dy + -+ ) in (3.13) and in the GCEP of (2.18) to obtain

2N
I+7r7[DOc+uD1+u2D2+--~}5+2m/g0 c+1vb=0,
TI/)\1|Q|

which can be written as

o D1 2 D2 2 2 o 27TNDOC o 1 T
(T)q ( —H/D()c +v Do + ) +vZ + 27y go) [ v°b; 140 o vee ( )
where Gy is the Neumann Green’s matrix.
Upon substituting (4.9) into (4.12), and equating powers of v, we get
/,60800 = 07 (4.13&)
Mogcl =Ri=-7\ (CO + b()) R (413b)
D
to€Eca = Ra = —7A1 (€1 + by +27Gpc) — MOD2 Ecy. (4.13¢)
Oc

From (4.13a), and (4.11b), we conclude that ¢y, and hence by, must lie in the N — 1 dimensional subspace orthogonal
to e. The solvability condition for (4.13b), given by Q?Rl =0 for j =2,...,N, for a set of mutually orthogonal vectors

42, --.,qn with que =0 for j =2,..., N, then enforces that ¢y + by = 0. In view of (4.11b), we conclude that

b(1—f) T

Cop = —b() y eTco = 07 eTb() = 0, X0 = f s Cl e = 0, (414)
so that c; is also orthogonal to e since £c; = 0. Then, by using (3.1e) for o, together with (4.2), we conclude that
b(1—f) 2?2 >
So 7 , 00 = LN = f) where /o pw dp (4.15)

12



This reproduces the leading-order competition threshold given in (3.16) of Proposition 3.2.
Next, we substitute f2x2 = b(1 — f) into (4.11), to obtain that the problem for N reduces to
bo
b(1—f)

Upon comparing (4.16) with the problem (3.1d) for the correction wuj, to the core problem as written in Lemma 3.1, we
conclude that

ANy = — (w® = fw) , p>0; Ni ~ —bglogp+b; as p—oco. (4.16)

bg

b(1—f)

To derive the perturbed NLEP problem, which will determine A\; via a solvability condition, we must formulate the
problems for Ny and ®; in the expansion

N1 - — Ulp + bl . (417)

N =Ny +vN; + 1Ny +---, S =v(P)+vP +-). (4.18)

By substituting (4.18), together with the expansion (3.1a) for the core solution, into (2.12), and then collecting powers of
v? in the equation for N;, we obtain on p > 0 that

2w
f> @jl +2 (Ujluj'o + ngujl) (I)jo + 'UJQ-Ole + QUjo’Ulejo . (419)

We then use (3.1b) for wjg, u;1, vjo, and vj1 in (4.19) to obtain in vector form that

2w X1Ww U1 w (51
ANy = —(1- == <I>+2( (—— ”>+< + p))@
’ ( f) O T A T e\ T )

w? 2w (1w U1
P 2 (Y
123 fxo \fxg  F3x8

Then, we substitute ®, and Ny, as given in (4.8), together with (4.17) for Ny, into (4.20), and recall that y2f2? = b(1— f).
After some algebra, we get that (4.20) reduces to

2w 3w?uy 2w? fxi w?
ANy, = —[1—- =) ®, — P by — b b
: (1 f) A pa Tt P (421)

Ny ~cilogp+by, as p— 0.

ApNjQ = — <]. —

(4.20)

Upon using the divergence theorem on (4.21), and using b = fooo pw? dp, we can calculate c; as

[T by 3by (% o 2fxab
o [ o (1) mor 2 - gy, et pa- 7 .

Next, we derive the problem for ®;;. By substituting (4.18), together with (3.1a) for the expansion of the core solution,
into the equation for ®; in (2.12), we obtain from the O(v) terms that

2
w
LO(bjl + 2f (Ujluj‘o + Ujonl) (I)jO + 2fNj0’Uj0’Uj1 + WNJI = )\ﬁbjo , (423)
0

on p > 0. We then use (3.1b) for wjo, uj1, vjo, and v;; in (4.23), together with ®(, Ny, and Ny as given in (4.8) and
(4.17). In this way, and recalling that x3f2 = b(1 — f), we obtain after some algebra that (4.23) reduces to

3w? fuyy w? f 2w? f*xq _
R T P T R AP T T h1 - f)

where ®; — 0 as p — 00, and Lo®; = A, @ — &1 + 20D,

Lo®; — b; —

bo , p=>0, (4.24)
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In order to obtain a perturbed NLEP with only one, rather than two, nonlocal terms we need to isolate fooo p®1 dp.
To do so, we integrate (4.24) over 0 < p < 0o, to obtain

> > 3/bo /OO 2 f 2bf%x1 ASf
— D, dp=— 200 P11 dp + 57— WU, dp — b; + by — by . 4.25
oo == [ 2w g [ oty g b . (629
We then use (4.25) in (4.22) to eliminate [;° p®1 dp. This yields that
(1-1) /OO 3by /Oo 2 2x1f A
= 200P1dp+ by — —F—— dp — by — by . 4.26
(7 S i T R ey i 420

A further relation between c1, by, and by is obtained by imposing a solvability condition on the second-order correction
term in (4.13c). Since £¢; = 0 and ¢y = —by from (4.14), this solvability condition is that

@ (c1+by —2mGobg) =0, j=2,...,N, qe=0, j=2,...,N, (4.27)

for any such set of mutually orthogonal vectors qs, ... quN-.

