COMPACTNESS OF THE @Q-CURVATURE PROBLEM
LIUWEI GONG, SEUNGHYEOK KIM, AND JUNCHENG WEI

ABSTRACT. We provide a complete resolution to the question of the C'*-compactness for the
solution set of the constant @Q-curvature problem on a smooth closed Riemannian manifold of
dimension 5 < n < 24. For dimensions n > 25, an example of an L°°-unbounded sequence of
solutions for n > 25 has been known for over a decade (Wei-Zhao [43]). On the other hand,
Li-Xiong [28] established compactness in dimensions 5 < n < 9 (under some conditions). Our
principal observation is that the linearized equation associated with the QQ-curvature problem can
be transformed into an overdetermined linear system, which admits a nontrivial solution due to
an unexpected algebraic structure of the Paneitz operator. This key insight plays a crucial role
in extending the compactness result to higher dimensions.

1. INTRODUCTION

Let (M,g) be a smooth closed Riemannian manifold of dimension n > 3, Ric, the Ricci

curvature tensor on (M, g), R, the scalar curvature, and A, = ﬁ(RiCQ—ﬁRgg) the Schouten
tensor. Then the Branson’s @)-curvature (), and the Paneitz operator P, are defined as
n—4
Qg = —Ago1(Ag) +402(Ag) + a1(Ay)?

and
—4
Pyu = A2u + divy {(44, — (n — 2)01(A,)g) (Vu, )} + “TQQU for u € C*(M),

where oj,(Ay) denotes the k-th symmetric function of the eigenvalues of A, and Ay = div,V, is
the Laplace-Beltrami operator.
The @Q-curvature problem refers to the fourth-order elliptic equation

Pyu+2Q, =2)e™, u>0 on M (1.1)

for n = 4, and
Pgu:)\u%i, u>0 onM (1.2)
forn =3 orn > 5, where A € R is a constant whose sign is determined by the conformal structure

of (M, g).

If n = 4, the existence theory of (1.1) was developed by Chang and Yang [9], Djadli and
Malchiodi [10], and Li, Li, and Liu [27], among others. For the existence result for (1.2) in n = 3,
refer to Hang and Yang [17] and references therein.

Since our main focus in this paper is on the case n > 5, we provide a more detailed description
on the development of the existence theory under this setting: For n > 5, the first existence result
on (1.2) with A > 0 was achieved by Qing and Raske [36]. By appealing to the work of Schoen
and Yau [42] to lift the metric to a domain in the sphere via the developing map, they proved that
(1.2) admits a solution if (M, g) is locally conformally flat, its Yamabe invariant Y is positive,

and its Poincaré exponent is less than ”7_4. Later, Gursky and Malchiodi [15] established the
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existence result under the conditions that R, > 0 and @, > 0 on M, and (), > 0 somewhere,
which in particular imply A > 0. They achieved this through the study of the maximum principle
for P, and a sequential convergence of a non-local flow as t — co. The condition R, > 0 was
relaxed by Hang and Yang [18], who substituted it with the requirement that Y; > 0. They
deduced this by solving a maximization problem associated with a nonlinear integral equation
equivalent to (1.2). Refer to also [14], where Gursky, Hang, and Lin proved that the existence
of a conformal metric g with R4, @)y > 0 on M is equivalent to the positivity of both Y, and P,
provided n > 6. Recently, several results concerning the multiplicity of solutions to equation (1.2)
have appeared under specific settings: See [5, 1, 21]. This leads us to investigate the properties
of the solution set itself.

In this work, we examine the C*( M )-compactness of the entire solution set of (1.2) with A > 0.
Establishing this compactness property will enable us to calculate the Leray-Schauder degree for
C*(M)-bounded subsets of the solution set or to develop Morse theory, as already accomplished
in the Yamabe case [22]. Aforementioned work of Qing and Raske [36] obtained the compactness
result under their setting. Moreover, assuming 5 < n < 9, KerP; = {0}, the positivity of the
Green’s function Gy of Py, and the validity of the positive mass theorem for P, Y.Y. Li and
Xiong [28] proved that the solution set is C*(M)-compact; we refer also to the work of G. Li
[26] that studied when 5 < n < 7. On the other hand, Wei and Zhao [43] constructed a smooth
Riemannian metric g on the unit n-sphere S” with n > 25, which is not conformally diffeomorphic
to the standard metric on S”, such that the solution set of (1.2) is L>°(S™)-unbounded (and so
C*(S™)-noncompact). The case 10 < n < 24 remains unsolved. In this paper, we establish the
compactness result for these dimensions, thereby providing the conclusive answer to the question
of the C*(M)-compactness of the full solution set of the Q-curvature problem (1.2) on (M, g)
with A > 0 and Y, > 0.

A simple proof of the C*-compactness of the solution set of (1.2) with A\ < 0 was given by
Y.Y. Li and Xiong [28, Theorem 1.3].

In what follows, we write A = ¢(n) := (n — 4)(n — 2)n(n + 2) > 0 so that (1.2) is rewritten as

n+4

Pyu = c¢(n)un=1, u >0 on M. (1.3)
Our main theorem is stated as follows.

Theorem 1.1. Let (M, g) be a smooth closed Riemannian manifold of dimension 5 < n < 24
and not conformally diffeomorphic to the standard unit n-sphere. Assume either

(i) KerP, = {0}, the positivity of the Green’s function G4 of the Paneitz operator Py, and
the validity of the positive mass theorem for Py; or
(i) Qg >0 on M, Q4 > 0 somewhere, and Yy > 0.

Then there exists a constant C = C(M,g) > 0 such that any solution v € C*(M) of equation
(1.3) satisfies

lullcaary + lu™ s < C.

Remark 1.2. Four remarks concerning Theorem 1.1 are in order.

1. The geometric assumptions in the aforementioned existence results [36, 15, 18] imply KerP, =
{0} and the positivity of G,. By [16], if Y, > 0, then the existence of positive Q-curvature in the
conformal class [g] is equivalent to KerP, = {0} together with the positivity of G,.

2. We say that the positive mass theorem for P, holds if the constant-order term A in the
expansion (8.2) of Gy is positive. In Proposition 8.3, we will establish this positivity under
condition (ii) (first introduced by Hang and Yang [18]) by applying the positive mass theorem
of Avalos, Laurain, and Lira [4]. Subsection 2.3 contains the precise statement of their theorem
and the definition of the higher-order mass. The condition Y, > 0 is required solely to make sure
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the validity of the positive mass theorem. An interesting question is whether this condition can
be removed or replaced with alternative conditions, such as spin conditions.
3. Let € > 0 be an arbitrarily chosen, sufficiently small number. A slight modification of the proof
of Theorem 1.1 shows that the set {u € C*(M) | Pju = c¢(n)u?, u > 0on M, 1+ <p < 21
remains C*(M)-compact under the assumptions of Theorem 1.1. See [28, Theorem 1.1].
4. Remarkably, the threshold dimension 24 for the compactness of the @)-curvature problem
coincides with that of the Yamabe problem. We remind that the C?(M)-compactness of the
Yamabe problem for n < 24 was established through the successive works of Li and Zhu [31], Druet
[11], Li and Zhang [29, 30], Marques [33], and Khuri, Marques, and Schoen [22]. Furthermore,
the existence of a metric g on S” and an L*°(S™)-unbounded sequence of solutions to the Yamabe
problem on (S", g) for n > 25 was demonstrated by Brendle [7] and Brendle and Marques [8].
Recently, similar techniques have been used to study sign-changing solutions of the Yamabe
equation by Premoselli and Vétois [35, Section 3].

Consequently, we may pose the following questions:

- Why does the critical dimension 24 arise in the compactness results for both the Yamabe
problem and the @-curvature problem? What is the relationship between these phenom-
ena?

- What is the threshold dimensions of the higher-order @)-curvature problems involving the
GJMS operators, recently studied by Mazumdar and Vétois [34] and Robert [38]7 o

Remark 1.3. Escobar [12] introduced a version of the boundary Yamabe problem on a smooth
compact manifold (X", g) with boundary M"~!, generalizing of the Riemann mapping theorem.
In [2], Almaraz constructed an L>°(X)-unbounded example for n > 25. This finding suggests
that the threshold dimension for the C?(X)-compactness of the boundary Yamabe problem is
likely 24, reaffirming its critical nature. Compactness results have so far been established only
up to dimension 5 [3, 25], primarily due to serious challenges in the linear theory. A similar issue
occurs in the Q-curvature problem, which we resolve in this paper. Therefore, it is natural to ask
whether our approach can also be applied to the boundary Yamabe problem.

The boundary Yamabe problem on (Ynﬂ, g) can be viewed as a fractional Yamabe problem
involving the half-Laplacian (—A)/2 on M™. Since the fractional Yamabe problem is defined on
M, we redefine n to represent the boundary dimension. In particular, Almaraz’s non-compactness
example in [2] now holds for n > 24. In view of the non-compactness example of Brendle and
Marques [8] for the Yamabe problem existing for n > 25, the critical dimension for the fractional
Yamabe problems involving (—A)?” must shift at some v* € (3,1). In [23], Kim, Musso, and Wei
identified v* ~ 0.940197. The investigation of C?(M)-compactness for the fractional Yamabe
problem is still in its infancy, with only the works [37, 24] currently addressing this topic. o

An essential step to proving Theorem 1.1 is the establishment of the following Weyl vanishing
theorem for the Q-curvature problem (1.3).

Theorem 1.4. Let g be a smooth Riemannian metric in the unit n-ball BT with 8 < n < 24, and
{tg }aen C C*H(BY) a sequence of solutions of equation (1.8) with M = BY}. Suppose that for each
€ > 0, there is a constant C = C(e) > 0 such that supg \ g, ua < C(€) and limg o0 SUPp, Ug = 0.
Then the Weyl tensor W, satisfies

W,l(2) < Clel', € By

: n—_8
for some integer | > "5=.
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Remark 1.5. Thanks to Theorem 1.4, our compactness theorem also holds for 8 < n < 24
without requiring the positive mass theorem for the Paneitz operator to be valid provided

175
> ViW,| >0 on M
1=0

where | 252 ] is the greatest integer that does not exceed 253 o

In the proof of Theorems 1.1 and 1.4, we assume n > 8 unless otherwise stated. The proof
of Theorem 1.1 for 5 < n < 7 does not require the Weyl vanishing theorem as can be seen in
26, 28].

Organizations of the paper and novelties. We will adapt Schoen’s strategy for the com-
pactness problem of the Yamabe problem described in [39, 41] and further developed in [31, 11,
29, 30, 33, 22].

In Section 2, we present some relevant background, including the bubbles, the local Pohozaev
identity, and the positive mass theorem for the Paneitz operator obtained in [4].

In Section 3, we employ Brendle’s approach in [6] to expand the Ricci curvature tensors, the
scalar curvature, the ()-curvature, and the Paneitz operator.

In Section 4, we introduce inhomogeneous linear problems and explicitly solve them in rational
form, which are indispensable for constructing sharp approximations of blowing-up sequences of
solutions in a neighborhood of each blowup point. We emphasize that this step constitutes one
of our main contributions, as such problems generally do not admit explicit rational solutions
unless the inhomogeneous term exhibits special properties (see Remark 4.3). Notably, the alge-
braic structure of the Paneitz operator ensures that the inhomogeneous term is indeed special,
facilitating the existence of these explicit rational solutions. A geometric interpretation of the
explicit solvability phenomenon is provided in Appendix C.

In Section 5, we build sharp approximations of blowing-up sequences and estimate their point-
wise error.

In Section 6, we establish the Weyl vanishing theorem (Theorem 6.1) by defining and analyzing
the Pohozaev quadratic form. The analysis requires a full understanding of the eigenspaces of
the operator Ly, defined in (6.11), which highlights an additional distinction between the Yamabe
and @Q-curvature problems. Refer to the paragraphs following Corollary 6.7.

In Sections 7 and 8, we prove the non-negativity of a local Pohozaev term and the positive mass
theorem for P, under Condition (ii) of Theorem 1.1, and then complete the proof of Theorems
1.1 and 1.4.

In Appendix A, we provide elementary yet useful tools for the proof of Theorems 1.1 and 1.4.

In Appendix B, we conduct technical computations needed for the proof of Theorem 6.1. We
note that verifying the positivity of the matrices (m(g’,s), (mZZ’,S), and (mg’,s) defined in Lemmas
B.11-B.13 is too tedious to perform manually. Therefore, we carried out these calculations using
Mathematica. We included the Mathematica code as the ancillary files with our arXiv submission.

In proving Theorem 1.1, we will omit several proofs concerning the blowup analysis or quanti-
tative estimates, because the necessary arguments, with some modifications, can be derived from
[22, 28]. We remark that the authors of [28] have laid the analytic foundations, resolving the
technical issues stemming from the fourth-order structure of equation (1.3).

Notations. We list the notations used in the introduction and the rest of the paper.
- For a function u € C*(M), let E;(u) = Pyu — AZu.
- S~ ! is the (n — 1)-dimensional unit sphere in the n-dimensional Euclidean space R", gsq

is its standard metric, and |S*~!| is the canonical surface area of (S"7!, gsq).
- P denotes the space of homogeneous polynomial on R"™ of degree k.
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‘H;. denotes the space of homogeneous harmonic polynomial on R™ of degree k, that is,
Hy :={P € P, | AP =0}.

