
(t)Fril.|cl(oNJB I l"r r i

0 s I'r

IEJ IN

rl \urJ

), tJ

T f * Ir rt/

rn0

I
t

7
tr

VAR

LJrr +

i I P R nR t I

rl n fUr - U IryItr

{rJ lr,o)'
rJ tf,tl'

LIADJ TO

I d" *

)til

lr v\|[

tn/li 0BTA l1l

I dtJ

A

'/lR " * '/, [tRtrl
0
l.!DT

.s Tr$M- rtorJ \/tLLr PR00r ti tu?

, 0!rtq

rrrr {e

(x)

tT rJ A JrNcrJrAR

ANO JO

.i0 tLi i (0${J

[: o lJ

J ,l,l 6 Uln I

fi' u x f ; Q

'0, ptot F

TilN

l
t

?
(q)

TL{IJ (Art 0[ WQtIIfil

r( JTrlIr'{- f r0lJvlLlE lolM

lr d'
w trl

P[0Br[{t4 Jl^J([

Jo Il.llr
f u THI yvItrH-i,

f\
Ut r fit)t r

r f Aruo

A A f r,,lf

l'I
y' n x'Y t
gtNI. rF .W I4 ,rb"A

42 6l

r] r'

AJ

p{fl

p(oJ,or[0|!l-[r0r/vrrrI

4N0 {{l

*x
rAR p

+A
tl
n 22

Jol,[r]* B Y,f ilf r /

rHF.' JOLITtof! To (x] Artr D[r{oTro sy Jo({A-rl

4ir0 Yoffi-rJ (gfJJrr f ildcrrorur 0F rqf Frprr ,(lNo o t 0 pDt|i

rnt0 Ff Iu0iruf

{ ' A

Jo rxJ

zrRoJ

(t)
\^l rl[ R F

A

)
\

)

lo cql

bo lt qvist\

O. NoIrcI I,IAI

* f {f-lJ * f-'9 Jo

['o lL dorr,bls

TW0

0 t,rJ

rilT |:
1.-.

IrrufARty

\z
XT

Yo

t"
rr otj

X?

oF xl
q[ourln rr
folxl'l-

q) 4
bL

- o f l' -!.- | .{oo| '' r

IiL U

Q.ool .

x'/ " , - -,J,

.rli. toy X

I'

q{6l

rtrXJ +xi^) +tt I

lnr

Yo txJ

L"*"r* Nol,e tt (t^'t)

(a,t)'
*-?

q t >o

0

fl

N0T tct 7 HA T Jo l{ ) ,t, X* or, Yoi{J- A; X-u 0r



RF|\,|AIIK tF v\If LII x.\ffi--r

1 I ,It

;t

{, :

il
{"
I

1ljlNril6

I q) ' o

rHE Ft6[$l virlJ[/ AftE

Xy1 Foft \\'1,2,-' A0[

dt r\

os

'ro (t) wI sIT

rMprirL I, t[qt
Yo lx)

a'ldy( oA

T H[ 0,0'CTr 0l'. Jo

I y" ' y'*
tr/'fi)

0toJ ltrut tf I0 6[I
-n

LI
Vrr t:

F
I

dr t \,1 : g
T l.lrN

)" +', 'IN TO

P [ooF

I HUJ

,l-
Y-io drr'+

+ r. Vl + rf :
X,

00.TtlO(,0t'{AtllY

lq"t-r
,

I,0

Xy =X{y"'JY'

A - v?r
"t{ - ^( la, ,

tx J : 0

J ilo 'ntJ 
j

,r 2a)l-,J

ftF

.fr
Y

)(,j

I

Jo(

0,tl0 W

I |{ INI

ll+

/A
V4}{I 4rJ

w r.t[ ft F

T HI

I ilIJJ

i Hl

tr{ A D Drr ro N,

ilor r,; , A Jotffi rJ

s tN cr 'ryItcui l=u|'{cttot'l lJ wlr/,f WI HAVt

pti0pIllTY

JotffitlJolfiTtJdpo

ioMF ril0T4Ffl

ll r Fo l,m t JJ'

llAi

T 4tt

I

\t x) . P { 
x/,lT ) trt4nr Fotfvlr

0

d,r'1y"

I

VvO0[ |

"\

l- - n'ql - {

7

NoT (,r\JrNJ

I ;./ (fi*

V, ID

/r,1,2,".

n yJ",)

'Jr,ff ,

Xr '?.405.-

0f ArrlAltos rr (,tufrl rN 4llispr( A PA[f @ BItow.



