SHARP QUANTITATIVE STABILITY ESTIMATES FOR
CRITICAL POINTS OF FRACTIONAL SOBOLEV INEQUALITIES

HAIXIA CHEN, SEUNGHYEOK KIM, AND JUNCHENG WEI

ABSTRACT. By developing a unified approach based on integral representations, we establish
sharp quantitative stability estimates of the fractional and higher-order Sobolev inequalities,

induced by the embedding H*(R") < L5 (R™) for any s € (0, %), in the critical point setting.

1. INTRODUCTION

Given n € N and s € R, let H® (R™) be the homogeneous Sobolev space of fractional order s
defined as

(R = {u € SR : Fu e Llloc(Rn)’ ||UHHS(R") = </R" ‘f|28|}'u(§)|2d§>2 < oo}

where Fu is the Fourier transform of u, and &’'(R™) is the space of tempered distributions, i.e.,
the continuous dual space of the Schwartz space S(R™). As shown in [4], H*(R") is a Hilbert
space if and only if s < §. Moreover, if u € S(R"), then

ey = 805 = [ w=A) 0 where F ((<8)°u) (€)= [¢Pite).

2

The space H*(R") with s < % is realized as the completion of S(R™) under the norm || - || ;. (R")-
For any s € (0, 5), there is an optimal constant S, ; > 0 depending only on n and s such that

. n+ 2s
Snsllullzoeimny < llull frsgny  for all w € H*(R™)  where p := . (1.1)

referred to as the fractional Sobolev inequality. Lieb [46] proved that the set of the extremizers
of (1.1) consists of non-zero constant multiples of the functions (often called the bubbles)

n—2s

A 2
) for x € R" (1.2)

14+ X2z — 2|2

n—2s n—2s

where s = 2 2 [T(25%) /T (52)] 5
According to the standard theory of calculus of variations, an extremizer of (1.1) always solves

(=A)u = plufP~'u inR", we HR") (1.3)

Ulz, \[(x) = ans (
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where 1 € R is a Lagrange multiplier. Chen et al. [16] classified all positive solutions to (1.3),
showing that they must assume the form in (1.2) up to a constant multiple. Furthermore, Dévila
et al. [23] deduced that if s € (0,1), then the solution space of a linearized equation of (1.3)

(=AY Z —pU[z,\P"'Z=0 inR" ZecL®R").! (1.4)
is spanned by
1 A A
Z%z, N\ = 8U[Z ) fora=1,...,n and Z""[z \] = 8U[z ) ,
A 0ze i ON |5

where Z = (Z1,...,%,) € R". In [45, Lemma 5.1], Li and Xiong extended this non-degeneracy
theorem to all s € (0,%). The condition Z € L>(R") in [45, Lemma 5.1] can be replaced with
Z € H*(R™), as shown in Lemma A.1.

For a further understanding of (1.1), one can naturally consider its quantitative stability, as
proposed by Brezis and Lieb [8]. Bianchi and Egnell [7] proved the existence of a constant
Cgg > 0 depending only on n such that

. 2 2 2
e iBE = UL Ny < G ([l oy = S2ollulfnrary)  (15)

for any u € H'(R"). Later, their result was generalized by Chen et al. [15], who found a constant
Ccrw > 0 depending only on n and s such that
2
sern g 10— Ule Alllyeny < Corw (HUH2 S(Em) T Sﬁ,SHUH%pH(Rn)) (1.6)

for any u € H*(R").

Another way to address the stability issue on (1.1) is to consider the qualitative stability
for solutions to equation (1.3), which is the main objective of this paper. This problem is
difficult because it requires controlling the quantitative behavior of approximate solutions with
arbitrarily high energy. The starting point is the following Struwe-type profile decompositions
for (1.1) derived by Gérard [38, Théoreme 1.1]. Refer also to Palatucci and Pisante [49, Theorem
1.1] and Fang and Gonzalez [31, Theorem 1.3].

Theorem A. Suppose thatn € N, v €N, s € (0,5), p= T‘gi, and Sy s > 0 is the constant in
(1.1). Let {um}men be a sequence of non-negative functions in H*(R"™) such that (v — 1) Sps <
HumH2.5(Rn) < (v+3)Se,. If it satisfies

[(=A) um — U‘%HHﬂ(Rn) -0 ask — oo,

then there exist a sequence {(21,m,---,2%vm)}men of v-tuples of points in R"™ and a sequence
{Aimy s Avm) tmen of v-tuples of positive numbers such that
—-0 asm — 0.

- Z U[Zi,m7 )\z,m]
i=1 Hs (R™)

In addition, let Ui = Ulzim, Aim] for it = 1,...,v. Then there exists mo € N such that the
sequence {(Uim, -, Upm) m>mo of v-tuples of bubbles is d-interacting in the following sense: If
we define the quantity

n—2s

Ai N i .
+ — + ANiNjlz — zj|2> fori,j=1,...,v, (1.7)

J J

More precisely, (1.4) is understood as the corresponding integral equation Z = ®,, ¢ * (p Ulz, )\]ple) in R"
where @, ; is the Riesz potential in (1.10).



SHARP STABILITY ESTIMATES FOR FRACTIONAL SOBOLEV INEQUALITIES 3

then

_max g (Zims Zjms Nigms Njom) < 6 for all m > my.
L,J=1,..50,
i#]j

If s = 1, the above theorem is reduced to one obtained by Struwe [56]. Also, the corresponding

pointwise theory was established by Druet, Hebey, and Robert [29].

In this paper, we establish sharp quantitative stability estimates of the above decomposition
provided any n € N and s € (0, §).
Theorem 1.1. Letn e N, veN, s € (0,5), and p = Zf—;ﬁ There exist a small constant § > 0
and a large constant C' > 0 depending only on n, s, and v such that the following statement

holds: If u € H*(R") satisfies

< (1.8)

Hs(R™)

u — Z U[gi, ;\z]
i=1

for some §-interacting family {U[Z;, Mi|}o_,, then there is a family {U[zi, \] Y, of bubbles such

that

'(u) forv=1,
= r 2s <n < 6s and v > 2
. ZU[%)\@‘] <C (u) ) for2s <n <6sandv > 2, (1.9)
— o ®n) I'(u)|log'(u)|2  for n =6s and v > 2,
INOE forn > 6s and v > 2
where I'(u) := ||(=A)%u — ]u\pfluHH,s(Rn).

Furthermore, estimate (1.9) is sharp for n > 2s and v > 2 in the sense that the power of I'(u)
(|log I'(w)|, respectively) cannot be substituted with a larger (smaller, resp.) one.

As in the proof of [32, Corollary 3.4], we can combine Theorems A and 1.1 to find

Corollary 1.2. Letn € N, v € N, and s € (0,5). For any non-negative function u € HS(R”)
such that (v — 1) St < lull grs gy < (v+13) Sy s» there exist v bubbles {Ulzi, \i]}i—y such that
(1.9) holds.

The quantitative stability for functional and geometric inequalities is a fascinating subject
that has captivated researchers for decades. Brezis and Nirenberg [9] and Brezis and Lieb [8] be-

gan this research direction, examining the Sobolev embeddings H'(2) — L%(Q) for bounded
domains  in R™. Later, Bianchi and Egnell [7] obtained the optimal solution for the embedding

HY(R") — L (R™). After these seminal works, numerous results of a similar nature appeared
in the literature, and the following represents only a fraction of them; for the Sobolev inequalities
WhP(R") L%(R”) in the non-Hilbert setting (for p # 2) [18, 34, 35], the fractional Sobolev
inequalities and the Hardy-Littlewood-Sobolev (HLS) inequalities [15, 26], the conformally in-
variant Sobolev inequalities on Riemannian manifolds [30, 36], the isoperimetric inequalities
[37, 33, 19, 17, 20], and so on. Besides, the smallest possible constants Cpg, Ccrw > 0 in
(1.5)—(1.6) were estimated in [27, 42, 43, 13, 14].

In contrast, the quantitative stability of almost solutions (specifically, functions u with I'(u)
small in our setting) to the Euler-Lagrange equations of functional and geometric inequalities
has been less explored. However, recent advancements in [21, 32, 24] fully addressed when the
Sobolev inequality H'(R") < L%(R”) was considered: Ciraolo et al. [21] studied the one-

bubble case (v = 1) for n > 3, Figalli and Glaudo [32] did the multi-bubble case (v > 2) for
n = 3,4,5, and Deng et al. [24] did the multi-bubble case for n > 6. In related research, de Nitti
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and Konig [25] estimated the smallest possible constant C' > 0 in (1.9) for n € N, s € (0, 3),
and v = 1. Additionally, Aryan [3] deduced the stability result for the Euler-Lagrange equations

of the fractional Sobolev inequalities H*(R") < L%(R”) with s € (0,1). Analogous results
for other inequalities can be found in, e.g., [57, 58, 6, 47, 52, 12]. In this paper, we treat the
fractional and higher-order Sobolev inequalities for all n € N, s € (0, %), and v € N, thereby
fully extending all the previous results [21, 32, 24, 3].

While numerous results in the literature investigated the existence and qualitative behavior
of solutions to fractional elliptic problems (—A)*u = f(u) when s € (0,1) and f : R — R is a
certain function, studying the case s € (1, %) is still at the beginning stage. Refer to a few works
such as [16, 40, 41, 10, 2, 25, 42, 43, 48]. In fact, a study for the operator (—A)® for s > 1 is
an interesting research topic per se; refer to the extension results in [59, 11, 22], a recent survey
paper of Abatangelo [1], and references therein. We believe that our results may facilitate further
researches on higher-order local and non-local elliptic problems.

Novelty of the proof. Here, we outline the new features of our proof of Theorem 1.1. They
mainly originate from the fact that we allow s > 1.

(1) Our method, primarily based on [24], offers a wunified approach for any choice of n € N and
5 € (0,%). The choice of the norms with which we work depends on n: In what follows, we say
that the dimension n is high if n > 6s and low if 2s < n < 6s. For the high-dimensional case,
we use weighted L*°(R"™)-type norms; refer to Definition 3.1. For the low-dimensional case, we

utilize the standard H*(R™)-norm and L%(R”)—norm; see Definition 5.1.

n

(2) In Proposition 2.2, we derive a spectral inequality that holds for all s € (0, §) and é-interacting
families with § > 0 small. We do not use bump functions that appeared in the proof of Figalli
and Glaudo [32] and Aryan [3] for the case s € (0, 1], resulting in a simpler proof.? Some key
ingredients are the fractional Leibniz rule [39] and Li’s Kenig-Ponce-Vega estimate [44].