To analyze (4.27) we first recall from (4.14) that e’by = 0 and e’'c; = 0 so that ¢; and by must lie in the N — 1
dimensional subspace orthogonal to e. Moreover, since Gy is a symmetric matrix, and under our assumption that the spot

configuration {x1,...,xx} is symmetric in the sense that (2.7) holds, we must have that
goqj:"{OJq]a j:2aaN7 eTqJZOa J:277Na qqu:()a ]#k’ (428)
for some mutually orthogonal set qi,...,qy. As such, we conclude that Gybg is orthogonal to e. In terms of these

eigenvectors of Gy, we define the N — 1 dimensional subspace Q-+, together with its orthogonal complement Q| by
Ot =span{qy,...,an}, Qll = span{e}, where e=(1,...,1)". (4.29)

We then decompose by and ®; as
by =bi +bl, @& =& +&|, (4.30)

where bi- € 91, b! c ol ®f € 9t and i’! € Qll. The following Lemma shows bQ and <I>! must vanish identically.
Lemma 4.3 In the decomposition (4.30) we must have b! =0 and <I>¥ = 0. Therefore, e’ by =0 and e’ ®, = 0.
Proof: The solvability condition (4.27) provides no constraint on b!. However, from the component of (4.26) in Qll we
obtain that

b! = —<1_ff)/0 2pw<1>¥ dp. (4.31)

By substituting this relation into (4.24), and considering only its component in Q!l, we obtain that ‘I>¥ = @!(p) satisfies

o0 I

wP d
LO<I>|1—2w2f}00p21dp: , p=>0; @!%0 as p— 00, (4.32)
o Pwsap
which is equivalent to
J o0
o =2 (L w? —_—_, where J E/ pw<I>” dp.
1 ( 0 ) fo pw2 dp 0 1

Upon multiplying both sides of this expression by pw and integrating, and then using the identity L Lw? = w, we get

PO R il Ky,

which yields J = fooo pw<I>‘1| dp = 0. Since the nonlocal term in (4.32) vanishes, we conclude that <I>|1‘ = 0 since zero is not

in the spectrum of Ly within the class of radially symmetric functions (see [35]). Finally, (4.31), yields that b! =0. N
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This lemma shows that we need only consider the components of by and ®; in the subspace QF, which is orthogonal
to e, and is spanned by the eigenvectors of Gy. In this subspace, we obtain from the solvability condition (4.27) that
c1 = —bi +21Gyby. Upon substituting this expression into (4.26), and then solving for bi-, we get

(1—f) [ N 3bg o x1.f Af
P2 et g [T oo (G gty e 69

Finally, we use (4.33) to eliminate by in the component of (4.24) in Q*. After some algebra, and recalling 1/b(1 — f) = xof,
we obtain the following perturbed NLEP problem defined in Q*:

by = 1Gobg —

< pw®i dp f fw? 3fw?u
L@t g2l vl [)\ (w—k)—i—wwzgo}bo—i—mbo
L ewrde b= T\ T 20 ) (1 f)? (430
X1 3 o, f
+w2(—/ wu d)b.
vo WAL T =
To diagonalize (4.34), we have for any by € Q- that
N
by = djq;, (4.35)
j=2
for some coefficients da, ..., dy. Then, upon decomposing ®{ as
N
= (p)ay, (4.36)
j=2
it follows that (4.34) reduces to the N — 1 scalar perturbed NLEPs
. 5 > pwd; d .
Lo®; = Lo®; — wQIOOCL;p =F;, ®;, =0 as p— o0, (4.37a)
fo pw* dp
fd; [ < fw? ) 5 3wy, 5 (Xl 3 /°° 5 )]
Fi=———— M |w+F— ) +70k0j — 77— — W | = — w Uy d ) 4.37b
= M Vb A S )
where rg;, for j = 2,..., N, are the eigenvalues of Gy in the eigenspace QF (see (4.28)).
The next step in the calculation is to impose a solvability condition on (4.37) for each j = 2,..., N. To this end, we
define the homogeneous adjoint problem L£o*W¥ = 0 by
> pw?W d
Ly = Low —wh PV (139
fo pw* dp
In the class of radially symmetric functions, the nullspace of £} is one-dimensional, and is given by (see [35])
1
U* =w+ gpw/ . (4.39)

In fact, by a direct calculation, and using Low = w? together with integration by parts, we readily derive the identities
Lo¥V* = w, / pw?U* dp = / p (Low) (Lalw) dp = / pw?dp =10, (4.40)
0 0 0

which confirms £5U* = 0. From the Fredholm alternative, we conclude that a necessary condition for (4.37a) to have a
solution is that fooo pV*F;dp = 0. By using (4.37b) for F;, this solvability condition yields

Jo~ pw¥*dp f 3 (Jo pwiui, " dp ( X1 3 /  ow? >
A | 2L + = - + ( —mkoj + 22 — ———— dp) . (4.41
' (fo pw?¥*dp — 2(1 - f) b(1—f) Jo pw¥*dp rog Xo 202(1—f) Jo puo-tiap ap (4.41)
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Next, we simplify (4.41) by deriving three identities. We first use integration by parts to calculate

/ pwVU* dp = / pw (w + pw'> dp = / pw? dp + 7/ p? (w?) dp=1b— 7/ pw?dp = = . (4.42a)
0 0 2 0 4 Jo 2 Jo 2

Next, we use Lovi, = w?uy, from the perturbation of the core problem (3.1d), together with Lovi, = p~* (pvip)/ —v1p +
2wv1p, to explicitly calculate that

/ pw?uy, U dp:/ p (Lovip) (Lo_lw) dpz/ pwu, dp,
0 0 0 - (4.42b)