(-oF Jott), 10{xl,0.rclLtAT{0l{J tA Rr, I 0[ t4ArlrOI

x'Y'o
p qJ TtltN

rzp't1/ n p"r+t ),,xlPP/t

L,l " + | tlt ,J-J,,1 
lo 

(' \T xi ' \

lttl
X',1 " t XY'

\:t
, ,IT

tP4r

LIII

I

wli

fl

P l]/= 0P' rJ

PII l\ hJ 
.

J'

*+

P XP

f II Qlt{,

Jo x t ( n"
I

I T4F MIODL

t,lo 'lnP: - r',2

6 rrn,'rda i

J' x'

, p/Tt +

l-,/,x"31'J: -
l,/'

TO

I
D,
I

P

I
-'l

T

c hlo 0I[
tl- '| \v ,t

.l
h,

v- v/)
P,, 

, !
{

--t
2x

rl
x 
-'ll

Pf "

{0

tr 1ilq,NJ 0ui

,ltJ*
XP

, 3.

4N,
P.,,

p

T l4IN

T r.lli Y l[ I Dl

FOtl X>>I W[

T H/tr I

H A V[

l+ ll' r4N,

0 {o

n

co I X

Jrr,J X

I>l

)ry=
,l

rl - Ir.p' 
^

')

{{-r]/4)

t x"x/4 
J

,1"+|

\J " * il t

FoA X>
r0J

JIN

t?f t 
,

t,.

| ) \1rl- I

L itX /
Itt

t 2 \'/)
It JT,( /

Ttl

Jo txJN

!o {x ) \

ul: 0lfiLtAT(0rv,i l:oa t A0t,ic A'l tttr'

Jolxt 
{

Yolxj



F tt\ALI1,

WI o $ 1Aril

tiill.ltt'16 io L.l , , D
L

Jo

L

a

rr {r

Litr f il'. 
)R[ I

I

I

f4)

U(r,01,

A nl'\14ur-
()

p
rS
I trl= L

('.1

[,ffir) c,

Biiril

x J, tfA- r )i iI I'N

g\

IXAMPLE

't'JE
LI; I

BOdNOAflY

il tr, tl '
'p

;
K.[

oftl,.l0(}oilAfr'11 wI
q

t/ lt

rQ
lto

,4|\J litr[ruFtjr,{ crro6

r

F IND

ri
{,.J I

,l
U

rJ lr, t J' g-t , 00i/ ril tJOM0c ['N [Oil1

' [ [ iltr r I l]rJtr

{r,01 l(rl, il

4AIs0 I

{ Vt' t

vJ:q,t

Ii,

BL

,l
9',

OUI PII 0

6't nl
t*

r

{to.r ,

., or rr

q,t) ,e't

v (r,t )

n

0), frrl-t

L
+(.'u

0 o u tuu[o ,4t ['r 0

TO

c0 I'JD lI l0 ilJ

JV*'D

1 v{
I/ rl

\,

r rr II- VI 
J

t.

WT

FCR

i li P AA A jI vlerABtL I0 6[i

}.{OMO I F N F

Tl.|lJ 0lVEl

.l lll._i:V
NTul

*l6l - \T, '"4
--7-

tf,
Y

Ii lvl .
Jo Iz J

,,\

,I
v

,t-
Y"

io/

U 0{r{q

w!.rrflI

FrnrtI

\*'zr'lo,

r Jo IfA-u r J dr

.1 t

Jo l{Au r) J' dr

XPAf.{J(0il Jo |. ili lor,l I ofl

a,

il
Ju

t >o

0ouFDto Al [-+0

Ik

f\'a'A" ,l-

I[r

JO {^' Jo tfA* r )

0,

Jo {zx)'o Vr" l,1 , .



(i

dnffl 'Jolffirt
dJ

Y/
L

Q,l

'iu

t,
rJt'/ r 0"1',ll r

ttltl' ,0

bn lt t $, tr t

w|lttI

Vtt", {1'

.fl
S r1,,, / lL bn1tI p|)lri

Qrl

0l\Tt|0t,ot'lAtttY 0F

lttttI, bn' ; - D

)/ bn to j

T'JTN wI

JLI bJT{til]rNb

{r"n*gn' ,-An

W[ OBlArr'l

Ar'rl IxP/Hto

1Y

ti,

0p
'Hq V T rln f lL Gry rlglvar,. t

0,{

D bnrr) | f ,",l dr' ) -

IN.IO P0r
d-t.L

n.lrl'I

t-
I4,TttF( UJI

T l.tlJ J tb' IDL THAI r Jolffrr/ J,'(ffi r)dr,

\tV f r r{[

T ilIJ

BY

N0 ltcr T flAT

T I.|tJ rlvll rr[L

't',li

l.lI NCli

T l{IJ

rlt rI t

Yn= l.