(3) Proving Proposition 3.3 (linear theory) is one of the most delicate parts of the paper.

- We need to first ensure that the x-norm of f is finite when the sx-norm of h is finite,
because our domain R" is unbounded. We will deduce the result for every s € (0, %)
simultaneously by repeatedly applying the integral representation of f along with the
HLS inequality.

- When s € (0, 1], one can employ the barrier argument based on the maximum principle
for narrow domains to control f in the neck region, as described in [24, 3]. However,
extending this approach to large s > 1 is extremely challenging. In this study, we
introduce a totally different method based on potential analysis, which simplifies the
overall argument and allows us to handle the case s € (0, %) at the same time.

- To estimate f in the core region, we require a Holder continuity for the rescaled function
f, as mentioned in Lemma 4.6 and (4.37). While the standard theory of elliptic regularity
is applicable for s € (0,1] or s € (1, §) NN, it is not yet available for s € (1, %) \ N. We
will directly analyze the representation of f to ensure that it has Hélder continuity or
even higher-order differentiability.

- To deduce the limit equation (4.40), we have to analyze integrals on R™. We need to
divide R"™ into three distinct parts: the singular part, the uniformly convergent part, and
the exterior part. Although this approach is relatively standard, the interaction between
different bubbles necessitates a more refined analysis; see Appendix B.2 for further details.
The same strategy can be applied in the derivation of (4.41); see Appendix B.3.

2Applying the idea developed in this paper, the first two authors obtained an analogous inequality in the setting
of the Yamabe problem on compact Riemannian manifolds in [12].
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(4) In Appendix A, we prove the non-degeneracy of the bubble in H*(R") and the removability
of singularities for nonlocal equations. They hold for all s € (0, §), are of independent interest,

and may also be helpful in other contexts.

Organization of the paper. In Section 2, we derive a spectral inequality for d-interacting
families. In Sections 3-5, we prove Theorem 1.1: The cases n > 6s and 2s < n < 6s are treated
in Sections 3—4 and 5, respectively. In Appendix A, we obtain the auxiliary results described in
(4) above. In Appendix B, we carry out technical computations needed in the proof.

We are mainly concerned with the multi-bubble case v > 2, as the single-bubble case v = 1
and s € (0, 5) has already treated in [25]. For the sake of brevity, we often omit proofs if there
is a suitable reference to quote. In particular, we borrow several estimates obtained in [24] for
s = 1, whenever similar estimates hold for all s € (0, §).

Notations. We collect some notations used in the paper.
- Let [s] be the greatest integer that does not exceed s.
- Let (A) be a condition. We set 1(4) = 1 if (A) holds and 0 otherwise.

- For x € R" and r > 0, we write B(z,r) = {w € R" : |w — x| < r} and B(z,r)¢ = {w € R" :
lw—z| > r}.

- Given n € N and s € (0, §), let ®, s be the Riesz potential

(152)

7rn/222sr(8) :

O, s(z) = ‘J:_SQS for x € R\ {0} where 7, 5 :=

(1.10)

- Given a function v € H*(R"), let Fu be the Fourier transform of u. The notation  is reserved
for other use, e.g., a suitable rescaling of w.

- We use the Japanese bracket notation (z) = /1 + |z|? for € R™.

- Unless otherwise stated, C > 0 is a universal constant that may vary from line to line and even
in the same line. We write a1 < ag if a3 < Cag, a1 2 ag if a; > Cag, and a1 ~ az if a; < as and
ay 2 as.

2. THE SPECTRAL INEQUALITY

As a preparation step for the proof of Theorem 1.1, we derive a spectral inequality (2.4) which
will be employed in the proof of Propositions 3.5 and 5.5. It was deduced in [5, Proposition 3.1]
and [32, Proposition 3.10] when s = 1, and in [3, Lemma 2.5] when s € (0,1). Here, we present
a proof based on a blow-up argument.

Definition 2.1. We write U; = Ulz;, A for i = 1,...,v. For v > 2, let ¢;; be the quantity in
(1.7) and

2 =max{qj:4i,j=1,...,v, 1 # j} (2.1)
so that the v-tuple (Uy,...,U,) of bubbles is d-interacting if and only if 2 < §. We also set

[Ai Ay e . o
,%’ij:max{ )\—j, )\Z,\/)\i/\j\zi—zﬂ}ng * fori,j=1,...,v,0# ] (2.2)

1
gfzimin{.@“:z’,j:1,...,y,z’;ﬁj}gg*ﬁ. (2.3)

and
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Proposition 2.2. Letn € N, v € N, s € (0,5), and 09 > 0 is sufficiently small. Suppose that
the v-tuple (Uy,...,U,) of bubbles is §'-interacting for some &' € (0,00). If o = o(x) is a function
in H*(R™) that satisfies

[ ca)iea)ivae = [ (-a)io(-a)izids =0

n

foralli=1,...,vanda=1,...,n+1, then there exists a constant ¢y € (0,1) such that

| o < Dol (24)
where o =7 _, U;.
Proof. The case v = 1 is clear. In the sequel, we assume that v > 2.

To the contrary, suppose that there exist sequences of small positive numbers {0, }nen, 0,-
interacting v-tuples of bubbles {(U1m, ..., Usm)}men, functions {op, }men in H*(R™), and num-
bers {¢m tmen in (0, 1] such that ¢/, — 0 and ¢, — 1 as m — oo,

_ _ c
HQmHHS(R") = 17 /]Rn 0.% 1@%1(1.% = Sup{/Rn ng 1Q2dgji HQ”HS(R") = 1} Z ?m7 (25)
and
/R Ul omdz = /R ) Ub Ze  omdz =0 (2.6)

formeN,i=1,...,v,and a=1,...,n+ 1. Here, oy, := 3 1_ Uim and Z7,, := Z%[2i m, Nim)-
In view of (2.5)—(2.6), we know that

v n+l

.
(—A) om lom = Zuzm oy

i=1 a=

pe Ul 28, in R" (2.7)
1
where fim, fi,m, 1, € R are Lagrange multlphers. Testing (2.7) with p,, and using (2.6) yield

—1
fim = (/ Ué’llgildw> € [e(n, s, v),c,'p] (2.8)

where the lower bound ¢(n, s,v) is positive and dependent only on n, s, and v. Hence, we may
assume that fi, — feo € [c(n,s,v),p] as m — oco.

Let Gijms Zm, Zijm, and Zp, be the quantities introduced in (1.7), (2.1), (2.2), and (2.3),
respectively, where (z;, z;, Ai, Aj) is replaced with (2;m, 2jm, Aim, Ajm). We present the rest of
the proof by dividing it into three steps.

We claim that

v n+l

Z]u,m!+22}ulm‘—>0 as m — oo. (2.9)

i=1 a=1

Testing (2.7) with Uj,, for j =1,...,v and employing (2.6), we obtain

v v n+l
—Hm /R" Ufn_lUj,QOdl’ = Z Hi,m /R mUjmdz + Z Z :uz m / UzmeZZamU dr.
=1 =1 a=1

On the other hand, [32, Proposition B.2] tells us that

/ Uianﬁdz ~ q;n-in{a’ﬁ} forany i, =1,...,v,i#j (2.10)
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provided o, 5 > 0, a # 3, and a + 5 = p+ 1. By (2.6) and (2.10), we have

/ UP Ujmda = /n Lo €F BE=J
R O(qijm) if 1 # 7,

[ o= {0 =
R 7 O(gijm) if i # j,
and

[ ot Umonds = [ (ot = VL) Usons
Rn n

_ p—1 p 2772
a3 [ Vi Ui 232 gy [ 0 s @) 1”<68]
i=1,...,v,
(]
=0 (qf}nl1 + g2y <65> :
Thus
O (an_l 4 ggin{p—ll}lnd}s) = [/ Ufgldx] "
n+1
+ > Olgimmi+ Y. Y Ogijm)uf. (2.11)
i=1,...,v, i=1,...,v, a=1
i#] i#]
Similarly, by testing (2.7) with Z;-”m, we get
0 <me,1 + Qgin{p72’l}1n<65> = Z O(Qij,m),ufi
i=1,...,,
i
n+l ) 9
X3 Ot + vt (2) 4ot )
1 1 Rﬂ,
1753

Claim (2.9) follows from (2.11), (2.12), and the fact that 2,, — 0 as m — oc.

We verify

nli_{nw - Uzpmlgzndx =0 foreachi=1,...,v. (2.13)

Let x : R®™ — [0,1] be an arbitrary smooth radial function such that x = 1 in B(0,1) and 0
on B(0,2)¢. Also, fixing ¢ =1,...,v and a sequence {r,, }men C (0,00) of positive numbers such
that r,,, = oo as m — oo, we set

_n—2s

. _ n 2y
Bim(5) = Xm@N i ® om(\ by + 7im) for y €R" where xm(y) —x< )

'm

By (2.7),

__n—2s

p—1
(=2)%0im — pim {)‘i,mQ om (N - +Zi,m)} Qim
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n+2s v n+l

= XmA Z iUl + 3N e UP 28 | (AL +2im) + Rim inR™(2.14)
j=1la=1

where
_ n+2s

Rz,m(y) = [(_A)S@i,m] (y) — Xm(y))‘i,m2 [(—A)%om] (/\;rlny + Zz’,m) for y € R™.
In addition,

@il goqemy S [ (-

S H(—A)%x’

m n + m oo (R™ m || frs(Rn
st oy iy

+1<1.
(R™)

n
L's

Here, we applied a fractional Leibniz rule (see e.g. [39, Theorem 1]) for the first inequality, and
(1.1) and (2.5) for the second inequality. Also, we employed the Hausdorff-Young inequality, the
assumption that n > 2s, and Fx € S(R™) for the last inequality. Therefore, we may assume
that

Oim — Di,co Wweakly in HS(R”) and  0Oim — Dico a.€. asMm — 00
for some @; 0o € H*(R"). By (2.6),

/ UI0,1]7 0; 00dy = / U0,1P7129[0,1)gi00dy =0 foralla=1,...,n+1. (2.16)
Let ¢ € C°(R™) be a test function. Then

_n-—2s p—1

p+1

_n-—2s

)‘i,m 2 U m()\ -tz m)

:/ U[0,1]7 ' 6smyp dy + O max
R™ aG{m,ﬁ}kzl FO %

L (supp ¥NB(0,rm))
— ulo, 1)* T oicotbdy  as m — oo,
R‘n,
because if we set zp;m = Mg (Zim — 2km), then

a(n—2s)