/ pw?uy, dp = / p (Lovip) dp = / {(pvip)l o prvlp} dp = —/ pu1p dp + 2/ pwu, dp .
0 0 0 0 0
Then, we substitute (4.42) into (4.41), and solve for \; to get

X1

3 o0
M=2(1-F) (—Wioj + o + m/o pvlpdp> . (4.43)

Finally, we use (3.1e) to calculate x1/xo in terms of S; /Sy, and ultimately in terms of the relative perturbation Dy /Dg,
in the inhibitor diffusivity from (4.2). By using (3.1e), together with xo = So = /b(1 — f)/f from (4.15), and recalling

(4.2), we calculate
X1 S1 1 > Dy 1 /Oo
AL _ =2 o dp = — dp. 4.44
X0 So (=) /0 PO P = 9Dy, b*(1—=f) Jo pPowar )

Upon substituting (4.44) into (4.43), and recalling that A ~ v, we obtain our main result (4.3a) of Proposition 4.1.

We now show that these zero-eigenvalue crossings for the asynchronous modes correspond to bifurcation values of D
where asymmetric solution branches of quasi-equilibria, as characterized by spots of different source strengths, bifurcate
from the common source strength solution of the nonlinear algebraic system (2.6). To see this, we perturb the common
source strength solution S = S.e of (2.6), by setting S = S.e + v where v <« 1. Assuming that the symmetry condition
Goe = kp1e of (2.7) holds, we readily derive that v must satisfy the linearized problem

€

_ (T b / _ _
Kv=0, K=(Z-E&)G+ 5 (ZT+vX'(S)(ZT—-E)), where S.= e NVD (4.45)

We now show that the critical values of D for which K has a non-trivial nullspace coincide with the zero-eigenvalue
crossing values for D as given in (4.4). Since Gy is a symmetric matrix and (2.7) holds, it follows upon using (Z —E€)e =0
and (Z — £)q = q for any q with q”'e = 0, that the eigenspace of K can be decomposed into the orthogonal subspaces Q-+
and Qll as defined in (4.29). For vl = e € Q!l, for which (Z — &)v!l = 0, we calculate from (4.45) that Kvl = (27v) "' vl
Therefore, vl can never be an element of the nullspace of K for any D. Alternatively, if v = q; € 91, for which
(Z - &)q; = q;, we calculate from (4.45) that

1 1 .
Kq; = (Hoj + %X/(sc) + 27“/) a, j=2,...,N. (4.46)

Therefore, q; is in the nullspace of K, whenever D satisfies

1, 1
4 = 4.4
Koj + 27TX (Se) + Gy 0, (4.47)
for some j in j = 2,..., N. Since v < 1, (4.47) has a solution only when \'(S.) = O(r~!), which implies that S, < 1,
or equivalently D > 1 from (4.45). By re-writing the expansion for y in (3.1a) in terms of S < 1, instead of v < 1, we
readily obtain

X0 . (=1 R 1 /°°
~ — e . — — . 4.4
x(S) g T Sx1+-+, as §—=0; X0 I X1 A po1p dp (4.48)
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Upon differentiating (4.48) at S = S., where S, is given in (4.45), we conclude from (4.47) that for D = Dy /v+D1+--- > 1

1 4x2N2y,

;_W(DO+VD1+---)+>21+2mOj=0. (4.49)

We equate the O(r~1) and O(1) terms in (4.49), and use (4.48) for Yo and ¥;. In this way, we get

Dy =D 27/ Dy = Dy, (2 ! /Oo d (4.50)
= = = TRoj — 57— v , .
P T Ny T T Ty )y M
which agrees with the result in (4.4) for zero-eigenvalue crossings.
0.07,
0.06
0.05¢ refined (o]
- = = = leading order
% 0.04 O numerical i
= 0.03 1
0.02- 1
0.01; _ -1
%1 0.8

Figure 3: Plot of competition instability threshold versus the Brusselator parameter f when € = 0.01 and 7 = 0.002 for a four-spot
ring pattern in the unit disk with ring radius ro = 0.5986. Top curve is the refined two-term expansion Dcomp.e from (4.5) of
Proposition 4.2, while the dotted lower curve is the leading-order threshold Doc/v from (8.16) of Proposition 3.2. The open circles
are the largest values of D for which the four-spot pattern is stable in the PDE simulations of (1.1) using FlexPDEG [9]. The
asymptotic theory predicts that the corresponding mode of instability for the spot amplitudes is the alternating (1,—1,1,—1) mode.

This analysis shows that to leading order in v, the emergence of such asymmetric solution branches is predicted to
occur at the common bifurcation point D = Dg./v. Our detailed higher-order analysis, which resolves the degeneracy of
the leading-order threshold and leads to (4.4), relies critically on the assumption (2.7) that e is an eigenvector of Gy. In
fact, if the spot configuration is such that e is not an eigenvector of Gy, we conjecture that the inclusion of higher order
terms in v leads to an imperfection sensitivity in the bifurcation structure of solutions to the nonlinear algebraic system
(2.6). This imperfection sensitivity structure is intricate to study in full generality and is beyond the scope of this paper.
It was first identified in [24] in the context of three localized spots on the sphere (see Fig. 5-6 in [24]).

