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Abstract

We study ground states of the N coupled fermionic quantum system with the
Coulomb potential V(z) in the L2-critical case, which admits a parameter a > 0 to
describe the attractive strength of the quantum particles. For any given N € NT, we
prove that the system admits ground states, if and only if the attractive strength a
satisfies 0 < a < aj;, where the critical constant 0 < a}; < oo is the same as the best
constant of a dual finite-rank Lieb-Thirring inequality. By developing the so-called
blow-up analysis of many-body fermionic systems, we also analyze the limiting mass
concentration behavior of ground states for the system as a " ajy.
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1 Introduction

It is known (cf. [11,13]) that a system of N identical quantum particles with spin s
(such as photons, electrons and neutrons) is usually described by an energy functional
of the corresponding N-body normalized wave functions ¥ € ®f\i 1 L?(R3,C%+1). In
this paper we study ground states of N spinless (i.e., s = 0) fermions with the Coulomb
potential in the L2-critical case, which can be described by (cf. [11]) the minimizers of
the following constraint variational problem

Eo(N) := inf {ga(\y) w2 =1, U e AVL2(R3,C) mHl(R?’N,«:)}, a>0, (L1)

where the energy functional &,(¥) satisfies

N K
1 5

::E: _ 2_§ - |pl? — 3 . 1.2

&) i=1 /R3N <\Vx1‘1" k=1 |75 — Y ¥ >dx1 don a/R3 p\I,(x)dx (1-2)

Here y1,y2, - - - ,yx € R? are different from each other, the parameter a > 0 represents the
attractive strength of the quantum particles, AN L?(IR3, C) is the subspace of L2(R3V, C)
consisting of all antisymmetric wave functions, and the one-particle density pg of ¥ is
defined as
pw(z) =N |U(x, 20, xn)|Pdey - - day.
R3(N-1)

We refer [4,7,11,13] and the references therein for detailed physical motivations of the
variational problem (1.1).

Following the spectral theorem (see [7] and the references therein), we denote the
non-negative self-adjoint operator y = SN | n;|u;) (u;| on L2(R3,C) by

N
Ye(z) = Zniui(x)(%ui)m(RS,C), Ve LZ(RSNC), (1.3)
i=1
where both n; > 0 and u; € L?(R3,C) hold for i = 1, --- , N. Moreover, we use

N
py(@) = nifui(x)]? (1.4)
=1

to denote the corresponding density of . Similar argument of [1, Appendix A and
Lemma 2.3] then yields that the problem (1.1) can be reduced equivalently to the fol-
lowing form

N

Eo(N) =inf {am) =Y fug){uil, u; € HY(R,R),
i=1 (15)

(ui7uj)L2:5ija Z,]:l, 7N}7 a>07 N€N+7

where the energy functional &,(7) satisfies

5

Ea() = TI'(—A—’-V(HZ))’}/—CL/RS pidz, (1.6)
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and the function V(z) < 0 is the Coulomb potential of the form

1
V(z):=— 1.7
@ == (1.7)
containing different singular points y1,- - - , yx € R3. Throughout the paper we focus on

the analysis of the variational problem E,(N) defined in (1.5), instead of (1.1). As a
continuation of [1], which handles the L?—subcritical case of E,(N), the main purpose
of the present paper is to analyze the limiting concentration behavior of minimizers for
E,(N). As far as we know, this is the first work on investigating the limiting behavior
of ground states for L?-critical many-body fermionic systems.

For any given N € N*, we now consider the following minimization problem

2 N
. . 3Tr(—A
0<ay ::mf{w Dy = E niui)(ui| # 0,
o 0 z-:l (1.8)

u; € H'(R?,C), (wisuz)p2 = 655, M5 > 0}>

where p, is as in (1.4), and ||y|| > 0 denotes the norm of the operator v. The proof
of [4, Theorem 6] gives essentially that for any N € N*, the best constant a%; € (0, +00)

of (1.8) is attained, and any minimizer (™) of a’; can be written in the form
Ry
YN = IS TIQNQi, (QiQ)) =8y for i,j=1,--, Ry, (1.9)
i=1
where the positive integer Ry € [1, N|, and the orthonormal family Q,--- ,Qr, solves

the following fermionic nonlinear Schrédinger system
b, e 2
[_ A— ga;*v(z |Qj|2) }Qi = uQ; in R3, i=1,--- Ry. (1.10)
j=1

Here fi; < fig < --- < firy < 0 are the Ry first eigenvalues (counted with multiplicity)
of the operator

A 5 i 3
HA/(N) =—A— g&%(Z ‘Q]‘Q) in Rg.
Jj=1

We note from Mathieu Lewin' that any optimizer v of the problem (1.8) is essentially
a real-valued operator on L?(R3 R), see Lemma 2.2 below for more details. Moreover,
it was proved in [4, Proposition 11] that

ay > aby holds for any N € N*, (1.11)

and thus there exists an infinite sequence of integers Ny =1 < Ny =2 < N3 < --- such
that
ay,—1>ay,, m=234,--, (1.12)

!Private communications.



which further implies that any minimizer () of ay, satisfying (1.12) must satisfy
Rank('y(Nm)) = Ny, We also comment that the uniqueness of minimizers for aj; is still
open for any N > 2.