Gz) .
. —2
Aism supp w0B(0rm) (Mt / M)y + 2im) * 2
a(n—2s)
o (Ak,m> 2 n/ dY
Aiym B(zki,mvi\\lzi,zro) <Y>a(n—25)
a(n—2s)
(i’?*m) P =o(1) it lim 2em g
7, M m—»00 i,m
a(n—2s) a(n—2s)
< Ak:,m 2 - Ak:,m N 2 _ . . )\k,m _
~ ()‘i,m) t ()\i,m) o 0(1) if "}gnoo i,m =%
1 — . . )\k,m ~
W = 0(1) if W}l_r)noo o S (0, OO) (SO that %ki,m ~ |2ki,m‘)

ki,m

for a € {prl, 1%}, provided suppvy C B(0,rp) for some rg > 0 and r,, > rg. Furthermore,
Holder’s inequality and (2.9) give
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v n+l

/n ZMJm jm+ZZNJmUP,;nlzj@,m ()‘;rlrzy+zl,m)¢dy
j=1a=1
v n+l
p —
ZWHJZMZIW\ VO a0 2 ) = 0(0):

Writing

Gim(®) = A? oAy + zim) and  F(D™1)(€) = i ((]") (Fu) (€)

where 1 is an n-dimensional multi-index, and invoking the generalized Kenig-Ponce-Vega estimate
due to Li [44, Theorem 1.2], we deduce

¥ dy\ < [ 1 A Cont)] () = ) (=)0 ()]

< lloml| %(RH)H(—A)S(XMZ)) = X [(=A) Y] 2 gy

SI=AYxmll 2 o 02 o+ D 10T Xm D? 0] 2

1<|n|<2s

w

S

Srm

o

+ 7t =o(1).
Here, the empty summation 21§|n|§25 is understood as zero for s € (0, %)
Accordingly, by taking the limit m — oo on (2.14), we find
(=A)*6i 00 — pooU[0,1P 1 6j00 =0 in R” (2.17)

where pioo € [¢(n, s,v),p]. From (2.16), (2.17), the fact that U]0, 1] is an extremizer of (1.1), and
Lemma A.1 (b), we conclude that 9; o = 0 in R™. This and (2.15) imply

p

=1
/ Ulpmlgfndzv < / Ulo, 1)°~ 1ézzmdy < </ Ulo, l]p@i,mdy> ’ —0 asm — oo,
Bi m n n
which reads (2.13).

Finally, we prove that

lim oP o2 dx = 0. (2.18)

m—00 Rn

Its validity will imply that (2.4) holds, because it contradicts (2.8).
Given any number L > 0, let B; ,,, = B(zim, ﬁ) and Bic,m be its complement. It holds that

/ U ot dr < HUmHLpH(Bc = L% (2.19)
fori=1,...,v. It follows from (2.13) and (2.19) that

1 1 1
/ ol 12 dx < E / zpm 02 dx < E [/ me gfndw—i—/ Ufm Q,anm]
n 7;’ BC

50() + L7

which yields (2.18), because L > 0 can be taken arbitrarily large. O
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3. QUANTITATIVE STABILITY ESTIMATE FOR DIMENSION n > 6s (1)

In this section, we establish Theorem 1.1 assuming that n > 6s. From now on, we always
assume that v > 2.

The following two weighted L>°(R"™)-norms were devised in [24] (for the case s = 1) to cap-
ture the precise pointwise behavior of the bubbles, which is crucial on determining the optimal
exponents of I'(u) in the right-hand side of (1.9).

Definition 3.1. Recall the number # > 0 in (2.3) and write y; = \i(z — 2;) € R". We define
illax = sup |h(x)[V~"(x) and |p]l. = sup |p(z) W~ (x)

z€R™ zeR
with
V(z) = Z (v +09") (z) and W(z):= Z (w™ +wf™) (z) (3.1)
i=1 i=1
where
in L%‘@%_n out nd2s ‘%_48
U; (1‘) = )‘i ? <y‘>45 1{\yi|<g}($), v; <$) = )‘i 2 ’yi’n_zs 1{\yi|2%}(x)a
in ) n;2s %25_77» out ) n;Qs %_45 (32)
wi(z) =\ Wl{\yi|<%}(x)7 wy™(z) == N, Wl{m\z%}(l‘)
forn>6sand¢=1,...,r, and
. —4s —2s
vt (z) == A Wl{mkﬂ??}(ﬂ?)a U?ut( )= )\45 P 1{|yl|>%2}( ),
s _9s 3.3
) T @), ) Iy
i =N <yi>28 {lysl <22} \-L)> i - M Ly >y (T
form=6sandi=1,...,v.

Clearly, the norms || - ||« and || - ||+« depend on the choice of z; € R™ and \; € (0,00). If we keep
using v?" and w9 in (3.2) for n = 6s, their slow decay, specifically |y;| ™ and |y;|72¢, causes
add1t1onal technical complexity that does not arise when using (3.3).

By utilizing the above norms, we will derive (1.9) for all n > 6s and small § > 0. The
derivation is split into three steps.

Let 0 =Y 7 Ulzi, \i] = >_;_, Ui be such that

u—oll _ inf
H HHS(]RH) (51 ..... gyyj‘la--'zj‘ﬂ)eRnVX(O’oo)V

Hs(R")

We also set p = u — 0 € H¥(R") and Z¢ = Z%z;, \i] for a = 1,...,n + 1. Because of (1.8),
the family {U;}i=1 ., is ¢'-interacting for some ¢’ > 0 where ¢’ — 0 as § — 0. The function p
satisfies

(=A)p—[lo+plP~Ho+p) — o] = <0'” Z Up) u—|uftu] o (3.4)
in R™ and

/(—A)Sp(—A)SZiadz:/ pUip*lZfdx:O foralli=1,...,vanda=1,...,n+1. (3.5)
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Consider the equation
v n+l
(=A)°po = [lo+ pol”~ (o + po) — 0*] = (Up Z Up) +3 Y Utz iR,
i=1 a=1

po € HSR™), ¢, ..., " eR,

/ poUiplefdxzo foralli=1,...,vanda=1,...,n+ 1.

(3.6)
To solve (3.6), we will use a pointwise estimate on the error term o? — > 7, U?.
Lemma 3.2. There exists a constant C' > 0 depending only on n, s, and v such that
v
-y ur| <c (3.7)
=1 *k
provided § > 0 small.
Proof. The proof is essentially the same as that of [24, Proposition 3.4], which we omit. O
In addition, we analyze an associated inhomogeneous equation
v n+l
(—A)f—poP f=h+> > GUITZE inR",
i=1 a=1
feH R, ... "l R, (3.8)

fUP' Z8dz =0 foralli=1,...,vanda=1,...,n+ 1.
Rn

Proposition 3.3. If |h||« < oo and f satisfies (3.8), then || f|l« < co. Moreover, there exists a
constant C > 0 depending only on n, s, and v such that

[ £l < C||h]|x (3.9)
provided § > 0 small.

Deducing the above proposition is the most challenging part of the entire proof. Because of its
complexity and length, we will put it off until Section 4.

From Lemma 3.2 and Proposition 3.3, we establish the unique existence of a solution to (3.6).

Proposition 3.4. Assume that 6 > 0 is small enough. Equation (3.6) has a solution py and a
family {c{}i=1,.. v, a=1,...n+1 of numbers such that

lpoll« < C (3.10)
where C > 0 depends only on n, s, and v. Besides,
2% for n > 6s
sy < C ’ 3.11
IPollze: e {Q|log,@|§ for n =6s (8-11)

where 2 > 0 is the value in (2.1).

Proof. A priori estimate (3.9) and the Fredholm alternative imply that a solution f to (3.8)
uniquely exists for a given h with ||h||«« < co. Therefore, relying on Lemma 3.2 and the fact that
the main order term of |0 + po[P~1 (o + pg) — 0P is poP 1 pg, we can apply a fixed point argument
to yield the unique existence of pg and {c{} satisfying (3.6) and (3.10). By testing (3.4) with pg
and employing (3.10), we also discover (3.11). For details, refer to the proof of Lemma 5.2 and
Propositions 5.3, 5.4, and 6.1 in [24] in which the case s = 1 is treated. O



12 HAIXTA CHEN, SEUNGHYEOK KIM, AND JUNCHENG WEI

Set p1 = p — po. In light of (3.4), (3.5), and (3.6), we have
(—=A)°p1 = [lo+po+ piP " (o + po+ p1) = lo + poP~ (o + po)]
v n+l . n
in R",
= [(—A)u — |ufP~u] — Z Z C?Uiplef
' i=1 a=1 (3.12)
p1 € H5(R™), ci,..., M € R,

» v

pUP ' Z8dz =0 foralli=1,....vanda=1,...,n+1.

R

Proposition 3.5. Assume that § > 0 is small enough. There exists a constant C' > 0 depending
only on n, s, and v that
o1l sy < € (T(u) + 22) (3.13)

where T'(u) = ||[(—A)*u — |U|p_lu||H—S(Rn)'

Proof. Applying the spectral inequality (2.4), one can adapt the argument in the proof of Lemmas

6.2, 6.3, and Proposition 6.4 in [24]. The details are omitted. O
Putting (3.11) and (3.13) together leads
[(u) + 2% for n > 6s,
Ts(R) = 3.14
Il (R™) {F(u)—l—o@HogQﬁ for n = 6s. (3.14)
Thanks to (3.14), we only need to check that 2 < I'(u) to establish (1.9).
Since 0 > 0, p € R, and 1 < p < 2 for n > 6s, it holds that
o+ p[P~ (o + p) = 0” —po?~'p| Smin {o?2p?, |pl'} < 0?2 p. (3.15)

Forany j=1,...,vanda=1,...,n+ 1,
14 v
(o) zgl s (o U Uy s Y (T - U ) U= o - 30 (3.6)
i=1 i=1
SO

R [Ty I o oiig [
n R~ i=1

R log # ~ 2%|log 2| for n = 6s.

Here, the second inequality in (3.17) is a consequence of (3.7) and (3.10), and the fourth inequality
can be achieved through straightforward computations; refer to [24, Lemma 3.7] for s = 1. We
also used (2.3) in the last line.

By testing (3.4) with Z]’Hl for any fixed j = 1,...,v, and applying (3.15), (3.17), Holder’s
inequality, (1.1), (3.13), and (3.14), we observe

/ <ap = Uf) Zi M da

i=1

§/ (ap_l—UfA) |p0|‘Z;L+1‘d3:+/R O‘p_1|p1|}Z;L+1}dSL'+/R Jp_2p2‘Z;-LH‘d:B+F(u)

S [ oVWde <l e Wby (317)
< {%W;% R 29 forn > 6s,
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g/ (UP—ZUZ.p) ypo\dx+/ Up\pl\dx—i—/ 71 2dz + T(u) (3.18)

u=1
Qv for n > 6s, ,
S ol s ny + 1 gy + ()
{22]10g°@| fornst} e &)

< I(u) + Qr for n > 6s,
~ 22|log 2| for n = 6s.