4.1 Validation of the Competition Threshold

We now compare our two-term asymptotic result Deompe, as given in (4.5) of Proposition 4.2, for the competition
instability threshold with corresponding results computed from the full PDE system (1.1) using FlexPDE6 [9]. As an
illustration of the asymptotic theory, we take 7 = 0.002 and € = 0.01, and consider a four-spot ring pattern in the unit disk
where the spots are chosen to be equally-spaced on a ring of radius ro = 0.5986. This value of the ring radius corresponds
to a steady-state of the slow spot dynamics (cf. [26]). A plot of the initial condition for the FlexPDE6 simulation of (1.1)
is shown in Fig. 4(a).

For the unit disk, the Neumann Green’s matrix Gy and its eigenvalues are readily calculated (cf. [12]), so as to identify
Kmin in (4.5). Moreover, the core solution w, together with the correction vy, to the core problem, as needed in (4.5),
are also easily computed numerically using a BVP solver for a fixed Brusselator parameter f. In this way, in Fig. 3 we
compare our two-term threshold Deomp.e of (4.5) with both the leading-order threshold Dy./v from (3.16) and with full
numerical results for the largest value of D for which the spot pattern is still stable, as computed from FlexPDE6 [9]. From
this figure, we observe that the two-term result provides a much more accurate prediction of the competition stability
threshold than does the leading order asymptotic theory at our chosen value € = 0.01.
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Figure 4: (a): A surface plot of the initial condition for v with four spots spaced equally on a concentric ring of radius 7o = 0.5986,
being the equilibrium ring radius for a four-spot pattern. (b): deviations of the spot amplitudes from quasi-steady state at the initial
onset of a competition instability. Spot 1 corresponds to the spot located on the positive x-axzis in (a). The numbering increases in
the counterclockwise direction. We observe that the amplitudes of Spots 1 and 3 increase, while those of Spots 2 and 4 decrease.
Further, the sum of the deviations is close to 0, and the deviations all grow exponentially at approximately the same rate. These
observations are all in accordance with the fact that the critical eigenmode is (1,—1, 17—1)T. (c): the logarithm of the absolute
values of the amplitude deviation. The linear behavior indicates exponential growth, while the close proximity of the curves indicate
approximately equal growth rates. The parameters are: f = 0.6, D = 0.014, ¢ = 0.01, and T = 0.002.

By identifying the specific eigenvector of Gy that corresponds to Kmin, our asymptotic theory predicts that the spatial
mode of linear instability for the spot amplitudes is the alternating (1,—1,1,—1) mode. For f = 0.6, this prediction is
confirmed from the FlexPDEG results for the full PDE system (1.1) shown in Fig. 4(b) and Fig. 4(c¢), where for a chosen
D slightly above the stability threshold we observe that the spot amplitudes for one pair of antipodal spots grows, while
the other pair decays, as time increases. For this example, our refined asymptotic theory provides a close determination
of the competition stability threshold and accurately predicts the spatial mode of instability for the spot amplitudes.

5 Refined Stability Threshold for Periodic Spot Patterns

In this section we study the linear stability on an O(1) time-scale of steady-state periodic spot patterns for the Brusselator
(1.1) when the spots are centered in the limit ¢ — 0 at the lattice points of a general oblique Bravais lattice A with fixed
area || of the fundamental Wigner-Seitz cell 2. These O(1) time-scale instabilities are instabilities in the spot amplitudes.
For this periodic problem, and to leading-order in v, the linearization of the periodic spot equilibria, corresponding to
spot amplitude perturbations, has a zero eigenvalue when D = Dy /v, where Dy, is given by
0 2 £2 00

For the analogous finite-domain problem considered in §4, and under the symmetry condition (2.7) on the spot configuration
{x1,...,Xn}, such a zero-eigenvalue crossing was shown to correspond to a competition instability of the spot amplitudes.
Our goal here is to extend the analysis in §4 for the unfolding of this zero eigenvalue for the finite-domain problem to the
case of a periodic pattern of spots in R?, in order to obtain a result analogous to that in Proposition 4.1.

Before giving our main linear stability result for the periodic case, we recall a few basic facts about Bravais lattices
and their duals. The Bravais lattice A is defined in terms of two independent vectors, or generators, I; and I in R? by

A= {mll —|—nl2’ m, neZ}, (5.2)
where Z denotes the set of integers. For convenience, l; is taken to be aligned with the positive x1-axis, and 6 is the

angle between Iy and lo. The Wigner-Seitz (WS), or Voronoi, cell centered at a given lattice point of A consists of all
points in the plane that are closer to this point than to any other lattice point. The union of the WS cells tile all of R2,
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Le. R?2=J,cp(z+9Q), where Q is the fundamental WS cell centered at the origin x = 0. A schematic plot of the union
of the WS cells for a specific Bravais lattice is shown in Fig. 5.

Figure 5: WS cells for an oblique Bravais lattice with generators l; = (1,0), la = (cot8,1), and 6 = 74°, so that |Q}] = 1. These
cells tile R%. The boundary of the WS cells generically (except for the square) consist of three pairs of parallel lines of equal length.

Following [4], the reciprocal or dual lattice A* is defined in terms of two independent vectors dy and dy, which are
obtained from the lattice A by requiring that
di . lj = (51‘]‘ s (53)

where d;; is the Kronecker symbol. The reciprocal lattice A* is then defined by
= {mdl + nds ’ m, n € Z} . (5.4)

The first Brillouin zone, labeled by Qp, is defined as the WS cell centered at the origin in the reciprocal space.