Vt{",01'

[[[0tt[ 0Bi/lr'I
oo,ss 1i t - t n{^ h_ ,fr rL D6 9n=-L udooxYn

D,l 0'l

$ i r/ ^^ |lFtOr Z lbn f u'ln Dry

0'l

s
f frt -{'I bn(or $nlr) ,

n,lr/'l

, Jl {{trr"l) r i.rrrr dr/1q r ldn {rt)}dr

' bn/tDlnbn't-'t Uq,

e-t eulnt yn -+ borolot'bnrol '/jt
b,,, rolq,-D\nt u n-DAot Jl t,, s-t'rDxn)r;

$

7 b,,t+,r I'titnr).
n:l

f)

I

a

I

torrlr FoA b

( bn unlnt,l

er .+> 0"
n1l

+
a-l \,lj {o

)'o {,

W[ 0BiArrt

) d,, = o 
'

lirr[ruF dilr]l0Nl

[o bn + g-t dn

Jr\leil

-th ol,p;
odv

l l|AT [n lot

lIr{V[l D6 tt
I

U {r, t ,l = g'L

J-.



E XAtiPiI FIruO Til[ JOLLJ IIOnI TO

il,' D f Urti l.Ur
T[f

uIr,o,i)'

LJIo,z,t)'

rJ Ir,2,0)

, uzz)

0, u

, I tr,z

lN a(7t14
0/fd0"

W lI l.l

w[ r I P A tt A] [

WT t'AI(UtA] T

WT sr r

uttrH,tJ'O

F rNr.le

l

0l I+0

vAIrl1Bt[l

rt
I

I0

^ tt

l{ 
'+

R'o

R (ol

It In,l ! nfti r-l-K
F
I

II r.fl'rlt
I

R{ qJ' o,

OBT

/r|l

rllr : *r: R trr Tl+t V, {z IutltLlLl- l\l'i ItbtL4 lLt

ll

AIN

l
A:- 4

h
a

OT 11

"l R ro

F rttrl I

'4

T Ui'T

ltt\ r,
K

| -+ Rn lrl'
/ wrtrRfi 'ffia,Xn, Jo{Xu,)'o

I l.lrJJ !q'
T HhJ

JO T HAT

T rllJ t lf tOt

I 
'IIJ

h,tt , f \- rr ) 1,. ot-t , r4 rd 1

'7to) ' f, (t'l) ' 0

JolXlJ= 0".

A
A

fr) n

t'!
fn"ii '

.rJl
no lq"t

\Al r{t |) [
tl

Lll

ljn + '[,

;
t-l

/\: -/\

r Hlr

(, I\JE'J

2r = .sril { 'm z) f,,,,n ,l'rnii *,r,2,

T,*tzl' Jrnr 
I

Ro trl' Jo

rl)n

r/)Ti z 
1

u Jt

Ix,r/q)

rlfn

f\.1,2r -.

D= l,?,..

Pn
,Int

l a,'

Jo { Xn ) , 0 ,

JotXJl

t\
f-V-\'^^TI"

l, l{,r r/

vI[ 0 01 lqIN

Atvo



-D[,t"]o' nrtnt/H')t (r\
\ li*/

l-
Di

T Uttl . - \rn . f ,- A
-*?l-v

rJN ct

- D llr

T }tT

dl

7

fYl,l

JATtIFl

RI\,, r-t[][)

i4 r0

=7)&C"

ffl.t n.l

{0N

I*n'

r xpl

rrr?1f 
4, Jt

NJ{ON

({i

Ir{rl \tI rur iltrItrlF

r$

5t p
L NMNV
rl'l

lJtr,z,t)=

Il{r lN/Trlt (0N0lTl0N v!r 00iltd /lNJ

i, 1,fir',r,trrIqg)

6nr)

FttrtA tf J lo

[ 0 t]A] tor'l FC

tir,zl

01 ofrTilo[0NAtt.IJ,

Arn J, lff"t',t[ryJ

J.lmrJrru

r lo'ffrn*tl

1a {Htlro ,l 0 )drdzftr,z ) r

i fq
= /imD 

I

Ir0

{$\7
r 
*t*

111
I

Jo

,o
l'lrjl)

dr Jr^tlf muzJ
\"*fi I

f $ ir,' 
tff;*li'l

rq rL| r *,f-*-, t,

l 

- 
l 

'' 
r {rI z) J" [ /,un ri s 

^r Im'q] 
dt]z

.,1) lo l/o ?1t

uu

dr dr

/1 rt
= 4mu I

I

n
't(
\.1 0 I

L

dr Arn

,, I rll n { lllt '.r llf0 f.)