Furthermore, the proof of [24, Lemma 2.1] shows

/R (O’p - ZUf) Z;Hld:v = Z /R UPNjOx,Ujdz 4+ 0(2) forall j=1,...,v, (3.19)
" i=1 i=1,..,p, Y R"

i#]
which together with (3.18) yields

> / UP X0, Usda
Rn

i=1,...,v,
i#]
where o(2) is a term such that o(2)/2 — 0 as 2 — 0. As can be seen in the proof of [24,
Lemma 2.3], one can draw the desired inequality 2 < I'(u) from (3.20). This completes the
proof of (1.9) for n > 6s under the validity of Proposition 3.3.
The sharpness of (1.9) can be proven as in [24, Section 7], which we omit.

ST(u)+0o(2) forallj=1,...,v (3.20)

4. QUANTITATIVE STABILITY ESTIMATE FOR DIMENSION n > 6s (2)

This section is devoted to the proof of Proposition 3.3 for n > 6s. We divide it into three
substeps.

We verify the first claim in the statement of Proposition 3.3.

Lemma 4.1. If |h]|. < 00 and f satisfies (3.8), then || f||« < oo.

Proof. Suppose first that n > 6s. It suffices to confirm that

f € Lacs (R") and H< 2 hH < oo = H(»Hs fH < . (4.1)

L>(R™) L>(R™)

Following the proof of [16, Theorem 4.5] and exploiting n > 4s to control the term h, we get
the integral representation of f from (3.8):

v n+l
f=0p % (p SR EDYY cgUf—lzg> in R" (4.2)

i=1 a=1

where ®,, , is the Riesz potential in (1.10). By virtue of the hypothesis on h in (4.1), there exists
a large constant ¢ > 0 depending only on n, s, v, h, z;, A;, and ¢} such that

!f(w)!S/R ¢ [‘f<°")‘+ ! ]dw for z € R".

n |{L’ _ w‘n—Zs <w>4s <w>n72s

Since

1 d 1
/ Y < for all z € R" with d = 12| > 1, (4.3)
R” |.CU — 2

w|n—23 <w>nf2s ~ |1.’n—45
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we have

1 |f(w)] 1 n
|f(z)] <c [/R PE T dw + <a:)"_48] for z € R". (4.4)

Hence, by the HLS inequality,

b
< . >n—4s

)

1l oy < (Hm - )sc(||f|ru<Rn>+1) (4.5)
Lt (Rn) Lt* (Rm)

for any ¢ € [n 5=, 52) (which is a non-empty interval for n > 6s) and t* = n_"ést. By employing
- S on
(4.5) and arguing as follows, we can show that f € L'(R") for all t > =
- We take t = t; := 2% in (4.5). Then f € L2(R") for t* = ty := n_";}gtl, and so

fe Lf(]R") for all £ € [t1,t2]. We check whether ¢, > 35 or not.
- If to > 35, we put t = g- — € for any small € > 0 into (4.5). It implies that f € L(R")
for all £ > -2

n—2s"
- If t2 < g, we plug t = o into (4.5). It gives that f € LY(R") for all £ € [tg,t3] where

tg := nféit We check whether t3 > 2+ or not.

- We iterate the above process. It termmates in a finite step because t,,+1 > (1 + n4_% S)tm
for all m.

Let us fix some ¢ > 1 large enough. Computing as in (4.3) and writing the Holder conjugate of
t as t’, we find

1

1 |f (W) / 1 dw \"
d < 7 t n
/]\gn ’IE — w|n_25 <w>4s W R ’Qf _ w|(n—28)t’ (w>45t HfHL (R™)
1

)

(4.6)
<1 forzeR".

From this and (4.4), we deduce that f € L>°(R"). Putting this fact into (4.4) and working as in
(4.3) produce

1 dw 1 c
) <c + S . for x € R™.
|f( )| |:/R” |$ _ w|n723 <w>4s <x>n—4s <x>m1n{2$,n—4s}

Feeding this back to (4.4), we further obtain that || (- )min{4sn=ds} fllzeo@ny < 0. Repeating
this process finitely many times, we conclude that the estimate for f in (4.1) is true.

If n = 65, we still have (4.4) with (z)"~* replaced by (). However, we cannot proceed as
n (4.5), because [-2%-, ) = [3,3) = (. Fortunately, thanks to f € H*(R") C L3(R"), the HLS

n—2s’ 2s
inequality, and Holder’s inequality, we see
Lt* (R7) Lt* (Rn >
1
+1 £l 23 mmy
LS2(R™) >

|f| 1

|4s

1l ey S (

‘ \

\fl

L1 (R™) >

(-
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for ¢; € (3,00), (2 = C1+3 €(2,3), and t* = 3422 € (3,00). This means that f € L{(R") for all

> 3.3 As in the case n > 6s, we conclude that || (-)** Fllpoomny < oo O

We estimate the coefficients c{’s in (3.8).

Lemma 4.2. There is a constant C > 0 depending only on n, s, and v such that

v n+l ) G~ (n+2s) for n > 6s,
SNl < 0 (Il A x (49)
i=1 a=1 A~ log % for n = 6s

provided 6 > 0 small.

Proof. The proof of (4.8) is essentially the same as that of [24, Lemma 5.2], so we skip it. O

We prove that (3.9) holds for § > 0 sufficiently small.

Suppose that (3.9) is false. By virtue of Lemma 4.1, there exist sequences of small pos-
itive numbers {0;, }men, 0j,-interacting families {{U; m, = U[2im, Nim] ti=1,....» }men, functions
{fm}men C H*(R™) and {h, }men, and numbers {cﬁm}i:17wy, a=1,...n+1,meN such that

8. =0 and ||hplls — 0 asm — o0, |fmll«=1 forallmeN, (4.9)
and
v n+l
(=AY frn =B o = b + > > U ZE, in R,
i=1 a=1 (4.10)

/ Uzpmlzfmfmdﬂﬁzo foralli=1,...,vanda=1,...,n+ 1.
R™

Here, oy, = >, Uim and zt, = Z%im» Ni;m]. By reordering the indices i,j = 1,...,v and
taking a subsequence, one can assume that

>\1m§>\2m_“'<)\ym forallmeN
(4.11)
either lim 2;;m = 2ij 00 € R" or hm |Zij,m| — 00
m—00 m—r

where z;jm = A; m(zj m — Zim) € R™.
Let Vi = > 27, (v} o4 vgnt) and Wy, = 320 (w; o4 w) be the functions V and W in (3.1)
with (z;, A\;) = (zl7m, )\,7 ), respectlvely. To reach a contradlctlon, we will establish that

(|fmWt) (z) < 5 forall z € R” (4.12)
provided m € N large. Clearly, (4.12) implies || f; ||« < 1, which is absurd.

TREE STRUCTURE: To prove (4.12), we will exploit the tree structure of d-interacting v-tuples
of bubbles as § — 0, as described in Lemma 4.4 below. The bubble-tree structure for s = 1 was
investigated in e.g. [28, 53, 24]. The concept of bubble-trees dates back to the work of Parker
and Wolfson [51] for pseudo-holomorphic maps, and those of Parker [50] and Qing and Tian [54]
for harmonic maps on Riemann surfaces.

3Unlike (4.5), we cannot ignore the factor (w)~** to get meaningful information through (4.7). On the other
hand, without appealing to the iteration process as in Substep 1 of the proof of Proposition 3.3, we can directly
achieve f € L' (R™) for any large t* by choosing (1 > 0 large.
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Definition 4.3. Let < be a partial order on a set 7, and < the corresponding strict partial
order on 7.

- A partially ordered set (7, <) is called a directed tree if for each t € T, the set {s € T : s <t}
is well-ordered by the relation <.

- A root is the least element of the set {s € T : s <t} for some t € T.
- A rooted tree is a directed tree with roots; a rooted forest is a disjoint union of rooted trees.

- A descendant of s € T is any element ¢t € T such that s < t. Let D(s) be the set of descendants
of s€ T, thatis, D(s) ={t e T :s <t}

Lemma 4.4. Recalling (4.11), we set a relation < (and =) on I by
i<j o j>=i e |i<jand lim zij,meR"].
m—0o0
Then < is a strict partial order (that corresponds to a non-strict order <) and there is a number
v e {l,...,v} such that I can be expressed as a rooted forest.
Proof. A slight modification of the argument in [24, Subsection 4.2] works for any s € (0,%). O

DECOMPOSITION OF R"™: We set 4 m = Xim (% — 2im) € R™ and recall zijm = Xim(2jm — 2Zim) €
R™. Given any L > 1 large and ¢ € (0,1) small, we define

Qimine ={x € R™ : |[yim| < L, [Yigm — 2zijm| = € for all j € D(i)}
and
‘Ai,m;L,e = U [{x cR": |y¢7m — Zij,m| < 5}\ U {.r cR": |yk7m| < L} .
FED(i) keD(i)
Then R" is decomposed into three disjoint subsets:
R" = QExt,m;L U QCorc,m;L,e U QNeck,’rn;L,E

where
1%

Exterior region: Qpxt m., = ﬂ{:v € R" : |yim| > L},
i=1

14
Core region: Qcore,m;L,a = U Qi,m;L,Ev
i=1

v
Neck region: ONeck,m;L,e = U Aim;Le-

\ =1

PRELIMINARY ESTIMATES: Let %, and %y, be the quantities in (2.2)—(2.3) where the param-
eter (Zim, Zjm> Ni;m, A\jym) 1s substituted for (z;, zj, Ai, A;j) so that Z,,, — 0o as m — oo. Then
(4.8) gives

v n+l
ZZ || =0 (%2™) = 0(6),) = 0 asm — o0 (4.13)
i=1 a=1

where o(Z%~") /%25~ — 0 as m — co. By (4.2), (4.9), and (4.13), we know

P == [(az';:lrfmo (@) +0(1)Vnlw) +0 (#277) S UL, ()| dw (4.14)
=1

for x € R".
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We readily observe that

n—2s
1 _ _ N
/R" |IL‘ _ w|n72s Ufm(w)dw = r}/n,}? ((I)n,s * Ufm) (.T) = ,YTL,L}:UZ',m(x) 5 <y 177;1”_28 : (415)
,m

Moreover, the following estimates are true.