Constants: ¢(n) := (n —4)(n — 2)n(n + 2) and ¢(n) := (n — 2)n(n +2)(n + 4).
Constant: ¢, := 2(n — 2)(n — 4)[S"~L].
Constants: o, := 2(?”72, Bn = 2(n 1)7

Constants: K :==n —6 and d := | %5?].
For 4, j integers such that ¢ — 25 < —1, we set

n—4

and Yn : m

) 0 7l

Given 0,071,029 € (M, g) and R > 0, B}(0) is the open geodesic ball of radius R centered
at o and dy(o1, 02) is the geodesic distance between o1 and o9. If (M, g) is the Euclidean
space R™, we write B}(0) = B%(0) and B = B}(0) = B™(0, R).

dvg and dSy denote the volume form and the surface measure, respectively. If (M, g) is
the standard unit sphere (S", gstq), we write dS = dS,,.

di; is the Kronecker delta, that is, d;; = 1 if i = j and 0 if ¢ # j.

Repeated indices adhere to the summation convention, and a comma denotes partial
differentiation. Also, the empty sum is zero.

Let m € N. For an m-tensor A with components A, where « is a multi-index satisfying
|| = m, we write AaA, = (An)%.

For a function f € C4(By) and m € R, f(x) = OW(|2|™) denotes that

V' fl(z) = O(["™), i=0,....4.

2. PRELIMINARIES

Throughout this section, we assume that n > 5.

2.1. Bubbles. Given parameters A > 0 and £ € R", we define a bubble by

n—4

A 2 n

Then the set {wy¢: XA >0, € R"} constitutes the set of all solutions to

2 ntd : n
A*u=c(n)ur—=, u>0 inR"™

For £ = (£1,...,€") € R, we define

0 , 0
0 _ W,¢ and i W&

Z}\7£—— a)\ )\é ng fOI‘Z:L,TL

In [32, Theorem 2.2], Lu and Wei proved that the solution space of the linear problem
L(P) := A%V — ¢(n)w; 04\11 =0 inR", ¥e H*RY)

is spanned by 27, Zi, ..., Z}'y. Here, t(n) = (n —2)n(n +2)(n + 4).
For simplicity, we will write w = w19 and 7 = Zio fori=0,...,n.
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n+4
2.2. Pohozaev identity. Let u: Bg — R be a positive C* function satisfying Pyu = ¢(n)unr—4

in Br. For 0 < r < R, we define

—4
P(r,u) = /E)B [n 5 (Audru — udr(Au)) — g|Au]2 — r0pud, (Au) + Au&«(r&u)] as, (2.1)

where 0, := 7£0;,. Then a standard argument yields

P(r,u) = / <r8ru + - 5 4u> (€ + A2 — A?)(u) da — W /aBT wiids.  (2.2)

2.3. Positive mass theorem. Recall that an asymptotically flat manifold (M™,§) (with one
end and decay rate 7 > 0) is defined by M = My U My, where My is compact and My is
diffeomorphic to R™ \ BY such that g;;(y) — d;; = OW(|y|™") as |y| — oo. Moreover, if 7 > n—d
and @, € L*(M, §), we can define a higher-order mass

T oo s Ik
m(g) = rlggo {|y‘:r}(g’b’b,jjk‘ gzy,z]k) r ds. (2'3)

In [4, Theorem A], the following result was proved.

Theorem 2.1. Assume that (M", §) is an asymptotically flat manifold with decay rate T > "7_4
satisfying

(i) n>5;

(i) Y; >0, Q5 € LY(M, §), and Q; > 0.
Then the higher-order mass m(g) is nonnegative. Moreover, m(g) = 0 if and only if (M, g) is
isometric to the Fuclidean space R™.

Prior to [4], the positive mass theorem for manifolds of dimensions 5 < n < 7 and for locally
conformally flat manifolds was proved in [20, 15, 16].

2.4. Properties of blowup sequences. We assume that {g, }.en C [g] is a sequence of metrics
on M converging to a metric go, € [g] in C* (M) as a — oo for any I € N, and {ug }aeny C C*H(M)
is a sequence of solutions of

n+4

Py ug = c(n)ug™, uq >0 on M. (2.4)

Definition 2.2.

1. A point 6 € M is called a blowup point for {u,} if ug(o,) = 00 as a — oo for some sequence
{0s} C M such that o, — 7.

2. A blowup point & € M is called isolated if there exist constants R, C' > 0 such that

uq(0) < Cdy, (o, 0(1)771774 for all y € BY (04).

3. An isolated blowup point & € M is called simple if the map r — r%aa(r) has only one
critical point in the interval (0, R), where

) = 0B [ s,

To specify the points {04}, we will use the expression that o, — ¢ € M is a blowup point for
{uat-

Fix any 09 € M and & > 0 small. By applying the representation formula for u,, one can
rewrite (2.4) as

n+4

ua(0) = ¢(n) /B‘Ja( )Gga(a, T)ug 4 (7)dvg, + ba(o) for o € BI*(oy).
3 (@0
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Here, {ha}een is a sequence of smooth positive functions on B{*(op) such that for any r € (0, %),

5
sup b, < C inf b, and Z V"o (o) < Cllball Lo (3o (), O € B§72(00), (2.5)

m=1

where the constant C' > 0 depends only on n and (M, goo). Building upon this observation, the
proofs of the following propositions were provided in [28, Section 4].

Proposition 2.3. Let 0, — d € M be an isolated blowup point for a sequence {u,} of solutions

2
to (2.4), and € = ug(oq)” "% > 0. Suppose that {Ry}een and {Te}ien are arbitrary sequences
of positive numbers such that Ry — oo and 179 — 0 as £ — oo. Then {ug} has a subsequence
{ttq, }een such that

n—4

60%2 Uqa, (Eae') —w <7 (2.6)

C*(BRq,)

in ga,-normal coordinates centered at o,,, and Ryeq, — 0 as £ — co. Here, w = w g.

Thus, we can select {Ry}ren and {uq, }ren satistying (2.6) and Rye,, — 0. To simplify notations,
we will write {u, }qen instead of {ug, }ren, and so on.

Proposition 2.4. If 0, — ¢ € M is an isolated simple blowup point for a sequence {u,} of
solutions to (2.4), then there exist constants 6o, C' > 0 such that

Ua(00)ua(0) < Cdy, (0,04,)*™  for all 0 < dy, (0,0,) < . (2.7)

Moreover, uq(cq)uq = ¢ = cnGq (,0) + b in C%C(ngc’(ﬁ) \ {7}), where ¢, = 2(n — 2)(n —
4)|S"7L|, Gy, is the Green’s function of the Paneitz operator Py, and b € 05(3;?(;"’ (@) is a

nonnegative function satisfying (2.5).

00!

3. EXPANSIONS OF CURVATURES
Let o¢ be an arbitrarily fixed point on M. By a conformal change, one can assume that
detg(z) =1 for z € B"(0,9),

where z = (x1,...,2,) are normal coordinates centered at oy and § > 0 is a small number
determined by (M, g).

Adopting the idea of Brendle [6] (see also Khuri, Marques, and Schoen [22]), we consider the
metric g = exp(h), where h is a symmetric 2-tensor whose norm |h| is small. Then we have the
following expansion:

g =8; — hij + %hikhkj +O(|h?).
Because of det g(z) = 1 and Gauss’s lemma, h has two properties:
hii(z) =0 and x;hij(z) = 0. (3.1)
A direct and useful corollary is
xihij p(x) = Ok(xihij(z)) — Skihij = —hjg, (3.2)
where Oy 1= 0Oy, .

The proofs of Lemma 3.1-Lemma 3.4 are straightforward, relying only on tr(h) = 0 and the
definition of the curvatures. We skip them.
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Lemma 3.1. Let g = exp(h), tr(h) =0, and Ricy be the Ricci curvature tensor on (M, g). Then
Ric, = Ric[h] + Ric[h, h] + O(|h|?|9?h| + |||OR[?),
where
2(Riclh))ij := hjkir + hikjk — hijxk; (33)
A(Ric[h, B])ij == g (2hij i — hiji — hiij)
+ hugihigg + Pk jhii g — Prgiher; — 2Rk ihk
+ Pt (2R 10 — hiigy — Pigir)
+ hiihr s + Pgher g — Prilugn — P -
Note that each term in R"ic[h7 h] involves two factors of h. For instance, the term Ay i(2hi;x —

hiji — P j) includes one factor of h in hy,; and another in 2R — hyji — hiij. Accordingly, the
bracket [h, h] in Ric[h, h] indicates these two distinct appearance of h. One can define

Ric[h, ] = 5 (Ric[h + 1, + '] — Ric[h, h] — Ric[l, h’]) (3.4)
for two symmetric 2-tensors h, h' so th'ftt R“ic[.h, n'] is symmetric with respect to h and A/. If no
ambiguity arises, we will simply write Ric = Ric[h]| and Ric = Ric[h, h|. The same rule will apply
below.

Lemma 3.2. Let g = exp(h), tr(h) =0, and Ry, be the scalar curvature on (M, g). Then
Ry = RIR] + Rlh, h] + O(|2I6%h] + []|on]?),
where
R[] == hijj; (3.5)
R[h, ] == —0;(hijhujk) + %hij,ihkj,k - i(hjk,i)Q- (3.6)
Corollary 3.3. Under the same assumption, we have
R= Ricii;
R= RIC“ — hl-jl{icij.
Lemma 3.4. Let g = exp(h), tr(h) =0, and Q4 be the Q-curvature on (M, g). Then
Qg = Q[h] + Q. h] + O(|h[*|8* k| + |h||OK]|8°R| + [A]|62h|* + |Oh[*|8%R]),

where
Q[h] = —Q(Tll_UAR[h];
Q[h, ] := —m(AR[ha h] — 0;(hi;0;R[h)))
nd —4an? +16n —16 , . .,

+

8(n — 1)2(n — 2)2 (R[h))” - (n_22)2(Ricij [h])%.

Lemma 3.5. Let g = exp(h), tr(h) =0, and P, be the Paneitz operator on (M, g). Then
&g 1= Py — A2 = Ly[h] + La[h, h] + O([|h[>|0°h| + |n||OR|*]0?)
+O([|hI?|0°h| + |h]|Oh]|0*h] + |0h]*|0)
+ O(|h[*[0"h| + [h]|OK]|8°h| + |h]|0*h|* + |Oh[*|52R]),
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where Li[h] and La[h, h| are differential operators defined by
n—4 .

Lafh) 1= o (Rilh]) 0y — onRH)A — B0k ()

n —

[A]; (3.7)

4 .. 8 . . ..
5 (Ric[h, h])w - 5 (Rlc[h])zkhkj + anR[h]hU] 8Z~j - anR[h, h]A

n— n —

2 . .
+ [—H(Rlc[h])ij(hkj,i + hkij — hijr) + anR[h]hiy

3} ) 4.
— Bu(@kR[h, ] — aiR[h]hik)] O + ——=Q[h, h.
Here, oy, = W and 3, = %
Proof. By [15, Lemma 2.8], we know that
. n—4
Ey = —9 9" (Ricy)ij ViV — anRyAy — Brg” diRy0; + ——Q,.

2

Then, owing to the expansion of g, tr(h) = 0, and the definitions of the Hessian tensor and Ay,
we have

1
ViVi= 0k — §(hm‘,z + hui e — hiei)0; + O(|h[*0* + |||OR|O + |0°h| + |0h|?),
Ay = A — (hijOij + hij;j0;) + O(|h|20* + |h||Oh|O + |0*h| + |OR|?).
Combining these relations with Lemmas 3.1-3.4, we obtain the conclusion. O

Lemma 3.6. Let u be radial, namely, u(x) = u(r) where r = |z|. Then,
2 n—2

n—2 2

b= ot - P (410
- n

/

) R-— BnafiﬁiR] L YnARu; (3.8)
r

Liu = —anRu” + [(

n—2 r2 3
2 22l '
+[< - >R BuiOili + = ’ ’“l STk R ,}“ (3.9)
n—2 2 r
- o mP—dn? —|—16n—16-2 dn—1) . 9
Tn [AR 0;(hi;0;R) 1 —1)n—22 R* + (n—2)? (Rici;)”| u,

and
Equ = Lyu + Lou+ O([|h|*|0°h| + |R||OR]*]|u"])
+ O([|h*|0°h| + |h||OR]|0°h| + [Oh[* 4+ v~ (|h|*|0°h| + |R][OR*)][W/])  (3.10)
+ O([|h*0*h| + |h||OR]|0°h| + [R]|0%h|? + |Oh]*0°R]]|u]).

4+(n—2)2 _ n—6 _ n—4 r_
2(7177 Bn = 2(n—1)’ v = A(n-1)’ and u' = O,u.

Here, a,, =
Proof. We shall first prove two identities:
hl-j,klxixj = Qhkl; (3.11)
hikjizix; = hgg — iy ;. (3.12)
Indeed, by equations (3.1) and (3.2), it holds that
hijrxiz; = 0y(hijrwix;) — hyj ey — hi ks
= 8lk(hijxia:j) — 8l(hkj.7jj) — 8l(hzkxl) + Qhkl
= 2hyg.
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and
hig jizizy = Oi(hig,jrizg) — bag o — hig 2
= Ojj(hirwiz;) — Oi(hjrw) — Oy (nhigx;) + hig — xihig s
= hi — Tihg .