--4

/r I

1.Jo
\

'2{!n qlj

T r{lJ 'l rI to,,
Iil -
i1 fyl n

A
1

ti n' IJor(m

\JiHlcU \tfror rH[ coIFFrct[rutr til $/



r)/A NP LT .toLvI itli WnvF f0UATl0Nl
tt{l

ilt* = clturr+

il(r,o)'0,

U

.l
vtt

Vlr,o).

ilt tr,0) = 0 .,

0<l( o. t t>0

l, u

A M["MBf,INT ILoNo

| ,r \J Ur iPtttt

il [ojt). B otJfr/0 ['D

; L.lI

At f + 0,

Tr.lll eOR[[;Porult

AtM 1o Ilihl[[ATf

WI L[ |

WI JF P4ltIIF

,ll
I

T !IIJ

cl r
L t'ADJ

Io DIFlfcr11,1 6

WA\J["|.

(r+)

"1

VA{tABf[.r

: Rt'* |

= [t rttr,t) ro ruAr

V, 
J

il-,o;. g

V BouNDtrD At [*r0,V(q,I

Vrr

-I ,

, 0,

t J-,
P
I

\i,'t

}O IHI {iICIi NVALUIi P

t/"o + d'- A d : Q,r
d (o t' o, i tol FlNr)r

V . R lr,l rltJ To

A/ , -^

OBTAIN

Tt', c'1r, t,

K

\l'lrl[ [ [

)

FOR (:

dr< , r/fr = cz*;a,.

J{hl Id,(f ,)

II
T

n

^,tfl

lfl'l
| / /. 1J, - _

Iilt J0LUT tor,l

l{[Ncr

T l{IJ \ I[ IDJ r dAI

lJ

i I,IAT

Ir{ co.r I

s
7
t,{,1

II'}{
AND

')r
cv, lQ,,

ffi o, " zn

Iil[ Jotulror{ fr).lr['ffir
JotzN).0

[0Bi[ryi

r,rlrt)r B,t

l.rJ

A

)\* =

r w*? Tnt 0

totz)

TliIJ \IIIDJ vIr,t)= I A* t,o'l inrnt)' BN ird {tlxt)) J,[ffi r/



*l I A,rlo(Jlf,ort

0r,ilor trlffi r 
,)

u/ qT R I

tl
LJ,

iltf,tJ. lr

46 tr AJ

ilrr rl il," I +

rJ
Dur= b{il-T,) or

U [r, o1 ' T2.

Al]i ton{tiAnit"l"

ir'
flo t t 

t

t0 0$TAfd
nJoW vd I V[r,o)' *[, V* t r,o1' CI cJAlIJ

r/q":, /:
K'.

rY

u.'v0z /
K,l

I l.,lihJ

Inl

{
vL

i.lA'l

6 tu

ll xnuPr[ F rruf, AN I l6[t{r d${rT t0il

Tl"t[ JoruTtoN To

ol

il[ ilfi D, b, T,,
Ilr

l,

\ldI

W 410 Ll

FrtlT IArcrJ mrI

\{\j[ rri

T ll[ - JiATI J0ruI{0d

0M f : G,

Ao v{UlIl{ J0LV[l

F ot * ,4o

4D

-L1
2h

)+F=0

f tlr -Ir J

0'f

I
tt[ |

u3

I

D

tln/
I

t*ltr f"' r

-l*l r

4D

qAVI

F ltq D

4D/
"t

Ji li n

J A IIJT J n f u," * i.lur

-Dur"

T r.ltru To F rruo

.lilJ'

Ao wt

Irf,
q e!

U

"T)

- Fo"1

4n

A^,- l,* rJnlffirldr

fl r iot tf,;r drJ

$r' o

dHror(wxt)l.ffirl

/q BoV[,

11l',p{lfrIuI4I(onJ F0R

F 0sria, tro

rift j U Frrurle ttr) I-+ 0

, llilr.l f
, I llr r LJI

I

Iuu -{ tf tl"i



ftl
"t0 

( ull0 hl r

Fq.

2b

' vf f,t/ r

)

a,, r/ Irp,le o,

T ilIJ \II tDJ TNr "rrInoq"JrATI

ilrIr]' l- (rt-rut )

4o

"r f *, tl

T Hrnt wftri F

FA DJ To

Vg
t

il.r{rl.

"lt-
DT

rIi14

Wi

T [|IJ

il{r,};

I*'+ 0

t, , tvrr t !

r
I

h v oN r.