Lemma 4.5. There exists a constant C' > 0 depending only on n, s, and v such that
1 . .
/Rn Iz — wjn—2s (V5 + v5m) (W)dw < C (wi, +wiin) (2) (4.16)

forj=1,...,v and

1 1
p—1
ol " W) (w)dw 4.17
T o T O W) @ 1
n Y 1 lo i s gp—2s —2s

My (Wluyi,mk%n} + |§’_|yl|g‘1{\yi,m|z@m}> + MY+ M for n > 6s,
<C oo o
- n log(2 + |y: log |y; s 25 o2

M3 Z( g((y' |?>J;7m|)1{‘yi,7n‘<~%$n}+ |§.ly1"7:|1{|yi,m‘2<%$n}> F MY BB+ M™% forn = 6s

i—1 nm om

holds for any x € R"™, M > 1, and m € N large.

Proof. A minor variation of the proof of [24, Lemma 3.6] yields (4.16). Besides, if n > 6s, we
have the following interaction estimates as in [24, Lemma 4.1]: If X; ,;, < Ajy,, then

p—1_ in —2s,in —2s, out —2s,in
Ui Wit S ZijmVim + ™ Vi + X Vi (4.18)
p—1_ out —2s,in —2s, out —2s, out
U Wom, < e%)mmvj’m + XV + Ry Vs (4.19)
p—1_ in —2s_in
Usm Wim S ZijmVjm (4.20)
p—1_ out B —2s (_in out out
Ui,m wj,m 5 <Zz],m> (Ui7m + Ui,m + /Uj,m) y (421)
and
1 Aim \ 2 *
pP— out i 2 out -
Uim Wim S [(A;:) te } V7 i [Yim — 2ijm| <€, (4.22)
t 2n—10s 4s— i t .
W < (ot )10 B (0B [y — ] > € (423)

for any € € (0,1) and m € N large. Taking these estimates into account, one can mimic the proof
of [24, Proposition 4.3] to achieve (4.17).

If n = 6s, we can obtain (4.17) by deriving analogous inequalities to (4.18)—(4.23) as in [24,
Lemma 4.2]. We skip the details. O

In the remainder of this section, we restrict ourselves to the case n > 6s. The proof for the
case n = 6s goes through without serious modification, so we omit it for conciseness.

Suppose that for any given ¢ € (0,1), there exists a number m¢ € N depending on ¢ such that

1

R | — w28

m>me = (027 fm]) (w)dw < (Win(z)  for all @ € R™. (4.24)
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Then, owing to (4.14)—(4.16), the desired inequality (4.12) will hold. We have

/Rn ‘x_ul}’n—Qs (ngil|fm|) (w)dw

1 1 (4.25)
N (/Q +/Q +/Q ) [z — w2 (o 1 fml) (w)dw
Ext,m; L Core,m;L,e Neck,m;L,e

= IExt,m;L(fL') +ICore,m;L,€(-T) + INeck,m;L,s(x) for all z € R™.

By choosing suitable L and e, we shall estimate each terms Zgxt m;r, Zcore,m:L.e, and INeck,m:L,e
to deduce (4.24).

ESTIMATE OF Zgxtm:r: By (4.9) and (4.14)—(4.17), there is a constant Cy > 0 depending only
on n, s, and v such that

sup  (|fm|Wi!) (2) < Co (MP"L™*log L + M*%,,% + M%) + o(1). (4.26)

IEQExt,m;L

In light of (4.26) and (4.17), there exists C; > 0 depending only on n, s, and v such that
Text,m:L ()
< [Co (MP"L™*log L + M** %, + M~2%) + o(1)] /Rn ’x_wl’n_%
< Oy [Co (MP"L™%*log L + M* 2,2 + M) + o(1)] Wi ()

(2" W) (w)dw

for any x € R™ and m € N large. We pick numbers My and Lg so large that ClC’OJWO_25 < %
and CyCoM§" Ly > log Ly < 5. Then

Toamito(r) < S Win(a) (4.27)

for all x € R™ and m € N large.
By taking larger values for Ly if required, we can assume that

Lo > C* :==1+4+max{|zj| :4,7=1,...,v, j € D(i)}, (4.28)

which will be frequently used later. Hereafter, we fix L = Ly and omit the subscript Ly for
simplicity, writing e.g. Quxt,m = QExt,m;Lo OF ZCore,mie = LCore,m;Lo.e-

ESTIMATE OF Zcorem;e: Fix any € € (0,1). By employing the blow-up argument, we will first
show that

sup (|fmW!) (2) = 0(1)  as m — oo. (4.29)

erCorc,m;s

If (4.29) is not true, we will have points x,;, € Qcore,m;e for m € N and a number 6y € (0,1)
such that 0y < (|f|W,H)(2m) < 1 for all m € N. By passing to a subsequence, we may assume
that z,, € Q m;e for some 79 = 1,...,v and all m € N. The following lemma is crucial.

Lemma 4.6. Let f,, be a function in H5(R™) defined as
Fn (W) = Wit (@m) fn (A + Zigm)  for y € R™
and Zo, = {Zigjo0 1 J € D(i0)}. Then, up to a subsequence,

fm—0 inCL. (R” \ 200) as m — oo. (4.30)
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Proof. There are several lengthy technical calculations in this proof. To make the main strategy
of this proof clearer, we will postpone their derivations to Appendix B.

We set
v n+l

M (1) = Ao W @) | + D> UL 20 N (N hy + 2iom)  for y € R™. - (4.31)
j=1a=1

From (4.10), we see that

in R",

~ __n—2s p_l N
fin =Py s % [p {Aimﬂf ()\1_0 m —l—zio,m)} fm +Hm
(4.32)

/ U[O,l]p_lZ“[O,l]fmdy:() foralli=1,...,vanda=1,...,n+ 1.
We notice from (3.1) that

)\%Q%@n
W) = i M > [T g, (4.33)
<)‘io,m(fcm - Zio,m)>

Furthermore, given any M > 0, the proof of [24, Lemma 4.7] shows the existence of a sequence
{n0,m }men C (0,00) such that nazm — 0 as m — oo and

(w}r,lm + w]0'7l71”i2) (/\m my + Z’Lom) = 77M7mw2)1, (/\10 mY T Zig.m ) (4.34)

for all y € B(0, M), j ¢ D(ip), and m € N large.* Using the elementary inequality

v v
D1 @i ai ay a;
== — <max{ —,...,— ¢ < g — foray,...,ay, >0and by,...,0, >0
lejzlbl n {bl 7b’/}_l_1 bZ b Y- ' Y ’

(4.33), (4.34), and (4.28), we verify that

Wm ()\;:my + Zio,m) < |:(1 + l/nMvm)w}i(rllvm + ZjGD(iU) (w;r,lm + wQ}}rﬁb)] (A 1my + Zig, m)

< (4.35)
Wm(l'm) |: i0,m + Z]ED(Zo) ( + wo‘lt):| (.’IL‘m)
bt T [ B I
- e DGy LY = Ziogm[? { ;lo = Z%OJm)‘<%m} [y = zigj,m|" % { *Aqo (v=2iod.m) >‘%"}
for y € B(0, M)\ {ziyjm : j € D(ip)}. Given any [ > 0, let
Ki={y eR": |y| <1, |y — zigjoo| > 17" for all j € D(ig)} € R™\ Zw
Then there exists a large number m; € N depending on ! such that
Loy [ Ajm
y € Ky, j € D(ig), m >my = (Y — Zigjoo) | = 517 [ Fom > Pom.-
’L(), 2 )\io,m
Thus (4.35) gives
N Lnf4s
[fm@)] S A+ Ui ) L& + Z 0 uniformly in KC; for m > my. (4.36)

IV n—4
€D (io) Y = Zigjiml

41 principle, we may have that lim inf,, ;0o SUpP;~ o Nar,m = 00 because of the presence of bubbles that belong
to a different bubble-tree than the one associated with the index 7¢.
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Let B and B’ be a bounded open ball such that B’ C B C K; for some large [ > 0, where B’
is the closure of B’. In Appendix B.1, we will directly use (4.32) to prove that if s € (%, ), then

1 fmllca(mry S L6~ for m € Nlarge. (4.37)

If s € (0, %], the standard elliptic regularity (see e.g. [55, Corollary 2.5]) combined with Remark
B.2, || finllpoo(my S Ly, and My, — 0 in L%(B) yields

A~

coam) 16704

fim

|L1(R") + HmeLOO(B)

_n—2s p—1 .

L>=(B)
S Ly for m € N large

provided a € (0,2s). Employing (4.37)—(4.38), a standard covering argument (to obtain the
CL(K;) or C%(K;)-estimate for f,,), and the diagonal argument (to take [ — o), we obtain

fm = foo in CQ, (R” \ goo) as m — 00 (4.39)

for some function fuo.

From (4.36) and (4.39), we see that

R Ln74s
‘foo(y)‘ SL(2)8+ Z . n—ds 1 Rn\zoo
. . ’y - Zinvoo‘
J€D(io)
In Appendix B.2 and B.3, we will confirm
foo = @ux (U0, o) in R\ 2o (4.40)
and
/ U[0,1]P712%0,1) foedy =0 foralli=1,...,vanda=1,...,n+1. (4.41)

Then, Lemma A.2 implies that each singularity z;,; . of foo is removable, namely, foo extends
to a function in L*°(R"™) satisfying (4.40) in R"™. By Lemma A.1 (a), it follows that fo = 0 in
R™. As a result, (4.30) must hold. O

Let Yy, = XNigm(@m — zig,m) so that sup,,cn |Yim| < Lo < co. One can assume that Y, — Y
as m — oo for some Yo, € R” such that |Yoo| < Lo and |Yoo — Zigj,00| > € for all j € D(ip).
By (4.30), one concludes that f,,(Y;,) — 0 as m — oo, which is impossible because | fim(Yin)| =
(| fmWi) (@) > 0y > 0. Therefore, (4.29) is true.

Now, from (4.29) and (4.17), we infer that
1

|l’ _w|n—25

ICore,m;s(x) = 0(1)/ (U%_lwm) (w)dw = 0(1)Wm(CL’) (442)

QCore,m,;é:

for all x € R™ and m € N large.
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ESTIMATE OF ZNeck,m;e: By reasoning as in Case 3 of the proof of [24, Lemma 5.1], we find that
for any fixed # € (0,1) and i =1,...,v

)

(n 6s)

JED() (4.43)
+0(1>] Vi i Ajme,

n4s

s(n—6s)
|:(C*) 2 n— 23 0
provided Ly > 3C* (see (4.28) for the definition of C*) and m € N large. By (4.43),

INeck mie (x)

=1 -Azms
~ 1 * S — 48 * S m
S Z;/ m |:{(C )2 0 + L02 + O(].)} Vm( (C )2 0~ 25 7)17m(w> dw

< (CMp e Z/ ‘x_w’n i (w)dw

1m5

1

|l’ _ W‘TL*QS

+{(C)*0+ Ly* +o(1)} / Yy (w)dow.