For the periodic spot problem, we will derive the following main result characterizing the continuous band of spectrum
of the linearization satisfying |A\| = O(v) when D = Dy./v + D1 + o(1):

Proposition 5.1 In the limit € — 0, consider a steady-state periodic pattern of spots for the Brusselator (1.1) in R?,
where the spots are centered at the lattice points of a Bravais lattice A with a fized area || of the fundamental WS cell.
Then, for the de-tuning D = Dy./v + D1 + o(1), where Dy, is given in (5.1), the portion of the continuous spectrum of
the linearization, corresponding to spot amplitude perturbations, that satisfies |\| < O(v) < 1, is given by

A:241—ﬁymedm+dg;+2w&;fyéwmm¢4+qm, (5.5)

where vy s defined in (8.1d) and v = —1/loge. Here Ryy(k) is the regular part of the Bloch Green’s function Gy for the
Laplacian, with k/(27) € Qp\{0}, satisfying

AGr = —0(x); Gro(x+1) = e * Gy (x), leA, (5.6a)
where Ryo(k) is defined by
. 1
R (k) = )113%] (Gbo(x) + o log |x|> . (5.6b)

In order to more explicitly characterize the continuous band of spectra in (5.5), we require two key properties of Ryo(k).
The following result, as rigorously established in Lemmas 2.1 and 2.2 of [10], is central to the discussion below.

Lemma 5.2 [From [10]]: The regular part Ry (k) of Gyo(x), defined in (5.6b), is real-valued for |k| # 0. In addition, for
|k| = 0, Ryo(k) has the singular asymptotic behavior

1
kT ok

where Q is a certain positive-definite matriz defined in terms of the lattice generators.

Ruo(k) =0(0Y%k|™%)>1, as |k| =0, (5.7)
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Since Rpo(k) is real-valued, (5.5) shows that the band of spectrum satisfying |A\| = O(v) < 1 when D = Dy./v+D;1+0(1)
is real-valued. Therefore, to determine the stability threshold for a given lattice A, we need only locate the right-most edge
Aedge Of the band as k/(27) is varied in the first Brillouin zone Qp, and ensure that this leading edge satisfies Aegge < 0.
Although (5.5) is not uniformly valid as k — 0, owing to the fact that Ryy = O(|QY?k|~2) — 400 as |k| — 0 (see (5.7)),
we observe that A < 0 for O(v/?) < |k| < 1. Therefore, long-wavelength perturbations do not determine the stability
threshold. A schematic plot of the spectrum near the origin is shown in Fig. 6.

[}
N
1
A
A B !
+ continous spectrum
-~

.. | R
~ | -
Seo -

e mdm==

Figure 6: Continuous band of real-valued spectra within the small ball |\ = O(v). For a given Bravais lattice A, the de-tuning
parameter D1 is chosen small enough to ensure that the edge Acige of this band satisfies Aeaqge < 0. The optimal lattice then
mazximizes this critical value DY for Ds.

By detecting the right-most edge of the band of spectra, we conclude from (5.5) that a periodic pattern of spots on a
fixed lattice A is linearly stable to spot amplitude perturbations when

1 o
Dy < Dy = Dg. |27R}y — = v, dp| Ry = min Ry(k). 5.8
1 1 0Oc | 4T Ly b2(1—f)/0 PU1p P} 0= mean vo (k) (5.8)
Then, for a fixed area || of the WS cell, we define the optimal lattice A as the one that maximizes D} over all oblique
Bravais lattices. This optimal lattice is the one which provides the largest range of D for which the periodic spot pattern
is linearly stable to spot amplitude perturbations. The result is as follows:

Proposition 5.3 The optimal arrangement of a periodic pattern of spots for the Brusselator (1.1) is the one for which
R}, is maximized over the class of Bravais lattices (5.2) with fized area |Q| of the fundamental WS cell. A two-term
asymptotic expansion for this optimal stability threshold for D, associated with spot amplitude perturbations, is

DOA * 1 > * :
Doptim ~ V(‘ |:1 + v <27T Hl/ilX RbO - m A PU1p dp>:| s RbO = k/(ggrelQB Rbo(k) s (59)
where v = —1/loge and Dy, is given in (5.1), Here Ryo(k) satisfies (5.6b), v, is defined in (3.1d), and b = [ w?pdp
where w(p) > 0 is the ground-state solution of (3.1c).

In order to numerically identify the optimal lattice through the max-min characterization in Proposition 5.3, an explicit
and rapidly converging infinite series representation for Ry (k) is required. This was done in §6 of [10] using an Ewald-type
summation procedure resulting from the Poisson summation formula, as motivated by [4]. From §6 of [10], we have

|27d — k|? 1 ik-1 Ye logn
Rpo(k) = — g Y Faing (1) — — — , 5.10
vo (k) E eXP( 4n? 12nd — k|2 T2 s) 4w 2m (5.10)
deAx :ig

where Fung(l) = E1(|l|*n?)/(4n), Ei(z) = [7"t 'e " dt is the exponential integral (cf. §5.1.1 of [1]), and 7. is Euler’s
constant. Here n > 0 is an Ewald cut-off parameter, used to ensure rapid convergence of the two infinite sums in (5.10)
over the lattice and its dual. By using this explicit representation of Ryo(k) in [10] (see Fig. 5 and Fig. 7 in [10]), a
numerical sweep in k/(27) over the first Brillouin zone Q 5, together with a sweep over the class of Bravais lattices with
|€2] = 1, has numerically identified that Rj, is maximized for a regular hexagonal lattice.
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5.1 Derivation of the Spectral Estimate in Proposition 5.1

We use the method of matched asymptotic expansions to construct a steady-state spot solution for the Brusselator (1.1)
centered at the origin of the fundamental WS cell 2. This solution in €2 can then be periodically extended to the lattice.