To evaluate Li[h], we only have to compute R'icijxixj, since Ric; = R. As a matter of fact,
by (3.1), (3.11), and (3.12), we have

QRiCijxiajj = (hjk,ik: + hik,jk‘ — hij,kk)$i$j =0.

To evaluate La|h, h], we need to compute R"icijxia:j, since Ric;; = R—i—hinicij. As the following
claim shows, it has a simple expression even though Ric itself is complicated.
Claim 3.7. )

4RiCijCCiSCj = —(xkakhij)2.
PROOF OF CrLAM 3.7. By (3.1) and (3.2), we know that
4R“iCZ'jSUixj = _Qxihlk,ihkl — Q(hkl)z - (.’L‘ihlk,i)z + hkl(2hij,kl-77ixj - thi,ljxiﬂzj).

Plugging this in (3.11) and (3.12), we can prove Claim 3.7.

Slnce u is radial, we know that Opu = z,%, Ojju = xlxﬁ u” + (5-- — x;#) ”7/ and Au = u” +

(n— 1) . Combining all the computations made here w1th Lemma 3.5, we finish the proof. [

4. THE CORRECTION TERM

Let h be a symmetric 2-tensor on B™(0,4) whose entry is a smooth function and that satisfies
(3.1). Given K =n — 6 and a multi-index «, we define

k hz Ne' 0 hz a (k
HP(2)= Y Ja,( )xa, Hyjx)= Y 2074, = § :H ) (z (4.1)
o=k ’ 2<|a|<K

and .
3
|H®)| = ( > hij,a(o)\2> ; (4.2)
|a|=k

where 0 € R” is identified with o9 € M. Then, h;;(z) = H;j(z) + O(|z|5+1), Hij(x) = Hji(z),
H;j(x)x; = 0, and tr(H(z)) = 0. Although the following result is well-known (see [22, Section

4]), we include a proof for the reader’s convenience.

Lemma 4.1. Forl=1,...,n

/ H;j;; =0 and / x1Hyji5 = 0.
et Snfl

Proof. Because of equations (3.1) and (3.2), we have

:ciH()—O for any k=2,..., K.

i,
Then, according to Lemma A.3, we have

(k) _ (k) _ (k) _
/SanszJ /Snlanz—(n—i-k 2>/S"1szZ” 0,

and for any [ =1,...,n,

(k) _ (k) Y\ _ (k) Y
/Snl lezj,’L] - /Snl 6 (lezJZ H_]l ) — (n+ k— 1) /Sn ) (lel]l H]l ) =0. N
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Since H*? is a homogeneous polynomial on R” of degree k, i.e., ¥ ¢ Pr, we can write

13,13 13,19
it by using the spherical harmonic decomposition:

k 2
=]
k+2)

Hyj 32 Z 20 @), (4.3)
where 7 = |z| and p(*~2%) € H;,_s,. By Lemma 4.1 and Lemma A.3, p(© and p(!) vanish.
Remark 4.2. Let 7] := 2(:__21) — (”_1)2("_2) +6—n, v = —"T*Z — %, and v, = 4(” i) For
smooth functions u, v on R”, where u is radial, we define

! —6)(k—2)u
Livju == —— v yau —1—’y1g _n=0)k=2)u) YnAvu.
-1 2 T
Then, £;[v]u is linear in both v and v. By Lemma 3.6, (3.5) and Lemma A.1, we have
Li[H*2 )y = ¢, [H . (4.4)

17,1

When k = 2, it holds that HZ(J Zj p?) € Hy because pl» = 0. In this case, our computation
agrees with [28, Lemma 2.1]. o

Given the normalized bubble w = w9, we decompose Li[H (k+2)]w into

1552 1552
Ll[H(k+2)]w:£1[ Z p25p(k=25) ]w— Z I plE= 23)]
5=0
Then,
21 [P p*= 29y
Con—4 (k42 —6)r* | (n®—dn+8)r*  s2k—2s+n-2r@2| o (49)
C2n-1) | (142)F (1472)2 (1+r2)"z P
In this section, we will find an explicit solution of the linearized equation
AT E(n)wit TR = g [r2ph 29 (4.6)

foreach k=2,..., K — 2 ands:O,...,L%j.
Remark 4.3. It is a surprising fact that (4.6) possesses a solution of the form
U(z) = F(z)(1+72) "7, (4.7)
where F'(x) is a polynomial. To explain why, we assume the form of ¥ in (4.7) and define
To(F) = (1+12)"% (A2 —¥n )w%) .
Then,
To(F) = (1 +7*)3A%F — 4(n —2)(1 + r3)*(AF + 2;0;,AF)
—2n(n — 2)(1 + r*)(AF — 22;2;0;0; F) + 4n(n — 2)(n + 2)(2;0;F — F).

We can see that deg Ty (F') = deg F' + 2.
For the case of Yamabe equation, the map corresponding to Tg is

Ty (F) = (1+3)"2 (A +n(n+2)(1+r2)72) (F(z)(1+ 1))
= (14 r?)AF — 2nz - VF + 2nF,
which appeared in the proof of [22, Proposition 4.1].
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Unlike the Yamabe case where degTy (F') = deg F, if TH(F) is equal to a general polynomial,
there may be no polynomial solution F' with degree 2 less. This is where we need the algebraic
structure of the Paneitz operator.

In Appendix C, we will offer a geometric intuition for the explicit solvability of (4.6). o

Considering the form of the right-hand side of equation (4.6), we expect that the solution W*
can be written as a linear combination of

{7“2j(1 + 7“2)_7 o

s+ 2, Aptk=29) — O} .

However, when we apply the linearized operator A% — ¢(n)(1 4+ r2)~* to r%(1 + r2)_nT_2p(k_23),
the computations become lengthy. So we decide to use another equivalent linear combinations of

{(1 4 p2)= i plh=29) lj=1,...,5+3, Ap*=29) = 0} : (4.8)

Let us express the term £;[r2*p*~29)]w from the right-hand side of (4.6) and one more term
£1[r2p*=2912% in terms of the new basis given in (4.8). The latter term will arise when we
analyze the Pohozaev quadratic form as shown in the proof of Lemma B.13.

Definition 4.4. We define two (s + 4) x 1 column vectors b = (b;) and b = (b)), where the
elements b; = b;j(n, k,s) € R and b}, = b}(n, k, s) € R are defined by the relation

s+4
—92s _n—4 +6 2i s
21[T2Sp(k 2)}(14-7“2) 7 = 5 —1) Zb 1+ 72) plh=29).
—2 8+4 nt8—2i
21[T2sp(k—23)}(1 + TZ)—T — n — 1 Z b/ 1+ r? 5 (k’ 2s)

In view of equation (4.5), we have by = 0, by = 0,
by = (=1)*(n® — 4n + 8),
bi = (—1)*1(s(n? — 4n +8) — (k + 2)(n — 6)),
bsta = (k+2)(n—6)—s(2k —2s+n—2),

and when s > 2, fori=25,...,s+ 3,

b = (_1)s+3*i {(nZ — 4n +8) <z j 3) +5(2k—2s+n—2) <f : ;)

—(k +2)(n— 6) (Z ’ 4)} .

Similarly to (4.5), we can calculate

2(n — 1)&i[rpF ) (14 17) 7T
_ [(k(n —2)(n—6) —8(n —1))r* n n(n? —4n 4+ 8)r**  (n —4)s(2k — 25 +n — 2)7"252] ph29).

n -

(1+72)% (1+72)"2 (1+72)"2"
Then, we have b} =0, b, =0,
by = (—1)°n(n® — 4n + 8),
by = (1) sn(n® — 4n +8) — (k(n — 2)(n — 6) = 8(n — 1))},
va = (k(n —=2)(n—6) —=8(n—1)) — (n — 4)s(2k — 2s + n — 2),
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and when s > 2, fori=25,...,s+ 3,

—(k(n =2)(n —6) —8(n — 1)) < 4)]
8)

Applying the linearized operator A% —¢(n)(1+7%)~* to the new basis given in (4.

b= (=17 [”(”2 —4n +8) < ’ 3> +(n—4)s(2k — 25 +n —2) <3 - )

, we obtain
Lemma 4.5. Let a >0, b > 2 and Ap® = 0. Then
(A7~ Em)(1+ 7)) (1417 p®)
= (2a(2a + 2)(2a + 4)(2a + 6) — &(n))(1 + )¢ 4p®)
+2a(2a+2)(2a +4)2(n — 2a + 2b — 4)(1 + 702)—0,—310(17)
+2a(2a 4 2)(n — 2a + 2b — 2)(n — 2a + 2b — 4)(1 + )¢ 2p®),
We are now ready to solve the linearized equation (4.6).

Proposition 4.6. Givenn >10,k=2,..., K -2, ands=0,..., {%J, we assume Apk—28) —
0. Then equation (4.6) has a solution of the form
s+3

ke = n—l Zr

where the precise value of I'; =T'j(n,k,s) € R is determined by (4.13)—(4.16).

n—2j _
5 p(k‘ 25),

Proof. For j=1,...,s4+3,let a = ";2j and b = k — 2s. By Lemma 4.5, we find

(A2 =) (1+ 727 ((1 41272 pk2))
—8(j = (n+2 - j)(n = 2( — Dn +2j(j - 3))(L+ 72 Tx ph2)
P A —2))(n+2—2))(n+4—2j)(k — 25+ — 2)(1 + 1) T plk=2s)
FA(n—2)(n+2—2))(k — 25+ j — 1)(k — 25 + j — 2)(1 + 1)~ 5 p(k=29),
Then we define an (s +4) x (s + 3) matrix A = (a;;):

s+4
(A2 —E(n)(1+ ) ((1 +r2) = 7 pk29)) Za” (1+72)~ " ph29),

Note that the matrix A has non-zero entries only on the main diagonal, the superdiagonal (i.e.,
upper secondary diagonal), and the subdiagonal (i.e., lower secondary diagonal). We have

a1 =4(n—-2)n(n+2)(k—2s—1),
az1 =4(n —2)n(k —2s)(k — 2s — 1),
and for j =2,...,5+ 3,
aj-15=—8(j = (n+2—j)(n* —2(j — 2)n +2j(j - 3)),
aj; =4 —25)(n+2—-2j)(n+4—-2j5)(k—2s+j —2),
ajr1;=4n—25)(n+2—-2j)(k—2s+j—1)(k—2s+ 7 —2).
To prove this proposition, we just need to solve the following overdetermined linear system:

AT = b, (4.9)
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where I' = (I';) is an (s + 3) x 1 column vector. By direct computation, we obtain

-1 .
I‘s-‘,-3 = a5+4,5+3 bs+47

. (4.10)
Fer2 = as+37s+2(bs+3 - as+3,s+3rs+3)>
and for j =1,...,s+ 1, the following recurrence relations
Ly = ajl (b — aj1je1le1 — ajene2ljr0). (4.11)

System (4.9) has a solution if the condition
a1t +a12l'o =0 (4.12)
holds. For the rest of the proof, we will verify (4.12).
By plugging the values of A and b into (4.10) and (4.11), we obtain
(k+2)(n—6)—s(2k —2s+n —2)

Iy = ;
BT dn—25—6)(n—2s—4)(k—s+2)(k—s—+1)
r _n2_4n+8—|—s(s—1)(2k—2s+n—2)—5;(14:—1—2)(71—6)_n—2s—6F (413)
M An—2s—4)(n—2s—2)(k—s+1)(k—s) k—s P
n—4 4(n—1)
ry=— r Is.
LT a1 2T 2 (i—2s—1) ®
When s > 1, we obtain
—1)8 274 _ 274
b (~1)*(n? — 4n + 8) P | Catat k) N SRR

An—4)(n—2)(k—2s+1)(k—2s) k—2s
When s > 2, we obtain
(=1)5*t(s(n?® — 4n + 8) — (k +2)(n — 6))

(n—4)(k—2s+1)(k —2s)

Is = 4n—6)(n —4)(k —2s+2)(k—2s+1) (4.15)
_ n-8 Iyt 8(n — 3)(n? — 6n + 20) )
E—2s+1 (n—6)(n—4)(k—2s+2)(k—2s+1)
When s > 3, for j =4,...,s+ 1, we obtain the following recurrence relations

Do (a8 B —dn+8) + (=2 —3)(2k =25 +n—2) - (j—2)(k:+2)(n—6)< s >

4G —2)n—2j)(n+2—2j)(k—2s+j — 1)(k—2s+j — 2) j—3

_on=2-2 o 2+ D= )’ =2+ 2 +2)( ~ 1)
k—2s+j-2 """ n—2)(n+2-2j)(k—2s+j— 1)(k—2s+j—2)

T2 (4.16)

In the end, using (4.13)—(4.16) and a computer software such as Mathematica, we see that the
following cancellation appears:

(]{2 — 25 — 1)F1 - 2F2 = 0,
which is exactly (4.12). O

Remark 4.7. In the Yamabe case, the analogous matrix to A is a square matrix with non-
vanishing entries only on the diagonal and superdiagonal. This is the reason that the proof of
[22, Proposition 4.1] is relatively simple. o

Given (4.3) and (4.6), we define
1552
UEHE]) = Y ok, (4.17)
s=0

From Proposition 4.6, we immediately deduce

A?O[H#?)) — g(n)wﬁqj[H(k’H)} = L [H*w = —g, [Hz(fjf)]w in R™
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and the following estimate.