Rn

Hence, by applying (4.16) and possibly increasing the value of Ly, we achieve

Tnedmse (1) < C(C)#0~"F Z/ ) + S (@) (1.44)

1, M3

for any z € R™ and 6 € (0, 1) small. Moreover,

1 .
i,m;e

n+2s
1 N2 RET 4.45
< Z n—2s o - 4s ]'B(z- %—m)(w)dw ( )
]ED(@) B(ijma )\: )\UkED(z)B(zk m» /\k |:B B | <Az7m(w - zlam)> o Xiym

:5Ji,m;e (5’3)
for x € R™. We will estimate J; m:c(x) by considering three separate cases.

Case 1: Fixing any L' > 2C*, we assume that |z — zj,| > =~ for some j € D(i).

Letting Fijm = Xim (T —2j,m) and @ijm = Nim(W—2jm), and recalhng Zijm = Niym(Zj,m —Zim),
we evaluate

n+2s

1 N2 BB
B o T ey
< A%(@stn / 1 da)ijym (446)
o B.2) |Tijm — @ijam|" 2 (Dijm + Zij,m>4s
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where we used |Jij,m — @ijm| > %]ﬂij,m], which comes from |g;;m| > L', to get the last inequality.
Notice that |2im| < %|Fijm| and

1Tijm| — |Zijm| < Niml|® — Zim| < |Fijm| + |2i,m],
which imply

1 3.
§!yz‘j,m| <|Yim| = Nimlz — zim| < §\yz'j,m\-

Thus
1
)\ %25 n
m |yij,m|n_2s
n—2s n—2s
T2 gp2s—n 2 —4s
Nnas—nim_'m 25 ;6 im _“tm
S A (i) > Lyl <ty + (L) %" |Yim |28 L{1ys,m|>%m)
i,m
< e"Wp(x).
Case 2: We assume that /\?fn < |z = zjm| < 57— for some j € D(i).
As in (4.46), we compute
n—2s _ 1 da}zm
Jy;(w)gﬂ@%"/ | i
e L B(0,¢) |yij,m - wijvm’n 2 <W'Lj m T+ Zij, m>4s

n—2s
2s—n 2s—n ~ 2s 2s—n
<e )\1,7721 ’@m / dwijjm S 9 )\ZWQL '@m
B(0,¢)

where we employed |Fijm — @ijm| > |Jijm| — |@ijm| > 26 —e = € to obtain the second inequality.
Since
Yim| = N2 = zim| < Xm (|2 = 2jm| + |25m — 2jm]) < L'+ C* < B,

for m € N large, we see

n—zs

. %25 n
23)\ <%25 n <€2s [1+(L/+C*)2s] 1727;' > {|y1m|<%m} < 82S(L/+C*)2SW ( )
(4)-
We calculate
n+2s
T < L Nan H”" 1 d
)% [ 3y T T Qo — s Bl (00
n+2s
< Aim %3,?”/ L qugeEa g
) ) |:ZI _ w|n— s

Because
Yiim| < Xim (|2 = 2jm| + |2im — 2jm|) <264+ C" < T,

for m € N large, we observe

25)\ <@25 n <€28(26—|—C*)28W ( )
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From the above analysis for the three cases and (4.44)—(4.45), we find

INeck,m;s( ) < C C* 28‘9 25 Z Z u71m5 C m(x)
i=1 jeD(7) (447)
< |cwe s o) + é] W) € SWo(e)

for all z € R", provided ¢ € (0, 1) small and m € N large.

Now, by inserting (4.27), (4.42), and (4.47) into (4.25), we obtain (4.24). Consequently, the
contradictory inequality (4.12) holds for all z € R™ and large m € N, implying the validity of
(3.9). This completes the proof of Proposition 3.3.

5. QUANTITATIVE STABILITY ESTIMATE FOR DIMENSION 2s < n < 6s

Having the spectral inequality (2.4) in hand, one may attempt to argue as in [32] to derive
(1.9) for 2s < n < 6s. Indeed, Aryan pursued this approach in [3, Section 2|, getting the result
provided s € (0,1).

Here, we present an alternative proof of (1.9) whose scheme is close to those in the previous
sections. One can use standard integral norms at this time, and computations in the proof are
more straightforward than the high-dimensional case n > 6s.

Definition 5.1. We redefine the *- and xx-norms as

HPH* - ||PHHs ]R") and ||h’||** - ”hHLnJrZS R")

As before, the derivation of (1.9) is split into three steps.

Assume that 2s < n < 6s. We set o, p, and pg as in Step 1 of Section 3.

Lemma 5.2. There exists a constant C' > 0 depending only on n, s, and v such that

S
i=1

<02 (5.1)

k%

where 2 > 0 is the value in (2.1).

Proof. By elementary calculus, (2.10), and the condition n < 6s, we have

1 2(p—1)n 2n n;rfs
ZUP S HUp U‘ — Z U n+2s Un+25
Ln+25 ]Rn) n
Lw T(Rn) ij= ; WV, z]:;él/
17 1%£]
n+2s
< len{p 1 1 n+25 2n — Q D

We next analyze an associated inhomogeneous equation (3.8).

Proposition 5.3. If h € Lt (R™) and f satisfies (3.8), then there exists a constant C > 0
depending only on n, s, and v such that

111« < CllAll - (5:2)

Proof. Since the condition f € H*(R") was assumed in (3.8), we clearly have that ||f|l. < oo
The proof consists of two substeps.
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We claim that there is a constant C' > 0 depending only on n, s, and v such that

v n+l

Y D < bl + 2IIf)) - (5:3)

i=1 a=1
To show it, we test (3.8) with Z]l? for any fixed j =1,...,vand b =1,...,n+ 1 and employ
(2.10), (3.16), (3.7), and (1.1). Then we arrive at

C? /Rn U[O, 1]p—1zb[07 1]2 + Z C;ZO(qU) = p/Rn <U§)71 _ o—p_1> fZ;7 - /n hZ;)

i=1,...,v,
i#£]
— P _ p n n = * *%k
o[-0z Wl | O (100, ) = O+ ).
=1 Ln+25(R")

which implies (5.3).
We assert that (5.2) holds. Suppose not. There exist sequences of small pos-
itive numbers {d), }men, 0p,-interacting families {{U;m = Ulzim, Nijm]}i=1,..» fmen, functions
2n .
{hm}men C L7+2 (R™) and {fi }men € H*(R™), and numbers {C?,m}i:l,..-,v, a=1,..m+1,meN satis-
fying (4.9)-(4.10). By (5.3),
v n+l

ZZ‘cfm‘ — 0 asm — oo. (5.4)

i=1 a=1

Testing (4.10) with f,, and using Holder’s inequality, (1.1), (4.9) and (5.4), we obtain

v n+l
p—1p2 __ 2 a
p/]R" Om fm — ||fm” 's(Rn) +O <||hmHLT?rnﬁ(Rn) +lel ‘Q,m‘) —1 asm — oo.
1=1 a=

On the other hand, the argument in the proof of (2.18) demonstrates a contradictory result
lim P12 — 0. (5.5)
m—oo Jpn

Indeed, the sequence {fy, }men shares crucial properties of { g, tmen used in the proof of (2.18):

- Each f,, solves an inhomogeneous problem (4.10) whose right-hand side tends to 0 in
H—*(R"™) as m — oo.

- HmeHS(Rn) =land f, L Z, in H¥(R") forallm e N,;i=1,...,v,anda=1,...,n+1.

These, combined with Lemma A.1 (b), yield (5.5). We omit the details. O

A fixed point argument with Lemma 5.2 and Proposition 5.3 leads to the next result; cf.
Proposition 3.4.

Proposition 5.4. Equation (3.6) has a solution py and a family {c¢}i=1... v, a=1,..n+1 Of numbers

such that
v n+l

lpolls <C2 and D > |} <C2 (5.6)

i=1 a=1

where C' > 0 depends only on n, s, and v and £ > 0 is the value in (2.1).
The estimate for ¢{’s in (5.6) results from (5.1)—(5.3), and the fixed point argument.

Set p1 = p — po. Then it satisfies (3.12).
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Proposition 5.5. There exists a constant C > 0 depending only on n, s, and v that
Iprlls < C () + 2) (5.7)
where T'(u) = ||(=A)%u — |u|p_1u||H_s(Rn).

Proof. As in the proof of Proposition 3.5, one can adapt the argument in the proof of Lemmas
6.2, 6.3, and Proposition 6.4 in [24], which uses the spectral inequality (2.4).

Compared to the high-dimensional case, we have more terms to treat here, because n < 6s
implies that p > 2 and so

o+ po+ p1P (o + po + p1) = |o + poP (o + po) — plo + pol?~" p1
S lorlP + lo + polP 2| pa %
|7+ p0)"™ =" S Hpol”™ + o7 ool (5.8)
om0 s 3 ot s F vinl).
=1,...,u, i=1,...,u,
ik ik

Fortunately, the additional terms such as |0 + pg|[P~2|p1|? and o?~2|pg| in (5.8) can be controlled
well, and the bound (3.13) for p; in Proposition 3.5 keeps unchanged. O

Putting (5.6) and (5.7) together leads
120l 7= @ny < llpolls + llpall« < € (T(u) + 2). (5.9)

Thanks to (5.9), we only need to check that 2 < I'(u) to establish (1.9).
Since n < 6s, it holds that p > 2. Hence

o+ plPH o+ p) —0? —pa?tp| S0P 2p" + |plP. (5.10)

Testing (3.4) with Z”"‘1 for any fixed j = 1,...,v, and employing (5.10), (3.16), Holder’s in-
equality, (1.1), (5.1), (5 6), (5.7), (5.9), and p > 2, we observe

P n+1
/Rn (UP—ZUi> Z
=1

14
5.11
<JP—ZU5’> ol + [ ool [ ot [ lop|zperw O
R u=1 R n n

ST() + 2% + o]l g qny + 10l ny + 111 oy S T(w) + 27

Besides, a suitable modification of the proof of [24, Lemma 2.1] gives (3.19) provided n < 6s.
During the derivation of (3.19), we need the estimate

1 1 1
3 3\ 3 3\ 3 3 3\3
/nUg’—lUjUks (/nUf(p ”U;) (/HUQ(‘D 1)U,§> (/nU;U,g)

1 3 1
S VUiiikGik | log gjk|? < 22]log 2|3 = o(2),
which holds for any n < 6s and 4,5,k =1,...,v such that i # j, j # k, and i # k.
As a consequence, we deduce (3.20) from (5.11) and (3.19). The desired inequality 2 < I'(u)
follows from (3.20). This completes the proof of (1.9) for 2s < n < 6s.
To derive the sharpness of (1.9), one can modify the argument in [12, Section 5.1]. We skip
it.
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APPENDIX A. AUXILIARY RESULTS

A.1. Non-degeneracy result. We prove the non-degeneracy of the bubble U|z, A], which is a
minor variation of ones in [23, 45]. We believe that it is of practical use elsewhere.