The minimization problem E, (1) defined in (1.5) is essentially an L?-critical con-
straint variational problem, which was investigated widely over the past few years, start-
ing from the earlier work [8]. Moreover, we expect that for any N € NT, the minimizers
of E4(N) are connected with ground states of a fermionic nonlinear Schrodinger system,
in the sense that

Definition 1.1. (Ground states). A system (uq,--- ,un) € (HI(R?’))N with (ui, uj)r2
= 0;; is called a ground state of

N 2
Hyu; == [—A—l—V(x)—5§a<2|uj|2)3]ui:,uiui in R® i=1,---,N, (1.13)
j=1

if it solves the system (1.13), where p; < pg < --- < uy < 0 are the N first eigenvalues
(counted with multiplicity) of the operator Hy .

1.1 Main results

The purpose of this subsection is to introduce the main results of the present paper.
Motivated by [4,8], in this paper we first prove the following existence and nonexistence
of minimizers for E,(N).

Theorem 1.1. For any fized N € N1, suppose E,(N) is defined in (1.5), and let
0 < ay < oo be defined by (1.8). Then

1. If 0 < a < ay, then E,(N) admits at least one minimizer. Moreover, any min-
imizer v of Eq(N) can be written as v = Zfil |ui) (u;|, where (uy,--- ,un) is a
ground state of the following fermionic nonlinear Schrodinger system

N 2

5a 3 . .

Hyu; := [— A+V(x)— S(Zug)d}uz = piu; in R i=1,--- N. (1.14)
j=1

Here the Coulomb potential V(x) <0 is as in (1.7), and py < po < - < uy <0

are the N first eigenvalues, counted with multiplicity, of the operator Hy in R3.

2. If a > a}y, then Eq(N) does not admit any minimizer, and Eq(N) = —oo.

We remark that for any fixed N € N*, Theorem 1.1 provides a complete classification
on the existence and nonexistence of minimizers for F,(N) in terms of a > 0. Moreover,
the proof of Theorem 1.1 implies that Theorem 1.1 can be naturally extended not only
to the general singular potential V(z) = — 21[::1 |z — yr| % with 0 < s < 2, but also
to the generally dimensional case R? with d > 3, if the exponent % in the last term of
(1.6) is replaced by 1+ %. On the other hand, in order to prove Theorem 1.1, in Section
2 we shall derive the boundedness, monotonicity and some other analytical properties
of the energy E,(N) in terms of N > 0 and a > 0. Furthermore, the existence proof
of Theorem 1.1 is based on an adaptation of the classical concentration compactness



principle (cf. [14] [15, Section 3.3]). Towards this purpose, the key step is to prove in
Subsection 2.1 that the following strict inequality holds for any fixed 0 < A < N,

E,(N) < Eq(\), if E4(\) admits minimizers, (1.15)

where E,()\) is defined by (2.1) below, see (2.61) for more details.

By developing the so-called blow-up analysis of many-body fermionic systems, in the
following we focus on exploring the limiting concentration behavior of minimizers for
E.(N) as a /' aj. For simplicity, we first address the particular case N = 2, where
aj > a} holds true in view of (1.11).

Theorem 1.2. Let v, = Z?Zl |ud)(uf| be a minimizer of Eq(2) for 0 < a < a3, where
the orthonormal system (u$,ug) is a ground state of (1.14). Then for any sequence {a,}
satisfying a, " al as n — oo, there exist a subsequence, still denoted by {an}, of {an}
and a point yi, € {y1, - ,yr} given by (1.7) such that

Wi (o) = el (c0, + ) w16,
— wi(x) strongly in H' (RN LR as n— oo, i=1,2,
and
Jg;%wam@):-éép?%m, (1.17)

where €q, = a—an > 0, and v := Y2, |w;)(w;| satisfying (w;, w;) = & is an optimizer
of a5.