Corollary 4.8. Forn > 10 and k =2,..., K — 2, there exists a constant C = C(n,k) > 0 such
that

050 [H* ]| (z) < ClHFF|(1 + |a] 07710
for a multi-index B with |3| =0,...,4. Here, |H**?)| is the quantity defined in (4.2).

5. REFINED BLOWUP ANALYSIS

Throughout Sections 5 and 6, we assume that o, — & € M is an isolated simple blowup point
for a sequence {ug}qen of solutions to (2.4). We work in g,-normal coordinates x centered at o,
chosen such that det g, = 1.

We write uq(z) = uq(expat (z)) by slight abuse of notation and r = |z| = dj, (expd: (), 04),
where exp9e is the exponential map on (M, g,). We set a rescaling factor €, = uq(0)” =% > 0 so
that e, = 0 as a = 00, Ja(y) = gal€ay), Pu = Pj,, &4 = &;,, and the natural normalization of u,
by

n—4
Ua(y) = €a* ua(€ay).

We note that K =n—6 >d = L"T_ZLJ for all n > 8. Let g, = exp(hy) and g, = exp(ﬁa) SO

that he(y) = ha(eqy). We define the 2-tensor H, by (4.1), where h is replaced by h,, and write

HP(y) = HP (cay) = gHP(y), k=2, K

and H, := 25:2 ngk) For n = 8,9, we set U, :=0. For n > 10, we set

o= W[HW),

M=

e
[l

4
where \If[ﬁ(gk)] is the function in (4.17) with H**2) replaced by ah. Then,
~ 8 ~ K ~
A2, — in)wii T, = — Y Li[HPjw i R
k=4

and U, is an explicit rational function on R™ satisfying

‘agxia

K
(y) < C Y eal HP (1 + y)H+ W (5.1)
k=4

for a multi-index § with || =0,...,4 (see Corollary 4.8).
The following result improves estimate (2.7) in Proposition 2.4.

Proposition 5.1. Let n > 8 and 0, — 0 € M be an isolated simple blowup point for a sequence
{ua} of solutions to (2.4). Then there exist 6y € (0,1) and C > 0 such that

d—1
() < C Y MHPPA+ )4 Cer5(1+ [y~
k=2

for all a € N, multi-indices B with |3] = 0,1,...,4, and |y| < doe, L.

03Uy —w — T,)

In order to deduce this proposition, one may suitably modify the argument in [28, Section 5] for
general manifolds of dimension 5 < n < 9, so we omit the details. Interested readers may consult
[22] to see how the arguments in [33], originally formulated for the low-dimensional Yamabe
problem (3 <n < 7), can be extended to the higher-dimensional range 3 < n < 24.
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Corollary 5.2. Scaling back to the z-coordinates, we define wq () := we, 0(z) = €4 2 w(e, 'x)

_n—4
and U, (x) = e, *> V(e 'x) so that
AW, — ¢(n) 4%— ZLl w, in R™.
Under the conditions of Proposition 5.1, there exist §g € (0,1) and C > 0 such that

o4 d—1
103 (tta — wa — Vo) () < Ce? (Z [HP P (eq + |2)ZKH47m10 4 (e + rwwl'ﬁ')

k=2
for all a € N, multi-indices B with |5] =0,1,...,4, and |x| < do.

6. WEYL VANISHING THEOREM

In this section, we prove the Weyl vanishing theorem, which is necessary to apply the positive
mass theorem for the proof of Theorem 1.1. We set 0, = 1 if k = 254 and 65 = 0 otherwise.

Theorem 6.1. Let 8 < n < 24 and o, — ¢ € M be an isolated simple blowup point for a
sequence {uq} of solutions to (2.4). Then for alla € N and k =0,...,|%52],

‘Vkana ‘Q(Ua) < 062_8_2k’ log Ea‘_9k+2'

Consequently,
VEW,(5) = 0. (6.1)

The corresponding result for n = 8,9 was deduced in [28, Proposition 6.1]. Also, as shown in
[19], (6.1) holds for k = 0,...,d—2 = | %52] if and only if V’;H(a—) =0for k=2,...,d, provided
det g = 1 near 6. The proof of Theorem 6.1 is long and will be conducted in Subsections 6.1-6.3.

6.1. Pohozaev quadratic form. We remind that w(y) = (1 + |y\2)7nTi4 and Z%(y) = 254 (1 —
ly[?)(1 + ]y\2)_n7_2 for y € R™. Because they are radial and det g, = 1, it holds that

Ajow=Aw and Ay Z°=AZ° (6.2)

Let &, = &5, = Py, _A_«%a be the differential operator analyzed in Lemma 3.5, £, := &, +A§a — A2

and R, := U, —w — ¥,. By employing the local Pohozaev identity (2.1)—(2.2) with the selection
(r,u) = (6oe,*,Uy,), (5.1), Proposition 5.1, and (6.2), we discover

o> [ (y VU, + ”“’u) €1 (Us)dy
B (0,605 1) 2

—4
=Tiena+L2c0,0 T L3600 + 0(62_4) + / (y \% + ) v 5/( a)dy
Bn(0,60¢5 1) 2

/ 29, (Ra)dy +/ (y v+l ) Vo (Ra)dy
Bn(0,60ex ) B (0,60¢5 ) 2

+/ <y V+>R5’(w+\lfa+R)dy
Bn(0,60¢5 1) 2

Here, dp € (0,1) is the small number appearing in Proposition 5.1, and for € > 0 small,

Tiea = / Zoga(w)dy,
B"(0,50e~1)

(6.3)
_|_
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- 4
IQ,e,a = / <y -V, + n\I/a> 5a(w)dy,
B (0,60e1) 2
I3ea 3:/ Zoga({lv/a)dy-
B (0,60e~1)

Using the estimate

(1€al + 143, — A%[)(w)
4 n—4
=20 ( IV?J”‘U’)
m=0

> e HP [y 4 OBy
2
=0 <eg|y2|v4au| + eZ!y||V3au| + Z e§+m|V§a_mu|> for u € C’4(B"(O, 50651)),

k=2
m=0

we further reduce (6.3) to

( )>Il€a7 +125a7 +1-36a7a+0(n 4)

125 d—1 (6.4)
+0 | Y logel HPP | +0 <eZ|1ogea|Zei’f|H5k>|2).
k=2 k=2

To control the terms Zi ¢, a4, Z2,¢,,0 and Z3.¢, o, We first observe from (3.5) and Lemmas 3.6, 4.1
and A.3 that

/ Z°Ly[HyJw =0 for all a € N.
B"(0,00€q )

We then introduce several symmetric bilinear forms defined on symmetric 2-tensors whose entries
are smooth functions.

Definition 6.2. Given any symmetric 2-tensors h, h', we define Lo[h, h'] by using (3.9) and the
polarization identity as in (3.4). For € > 0 small, let

I [h, K] = / ZLao[h, B |w. (6.5)
B" (0,606~ 1)
Whenever U[h] and ¥[h'] are well-defined via (4.17), we also set

L [h, 1] = ;/Bn(oﬁoel) [(y 4 o 4) U[h) Ly [W|w + (yz-ai + ";4> \If[h’}Ll[h]w} , (6.6)

1
I3 [h, 1] == / (U[AL1[W)Z° + U [W]L1[h) Z°), (6.7)
2 JBn(0,60¢-1)
and
I[h, ) = I [, W] + Ine[hy '] + I3 c[h, ). (6.8)

Similarly to [22, Lemmas A.2—-A.3], we can invoke (3.10) to derive the following estimate. The
proof is omitted.

Lemma 6.3. Let d = L%J Given any small n € (0,1), there exists C > 0 depending only on
n and (M, g) such that

d
Z L, [HP,HM]| < O~ exFlog e| | HP|? + Coon e
k,m=2 k=2

foralla e Nandi=1,2,3.
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We introduce the Pohozaev quadratic form for the ()-curvature problem:
d
I, [Ho  Ho) = Y I, [H®, H™]. (6.9)
k,m=2

In the next subsection, we will establish the following key estimate.

Proposition 6.4. For any 8 < n < 24, there exists a constant C = C(n) > 0 such that

d
[ﬁa, ﬁa] >C! Z 2k log e, |% | H®) 12 + O(e4)  for all a € N.
k=2

I

a

For brevity, we will often drop the subscript a, writing e.g. ILE[fI(k), Hm] = I, [f],gk), ﬁém)],
and assume that both £ and m range from 2 to d unless stated otherwise.

6.2. Proof of Proposition 6.4. Let H and_P_I’ be matrices of polynomials on R™. We set the
inner product of H and H' and the norm of H as

(H,H') ;:/Sn_lﬁijﬁ;j and ||H| = /(A 1),

respectively. Also, for K € NU {0}, we define V, to be a subspace of symmetric matrices whose
elements are homogeneous polynomials on R” of degree k such that

Hi; =0 and miﬁij =0
for each H € Vi,. We set the divergence 6 H and the double divergence §2H of the matrix H as
5jﬁ = I:Iim and 6°H := ﬁij,ij,
respectively.

By (3.1) and (4.1), we have that H(k),fl(’“) €V for k=2,..., K. As a preliminary step, we
evaluate I JH®), H™] in polar coordinates.

Proposition 6.5. For k,m =2,...,d, let R%™) .= R[H®) H(M)], Ric(k)

(n —4)? _ / S em) () 2 (m)
4(n _ 1)(n — 2) (&1 (n) ka m) - R CQ(TL, ]{j7 m) H A sz

S§n—1 Y

:= Ric[HW)], and

J{H®, H)] =

+c3(n, k,m) R.icg-g)R.icgn) — ca(n, k,m)/ 52H(k)62H(m)] ,
S§n—1

S§n—1
where
ci(n, k,m) == (k+m)(n® — (k4+m + 2)n* 4+ (6(k +m) — 4)n — 4(k +m) + 8),
ca(n, k,m) :=2(n—1)(k+m)(n+k+m —2)km,
~ 8(n—1)(n—3)(k+m)
Cg(n,k,m) - (n—2)(n—{—k:+m—4)’
_ (n—3)(n® —4n? 4 16n — 16)(k + m)
calnkm) = N = Dtk m — 1)
Let also
Ji[H®), 7]
Y kw3 ) gy -
_ n_k_m_4I;’:_2 JIHY H"™] if k4+m <n—4,
JIHD 7] if n > 8 is even and k =m = d = 252

2(n —3)
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Then, for k,m =2,...,d, it holds that
~ ~ 0 ktm
L [H® HM™] = M log el 5™ i [HE | H™] + O, (6.10)
where Igf§+m_3 is the quantity defined by (1.4).
Remark 6.6. In the Yamabe case, it holds that

n—2 n+k+m—3 _k+m
smon M

fork,mzZ,...,L"szJsuchthatk:—i—m<n—2. o

L [H® HM™] = - RE™ 4 O(en2)

We observe from the definition of Ric[H] in (3.3) that
(Ric[H])i = 6*H;
i(RicH)); = 50,
wirj(Ric[H])ij = 0
for H € V). Thus, we can apply Lemma B.4 to define the linear operator £y, : Vi, — Vj:
LiH := Proj [|x!2R10[H]} for H € Vy. (6.11)

We call £ as the “stability” operator because it essentially comes from the second variation
formula for the total scalar curvature functional (see [40]).
By (B.4) and (3.3),
- lz|? _ _ - _
(LpH)5 = 7(Hjl,u + Hiji — Hiju) — 5(%’Hil,l +xiHji)

1 _
+ 777/ — 152H(a:ixj — |.Z"2(5U)

From this, one can check that Ly : Vi — Vi is symmetric with respect to the inner product (-, -)
(the proof is given in [22, Page 182]), so the spectral theorem is applicable. Using L, Proposition
6.5 is rephrased as follows.

Corollary 6.7. For k,m =2,...,d, it holds that

m n — 4)? 1 m ! m
JH®, M) = 4(n(_ 1)(73_2) [401(%’{7»7”) /Sn_l {(ﬁkH(k))z‘sz’(j '+ H (L H ))ij}

+03(n,k,m)/ (L H®) i (L H™);;
Snfl

+ {;(n +k+m—2)(k+m)ci(n,k,m) — ca(n, k, m)} HZ(jl_c)Hi(;@)
Sn—1

+ k?m03(n, k‘,m)/ 6; H® g, 1(m)
Sn—1

+ { ! cs(n, k,m) — 04(n,k,m)}/ 52H(k)52H(m)} .
n/_'l Sn—1

We defer the proofs of Proposition 6.5 and Corollary 6.7 to Appendix B.1.

Before proving Proposition 6.4, we consider a decomposition of the space V), arising from the
eigenspace decomposition of £, for each k£ > 2:

Vi = Vi/ Wi @ Wi/ Dy, @ Dy, (6.12)
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where
Wy i= {W €V} | *W = 0},
Dy :={D €V | D = 0},
Ve/Wi, = {H €V, | (H,W) =0 for all W € W;},
Wi/Dy, := {W € Wy, | (W, D) =0 for all D € D}
We remark that this decomposition, introduced in [22], shares many similarities with the decom-
position mentioned in [13].

From Corollary 6.7, we see that a key distinction between the Pohozaev quadratic form for the
Q-curvature problem and the Yamabe problem is the presence of the following three terms:

/S _1(ckH<’f>)ij(z:mH<m>)ij, /S B SsH® s, H™  and /S _152H(k)52H(m).