J f P An A I m{ 6 VAfltA0tllr Wn' 0BIAIN

TIlIJ lilr,[llVAlljt p&a8

rlol
t

ol'Tr- llr{rl,
* D Vp''

V fr,

,l ,0 , a(

h f tq) (

tul\[.i I l{t

6'l n t di * X'r'
- o d'[o) '

A

l1 I Jr-L'
A

l*r q

{ol t urrif.

| ^,r:--tlu{r/'J. l/AurJ lVrlrn[
tn

fil Ir f 0 unvl

ftooll ot iilf TflAl{J(Filo[trI4] flfldttOU

- Dm Ju'lffio)" h Jo /ffia )

il1linl

ils {r )

wI

p fl.0M

O$IAIN

T t,tn'

bo I s rr-^* -XnI)t
\/tr,tJ" 2 4oJ, l/X, r)e
bo 0tl

'; /nJ, l,ffir)
Q'l 

ra
/n , f 

-' 
r I Tr' rJrrrl] J, 1'ffi r)dr'" 

JO**r 
4-.**-*-- * '

i- r (J, (fr-, r ))L dr
ig

.fATuF',lil6

J0[UIlcN tr

v if,o,1 '

il{r

-r

'2

nJr o0i/til iH11i



0
4t6 Hr I B[.'Jrt ruNtil0l\lS

s T $[ ctnl

rHt 0(Q{Tfr,0$riq

t-*r0

'i,' ilu* 
)

u f'*,J e ql

I

I

d1r,q, t )'
( (n"*r {l/ ) 0

tl0'0,
2ul, $'tot, p

R//* J Rr
f

Uri r ur

0,

oJ: i{r,rql

W tT I'l

il, = D(T\

il[q,(,tJ.
il f r,Q,

r{t) 0lq/fi rri
* It0')

I tottttaruf )o" :

0

Pn'ot qtly'__)

'l|n)gtor'g(

-4r,)R=J
I

'/)fi:
FnrrtnR

W[ J I P AftAT ['

T il lihl

T ll[il

V\JI HAVT

l{[llc T

f\lI

t/R - nT'ul

r F.lVAfiIA t

fix
rlR7 ,i- l\

I

lr-

)t,-1
1t

*tl| 0'
r) 0

('lr'

n2

0! r! a,

l- -* 0.

il|f)r'. I' DIrl I /f n

Pi

TI
g .-'.\

./l

A ror r1t{ r B JrN r)q

= C0NJTANT,
DT

1 ,l t

f '(l{"r I [{',)r'+

-p WIT N ? n p e I t00l C
tr
v

nll
CI /o :

0"r^lAVI

0trl)'

T u t'Al wt (, [r

r R/+

R ( ql .

TO

K

i

fl' n []I rllJ 1 rI rul I rtA I nllK1

T IIIN WT 0B TAlhl

rr R//., n

/la 
,.

t n[T. r6rrtvAr/f p[oBtrMIT ADJn) T {rJ\t! rI t{



(D
rt ,l "

,l* r p'

{ta) 'o
[1r'- n')d

$ { rr',le

t,

qJ Iro

rF wt Ltl x'[[r AiJO Ri PIACT

r i xt- nt Jy , o

r) : Y

6rI d{{'

I'! r,Xn Aruo

r) )o ohTAIil
I
p(

IF W[

Al'to Jo

I r{f

l1 [N c I

I4[nt

X, Y,, ,
I

r y'

t Iol ' o,

JUBJiIIUIT

d,'l R. Ir{tJ

T WO JO I U I IONJ

yloi FtrutlF

itr t'

y, x( wF

rty P rrfr Y,

A fi[

BTnrx/

Jn{xlt cxn At x*+o

\ {o I rJnr o o ilNDr D,

Jn, Yn B F,rLFr F rJnrti/orul

0F T,lF r rltJr (rNo oF oll0iR

)t(-D?,0

y,^C,X"0 At X*0"

Y: A Jn ix J r

1r
/nlX/ N

/n I - nrv/ - v

, lx, 4.1

l)>o

X--* 0

Tvr,

wt

VrlrI 11

ilA VI

dtol

50

Atl o

lrn :

TO

:O **'

ffiq:
F AT

7&mn

A Jn [fr-r ) {:0ti 80uuor0rufJ.lI'o

Zm0

n

I
T

Tvf)
lz \- n r^tlpnJ= tl r'0fl

nlz)
fY1 . l, ), 3,

**?

'i l.|IJ LIADJ

r{

1l
la'