In the O(e) core of the spot centered at x = 0 we let uw = D~'/2U(p) and v = D2V (p), with y = e 'x and p = |y|,
to obtain the radially symmetric core problem

A,V -V + fUV? =0, AU+V -UV?2=0, p=ly| >0,

/ / (5.11)
U'(0) = V'(0) = 0; V=0, U~ Slogp+x(S) as p— 0.

In the outer region, we have v ~ £2. Moreover, in analogy with (2.2a), the outer problem for u, which matches the far-field
behavior of the core solution U in (5.11), is

DAu = —1+27T\/555(X), x € §); Pou=0, x€IN, (5.12a)
u~ D72 (Slog x|+ S/v+x(S)) as x—0, (5.12b)
where v = —1/loge < 1. Here the boundary operator Pou = 0 denotes periodic boundary conditions on 92. By
integrating over (), the divergence theorem yields that
€
S = . 5.13
2D (51
To solve (5.12), we introduce the periodic Green’s function G,(x) and its regular part R, by
1
AGp:@—é(x), x €Q; PoG, =0, xe€0Q;
. (5.14)
/Gpdx:O, Gp=——log|x|+ R, +o0(l) as x—0.
Q 2
For S as given in (5.13), the solution to (5.12) is
2rS 1 [S
uw=—-——=G,(x)+u, where @ =—|— 4+ x(S)+27SR,| . 5.15
5 o(x) 75 |7+ . (5.15)

This completes the construction of the steady-state spot solution in €2, which is then extended periodically to the lattice.

Next, we formulate the linear stability problem for a periodic pattern of spots in R? by using the Floquet-Bloch
theorem. As shown in [10], the quasi-periodicity condition for the linearization around the steady-state spot pattern from
the Floquet-Bloch theorem can be formulated in terms of a boundary operator Py on the boundary 02 of the WS cell
involving the Bloch wavevector k (see equation (2.35) of [10])

We let v, and u, denote the steady-state spot solution in €2, and in (1.1) we introduce the perturbation
v=1v. + e, U= uc + e, (5.16)
where |¢] < 1 and n < 1, This yields the following eigenvalue problem in the fundamental WS cell
EAD — ¢+ 2fucved + foin=Xp, x€Q, Prop=0, xe€dN, (5.17a)

1
DA77+63(¢—2U6%¢—U§77):T>\777 x €N, Prn=0, x€iN. (5.17b)

Near the core of the spot, we have v, ~ DY/2V and u, ~ D~'/2U, with y = ¢ 'x and p = |y|, where U(p) and V(p)
satisfy the core problem (5.11). In the inner region, we introduce the locally radially symmetric eigenfunction

o(x) ~ DB(p),  1(x) ~ N(p). (5.18)
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Then, from (5.17), and assuming that the consistency condition (2.13) holds, we obtain on p > 0 that

A, — O+ 2fUVP + fVEN =\, ® 0 as p— o0, (5.19a)
AN+(1-20V)®-V2N=0, N~Clogp+B, as p— o0, (5.19b)

where A, =, + p~'0,. Since (5.19) is linear and homogeneous, we can write
B=CB, (5.20)

where B = B(), S) must be computed numerically from (5.19)
In analogy with (2.15), the outer problem for 1 whose singularity behavior matches the far-field behavior of N is

A
An—%n:%rCé(x), x€Q, Pm=0, xecon, (5.21a)

C
anlog\xH—;—i—B as x—0. (5.21b)

To solve (5.21), we introduce the eigenvalue-dependent Bloch Green’s function Gy x(x) in  satisfying

A
AGy — 7-EGb,/\ = —5(X)7 x €Q; PGy =0, xe€0Q;
1 (5.22)
Gb,AN—T10g|X\+Rb,>\+O(1) as x—0.
s

From the Floquet boundary operator Py, both Gy »(x) and its regular part R, » depend on the Bloch wavevector k. In
terms of this Green’s function, the solution to (5.21) is n = —27C Gy A (x). By enforcing the singularity condition (5.21b)
we conclude that

(1+27TVRb7>\)C+I/B =0. (5.23)

Since B = BC from (5.20), (5.23) yields the transcendental equation 1+ 27 Ry, + vB = 0 for the spectrum of the
linearization parameterized by the Bloch wavevector k.

This asymptotic construction of the steady-state solution and the formulation of the linear stability problem in (5.23) is
accurate to all powers in v. From this formulation, we now derive the explicit asymptotic result in (5.5) for the spectrum of
the linearization within the small ball |\| = O(v) < 1 for the range D = Dy./v+ D1+ o0(1), where Dy, is the leading-order
stability threshold given in (5.1). This analysis will yield the two-term-in-v asymptotic result for the critical stability
threshold for D as given in (5.8).