In [22], the eigenvectors of Ly in Vi /W), and Dy, were found by using the spherical harmonics.
Readers can refer to Lemmas B.5—B.6 for their explicit expressions. In contrast, the eigenvectors

of Ly in Wy/Dy, were not written out in [22]. As we will see, they all share the same eigen-

value —M, and only that eigenvalue information was necessary there. For the Q-curvature

problem, the appearance of the extra terms
/ §;H®§;H™  and / §2HW®) 52 rm)
Sn—1 Sn—1

in the expansion of I 17€[f~l (k). H (m)] forces us to find the explicit expressions of the eigenvectors
in Wy /Dy. This is the content of Lemma 6.8, which will be reinforced in Lemma B.7 below.

Let V = (Vi,...,V,) be a smooth vector field on R” and §V := V;; be its divergence. We
define the conformal Killing operator by

(.@V)ij = 0;V; +0;V; — %(5‘/(5@']-. (6.13)

Lemma 6.8. Fork>2andq=1,..., L%J, we write s = k — 2q. We choose a smooth vector
field on R™,

VD) eV = (Vi, ..., Vo) | Vi € Myt fori=1,...,n, 6V =0, z;V; = 0},
and set W := Proj[|z|222V D] € V.. Then W € Wy.. In addition, it holds that

(n+k—-2)k -

LW = — 5 W, (6.14)

Proof. We infer from Lemmas A.1 and B.4 that
Wi = [aPU( @V )5 = sl (2, V0 4 v ),
A straightforward computation yield
5W = —(n+ s)sz|72V,FY,
AWij = (2¢(2q + 25 +n — 2) — 25) |22 2(gVHD),;
~ s(2g - 2)(24 + 25 + W|al2 7 (Viay + Vi),

It follows that 62W = 0so W € Wi..
Also, by combining these identities with the definition of Ly in (6.11), we derive

2
. . . . 2 . .
(LW )i = ’””2‘ (0:0,W + 0,6, — AWW;;) — L; % (26, W + :0,W)
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2q
= ’:U2| [—(n+s)s(0;V; + 0;V;) — (2¢(2¢ + 25 +n — 2) — 25)(DV)]
S|x’2q72
[ +5)(20 = 2) + (20 - 2)(20 + 25 + n) + (20 + 5)(n + 5)|(Viw; + Vjz:)
. (n+2¢+s5-2)2q+s) s, (nA+k—2)k .
= ; Wy=-""%—""Wo
which reads (6.14). O
Remark 6.9.
1. Note that
(n+k—-2)k

5 # —q(n —2q+ 2k — 2) forq:0,...,L%J.
In light of (6.14) and (B.7), it follows that W = Proj[|z|222V tD] € Wy, /Dy, € Wi

2. In Lemma B.7, we verify that every element of Wy, /Dy, can be expressed as a linear combination
of matrices W'’s. o

The following corollary comes from Lemmas B.5-B.7.

Corollary 6.10. Given any H € V), for k > 2, there exist H € Vi /W, W e Wi /Dy, and
D € Dy such that R R X
H=H+W+D.
In fact, one can pick Hi, ... ,}AILHJ € Vi/ Wy satisfying (B.5)—(B.6), W, ..., Wtk;lJ € Wi/ Dy
2 2
satisfying (B.10)—~(B.11), and Dy, ..., D, k—2| € Dy, satisfying (B.7)~(B.8) such that
2

In particular, Vo = Dy and V3 = Ws.

We are now ready to prove Proposition 6.4. Due to its technical nature, we will outline the
main structure of the proof here and postpone several detailed computations to Appendix B.
Proof of Proposition 6.4. Given k = 2,...,d, we write

H®) = g 4wk 4 pk)
where H®) ¢ Vi, /W, Wk e Wi /Dy, and D®) € D. Then H? = HG®) =0 and W® =0. We

also set R R X
AW (y) = AW (ey), WH(y):=W W (ey), and DW(y):= D®(ey)

so that H® = H® 4+ W ® 4+ D®) - Ag shown in Lemma B.9, it holds that
L [HW, B = 1y, [, A0 + 1, WS 5] 4 1 [D®, pem)]. (6.15)

)

By (3.5), we have that R[W®)] = 62W®*) = 0 and R[D®)] = §(6D®*)) = 0. This together with
(3.8) leads to

LiW®u = Li[D®]u =0 for uradial and W[W®] = w[D®]=0. (6.16)
From (6.9), (6.8), (6.15) (6.6)-(6.7), and (6.16) we readily observe
§:<h6Dk)DW‘4—§:‘h “vvm>+-§: a® gmi. (617
k,m=2 k,m=3 k,m=4

For the remainder of the proof, we analyze each term on the right-hand side of (6.17).



22 LIUWEI GONG, SEUNGHYEOK KIM, AND JUNCHENG WEI

Case 1. Let us study the term sz:g I [D®) D], Thanks to Lemma B.6, we can write
. k=2
D) = 25:20 J |z|290M (F=29)  Setting s = k — 2¢ for ¢ =0, ..., L%J and

15
S) .__ k—2 D .__ 2 s
M) =m0 D= §Oj |22 M), (6.18)
q:

s L s D . 1D o n
M (y) .= M (x), EP(y):=EP(z) foraz=eyeR",

we obtain
d a L9452
> D® Z Z RV R R Vi ZED
k=2 k=2 q=0 s=2 q=0

As pointed out in Lemma B.10, we have that Il,e[Ef, Eg] =0 for s # §', which combined with
(6.10) implies that

d—s
d d )
> 1[0 = 31 BB - 3 z PR o BT
k,m=2 s=2q,q'=0
d %5
_ Z Z UOgG’e‘”q’*SJl [€2q+s‘x’2qu(s)7€2q'+s‘x’2q’Mq(/8)} 4 O(En_4).
5=2 q,¢'=0

Lemma B.11 tells us that if 8 < n < 24, then there exists a constant C' = C(n) > 0 such that

d—s

d d 2 9
> n.[p®.D CTIY N [logel®ets |20 g2 ()| 4+ O(en )
k,m=2 s=2 ¢=0 (619)
d
=c! Z 2| log €| %" ”ﬁ(k)|’2 + O(e"™4).

k=2

Case 2. Let us study the term ZZ,m:S I [W® W] Thanks to Lemma B.7, we can write
. k-1
W) = Z(E;l ] Proj[|z|22V (k=241 Setting s = k — 2s for ¢ = 1,..., [ 55t] and

1452
VD oyt gl Z Proj [Ja v+ 6.20)
{7q(8+1)<y) = Vq(8+1)(q:), Eyf(y) :i EW(z) forz=eyeR",
we obtain
d d 155 d—2 |93 d—2
ZW(k) = Z Z Proj [\x|2q9‘~/(k_2q+l)} = Proj [|x]2q.@1~/q(s+1)} = ZE;/V
k=3 k=3 q¢=1 s=1 ¢=1 —
By Lemma B.10 and (6.10), we deduce
d d—2 1%5°]
Z Ile[W( Z Z | log e|%a+a"+s.J; {Proj [|x|2q9Vq(s+l)} , Proj [|x|2q/.@‘/21(,5+1)”
k,m=3 =1qq'=1

O(e"™).
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If n =8 or 9, then d = 2 so that sz:g I JWE W] = 0. 1f 10 < n < 28, then Lemma B.12
tells us that there exists a constant C' = C(n) > 0 such that

d d
ST L W W] > 07T R log el |[WR|P + O ). (6.21)
k,m=3 k=3

Case 3. Let us study the term Zz’mﬂl I[H® A, Thanks to Lemma B.5, we can write
A k=2
H®) = 25:21 ] Proj[|z[?9+2v2P(k—24)]. Setting s = k — 2s for ¢ = 1,..., | %52%] and

2
Pq(s) .— plk—2q), H{ng-i-s) — Proj [|x,2q+2vzpq(s)} , EH .= Z Hq(2q+s)7

- 22
i 1252 (6:22)

P P, ) [ B Y Af

\

we obtain

% d—2 153

d d —2
Z e Z Proj [‘x|2q+2v2ﬁ(k 2q} _ 2q+s) ZESH
k=4 s=2

d—s

—_

»Q
,_n
vl
_Q

We note that W[EH] = 37 :_ [H(§2Q+s)] is well-defined, so are IQ’E[EE, E‘g] and 1376[55, E’f]

By Lemma B.10, we deduce

L)

U
5
[\
—
N}

SO L AW AW =3 S 1, [ﬁé?qﬂ) a1 +5>] for i = 1,2, 3.

If 8§ <n < 11, then d = 2 or 3 so that szmﬂ L J[H® H0] =0 for i = 1,2,3. If 12 < n < 32,
then Lemma B.13 tells us that there exists a constant C' = C'(n) > 0 such that

Z L[ 12 R log e | A® ||* + O(e"Y). (6.23)

k,m=4

As a Consequence by putting (6.19), (6.21) and (6.23) into (6.17), and employing the identity
|H® )12 = |H®||2 + [|[WE|]2 4 | D®)||2 for k = 2,...,d as well as the equivalence between two
norms |H®| and |H™® |, we conclude the proof of Proposition 6.4. O

6.3. Proof of Theorem 6.1. By virtue of (6.4), Lemma 6.3 with n € (0,1) small, and Propo-
sition 6.4, there exists a constant C' = C(n) > 0 such that

d
Oy > 1Y @ logea | HPP.
k=2
Therefore,
|HPF 2 < Cen42F|loge,| ™% for k=2,...,d, (6.24)
which implies
\Vgana\2(aa) < O 82 loge,| %2 for k=0,...,d—2.
This concludes the proof of Theorem 6.1.
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6.4. A corollary. By Theorem 6.1 (or (6.24)) and Corollary 5.2, a direct corollary follows.

Corollary 6.11. Under the conditions of Theorem 6.1, there exist 69 € (0,1) and C > 0 such
that

n—4
103(t1a — o — Ua)| () < Cea? T (eq + )~V

for all a € N, multi-indices B with |5] = 0,1,...,4, and |x| < do.

7. LocAL SIGN RESTRICTION

A slight modification of the proof of Theorem 6.1 yields the following local sign restriction of
the function P in (2.1). We skip the proof.

Proposition 7.1. Let 8 < n < 24 and 0, — 6 € M be an isolated simple blowup point for a
sequence {uq} of solutions to (2.4), where det g, = 1 near o, € M. Assume that ug(cg)uq — @
in C3 (Bi= () \ {a}), where o € (0,1) is the number in Proposition 5.1 and g is the function

ocC

in Proposition 2.4. Then
lim inf P(r,g) > 0.
r—0

We also recall a well-known result, which can be found in e.g. [28, Proposition 7.1].

Proposition 7.2. For any given ¢, R > 0, there exists a constant C = C(M, g,€e,R) > 0 such
that if a solution u of equation (1.3) satisfies max,cpr u(o) > C, then there exist local mazximum
points b, ..., 0N € M, where N € N depends on u, such that
(1) {B,,(c")}1<i<n are disjoint, where r; = Ru(ai)_ﬁ;
. . 2
(2) For eachi=1,...,N, it holds that [|u(c") ' u(u(c”) »=2x) — w(x)l|lcapao)) < €
(3) u(o) < Cdy(o, {0, ... ,UN})fnTi4 forany o € M\ {o!,..., 0N}

Finally, the following corollaries can be achieved as in [28, Proposition 6.2, Proposition 7.2].

Corollary 7.3. Let 8 < n < 24 and o, — ¢ € M be an isolated blowup point for a sequence
{uq.} of solutions to (2.4), where det g, = 1 near o, € M. Then o, — & € M is isolated simple.

Corollary 7.4. Let 8 < n < 24. Let ¢, R,C = C(M,g,¢,R), v and {c*,...,0V} be as in
Proposition 7.2. Suppose that € > 0 is sufficiently small and R > 0 is sufficiently large. Then,
there exists C = C(M,g,¢€,R) such that if max,epru(o) > C, then dy(o?,07) > C for any
i1#j€e{l,...,N}.

8. PROOF OF THE COMPACTNESS THEOREM

Because KerP, = {0}, the Green’s function G, of the Paneitz operator P, has the expansion

n—4
Gy(x,0) = ¢; a4 (1 +) p® @)) + A+ Blog|z| + OW(|z]) (8.1)
k=4

in normal coordinates x centered at a point ¢ € M, provided detg = 1 near . Here, ¢, =
2(n—2)(n—4)|S"" 1, A, B e R, v € Py, and fSnfl ("= = 0. If n is odd, we also have B = 0.
For its proof, refer to [18, Subsection 2.4].