N0$J wriH Utf,,{, J, | fi; r lI A,nn (0r r)Q t Bsn.r,l rrtl]

lo,o l:"0{f,.l)ror(n,r) Jn f ,mr)dr

Pd
r\.P0)'tIr,QJ= I /

Q:t fqll

T

n rrtn

rn{fr-ql;Q
w ilr R

oBP
.Krrr lF ,fl * l- / >Utr.,WiLJ' L L

fJ,l CI'l

*- 
Ito of 

,n (fi; r lfil,,,, (01 Dq r B6n.rinrnr{

, Jl[r,lA[ FoI Bn
T ilT$I

Il l;t co;r ( nql r Jn' (JTil r J dr



('
WN MUJT lJ4 \JETt.to60ilAL,TJBY

Irnf JFOA

J ,t CI(rta.) o./q(d

(f ,d, t/'0 , ill"t,Q,ol'f1 r,q;

'i u*u

tJ=

rl .
'r+'

79 crr

sr* 
[ 
mrtl/*1

rct'iil/0,

y!(t,Q, t)'T{tt fl1rt $ ro
'r lld"rit0'o, o/(0rr{. 1* 0'
Drot,0r*J,o ) tt*

/\
= 

" t\.

VARTABI["I

I ntt
+*1, 0

nA I
-U'lmnT

Aroo sr,,r (I__{)Jrq,j
v ( rT

{)

7 Arn gr',r 
f $!tl. )qttt tft/

ffl:l

, , lJf
I

u(r,0,!1,6

TO O B I,4IN

I X AMP II "ro r u I

n
K

nll , n/K TJfl
I

f{[a1.

D {' il rr

u(q,4,\\I II H

.I IPA NAlI

, |]/' rrir ft

{Vti

Yl
I

^ttJl

I tl ['t'l

t'

o, Rt

0

Jn*/*(illmooJ'o Jo fi* o' O'rnrr AND Jrr/r{ffro)=0.

T UIN T {tl.
.A; rJ

T rlfi N

o-Dx,4Dt

T |] Ii JC LLIT ITH

i rliN \Ii tI l.l

p
q

Itlr rrl t l: /
- | t/ Yl b I q

0rl

oi, f tr,,P;' I /,/rt rl.rmif Iv4mn | ]
?-

d

/*

nl,l

i!
\
L

0:l

ll lf rnUII/\Y

r,rlff,o) rirul IIE) J*n {i Arn rJdr| */ (
')

,Y t l^ \a ) |

r[Jr,, il1]r', r/J Jrnl'l*T/l

f
I

1fiTIrrnD 
Jo

gJ oATlloIor{Arrry:

q-q,) d'd,{
r( 14tltl
t 0 ln

OR

tq
I

I
'0

t-In(ffir.)In('[" rtdr: g

11 rrl,J,oriotftritlr,) i{ = o / ----
I

ol Fttittf. I

- f x-



iXA$4PII

IN A

F rNt) Tl.i[ ,loLUltoil To Iilr ilrAT

rlLrilDifi. v{[ L|AVI

liStJAIloN

JAI r.I F inl

q/ 0{qrh, t>o

rJ 0OrJNoED Al fl-+0

rl - n IUr - U Iql
l. !

rf t nU I Y/

Urr +

Q,t )'

} HAT

ll + t
LJft.,J

I

0 0N

C)(f<I
I7

I

iltr,{0,t)

uqq 
J

u I r, q, a ) : / t- r It Lt

;r4.,,

toJq,

\i{ T LIT U

\I1lI JUBJTIIUTF

W[ Ntr

T ilAT J,

1r,0,t)'v
Ir/r0 r4t

A- A.
.J" 

K
6t

J
IVAftrA$tE"t To oBTAttl

tr,t ) cos (

PDH lo oBi/qt^.l

, L!

V, = D I vrr
rl

r/(n + \-Y lt/ L J'

0f r(

t- rl 1, ta. l
I

t:

DT

q/ t torJVr "* ri 
)I t" ,

0, \/lr,oJ, (

tl
R" f R/\J T JIPAflA1T

T rli.r t ti d DJ to

nr\

udt 'x1AITI TillJ W'r

Y, (,FrJ

N, FD

rB

vALil[ Pno&t[$'l

1

), 0 , ,l $0d

' )' r I Ar ' tlr) i
/, ' A i, ttt-r)

Tilr t l6liN

$tt r:6"
t

Ipiq

^r (r d

0{ rf 0"

4J f--*0

-e we rg h'i

ItJ[ .toLilTtoil is

[D [].0 F()fl

[ffi-q1 . o ro

BouruDIDN[ir AtuD p Io)= O ltli lur

ffi a " zK -) Xo " Z^'la,

o$ iArru Tilt$l Trl'): €,-t*1",*

tup[$r0.rrttoN V{f,t)=i cs,L 
A'tDtJ, 

[fi-*r;