Lemma A.1. Let n € N and s € (0, 5). Assume that one of the followings hold:
(a) Z € L*=(R™) solves
Z=0,.*(pU[0,1]""'Z) inR". (A1)
(b) If Z € H*(R") solves
(=AYZ —pU[0,1)P"'Z =0 inR". (A.2)
Then Z € span{Z°[0,1], Z*[0,1],..., Z"*1[0,1]}.

Proof. Case (a) was treated in [45, Lemma 5.1]. In the rest of the proof, we will prove that Case
(b) can be reduced to Case (a).
If Z € H*(R") solves (A.2), then (A.1) holds similarly to (4.2). Additionally, one can verify
that Z € L*°(R") as follows:
- If n > 65, we apply the iteration process in Substep 1 of the proof of Proposition 3.3 to

(A.1).
- If 2s < n < 6s, then the HLS inequality and Hoélder’s inequality imply
\Z | 1 IZ | 1
12l 0 oy H ‘e <2l |
L¥* (R™) L<2(]R“) ()7 e (R™)
for t = 758, (1 e (27;, 68 n) (o = Cf—it’ and t* = nf%@ € (n2_”28,oo). This means that
Ze Lt(]R”) (4.6), we conclude that Z € L>(R"). O

A.2. Removability of smgularlty. We derive a result on the removability of singularities of
a solution to an integral equation, which will be used in the proof of Lemma 4.6.

Lemma A.2. Suppose that n € N, s € (0,%5), o € (0,n), and § > 2s. Given any N € N, let
91,...,9N5 be distinct points in R™. If f and V are functions such that

f=Pnsx(V[) in R"\{v1,...,on},

fy)l<C <1+§:1> VYl < ih fory € R"\ {n1,...,9n}
— |y —vil® (y)?

(A.3)

for some C > 0, then f € L>®(R").

Proof. Let C** = 1+ max;—1__n |9;|. By (A.3), f is clearly bounded in the set B(0,4C**)°.
Suppose that y € B(0,4C**)\ {v1,..., t)N} it holds that

1 dw
w5 [ o+ /
re |y — w|" 28 ( Z B(0,20+)e [y — w["728 |w[a+h

1 dw
+ / (A.4)
Z: B(0,20%) |y — W[ |w — p;|*
o LAlog(2+ Jy)1s- n Z/ dw
& (y)mintBin}=2s 020+ |y — W\" > Jw — il

where the integrals on the first line were computed as in (4.3).
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We shall estimate the rightmost integral in (A.4). Fix any non-negative ( € (a—2s, min{«a, n—
2s}]. By handling the cases {w € R" : |w — y| < 3jy — 9|}, {w € R : |w — 1| < 3|y — 03|}, and
{w e R : min{|w — y,|w — vi|} > 3|y — n:|} separately, one can derive

1 1 < c 1 n 1 (A.5)
P e S M R W[ S '
where ¢ > 0 is determined by n, s, «, and ¢. By (A.5) and the estimate

/ dw < / dw n
B(0,20++) |w — ;| 2sta=e ™ {\w—m|<“’7”} e R s

dw
|} |w’n 2s+a—(

il <jwl<2c* }n {|w y|> 1%l
S ImlC A7) [ [T (@2) (Ol S (Ol

we deduce

[ L e (o)
BO20=) [y —w["72 jw—n;[* Yy — [
provided |y| < 4C**.

Therefore,

| ( |<Cl<1+z| ’C) foryER"\{m,...,t)N}

where C’ > 0 is determined by n, s, «, 8, {, C**, and C in (A.3). Feeding back this information
into (A.4), we can iterate the above process until we get f € L>®(R"). O
APPENDIX B. TECHNICAL COMPUTATIONS

Throughout this appendix, we assume that n > 6s.

B.1. Derivation of (4.37). We recall that

v n+l
fm(x):/ '7"< o A b+ > Y UP 28 )(w)dw for z € R™.
R

_ 2
n|£l7 w|n ’ i=1 a=1

For s € (3,%), we will prove that

v n+l
V fm(x) = (25 — n)yn s /Rn r _(ﬂfw|nw2)s+2 <p0’p Y+ hon + ZZ szp 1y ’m) (w)dw

=1 a=1
(B.1)
for z € R™. Tt suffices to verify that the integral on the right-hand side of (B.1), denoted as
gm(x), is well-behaved in order to apply the Lebesgue dominated convergence theorem.
To analyze the integral, we decompose R™ into two subsets {|yim| < 3%n} and {|yim| >
%%m} Then one can examine

1 —1 in
/Rn [z — w2t Ul (@) (wih, +wiiy) (w)dw

. in out
(yiom) T R

~
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and

1 out )‘i,m out
/Rn |z — w[r2stL (v + vf) (@)dw S ) (wih, + wint) (z). (B.3)
By applying (B.2)—(B.3) and (4.18)—(4.23), we observe that for any M > 1,
1 -1
/Rn [ — w[n—2s+T (P fon + hin) (w)dw

N (1l + w33t (2)
i=1 (Yi,m)

<

~

1 log [ m|
3 i,m
Mn( . >281{\yz-,m\<ﬂ’m}+ﬁ1{|yi,m|z%m}

< i,m |yi,m

+M4s%;12s _’_M72s + Hhm”**]

<Z P, 4w (2).

(Yim)

This gives rise to

v
Ai -
gm (z)] < Z <y%’m> (wih, +wimm) (z)  for z € R",
im

since (4.8) implies

v n+l
p—1r7a
/R” ‘x _w‘n 1oe — ) |n—25+1 ;;Clm Uzm Zlm)( ) dw
s—n —(n+2s - )\i,m
(a2 1l F20) 37 L @)
i—1 <yl,m>
Therefore, (B.1) is valid.
Now, considering the relationship that
|me } =X, me(xm)_1|me(x)| for z = )\Z mY T Ziom
and Aig m|Tm — Zig,m| < Lo, we find
\V4 £ < 1 - )‘j m in out )\71 )
|V fn(y) > (Wi + wiin) (Nigm¥ + 2iom)

I Xigm Wi (Tm) o </\ m Ay (Y Zioj,m)>

225 L2S
Z ( ZO,m) * Z [‘y—zzo]nﬂ%ﬂl{ LT (y— zwm)‘<j’ }

]<7‘0 770 ig,m

n—4s
LO

1
|y — Zigjm |45t {

)\]i(y Zigj, m)’>%m}]

0,mM

+ ) Ajim (Njan (T = 2jm))**

2s+1 { Aj,m
) Aj, - (y—zigj,m)|<Z.
{3+ 1zigj,m|—00} )‘i0~m <)\ij0.ﬂ:n (y — Zioj,m)> Aig,m igd,m 'm

n—4s
Ajm|Ajm(Tm — Zjm)| 1
s n—4s+1 Aj,m >4
A LB (g i) 2 (Y—2igj,m) |2 %m
10,1 | Ni.m Y 20J,M 10,m

5 L8—4s
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for y € B’ and m € N large, where B’ is any compact ball in R™ \ Zvoo. This concludes the proof
of (4.37).

Remark B.1. Let vy be an integer such that v € [1, [2s]] for s € (3,%)\ iN and v € [1,2s — 1]
for s € (5 5)N 1N The previous argument reveals that

1 - v n+l .
[ s (ot St )

=1 a=1
S Z < W ) ;nm +wiy) (z) for z € R,
2, m

since n — 2s + v < n. Consequently, we have

VY fm ()] S

Hmecw(ﬁ) S L874s for m € N large.

B.2. Derivation of (4.40). Let B’ be a bounded open ball in R\ Z... We choose any y € B’,
which will be fixed throughout this subsection. It follows directly from (4.35) that

W ()\zo mY + Zzo,m)

SLy® (B.4)

for m € N large. Arguing as in [24, Lemma 4.7], one has

Uj,m()‘;o,lmy + zio’m) =o(1)Uiy,m (A 1 y+ zio’m) for j ¢ D(ip) and y € B (B.5)

10,Mm

Recalling (4.31), we infer from (4.16), (B.4), (4.15), (4.8), (4.9), and (B.5) that

1
——H(w)dw
A;\y—wW‘% )

Wm (/\Z)}my + Zio,m)

v n+
1
S | +

1
‘C?7m|Uj:m ()\z_o,lmy + zio,m) — 0 (BG)
1

=1 a=

as m — oo.
In the following, we will justify the equality

1 _ n—2s p—1
lim _ {)‘z‘g,mQ Om ()\mlmw + 2, m) } fm(w)dw

m—00 Jgn [y — w|"2

1 Iy
- /R e (V0P o) (@)

n |y — wlr2s

(B.7)

for each y € B’. Indeed, if it is true, (4.40) will be an immediate consequence of (4.32), (4.39),
(B.6), and (B.7).

Given any M > 4C* large and € € (0, 1) small, we decompose R™ into

R™ = (Uien(ip) B(Zigi,o0: €)) U [B(0, M)\ (Uien(io) B(Zigioo, )] UB(Ov M)*
=: 1 Uy U Q3.
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We set
1 .
@)= [ (VO ) (@)
R

" —wln 2s
Yy

2/ —I—/ +/ =D (y) + Lizm (y) + Dis;m(y),
0 Qs Q4

1 _n—2s p—1 _ R
Lm(y) == /Rn = {(Aio,mQ om (N + +2iom )> - Ulo,1]7 1} fm] (w)dw

:/ +/ +/ o= Iy (y) + To2m (y) + T23.m(y)-
(951 Qo Q3

It is sufficient to analyze integrals I11m,. .., 23, separately.