Lemma 8.1. Let 8 < n < 24 and 0, — & € M be an isolated simple blowup point for a
sequence {uq} of solutions to (2.4), where det g, = 1 near o, € M. Assume that us(cg)uq —
cnGg. (-,0)+h in C%C(ng"(&) \{a}), where 6y € (0,1) is the number in Proposition 5.1, G is
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the Green’s function of the Paneitz operator P,
from Proposition 2.4. Then it holds that

and b € C5(B§(‘)’° (6)) is a nonnegative function

oo

n—4
Gyoo (2,0) = ¢ a7 (1 + D ¢(k)(x)> + A+ 09 (a)),
k=d+1 (8.2)
where w(k) =0 and / miw(k) = 0.
Sn—1 Sn—1
. . (k) _ (>d+1) . .
Proof. First, we prove that for k =4,...,d, Y\*) =0. Let ¥y be the solution to equation
K
8
AT — E(n)wg O = — N Ly [HP|w,  in R™
k=d+1
From (5.1), Theorem 6.1 and Corollary 6.11, we obtain that
_n—4
lime, 2 |ug — we — \pgzd“)] (z) < Clz|™!

a—0

for 0 < |z| < dp. Since
_n—4 n—4

€a 2 Ug — cnGg (+,0)+ b and €a 2 Wq — |- \4*” in Cf(’)c(Bgo \ {0})

and

n—4
2

€a

K K
PP (@) < C Y (et lal) TS 0N el
k=d+1 k=d+1
the function 1) in (8.1) vanishes for k =4,...,d.
Next, for k =d+1,...,n—3, we prove that fsn—l ¢»*) = B = 0. On one hand, due to Theorem
6.1 and Lemmas 3.6 and 4.1,

[ (B = Al =06 < 0o
{lz|=r}

/ (Pgoe = A?)(|2[* W) = O(rTHF) < Crm .
{|z|=r}
On the other hand, it holds that [;,._ 4 A*(|z[*™") =0, [{,_y A%(|z[*7"¢""Y) = 0, and

[ Al ) = an - - k(4 [ o),
{lz|=r} Sn—1

/ A%(Blog|z|) = —2(n — 2)(n — 4)[S" " Br"—5.
{lz=r}
Because Gy, is the Green’s function of P, , we also have
[ (R 9G, (05 = [ %G, (0)as
{lzl=r} {lz=r}
for any r € (0,dp). It follows that [, ¢Y*) = O(r) and B = O(r). Taking r — 0, we conclude

that [, »*® =B =0.
Finally, in a similar manner, we can also derive that fS”_l xiw(k) =0fork=d+1,...,n—4. O

Remark 8.2. Note that in the proof, we have

K

_n—4

e 2 WETY o N p® in CF (Bs, \ {0}).
k=d+1
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By explicitly solving of the linearized equations according to Proposition 4.6, we could provide
an alternative method for computing the expansion of the Green’s function. o

The following lemma generalizes [4, Proposition 6]. The analogous result for the Yamabe
problem is well-known; see e.g. [6, Proposition 19].

Proposition 8.3. Let n > 5 and (M™,g) be a closed manifold such that ker P; = 0. Suppose

that the Weyl tensor vanishes up to an order greater than or equal to d —2 at a point & € M,

and that the Green’s function Gy of P, satisfies the expansion (8.2) in a small neighborhood of
4

n—4

. Then, (M \{c},g:= GFQ) is an asymptotically flat manifold with decay rate T > such
that Q4 = 0. Moreover, the higher-order mass of g defined in (2.3) is a positive multiple of the
constant A in (8.2):

4(n—1)
n—4

m(g) = A

Proof. In conformal normal coordinates centered at &, we have trg = n and z;¢;;(z) = z;.
2

We introduce an inversion variable given by y = ¢, "™* ﬁ, whose transition relation is 9,, =

2
cnt(|x|*0i5 — 2x525)8,,. Then we have

4 4
9ij(y) = e Ha['G(z) " gij(2)
4

_ <1+ S 60+ entla <4><|:c“3>) )

k=d+1
= (F(x))m1gij(2),

where g;;(2) = 6;;+O(|z|%*1) by the Weyl vanishing condition. Hence §;;(y) = 6;;+O(|y|~(¢TD).
Since d + 1 = [25%| + 1 > 254, we deduce that (M \ {7}, §) is asymptotic flat.
Next, we evaluate the higher-order mass:

N A N Yk
(g) €—>0 {|y‘ =cp, n24571} vk (g”"” gljﬂj) ‘ ’
. —Hnd) 2-2n
= ;LI)% cn " /{|m|=€} ayk (gn,gj gz] z]) | | | ’ ds (8'3)
_2(n—2) 3_9
:_1 n—4 Neo ooy 7nd .
51—13(1) n /{lml—e} s (9”7” gw’w)‘ﬂ i

It holds that

2

4
e 4§”,J = n(]w|25¢j — 2xi2;) 0y, (F 1),
n44 - 4 4 9 4
Giijj = n|z|"A(F7=1) — 2n(n — 2)|z|*x;0y, (F 1)

and

N 34 e 2 _4 2 4
cn " Giji = (|2]°9i — 22i25) O, (F7=1) + || g4, F 71,
4
T n—4 A

_4 _4
cn " Giigi = |21 9100, (F 1) — 2(n — 2)|a|2a;0,, (F7=7)
_4 _4
+ 2|x!4gij7i8xj (F"—4) + |$[4gij7ian—4.
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Plugging the above computation of §; j; — §ij.4; into (8.3), we obtain

m(g) =2(n—1)(n — 2)0;2 lim (20y, +2) 0 (xlaxl)(F7"i4)|x|5_2ndS
e70 J{|z|=e}
L2 i e 4 7-2
— ¢, " lim (wkaxk + 4) (nA(anzl) _ azﬂj (gijF"*‘l)) |$| 4.

e—0 _
{lw|=e}
We now make use of the following assertion, whose derivation is deferred to the end of the proof.
Claim 8.4.
4
| @100, 5 0) 0 0hun (95— 5 F7)aS =0
{lx|=e}

With Claim 8.4, we obtain that
(n—1)""&m(9)

= lim 2(n — 2)(xk0s,, +2) 0 (210, ) (F73)> 2" — (240, + 4) 0 A(Fﬁ)g”?"] ds

€20/ jz|=¢}

i [ [8(:__42) (210e, +2) (@100, F)*™" = = (20, + 4)(AF)""
4(n — 8) 7—2n
S @, + (FE s
Because (F;)? = O(|z|>¥) and 2d > n — 5 > n — 6, the limit of the last term vanishes. So,

(n—1)""erm(g)

-2
_ 8 =2y, 55—%/ (20, +2) 0 (210y,) ( Z W ®) () + cp Alz"™ 4) ds
{lz|=}

k=d+1

4
—n_4gigg)e7‘2”/{ _,#0n+4) oA( Z W (@) + en Al 4) ds.
r|=¢€

k=d+1

Using Lemma A.3 and fgn—l p®) =0for k=d+1,...,n— 4, we arrive at
m(g) = 8(n — 1)(n — 2)|S" ¢, LA.
PRrROOF OF CLAIM 8.4. Define

I(e) == / (2% Oy, +4) 0 Oz, ((9i5 — 5ij)Fﬁ)dﬂf-
B"(0,e)
Since
_4
(@0, +4) © Op,z; (935 — 6ij) F'7—4)
_4
= O;z; © (X0, + 2)((955 — 0i) F 1)
4 4
= axixj ((gij — 51J)($kazk + 2)(F"*4)) + aacixj (xkgij,an%) s

we can employ the divergence theorem to find

1 4 4
I(E) = / xiaxj ((gi]‘ — 5ij)($k8xk + 2)(F"—4)) + xiaxj (xkgij’kF"—‘l) ds.
{lz|=¢}

Using x;(gij — 0i5) = 0, tr(g — 6) = 0, and x;x1gi; 1 = 1 (dk; — grj) = 0, we obtain that I(e) = 0.
Then we can apply I’(¢) = 0 and the coarea formula to deduce Claim 8.4. O

We now complete the proof of our main result.
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Proof of Theorem 1.4. It is a simple consequence of Theorem 6.1 and Corollaries 7.3-7.4. O

Proof of Theorem 1.1. By elliptic regularity theory, it suffices to prove the uniform L°°(M)-
boundedness of solutions of (1.3). Suppose by contradiction that there exist a sequence {gg }aen C
[9] of metrics on M, a sequence {ug }aeny € C*(M), and a sequence {0 }aen C M such that (2.4)
holds, 0, — & € M is a blowup point for {u,}, det g, = 1 near o, € M, and g, converges to a
metric goo € [g] in CY(M) as a — oo for any [ € N. Corollaries 7.3-7.4 imply that o, — & € M
is an isolated simple blowup point for {ug}.

Owing to Proposition 2.4, us(04)ue = g := Gy (-,0) + b in C’E)C(ng" () \ {7}), where
G,.. is the Green’s function of the Paneitz operator P, and h € C° (Bj>< (7)) is a nonnegative
function satisfying (2.5). Combining this fact with Proposition 7.1, we reach

. 2 > 0. '
IlggélfP(r, Gy ) = ¢, hITILI(I)lfP(T',g) >0 (8.4)

By virtue of Lemma 8.1, G has the expansion (8.2). If Condition (i) holds, then the positivity
of the constant A of G in (8.2) follows immediately. Under Condition (ii), we can deduce A > 0
from Proposition 8.3, Theorem 2.1 and the condition that M is not conformally diffeomorphic to
the standard sphere S™. However, a direct computation using (8.2) tells us

n—4
lim P =— A
lim (r,Ggo) <0,
which contradicts (8.4). This finishes the proof of Theorem 1.1. O

APPENDIX A. UsSeruL ToOOLS

In this appendix, we collect several useful results needed for the proof of Theorems 1.1 and
1.4. The proofs of Lemma A.1-Corollary A.5 follow directly from elementary computations, so
we omit them.

Lemma A.1 (Euler’s homogeneous function theorem). If p¥) € Py, then
zi0p® = kp®.
Lemma A.2. If |z|>*p=25) € Py for some p*=2%) € H;_o,, then

A [’x|23p(k723)} - 23(2k — 9254+ n— 2)|x‘2572p(k72s)'

Lemma A.3. Assume that n > 2. For Fi(k) € P,

/ wb® = [ oF® = / o™,
Snfl i B1 v n+k_1 Snfl v

Therefore, for p*) € Py, with k € N,

1
W__ Ap®).
/Snl p k’(n + k - 2) Snfl p

Lemma A.4. Let I! be the integral defined in (1.4). It holds that

2n—101-3
IL =" T
n on—2 b
Il :2n—l_31_l+2.

" 1+1
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Corollary A.5. It holds that

I—1 I—1
1 -2 _ 1—2
Tn = om —1 — 11" 2n—2I”—1’

(1 —r2)rt o2n — 20 —4_,
dr = i
/0 S s Ty e

Lemma A.6. Forl € N, let A be an | x [ positive-definite symmetric matriz and B an [ x [
positive semi-definite matriz. Then

tr(AB) > A\ (A) tr(B),
where A1 (A) > 0 is the least eigenvalue of A.

Proof. We express A as A = QAQT, where A := diag(\1,..., ) is a diagonal matrix and Q is
an orthogonal matrix. We may assume that 0 < A\; < --- < ). Set B’ = QT BQ. Then, B’ is
positive semi-definite, so

tr(AB) = tr(QAQT B) = tr(AQT BQ) = tr(AB') Z)\ B, > Mtr(B') = A\itr(B)
as claimed. O

APPENDIX B. TECHNICAL CALCULATIONS FOR THE PROOF OF THEOREM 6.1

B.1. Representation of I; [H(k), H(m)] in polar coordinates. We prove Proposition 6.5 and
Corollary 6.7. We begin by establishing two preliminary results: Lemmas B.1-B.2.

Lemma B.1. It holds that

[ = /S - {251-}1(%1%( >—4H}j}HZ.(jJ)], (B.1)
o (k) pp(m) _ sm) Btk +m—2) k) (m)
/Snl Ricl (™ = _/Sn 1 {m )4 . P | (B.2)

Proof. Identity (B.1) is a direct corollary of (3.1), the definition of R in (3.6), and Lemma A.3.
We next take (B.2) into account. Due to the definition of Ric in (3.3), we have

(k) k T k) 17(m
Rlcu Hi(' "= Hz(l J)ZH( ) — §H‘(j 21Hi(j )

k m k m
o) ~ S - ) L)

Integrate it over S*~!, we discover

Ric!V g™ = _ 2t 4 Loy )]
Sn—l S§n—1 2 2],

Then, by invoking Lemma A.3 and Lemma A.1, we deduce (B.2). O
Lemma B.2. It holds that
/ R(k’m) = _1/ [Q(EkH(k))ini(jm) + 2Hi(f) (ﬁmH(m))iJ’
sn-1 sn-1
(kb +m)(n+k+m— 2)HZ.(JI.€)H1.(;")} :

/ Rie Y Ric™ = / [wkmk))ﬁ(zmﬂ(m)),ﬁma HO >5-H<m>+1152H<k>52H<m>]
S§n—1 §n—1 n —
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Proof. Let us derive the first identity. According to the previous lemma, we have

R™ )—4/Sn_1 (on(H S H™) + (B ™) — 0, (™) — 2Ricy H™]

Sn—l
By employing the definition of £j in (6.11), (3.1), Lemma A.3, and Lemma A.1, we derive

) v

/ R<’“vm>:—1/ 20k HO) B + k(o + ke +m — 2)H H| .
Sn—1 4 S§n—1

Then, using the symmetry of R*™) with respect to k and m, we can obtain the first identity.
We next turn to the second identity. We use the definition of £; and L,, to obtain

/Sn_1 (LuH ™) (Lo H™)i5

_ / [Rlé Ric" >+’La g om 4 L 152H(k)62H(m)]
Snfl n —

- /Snl Ric;; [mxj(;iH(m) — o1 152H(m) (@i — |x]26ij)}

2 (m) 1
— / ) R1cij [kxjéiH(k) - 152H(k)(x¢:cj — |$|25ij)]
N 1 n

k
+ / [ .%']5ZH(k)(52 (m) —|— $J(5 H( )52H(k):| (xia:j - ‘.%"2&])
S§n—1 n — 1
Here, the fourth term vanishes because of (3.1) and (3.2). For the second and third terms, we
need the following claim:
Claim B.3.
2Ric\) z; = ko, H®).