*/ri r,rr 
nl*' 

Ilr'"{l rJ,!-qiw

Q,tJ, vlr,t) tort{ lI t[;,tfi,'rt]'clr

ftQrt)'0" \nd I

B'l

vilITH

rl Ir,

? r-,v llaJ

wHrU;



B F i I E L '.1 IOtJATION ol 0RD rfl v

yty"r xylt txl-v'i1t'o y'xd. {:\JlJ[ wfittI

'jy (x )

T liilt

V,JrT H

I HT [F

W HIt'l

I r{[il

t)

Atu {x/rl -I'

it r t)xi" v]/ it = o

\^/r06

o/ X+0.

g/x{ a-

K = I ,7, .

* B Yo txi v> 0

iruo rJ Lrx R Ar x * o , lu txt nruA l1 trc

')

A

A,U

XIJ^,

d" r x

f ro r

Tllli JoIU]tou

Frrurrr rilqJ'o

&

v{ 4lc rl 6 rVf t

Ju {[a) 'o /[o 7n ,

7x fi: l1'1, -

tr p:

(s r r

ln

A

tl ..\[
Ll
la"'/

iD li fr/i r.lY oF T 4ri toInr

A I ltlO rX Al

rdt'
I
I6

r,frxlJ'dx = * tJui tfr--r]t

Jv {ill ql = o



APPFNDI{
A

(D

Lf&UA .suPPorI rHtr

PrtovI T ttnT
rt
J,

$" , t {1, A

t

$ltt. o, i,

rQnll
lc

rd' tr 6t )

r.i( r d'illo
L 'o

$, 0 rrr

il' lurui/tlro

0(r( q

At l+0.

1,t ')

4 (rr{'rotl'
- 

\f |'tl
t\

1rd,o.
r6')t

'n
14

'\

Jo{rlTrl Aryc J, [ [qJ , o o[r[ [MrilL \,

il\ltrJ

1
l-lf /.i A nllLJ^*, \u0tv.l li / 0ll

Tr{[ ;Au[ c/tc tltAl ott (i't B [' 0ortt lo (

dol oourvo[o

rfil

rfldr'

ProoF
'l I

( | d' J' *

A{rJ tl tP t{ B Y

rrrIr,nAtf ]o cIi

t'lovr lpr I cIATI

J-q
1

0rlt d[ql 'o ro

T,t[ l0[rt]rlt A0oV['

, xrtdd'ro.

-dt dtl/dr . o.
^L

gl P11fi?J:

'(,J',ar)r * I I r' d'Jl j: r /' arJ . o

tiI,

t
u'/f- 

J

lNl[!

\dt tat )\r d' dr,

Nos rF d,

,0

J,'

r dt n tlr'

"L {1 (;,'t6-or Jt

T tt['^J

F1
I

ir{[ J0 tLJTl0tJ tltJ

n[ ]44 il (

,1" ,

a'If J. 0

- r,I d

rT'v

r (jt

dt q), 0.

[rrJ

i
,q
I

/
/6

rArln
t

WrT l{

t 
dr, d (r,'

?,

{v

(r 0ill f ' o.

tAIE'

I

r d' Apo

PAooF

|lltjtt rPtI BJ

#1
/to))"



[}
vt n

,t ,q,f'I:
I lo

d'l'J iq - 1 lo ,t , d rdtl dr

'o ,/o L dr

I

0Ei
a '|t 1 rl r ,a tq' [d'tu /" ' I I 

' r'( d' J' dr
Tlo

A{ pA{rt

lj rfr dr'

l(r

&rtt Fo n. dlot ' o dro Fol V, ov>0,

d(ol 'o wt

r l{F LAn i [ArV Vi-Nurl[t. .I r{(f

:U

dJ [" :0 )0 c[r

i.
L

$t trl. ff rn tr,[h,

,l

l,/,r
Iv

{'t qt

| ,*,I
(o'l \) )

tru; ['r,l &t{i

rrxrI

JO

At 0[toA[ Aro

r(
rit.\

1$t tut 1'

I
3

')

d rrr

dr .r
A

tvr

I

lo

ll ( r'[J ir;t'lr

Jv | .tAlJ'



Homework Assignment 6 (Due Date: April 8,2014)

1. (30pts) Put the follorviug tu'o problems in Sturrn-Liouville fortn, identify the r'veight ftttrc:1iott

rrr(l'), a,rrcl ca,lcultr.te thc eigeuvalues trnd eigerifunctions. Also lvhat is the orthogouality lclal,it-itt

lbr thc eigenfunctioris?