To do so, we need to analyze (5.19), (5.23), and the core problem (5.11), for the regime D = Dy/v. For this range, we
have from (5.13) that

Q| D
_ g b __ 1o __Dig 24
S = Sgv + Siv + , where So QW\/IT()C R S 2Do. So (5 )
Moreover, we obtain from Lemma 3.1, that a two-term expansion for the solution to the core problem (5.11) is
V~V1/2<w—1/(X1w+ Ulp)+~~>, 5.25a
Fxo RGP (525
UNV1/2<X0+V<X1+f1;1>?>+”')’ X~ P (xotoxa+o) . (5.25b)
0

Here b= [~ pw? dp, w(p) is the ground-state of (3.1c), v1, and usy, satisfy (3.1d), while xo and x; are defined in (3.1e).
For A = vA1 + o(v) and D = Dq./v + D; + o(1), we readily obtain that (5.23) reduces to

(1+27vRp0 +OW*) C+vB=0. (5.26)

Here Ry is the regular part of the Bloch Green’s function defined in (5.6). We then expand ®, N, C, and B, in (5.19)
and (5.26) as

‘b:l/((bo-i-V@l—F"'), N:N0+VN1+I/2N2+"', B:Bo+VB1+V2B2—|—"', C:V(00+V01+"'). (527)
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By substituting these expansions for C' and B into (5.26), and then collecting powers of v, we conclude that

CO == 7BQ 5 Cl - 27TRb70B0 - B1 . (528)

Next, we substitute (5.27) and (5.25) into (5.19) and collect powers of v to obtain problems at each order. Since this
part of the calculation is similar to that in §4, we only sketch the analysis here. At leading order, we get that

2
L0<I)0+%N0:0, Py —+0 as p— oco; A,Ng=0, No~By as p— 0. (5.29)
X0

Therefore, as similar to (4.8), we conclude that

w
by =——-5By, By =Ny. (5.30)
fxo
At next order, we obtain that N; satisfies
2w w?
ANy == (1= — | P+ 5—5No, p>0; Ny ~Cylogp+ By as p— oo. (5.31a)
f f X0
By applying the divergence theorem, we conclude that
b o0 2w
Co = 7N0 +/ P ( — 1) ‘I’O dp. (531b
fQX?) 0 f )

We then use Cy = —By, Ny = By, and (5.30) for ®; to obtain from (5.31b) that

B o Bob
~Bo =12z (0= [ pww=pap) =-S5 0.

which yields f2x2 = b(1 — f). By recalling the relationship between xo and Sy from (3.1e), and then using (5.24) relating
So to Dg., we conclude that

b(1 - f) |2 f2
=S, = , Dy = . 5.32
Xo 0 I 0 An2b(1 — f) ( )
This yields the leading-order stability threshold in (5.1). We then substitute (5.30) for &y and Cy = — By into the problem
(5.31a) for Ny to identify, as was done in (4.17), that

By f
b(1—f)

where g, is the correction to the core problem given in (3.1d).

Nl = — Uip + Bl 5 (533)

Upon using (5.30) for ®¢, (5.33) for Ny, and By = Np in the problem for the second-order correction Ny, we obtain,
as similar to (4.21), that No satisfies

2w 3w?uy 2w? fx1 w?
AN:_<1—><I>—p - + By, p=0,
’ £ A= pa— P2t tea—-pt (5.34)
Ny ~Cilogp+ By, as p— 0.
Upon applying the divergence theorem, we calculate C; in (5.34) as
> 2w B 3By o 2fxab
C, = / p ( — 1) Oy dp + - / pwur, dp — ——2——By. (5.35)
0 f 1-5 va-572J P 1 — PR

Next, we derive the problem for ®;. We substitute (5.27) and (5.25) into the first equation of (5.19), and retain terms
of order v. Then, by using (5.30) for ®; and No, together with (5.33) for Ny and x3f? = b(1 — f), the problem for ®;

reduces to

3w2fu1 wa 2w2f2X1 B Alfw
_ b2(1_f§230+b(1—f) 1 — [b(l—f)]?’/QBO__mBO’ ,OZO7 (536)
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where ®; — 0 as p — o0, and Lo®; = A,®; — @1 + 2w®P;. We then integrate (5.36) over 0 < p < o0 to isolate fooo p®1 dp
as

= _ - 3fBo - / 2bf*x1 Af
,/O p(I)l dp = 7\/0 2pw<I>1 dp + 1)2(1—f)2\/0 pw2u1p dp — (1 — f) B1 + [b(l — f)]3/2 Bo — ﬁBO . (537)

Upon substituting (5.37) into (5.35), we eliminate [;° p®1 dp and obtain

(1-1 /Oo 3By /°O 2 2xaf A f
= —r 2pwP Bl — ——— — By — By . .
B A Ty e () R e et (539
Since Cy = 2Ry 9By — B from (5.28), we can solve (5.38) for By in terms of By to get
(1-1f) /°° 3By /°° 5 xif A f
B = By — [ _ By . .
P meB T et gy - o tan - ) P -39

Finally, by using (5.39) to eliminate B; in (5.36) we obtain the following perturbed NLEP

o Jo pw® dp

Lo®1 —w* = 5— =ByF, p>0, & —0 as p— oo, (5.40a)
fo pw?dp
Af fuw? 3fwuy, w? f X1 3 /Oo 2
= - = dp) . 40D
=T (“’* 20-p)) Tra— 2 Tampn TR T Sy P (5.40b)

The remainder of the derivation parallels that in (4.38)—(4.44). A necessary condition for (5.40) to have a solution is
that fooo FU*dp = 0, where U* is the homogeneous adjoint solution given in (4.39). By invoking this solvability condition,
and then simplifying the resulting expression by using the identities in (4.40) and (4.42), we obtain that

_ X1 3 -
M =2(1-f) (—ﬂRho + " + 21— ) /0 PUIp dp) . (5.41)

The last step in the calculation is to use (4.44) to relate x1/xo to the de-tuning parameter ratio Dy /(2Do.). This yields

Mo=201— ) (—rRpo+ 241 /oo d (5.42)
1= oot op -t oma—p ), Powdr) :

Recalling that A ~ vy, (5.42) yields our main result (5.5) of Proposition 5.1.