PROOF OF CLAIM B.3. By the definition of Ric in (3.3), we know that

2Ric(-k)

k k k k
i Tj = 205 Hz(l l) + [811(%1{( )) l(l z) —5;H* )] {A(xjHi(j)) - 25z‘H(k)] .

Then, using (3.1) and Lemma A.1, we finish the proof of the claim.

Combining Claim B.3 with (3.1), (3.2) and Ricgf) = 02H®), we can compute the second term
as

/ R'icy?) mxjéiH(m) — L52H(m)($i$j — |$\25ij)

Snfl J n — 1

_ / km s g ® s g L g2 pgg2gom)|
Sn—l 2 n — ].

By symmetry, the third term can be handled similarly to the second term.
Finally, by putting all four terms together, we complete the proof of the second identity. [J

Proofs of Proposition 6.5 and Corollary 6.7. Applying (3.9) and (B.2), we observe
e~(krmp, [ H®, f{r(m)}

Soe™ 1
- / o, B _ T ) gom] o / " kmanotgo (W W'
sn-1 n—2 %Y Y 0 r2 3

2 -2 2k . o ! ’
+ / { S (krm = 2)B, - Hm)] REMgs / rk+m+”_320w7dr
Sn—1 0

n—2 2 n—2
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k — Nk m 506_1 /
B / (n + K+ m2 ) mHz(]k)Hz(] )dS/ rk+m+n73zoﬂdr (B3)
S§n—1 n — 0 r

. 5 —4n? +16n — 16 Soe~
— AR®m) _ " 2R s2gm)| 4 / ktm+n—5 70, 1
7 /SM [ R Mn—Dm—ap ° 170 ST war

n—4
- (n—2)?
Then, Proposition 6.5 follows from Lemma A.3, Lemma A.4, and Corollary A.5.
Corollary 6.7 is a consequence of Proposition 6.5 and Lemma B.2. O

X - (m (50671
/ Ricgf)Ricgj \as / pkAmEn=5 70u,dp.
Sn—1 0

B.2. Eigenspaces of the operator £;. We study the eigenspaces of the operator Ly in (6.11),
which induces the orthogonal decomposition (6.12) of the space V.

Lemma B.4 (Lemma A.5 in [22]). Let H be a symmetric matriz whose elements are all homo-
geneous polynomials on R™ of degree k. Suppose there are p,t € Py_2, qj € Pr—1 such that

ﬁu‘ :le\Q;
zifly = gjlal*;
$i$jﬁij = t|fL‘|4.
Then

Hij + piaj + pjo; + voij € V,

where p; = —q; + p;((:__lz))tﬂzj and v := %m?. We define

(PI‘OjH)ij = Hij + iy + pix + I/(Sij. (B4)
Lemma B.5 (Lemma A.6 in [22]). Let H € Vy. Then there exist W € W), and H, € Vi,/ Wy for
g=1,..., Lk—ng such that
1552

H=W+ ) H,
q=1

where (ﬁql,f[q2> =0 for q1 # qo. Furthermore, it holds that

LyH, = Ay Hy, (B.5)
H, = Proj [|:c|2q+2v2p(’“—2ﬂ (B.6)

for some P20 € Hy o, where V2P¥ 29 denotes the Hessian of P*~29) and
n—2
n—1

Apgi=(k—2¢—1) [2— (n+k—2q—1)} — (g +1)(n+ 2k —2q — 4).

Lemma B.6 (Lemma A.7 in [22]). Let D € Dy. Then there exist D, € Dy, for ¢ =0,..., | 552 ]
such that

1452
h=S b,
q=0
where (Dy,, Dg,) = 0 for q1 # g2. Furthermore, it holds that
LDy = —q(n —2q + 2k — 2)D,, (B.7)
D, = |z[? M *—20), (B.8)

for some M* =29 ¢ {M e Dy_oq | AM;j =0 for each i,j =1,...,n}.
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Lemma B.7 (cf. Lemma 6.8). Let W € Wy. Then there exist D € Dy, and Wq € Wi /Dy, for
q=1,...,|52L] such that

2
145
W=D+ Y W, (B.9)
q=1
where (qu, Wq2> =0 for q1 # q2. Furthermore, it holds that
- k—2)k_.
W, = Proj [|x|2q9V(k_2q+1) (B.11)

for some vector field V=241 op R™ such that
VE=20tD) ¢ (V= (Vi, .. Vo) | Vi € Hi—oq1 fori=1,...,n, 6V =0, 2;V; = 0}.

Proof. For each j = 1,...,k, we consider the spherical harmonic decomposition of 5jW: There
exist Vj(k_zq_l) € Hp—9q-1 for ¢ =0, ..., L%J such that
L5
;W = Z ‘x|2q‘7j(k—2q—1)_
q=0
Let us define a property for a vector field V:
0V=V;; =0 and z;V;=0. (B.12)
From W € W}, we see that the vector field §W satisfies property (B.12). We assert that Y (k=2¢-1)
satisfies (B.12) for all ¢ =0, ..., L%J
First, since
CCjA(SjW = A(xj6]W) - 23J(SJW = O,
ASW satisfies (B.12). An induction argument shows that AY5W satisfies (B.12) for all ¢ € NU{0}.
Picking ¢ = | %52 |, we observe that V(®) and V() satisfy (B.12).
Second, by applying the identity

' (k=2¢—1 I —(k—2qg—1 ’ — (k—2g—1
0; (|x‘2q V}( q )) = 2/ |z|% 2$jvj( =1 4 |z|24 ajVj( q-1) _ 0,
and an induction argument, we can deduce that V (*~2¢=1) satisfies (B.12) forall ¢ = 0, .. ., L%J
This proves the assertion.

As a result, V(© = 0 when k is odd. Moreover, the following claim holds, which will be proved
at the end of the proof.

Claim B.8. Assume that W* € Wy/Dy, k = 2m +2 € N even, and §;W* = |z*"VV. 1f V(1
satisfies (B.12), then V(1) = 0.

Forg=0,..., {%J, we define V(k—20-1) — (Vl(k_Qq_l), ce Vék_Zq_l)), where

(k—2¢g—1) 1 = (k—2¢—1)
Vi = _(n+k—2q—2)(k—2q—2)‘/i e Hi—2g-1-

We also set W1 = Proj[|z|?+29V(#=2a=D]. Tt follows from Lemma 6.8 and Remark 6.9 that
Was1 € Wi/Dr, §;Wqs1 = |22V 7Y and (B.10) holds. Let
|45
Wi=W - > W, €W,
q=1
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Then, W# can be decomposed as W# = Wt + D¥ with Wt e Wy /Dy and Dt e Dy.. By applying
. . . . - [ A
Claim B.8 for 1%, we find that 6,1 = 0, i.c., W# € Dy. Thus, W# = 0and W = S0 2 W, + D%,
Setting D = D* € Dy, we obtain (B.9) as desired.
Also, a straight calculation using Lemma A.3 shows that (W, ,W,,) = 0 for ¢1 # ¢o.
PRrROOF OF CrLAamM B.8. Let Vi(l)(x) = a;jz; for a;; € R. From property (B.12), we know that
a;j + aj; = 0. Combining this with the definition of £, in (6.11), we get
(£ W*) o % 9 ’ |2m—2 V(l) + V(l) _ AW*
2m+2 i m|T iV LjVy ij
_ (m 4 1)|m|2m (.7}1‘7](1) + l,jv;(n) )
On the other hand, every element in Wy, /Dy, is an eigenvector of £, with the eigienvalue —M,
as shown in (22, Page 184]. Particularly, (Lom+2W™)ij = —(n + 2m)(m + 1)W}. Therefore,

9|z|>™ (g;n‘/j(“ + xjv;.(”) + [2PAWE = 2(n + 2m) (m + V)W, (B.13)

Now, by exploiting the spherical harmonic decomposition of V_Vi’;-, Lemma A.2, and (B.13), we
can assume

_ 1 _ _
W;; _ bij|37|2m+2 + E|x|2m (331‘/](1) + x]‘/z(l)> ’
where b;; = bj; € R. Then, given any j = 1,...,n,

- 1
:UZW;; = <bij + n%j) xi\$|2m+2 =0 forall z € R,

so b;j = —%aij. Consequently, we conclude that a;; = b;; = 0, thereby confirming Claim B.8. [

B.3. Orthogonality properties of I; .. We prove orthogonality properties of the bilinear form
I in (6.5). Recall d = | %52].

Lemma B.9. Given k = 2,...,d, we write H¥) = H® 4wk 4 D(k), where H®) ¢ Vi /W,
W®) e Wy, /Dy, and D*) € Dy,. Then it holds that

[17E[H(k)7H(m)] =1, [ﬁ(k)’f[(m)] + 1. [W(MjW(M] + 1, [f)(k)jfj(m)]

forkkm=2,...,d.
Proof. We must prove that

L [H®, WM =1 [A®, D™)] = 1, [W® D] = . (B.14)
We first observe that, whether the indices k1, k9, and k3 are the same or not, the inner products
satisfy o o o

(H,W)=(H,D)=(W,D)=0 (B.15)
for any H € Vi, Wiy W e Wi, / Dk, and D e Dy, Indeed, the proof that the first two inner
products are 0 is provided in [22, Page 186]. The third inner product is also 0, because of Lemma
B.7 and
/ Proj [|x|2q9V(k2_2q+1)}
Snfl

v

Dy = /Sn1 (aivj(kz—%—i-l) +8jVi(k2‘2q+1)> Dy

= (n + ko — 2 + kg) / <8Z.‘/j(k272q+1) + aj‘/i(k272q+1)> ﬁij

B

= —2(n + kg — 2q + k3) / Vj(k2_2q+1)5jﬁ =0

By



34 LIUWEI GONG, SEUNGHYEOK KIM, AND JUNCHENG WEI

forg=1,..., L]”Q_lj, where we used integration by parts and D e Dy, .

In the remainder of the proof, we will show that I 176[1:1 (k). W(m)] = 0 only, since one can deal
with the other terms in (B.14) analogously once (B.15) is known. Owing to Lemma B.2, (B.3),
(B.5), and (B.10), it suffices to check that

ﬁywﬁﬂ_/ &ﬁw&wmﬁi/ S2E ) 5237 m) — g,
Sn_l sn 1 Sn 1

By (B.15), it holds that [, f[l(f)WZ(]m) = <I§T(’“), W(m)> = 0. Because 621 (™ = 0, we also have
that [q,. 62H® 52 (m) = 0. On the other hand, by using (B.6) and (B.11), we can write
1532) L5

A® = 3" Proj [\x|2q+2v2p(’f—2q>} and W = 3 Proj [|x|2‘f@v(m—2q/+1>}.
q=1 q'=1

A direct computation yields

[

k=2
LT

S0 = 3 [(ex)iglaP0PE 4 (ea)y oo PE)
q=1

mTJ
_ 2¢'—2y,(m—2¢'+1)
= E : Cmg |27 7V,

r—1

for some (¢1)k,q, (¢2)k.gs Cm.g € R. Employing Lemma B.2 and sz(m 2+ _ gy(m=2q'+1) — 0,
we deduce that

Lk*EJ melJ

/ 5 6 W(m Z Z Cl chmq / 8@'P(k72q)‘/i(m_2q/+1)
S§n—1 / Sn—

1532) L’”TlJ

=- Z Z (Cl)k,qcm,q’/ pk—29) 51/ (m—24'+1) _
g=1 ¢'=1 Sn—1

This completes the proof of I [JH®) W] = 0. 0

Following the approach from the proof of the previous lemma and using (B.20), (B.23)-(B.24)
below, along with the orthogonality of harmonic polynomials on S"~! with different degrees such
as

(MéSI))ij(MéIS2))ij _ (‘/;1(51))1‘(‘/(/82))1 _ Pq(s1)Pq(,S2) =0 for s 75 s9,
Snfl Snfl Snfl

we obtain the following result. We omit the details.

Lemma B.10. Let EP, EV and EY be the matrices in (6.18), (6.20) and (6.22), respectively.
Then I ([EP, ER] =0 for any2 <s# s <d, I ([EY ,EY] =0 for any 1 < s # s’ <d—2, and
L [EE EH] =0 for anyi=1,2,3 and2< s # s <d—2.

B.4. Evaluation of the Pohozaev quadratic form. We examine the positivity of the Po-

hozaev quadratic form in three mutually exclusive cases, which is crucial in the proof of Propo-
sition 6.4. We set 0, = 1 if k = 254 and 65, = 0 otherwise.