(B.8)

We take | > max{M, e '}. Following Claim 1 in the proof of [24, Lemma 5.1], one

can find

n—2s

A Tam()\

i0,m

“+zigm) = U[0,1] in L®(Q2) asm — oo

i0,m

using the fact that Qo C K;. Moreover, owing to (4.39), fm — foo uniformly in Qs as m — oo,
SO

1 ~
I N 7<U0,1p_1 )wdw,
12m(y) 0, |y — w2 10,31 foc ) () as m — oo (B.9)
IQ?,m(Z/) —0
for each fixed y € B'.
Let us estimate I11,,(y). By using (4.33) and (4.34), we see that
1 .
2 in
)| S L8+ 5 30 (i + w50) (ot + Ziom)

J€D(io)

for w € 1 and m € N large. Fix any i € D(ip). If |y — 2ipi 0| < 2€, then

1 1
B(zii,00,€ y_w’n ® B(y,3¢) |y_w|n 3

Zigi,00) ) ’

If |y — Zigi,c0| > 2€, then

1
/ ——5;U[0, 1P (w)dw < 628_”/ dw ~ €%,
B(zigicene) |V — W] B(0,e)

From (4 20), (4.22), (4.16), and (B.4), we know

1 B .
Z / Ty — el U0, 17 (w) (wh, + wi) (A hww + 2ig.m) dw
jED Zlo] c0>€
1 iy
ST 2 ot a0 T [ i Db+ 50m)
10 . . i0dm>

A‘ 2s
(e
j’m
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A‘ 2s
SJ L8_4S Z [{%;LQS + ()\207"71) +€28
J7m

J€D(io)

~ [P 4 o(1)

for m € N large. In addition,

1 1 -1 in
W] 2 / o VIO ) (it i) O+ )
m m i, j€D(ip), Zlol 00,€ vy=
Zzoz oo?ézzoj %)
1 1 L(Z)s L874s
< / —U[0,1]" " (w) [ + dw
. J;zo (igioee) |9 —w[P728 w = Ziggm|** W = zigjm[" T
ZZOZ OO#Z'LOJ oo
1
4 — —4
St Y [ et e S e
Z’L 'Loo»f) y w|
1€D(ip) 0%

where we choose € so small that € < 3 min {|zii.co — Zigj,00| 54 € D(i0) and Zigico # Zigj,c0} for
the second inequality. Therefore,

|lim(y)| S LY *¥e* +0(1) for y € B’ and m € N large. (B.10)
We next turn to the integral I13,,(y). If w € Q3, or equivalently, |w| > M, then

| fm(w)| S (L%SM 4 L3—4SM—<n—4s)> 4L

! in ou
e 2 () (ke s (BAD)

s |zigj,m|—o0}

for m € N large. On one hand, it holds that

1 . . 1 1 M- .
T U0, 1P (w)dw S M — wdw S —F—— S M.
Q [y —w["m* [y —wl" 2 14wl 1+ yl*
On the other hand, by (4.18)—(4.21), (4.16), (4.33), and (4.34),
1 1 — ou -
Tty 2,y a0 () Ot )
{i1zigj,m|—00} ">
1 R + (Zigjym) > ou out) (y—
S ), o (om0 ol 452) O+ )

{5: 25 j,m|—o0}

S <%’m25 + > (zigsm) )

{5 1zigj,m|—o00}

1 out out —1
X W [wlo m + wzo m + Z (w] m + wj 'm) (Aio,my + Zio,m)

{3+ 12igj,m|—o0}

SLE <%m28 + <Zioj,m>25> = o(1).
{5: |zi0j,'m‘_)oo}

Summing up, we discover

T3 (y)| S LEM™ 4+ LM~ (39 £ (1) for y € B' and m € N large. (B.12)

Furthermore, by employing the pointwise convergence

Fm(W) = foo(w) forw e R™\ Z, as m — oo,
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and Fatou’s Lemma, we deduce

/Q % (U[O, 1]p*1\foo\) (w)dw < lim inf _ (U[O, 1]p71|fm‘) (w)dw

Ly — wnm2s m—oo Jo |y —w|n=2s
< [ndse2s (B.13)

and

1 ( —1y 7 o 1 1y 7
— (U]0,1)? foo)(wdwghmmf/ 7<U0,1p fm>(w)dw
| e (U0 ) e < timint [ (01007
_ L(Q)sts + L8—48M7(n735).
(B.14)
By collecting (B.9), (B.10), (B.12), and (B.13)—(B.14), we conclude
1 s
Bn®) = [ g (V10,077 ) (@)
R |y — wl
+0 (L6 + LM + L M) 1 o(1) (B.15)
for each y € B’ and m € N large.

We evaluate Iz,,(y) for y € B’. Direct computations similar to the previous step
yield

p—1
1 725 out -1
et o e | (DA i) (o )] O s
m\Lm n

i<

i 2s 1 A\ 2s ‘ ‘
< LQS i,m dw < L2s i,m 25 < 1 LQ‘S 2s
~ Z(Am,m) / fy— w2 > 0 Z<Aw) € S o)L

i<ig i<

(since (wlo m wfomm) ()\Z-_O}mw + zio,m) < LW, (zm) for w e Ql) ,

- 1
1 1 e out -1
W) /Q = [ < E Nigom? Ui,m) (wm m + Wiy, m)} (A + Zig,m)dw
m m 1

L \i>1g

S LY 2,7 =o0(1) (by (4.18), (4.19), (4.16), and (B.4)),

) -
1 1 _ n—2s
AT (zm ;’"';n) ALl o) d

< L3 (%;f’s + > <zi0i,m>_23> =0(1) (by (4.18)—(4.21), (4.16), (4.33), and (4.34)),

{i:1zigi,m|—o0}

and

p—1
1 n— 23
)\ U"rn ( in.m Zouzn) )\._1 i0.m d
Wm(xm) /Qa |y w|n 2s [(Z 10m Js ) wo +w0 ( zg,mw+zo, ) w

J#i0

S (L(2)3M—2s + Lg—4sM—(n—4s)) /

R

p—1
Ujm ()\i_o%mw + zio,m)dw
Jj#i0

n |y w|n 2s (Z)‘tom

—4Z8 n—4as —(n—4s 1 S —4Z8 n—4as —(n—4s
S(LSSMQJFLO‘*M( ‘”)Z — LM Ly ()
i <A.]’m (y— Zioj,m)>

ig,m
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for m € N large. Also, considering (4.18)—(4.23), (B.4), (4.33), and (4.34), we can derive, as in
(4.17), that

p—1
1 > 2S X out -1 .
Wi (@m) / e KZ Mo Uﬂ»m) > (wltn + i m)] (Nig e+ 24.m) o

J#i0 i#ig

1 u — —2 —2
S W (IE ) E (wz m + w?'ntz) (Azo%my + Zio,m) ) [MfsﬁmQS + Ml 2
AT it

A
e (Y~ Zioi,m)‘

231{27

1 log

<A>\17m(y - Zioi,m)>25 1{ AA%Z (yfzioiW>'<%m}

ig,m

+ M

Ai,m
>\.

ig,m

(y - Zioiqm)

- - —2s )M -
S L(T)z 4s (M;ls%mQS —|—M1 2«) + 0( ) xl (wlo m —|—w,?(;nfm> (/\io%my—l— Zio,m)

Wi (Zm)
2s
3n LO
+ My Z N 251{ Nm (g }
. . i, " igi,m m
1€D(ip) </\l;77:1(y - Zioi,m)> Xig,m 0
4s
L™ 10g | 52 (y = Zigim)|
+ 2s 1 Xi,m
Ai,m ( o ) x; m(y Zigi, m)|=P%m
’\ioml y 102,M 0>

n—4as s gp—2s —2s s n n s Az’m o n—4s >\'Lm o
S LG (M + M) + (DL M 4 M Y [La( )y ()

\; )
i€D(ig) to,m 0,

lo Aism
& )\ig,m

S Lo UM 4 o() Ly~ MY
for any M; > 1 and m € N large. Hence, with (B.9), we have proven that

[ Tn(y)| S 0(1)L3%€* -0(1) 4+ LEM =28 Lo~ 45 M= (049) L Ln=4s i 725 4 o(1) LR~ M7" (B.16)
for y € B’ and m € N large.

By gathering (B.8), (B.15), and (B.16), selecting M, M; > 0 sufficiently large and e > 0 small,
and then taking m — oo, we establish (B.7).

B.3. Derivation of (4.41). We will adopt the strategy in Appendix B.2.

First, because f,, = foo uniformly in 25 as m — oo, we have

/ Ul0,17=129(0,1] f,ndy — U017 Z%0,1] foody  as m — oo.
QQ QQ

Also, in light of (4.35), we find that

/.
s/glU[

U101 2%, 1]fm\ dy

L25 Ln—4s
Z < : 2s + : n—4s> dy
Zz'oj,m’ ’y - zioj,m’

j€D(io
< yn—4s 1 1
~ LO dy + Z 2s + n—4s dy
jeD(io) B(2ig,005€) |y - Zioj,m| |y - Zi0j7m|
+ > / < ! + ! ) dy| < Lyt
i ieDtiey. I Bligice) \Y  Ziogm[** |y = Zigjm[" ~

Zigi, oo?ézzog o)
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for € > 0 small and m € N large.
Next, by carrying out computations with the help of (B.11), we obtain

/Q( ‘U[O, 1771 2%0,1] fm | d

< /Q U017 )

(LgsM72s + L8743M7(n74s)) + L(2]s

‘n74s

|2igg,m > |Zi j,m >
D N e dy
. [y — zigj,m|?* |y — Zigj,m|" 74

{3+ 1zigj,ml—>o0}

S (L(Q]s +L67,745M7(n74s)) M72s

1 1 1 1
+ +
Z / 210] m ‘2707 - ) [‘Zloj m|" Y = Zigjm[*  |Ziosm|®® |y — Zigjm |48

{5: |3103 m|—o0}
fE
{7:1zig5,m |00}

S(EF Ly M) M S g M

{5 2igj,m| =00}

o

|n74s

. . 2S . .
U[O,l]p(y)|: |igj,m ] + |Zigj,m

[y — zigi,m|?* |y — Zigjm|n 74

o

12 |
07 m
2101 ms ﬁQ3

for m € N large.
By making use of Fatou’s Lemma, we easily get

J:

U0, 171290, 1] foo‘ dy < LM% 4 Lo—tsp~(29),

U0, 1712900, 1] foo‘ dy < Ln—4sets

and

)

All the information above and the second equality of (4.32) present

0=t [ V0P 2200ty = [ VIO 20, U
m o Rn n
The proof of (4.41) is completed.
Remark B.2. This proof essentially gives
H<'>—(n+25) fm’

which is necessary to deduce (4.38).

< Ln—4s

~ 0 9

L1(R™)
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