:r2E"" +52d, * )p : 0, 1 ( r ( 2;o(.I) : o(2) : 0

Hirrt: try Q@) : r'

o.., -20, + )P - 0.0 <.1 ( 1.d(0) : A(1) :0

Hint: try Q@) : e"
2. (20pts) Use the method of separation variables to solve

( u,, =Lt,.,tPt sirr(3.r). 0<r<n
{r(.,,0) :sin(3.r),r,(",0) :sin(Sr) 0<r<r (l)

I u(t). /) - /.u(n. /) -- U

3. (30pts) (ti) (20pts) Use tlic method of separation variables to solve thc follou,itrg PDI'):

tl,rr+ u,,:0 irr D: (0'r) x (0,2r)

u'r(:r. 0) : u(rr', 7r) : 0' 'uQr 
' Y) : 11

u(0' Y) : cosz(Y)

(b) (10pts) Prove that the solutiou obtainecl in (a) is unique.

1. (2[)pts) Use tlic methocl of scparatiori of varia,bles to solve thc folloriing PDE:

u,.. * ur, - 1 in D: {(r',Y))t:2 + Y'2 < 4}

rr(rr,y) : r.2 - y2 ot dD - {(r,y)lr:2 * y't :4}



Homework Assignment 6 (Due Date: April 8,2OI4)

1. (30pts) Put the fbllowing tu,'o problerns in Sturm-Liouville fbrrn, identify the rveight liurct,ion
'u.,(r:). anil calculate the eigenvalues and eigenftrnctions. Also r'r'hat is the orthogontility lelt'rliou
for the eigcnfunctions?

r2Q.,lSr:q, i )p : 0,1 { lr; ( 2;EQ) : o(2) :0
Hint: try Q@) - r,

Q,., - 2Q,+ )d : 0,0 < r: ( 1,d(0) : a(l) : 0

Hirit,: try g(r;) - "''
2. (20pts) Use the method of separtrtion variablcs to solvc

[ ,,,, - rt,,. * rr sin(J.r'). 0 < .r' < zr

I rr(r',0) - sir(3.r)' u1(2,0) : sirr(5:rr) 0 <.r < r (1)

| ,,(0. t) - t u(n./) - tt

iJ. (30pts) (a) (20pts) Use the rncthod of scparation variables to solve tlie fbllorvirrg PDE:

Itrr, I 11,r.r: 0 in D : (0, r) x (0, r)

ur(r,0) :'u(r:,r) : 0' uQr,Y) : g

u(0' Y) : cosz(Y)

(b) (1Opts) Prove tha,t tlie soliition obtained in (a) is urrirlue.

1 (2Opts) l-lsc thc rricthorl of separation of variables to solr,cr the lbllorvirrg PDE:

u,, i 11,,,,,: I irr -i) - {(.r,,y) x2 + y' < 4}

'u(r,g):,r2 - y2 ctn AD - {(t,y)lf +y2 :47



Flomework Assignment 6 (Due Date: April 8.2014)

1. (30pts) P1t thc follorn'ing two problems in Sturm-Liouville fbrm, idcntify the lveiglil, lrttitl,iott

u(r:), arrd calcula,te tlie eigeuvalues atrcl eigeufunctions. AIso r,vhat is the orthogonalitl'iclat,ioti

for the eigcufuuctions?

r'2q,,lSr1t, * )P : 0.1 ( r: ( 2;O(1) : aQ) :0

Hint: try @(r) : t'

Q,, - 20,+ )P : 0'0 < r ( 1,P(0) : O(1) : 0

I{int: tr'1' e(r) : "''
2. (20pts) Use tlie rnethocl of separation variables to solvc

( u,, - u,x r r't sirr(3.r'). 0 < -r < 7l

{ ,,t.1,0) : sin(3.r'),'u1(r:,0) : sin(5r) 0 < r < r (l)

I u(tt.i) - /.rr(n./) -- 0

3. (30pts) (a) (20pts) Use the method of sepa,ration variables to solve the follorving PDtr:

'LLxt + LLs'y:0 in D: (0,r) x (0,2r)

ur(:r.0) : u(r:' r) : 0' u(r't1) : s

u(0' Y) : cos2(Y)

(b) (10pts) Provc'that thc solution obtainecl in (a) is ttniclue'

a. (20pts) Use thc method of scpartrtlou of variabics to solve thc follou'irrg PDtr:

'tLr.,- + t;ss : I ilr D : {(t,y)l:t:2 + y2 < 4}

u(r,y) : 12 - y2 otr AD: {(r,Y)lt:'+ Y':4}