COMPACTNESS OF THE @Q-CURVATURE PROBLEM 35

Lemma B.11. Assume that 8 < n < 24 and s = 2,...,d. Let Mq(s) be the matriz defined in
(6.18) and € > 0 small. Then there exists a constant C' = C(n,s) > 0 such that

d—
e

Z | log e|9q+q’+s Ji [62‘7“ ]m\Qqu(s), 2 +s ]w\Qq/Mq(}s)}
¢,9'=0

1432)
> ! Z 62(2q+s)’ log6‘92q+s
q=0

2
MRV

Proof. Fixing any s = 2,...,d, let k = 2¢+ s, m = 2¢' + s, \; = —q¢(n + 2¢ + 25 — 2), and
Ay = —¢'(n+2¢' + 25 — 2). By applying Corollary 6.7 and (B.7)—(B.8), we compute

Ji [P, o2 1)

_ (n —4)2 [8(n1)(n3)(k+m)
dn—1)n—=2) [(n—=2)(n+k+m —4)

Ay

1 s
+ écl(n, k,m) (2(Ag + Ag) + (n + k+m —2)(k+m)) — ca(n, k, m)] <Mq(8), Mq(/ )>
= mgy ) (M7 M)
where
ci(n,k,m) = (k+m)(n® — (k+m+2)n? + (6(k +m) — 4)n — 4(k +m) + 8), (B.16)
co(nyk,m) =2(n—1)(k+m)(n+k+m—2)km. '

Then we set

1 .
oo | oo T R ) ik m=2(0 4 s) <n—4,

m_ ;= N, (B.17)
aq 0 D,sv/ . _ / —
m(mqq,) lfk+m—2(q+q +3)—n 4,
where Ny € N is taken to be large enough; for example, Ny = 1010 suffices.
Using Mathematica, we observe that matrices (mz’,s) are positive-definite for all s = 2,...,d

when n < 24. In addition, (mil’,z) has a negative eigenvalue when n > 25.
Let B’ be a Gram matrix defined as Béq, = <6qu(s), equ(,S)>, which is always positive semi-
definite. Then, we set a matrix B by Byy = B, if k+m < n —4 and B,y = |log €|N0_1B;q/ if

k+m = n — 4, which is also positive semi-definite for e so small that € < eNo. At this stage, we
apply Lemma A.6 with [ = L%J +1, A =mP*, and the aforementioned B. It follows that

452

6 ktm 4 S _
3 [logel 5y [ekyx|2QM§S>,em|x|2q Mq(/)} = tr(AB) > C~'tr(B)
4,4'=0

d—s
1552
=C! Z | log €| %

q=0

2
U

€k|$|2th§s)

Lemma B.12. Assume that 10 < n <28 and s = 1,...,d — 2. Let Vq(sH) be the vector field
defined in (6.18) and € > 0 small. Then there exists a constant C = C(n,s) > 0 such that
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L4
Z |10g e|9q+q/+sJ1 [Proj [’x|2qqu(s+1)} , Proj [’x|2q/@‘/:1(,3+1)”
q,q'=1
L4
2
Z C_l Z 62(2q+5)|10g6|92q+s PrOj |:|x|2q‘@‘/zz(s+l)i| H )
q=1

Proof. Fixing any s =1,...,d—2,let k =2g+s, m=2¢ +s, \; = —%(n+s+2q—2)(s+2q),
and Ay = —1(n+s+2¢ — 2)(s +2¢'). By applying Corollary 6.7, (B.10)-(B.11), and

J; (Proj [|x\2q_@Vq(s+1)]> =—(n+ s)s|x|2q_2(v¢](s+1))ja

<Pr0j [prqqu(sﬂ)] , Proj [|w’2q’@%€s+l)}> —2s(n+s41) <‘/q(s+1),‘/q(,s+1)>7

we compute
Ji [Proj [|x|2qqu(s+1>} , Proj [‘m|2q’@Vq<,s+1)H

_ (n —4)? [4(11— 1)(n —3)(k +m)
dn-1n-2) [(n=2)(n+k+m—4)

(4s(n+ s+ 1)AgAy + kms®(n + 8)2)

1 S S
+2s(n+s+1) {gcl(n, k,m) (2(Aq + Ay) + (n+ k+m —2)(k +m)) — ca(n, k, m)}] <Vq( ) Vq(, +1)>
o W,s\/ (s+1) (s+1)
= (mpe?) (Vv

where ¢1(n,k,m) and ca(n,k, m) are the numbers in (B.16). Then we set mZZ}S by exploiting
(B.17) in which all the superscripts D are replaced with .

Using Mathematica, we observe that matrices (mZZ}S) are positive-definite foralls =1,...,d—2
when n < 28. In addition, (mZZ}l) has a negative eigenvalue when n > 29.

Following the rest of the proof of Lemma B.11, we complete the proof. O

Lemma B.13. Assume that 12 <n <32 ands=2,...,d—2. Let H(§2q+s) be the matriz defined
in (6.22) and € > 0 small. Then there exists a constant C' = C(n,s) > 0 such that

LdESJ Ld;SJ
Z I [ﬁéZq-&-s)’Hé?q’—&—s)} > o1 Z 62(2q—&—s)‘ loge‘ezqﬂ ﬁé2q+8)H2'
7,q'=1 g=1

Proof. We continue to use the notations introduced in (6.22). Fix any s = 2,...,d —2. We recall
that ﬁémﬁs) = Proj[|x|2q+2V2Pq(s)],

Ek AéQq—&-s) _ A2q+s’qf{(§2q+s)’

& s n—2 s
0; é2q+ ) = o 1(5 —1)(n+s— 1)|x|2q8qu( )

n—2 _ R
+ p— 18(8 —1)(n+s—1)z/* ijPq( ),
2 77 (2q+s) _ 292 p(s
5 Hé 0+s) = || Pq( ), (B.18)
where
-2
Asgrog = (s=1) [2= =—T(n+s=1)| = (g+1)(n+2q+ 25— 4),
-2
Ks =" s(s—=1)(n+s—1)(n+s—2).

n—1
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We also note
(10, 120) 50

q
<5ﬁ‘§2q+8)’ 5ﬁ§?q,+5)> - s(n ﬁ -2) <Pq(5)’ Pq('S)> ’
<62ﬁl§2q+s)762ﬁ(§?q,+5)> — K2 <Pq(s)7 Pq(/s)> '

Let k =2q+s, m =2¢ + s, \y = Aogts,q, and Ay = Asyis . By applying Corollary 6.7 and
(B.5)—(B.6), we find

g [, A
(n — 4%k, [8(n — D = 3)(k +m)AgAy
4n—1)(n—2) (n—=2)(n+k+m—4)

N An=3)(k+m)(s—D(n+s—1Dkm  (n— 3)n%(n —4)(k +m)rs

(B.19)

n+k+m—4 2(n—1)(n—2)(n+k+m—4)
1 s
+ cer(nbm) (20 + Ag) + (n+ E+m — 2)(k -+ m) — ealn, k:,m)] (P, P
L H,s,1 s) (s)
T (mqq’ ) <Pq( ’Pq’ >’

where ¢;(n, k, m) and ca2(n, k, m) are the numbers in (B.16). Then we set mP{]’ 1 as in (B.17).
For the IQ,E[Hék),HV';Zn)] term, we remind from (4.4), (B.18), and s = (k — 2) — 2(¢ — 1) that

Lﬂﬁék)]w = £ [6215[(5’“)]10 = ﬁsgl[|x|2(q71)]3q(8)]w

q+3

(n—4) n+6—21 ()

= bi(n,k—2,q—1)(1+r 2 P,
2(n—1) Z S+ I (B.20)

(k) (n — 4) q+2 _n=20 ()

where b;(n,k —2,¢g—1) and I';(n, k — 2, q— 1) are the numbers appearing in Definition 4.4 and
Proposition 4.6, respectively. We also observe

4 S
(xiaz‘ + - 2 ) <<1 +r?) T Pq(s))

:(n—2j)(1+r)

1 02
P - g4 —4j = 28) (147" 2 P,

Making use of polar coordinates, we determine

—4 . o (m
/ <x,~a,- + 2= . > U[HPL A Jw
B" (0,506~ 1)

ot (n 2q'+3 q+2 Spe 1 pr—1+2s
. m
= (G B ) [ e

=1 j=1

Tnfl+2s

1 ] 60671
+§(n+4—4j — 25)/0 (1+r2)n+3—z’—jdr

9k-5m (mH,/s,Q)/ <P(s) (5)> + O( )

aq q
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where b; = bj(n,m—2,¢' —1),T'; =Tj(n,k—2,¢g— 1), and

1[(n—4)k, ]2 L2 — 25— 2i—2j+6)(n—2j _ n—142s

Hsoy 2 2(n—1 Ly n+3—i—j
(mqq/ ) = if k _ /
ifk+m=2(q+q +s) <n-—4,
0 ifk+m=2(q+q¢ +s)=n—4.
We define
1 H,s,2 H,s,2 .
sz )3 [(mqq, )’—i—(mq,q )’} itk+m<n—4,
Meq = 3\70 H,5,2\/ Hs2yr] - (B.21)
5 [(mqq’,’ )+ (my” )] itk+m=n-—4,
where Ny € N is taken to be large enough; for example, Ny = 10'° suffices. Clearly, H,S 2=
when k£ 4+ m = n — 4. Then, by (6.6),
(k) pr(m) k+m HOgE’ o H,s,2 s (s) n—4
L (AP, 1] = [ N mi? (PP, PY) 4 0(en). (B.22)
For the I3 [Hy k) JH (m)] term, we need to evaluate
A —4 ~ n— . n—
Li[AP)1 20 = ~ 220 [HEP) (192" + (n— 4 L[HP)(1 4 72) 77, (B.23)
We have (B.20) and
2 K q+3 +8—24
7 (k 2\ — 1= s 9\ _nt8=2i .
LiHP)(1+r)77 = M;bg(n,k ~2,g-1)(1+7r%)" "2 PP, (B.24)

It follows that
/ WAL (A 2°
B"(0,00e~1)
n—1+42s

k (n—4)rs|? g+8at2 Soe™! r

_ +m S !

- [ 2(n — 1) } Z ZFJ bi/ (14 r2)nti=i=j dr
=1 j5=1 0

n—4 Soe L 7,n—1—|-2s
t—3 bi/o (L r2)i3=i dr

()

0 m S S S n—
= e log e (m /) (P, P ) 4+ O,

where b; = bj(n,m —2,¢' — 1), b, =b,(n,m —2,¢' —1),T'; =Tj(n,k —2,¢ — 1), and

1

1 24’ +3 q+2 — 9 2]+6 )
- by — (n—4)b; | Ipiat?®
S| L [ - -
(mH,S,3)/__ J . ’
qq T ifk+m=2(¢+q +s) <n-—4,

n—4[(n—2k]° . '
5 5= 1) | AP ifk+m=2(q+qg +s)=n—4.

If we define m;’,s’s as in (B.21), then by (6.7),

+m

7(k) pr(m) cktm Uogél T2 Hs3 [/ p(s) pls)
I AP, 1] = [No m (PP, PY) 4 0(en ). (B.25)
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Adding up (6.10), (B.19), (B.22), and (B.25), we arrive at

. - (m m | |loge Oigm s /(s
(e + Do + s ) [ A, BSP] = [|Noq 2 mi (PR RS 4 0@,

where mqu’f =m HS Ly mHs 24 mHs ®. Using Mathematica, we observe that matrices (m'’;

are positive—deﬁnlte for all s=2.. .,d — 2 when n < 32. In addition, (mg
eigenvalue when n > 33.
Following the rest of the proof of Lemma B.11, we complete the proof. O

H,s
a )
) has a negative

Remark B.14. In the Yamabe case, the Pohozaev quadratic form on the subspace @z:ﬂ)k fails
to be positive for n > 25, as shown in [22, Proposition A.8]. In the proof of Lemma B.11, we
saw that the same phenomenon happens for the Q-curvature problem (1.3). Wei and Zhao [43]
implicitly used this fact to construct blowup examples for (1.3) provided n > 25. o

APPENDIX C. A GEOMETRIC EXPLANATION FOR THE CANCELLATION PHENOMENON

We can observe the following proposition inspired by [6, Proposition 5]. Recall that w(y) =
n—4
1+ y*) =
Proposition C.1. Let S = PV where 9 is the conformal Killing operator defined in (6.13) and

U = V;0;w + n _714(5Vw.

Then,
8
AT — E(n)w 1V = — L1 [SJw + A(9;(S;;0;w)) + 0;(Si;0; Aw), (C.1)
where L1[S] is defined by (3.7).
Proof. We have
n—2
0;8 = AV + Taj(SV,
529 = MA(SV,
n
(Ric[S]);; = ij ij-

Then, there holds
— L1 [SJw + A(9;(Si;0;w)) + 0;(Si0;Aw)
4 2(n —4
= 482-1/}81-]-Aw — E(SVAQ’LU + 2AV3‘8jA’LU + mn)@jéVOjAw + 48jk%6ijkw
N 2(n —4)

ij0V Oij i0ij
2 2(n —4) 2
+ A%V;0;w + ———=0;A0V 05w + 2 A SV w.
n
Continuing the computation and plugging in AQw = c(n)wn%i, we deduce
— Li[Slw + A(9;(Si505w)) + 0:(Si;0; Aw)
:AQ( 107 )—ViaiAQw—

2n
:A2<ii n2;4 >—E(”)’w”8‘4<ii >,

which is (C.1). O

" Sy A,
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Remark C.2.

1. The role of Proposition 4.6 cannot be replaced by this proposition because in our proof, we
not only need the estimates on W, but also need the explicit expression of ¥ to compute the
Pohozaev quadratic form.

2. Nonetheless, this proposition is interesting by itself because it can explain the special relation-
ship between the linearized equation at the standard bubble and the expansion of the Paneitz
operator.

3. The idea of using conformal Killing operator to solve the linearized equation and study the
energy expansion is robust. It is possible that similar cancellation to Proposition 4.6 can also be
seen in higher order -curvature problems. o
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