6 Discussion

For the Brusselator model (1.1) in the parameter regime D = O(r~—1), where v = —1/loge, we have extended the
conventional leading-order NLEP linear stability theory for spot amplitude instabilities, as initially developed for other
RD systems in [32] and [34] (see also [36]), to one-higher order in the logarithmic gauge v. For a multi-spot pattern
on a finite domain under the symmetry condition (2.7), or for a periodic pattern of spots centered at the lattice points
of a Bravais lattice in R2, our extended NLEP theory has provided explicit and improved analytical predictions for the
critical value of the inhibitor diffusivity D at which a competition instability, due to a zero-eigenvalue crossing, will
occur. However, most importantly, our higher-order analysis also provided a detailed characterization of the spectrum of
the linearization of the spot pattern within the small ball |A\| = O(r) < 1 of the spectral plane whenever D is near this
instability threshold. For an N-spot pattern on a bounded domain, we have also shown that the conventional leading-order
NLEP theory is insufficient for analyzing spot amplitude oscillations, as characterized by a Hopf bifurcation threshold
value of 7 in (1.1), when D is either near to, or below, the competition instability threshold. For D below the competition
threshold, we derived a new NLEP and showed from it that the spot amplitudes will undergo a Hopf bifurcation when
T =1 ~¢& " /v>1 for some anomalous threshold 7. > 0. An explicit formula for 7. was provided.

We now briefly discuss a few open problems regarding the linear stability analysis for spot patterns on a finite domain.
For a specified bounded domain €2, one key open problem is to numerically identify steady-state configurations of localized
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spots, other than simple configurations such as ring-type patterns associated with the disk, for which the symmetry
condition (2.7) on the Neumann Green’ matrix holds. For an arbitrary domain shape, this study would require a fast
solver to compute the Neumann Green’s function and its regular part, similar to that developed in [15] for the reduced-
wave operator. This numerical methodology would then allow us to rapidly compute the Neumann Green’s matrix and
its eigenvectors over a large sunspace of possible spot configurations {x1,...,xx}. Recall that our two-term asymptotic
expansion in v = —1/loge for the competition stability threshold is valid in an arbitrary bounded 2-D domain whenever
(2.7) holds. A second key open problem, given that the zero-eigenvalue crossing for a linear competition instability has
now been unfolded, is to use multiple time-scale asymptotics to derive amplitude equations characterizing the weakly
nonlinear development of a competition instability. We conjecture that the linear competition instability corresponds to
a subcritical bifurcation, since from the full PDE numerical simulations shown in Fig. 4, as well as from the additional
numerical results in [26], it is found to trigger a nonlinear process through which spots are annihilated in finite time.
Thirdly, it would be interesting to give a detailed analysis of an imperfection-sensitive bifurcation structure of solutions
to the nonlinear algebraic system (2.6) that is conjectured to occur near the competition threshold D = Dy./v + D,
whenever the symmetry condition (2.7) is violated. Finally, it would be worthwhile to extend the two-term asymptotic
theory given in §4 to calculate similar refined predictions of the competition instability threshold for other RD systems
with localized spot solutions on a finite domain, such as the Gray-Scott, Schnakenberg, and Gierer-Meinhardt systems.

We conclude by briefly mentioning a few open linear stability problems for spot patterns in the periodic case. For a
spot pattern on a Bravais lattice with a fixed area of the fundamental WS cell, a key open issue is to establish analytically,
rather than numerically, that the minimum of the regular part Ryo(k) of the Bloch Green’s function over the first Brillouin
zone of the dual space is itself maximized for a regular hexagonal lattice. Such a max-min optimization of Rpo(k) was
shown in Proposition 5.3 to characterize the optimal stability threshold for the inhibitor diffusivity. It would also be
interesting to extend our linear stability theory to allow for a honeycomb-type lattice arrangement of localized spots,
and to determine whether such a lattice offers a larger stability threshold for D than does a regular hexagonal lattice.
Finally, it would be worthwhile to analyze the small eigenvalues of O(e?) in the linearization and identify the corresponding
optimal Bravais lattice for such weak translational instabilities of the spot pattern. For this class of small eigenvalues, it
would be interesting to determine whether the instability threshold value of D is due to long-wavelength perturbations
as was found for the case of conventional Turing-type periodic patterns (cf. [5], [6]). In our extended NLEP analysis in
85 of O(1) time-scale spot amplitude instabilities, long-wavelength perturbations do not set the stability threshold (see
Fig. 6). To analyze such weak translational instabilities of spot patterns on a Bravais lattice, we would require an explicit
representation of a new Bloch-Green’s function having a dipole singularity.

A The Scaling Limit for the Brusselator Model

The Brusselator RD model, formulated in [21], is a well-known prototypical RD system that has been used to analyze
various aspects spatio-temporal pattern formation. In a 2-D bounded domain 2, and in the singularly perturbed limit
€0 < 1, it has the form

Vo, =AV+E—(B+1)V +UV?, U, =DAU + BV —UV?; o>0, x€Q, (A.1)

where B, D, and E are positive constants, and 9,U = 0,V = 0 on 9€). Since localized spot patterns in 2-D occur
when E = O(eg) (cf. [22], [24]), we introduce the O(1) constant Ey by E = €yEp, and then define the new variables
V = Eyv/ey, U = ¢¢gBu/Ey, and 0 = t/(B + 1). In terms of these new variables, (A.1) becomes (1.1), where the positive
O(1) parameters in (1.1) are

B (B+1)2 D(B+1) €0
= 1 = D= —_ 2 = . A2
f B—|—1< ) T Eg ) Eg ) € /7B+1 ( )
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