Remark 1.1. (1). As a byproduct of Theorem 1.2, we shall derive in (3.57) that the
following identities hold true:

1 1
—Tr( - Ay) = 5@1:/ “1p.d 1.1
ST ) e =5 [l e (1.18)

where 7 = Z?:l |w;) (w;| given by (1.16) is an optimizer of a3.
(2). The proof of Theorem 1.2 shows that Theorem 1.2 actually holds true for any
E,(N), provided that 2 < N € N* satisfies a};_; > a’, see Remark 3.1 for more details.
(3). The L°°-uniform convergence (1.16) presents the following mass concentration
behavior of minimizers v,, = Y-, [uf)(ul"| for E,, (2) as a, * aj:

-3 (T~ Yk, Y — Yk, *
Yan (@, y) = (ab — an) ’y(a* e ) as ap  as, (1.19)
2 n Q9 n

where v(z,y) = Z?Zl w;(x)w;(y) denotes the integral kernel of v, and yx, € {y1, - ,yx}
is as in Theorem 1.2. This implies that the mass of the minimizers for E,, (2) as a,, a3
concentrates at a global minimum point yx, € {y1, - ,yx} of the Coulomb potential
V(z) = =S5 |z — y|~". Tt is still interesting to further address the exact point yj,
among the set {y1, -+ ,yx}.

We now follow three steps to explain briefly the general strategy of proving Theorem
1.2:



The first step of proving Theorem 1.2 is to derive the precise upper bound (3.16) of
the energy E,(2) as a /* a3, which further implies the estimates of Lemma 3.1. Due to
the orthonormal constrained conditions, it however seems difficult to borrow the existing
methods (e.g. [8]) of analyzing the L?—critical variational problems. In order to overcome
this difficulty, in Lemma 3.1 we shall construct a new type of test operators involved
with the complicated analysis.

As the second step of proving Theorem 1.2, we shall prove Lemma 3.2 on the H'-
uniform convergence of the sequence {w;"}, as a, /* a3 for i = 1,2, where w;" is defined
by

an
7

3
wi (z) == €2, ul" (€a, @ + Yk, ), €an = a5 — an >0, (1.20)
and 7., = Y2, [uf")(u?"| is a minimizer of E,,(2). To reach this aim, in Section 3 we

shall apply the following finite-rank Lieb-Thirring inequality

N
Ly | | Wi(z)de > Y [M(—A - W(2)|, Y0<W(z)eL3®)\{0}, (1.21)
=1

where the best constant L} € (0, +00) is attainable (cf. [5, Corollary 2]), and A;( — A —
W (z)) < 0 denotes the ith negative eigenvalue (counted with multiplicity) of —A—W (z)
in L?(R3) when it exists, and zero otherwise. We point out that by proving

2 3/2\3
« (LX) :f(f) : 1.22
ClN( N) 5\5 ( )
it was addressed in [3-5] that the corresponding inequality of (1.8) is dual to the finite

rank Lieb-Thirring inequality (1.21). Applying the energy estimates of the first step, to-
gether with the above dual relationship and the strict inequality a] > a3, we shall prove
the crucial L3-uniform convergence of the density sequence {p,} := {Z?Zl lwi™|?} as
an * ab. Since any minimizer 4(?) of a} satisfies 7? = [y 2, |Qi)(Q:] with
(Qi,Q;) = dij, in Lemma 3.2 we are then able to establish finally the H!-uniform con-
vergence of {w{"}, as a, /" aj.

The third step of proving Theorem 1.2 is to establish the energy estimate (1.17) and
the L*-uniform convergence of {w;"}, as a, ,/* a3. Actually, employing the energy

estimates and the L3-uniform convergence of the previous two steps, we can analyze the
exact leading term of E,, (2) as a, " a3, which then helps us prove the energy limit
(1.17). On the other hand, to prove the L*-uniform convergence of {w;"},, we shall
prove the following uniformly exponential decay

<\w?”(a:)\2 + |wg" (a:)]2> < C(0)e~ % uniformly in R as n — oo, (1.23)

where the constants § > 0 and C(f) > 0 are independent of n > 0, see Lemma 3.3 for
more details. Unfortunately, the exponential decay (1.23) cannot be established by the
standard comparison principle, due to the singularity of the Coulomb potential V' (z).
For this reason, we shall prove (1.23) by employing Green’s functions. The complete
proof of Theorem 1.2 is given in Section 3.

In order to discuss the general case of FE,(N), we next analyze the limiting concen-
tration behavior of minimizers for E,(3) as a /* a3, where aj > a3 > a3 holds true in
view of (1.8) and (1.11).



Theorem 1.3. Let v, = S0, [u)(u?| be a minimizer of Eo(3) for 0 < a < af, where
the orthonormal system (u$,uy,u$) is a ground state of (1.14). Then for any sequence
{an} satisfying a, 7 a3 as n — oo, there exist a subsequence, still denoted by {a,}, of
{an} and a point yx, € {y1, - ,yx} given by (1.7) such that

3
wim(z) == €2, ul" (€, +yk,) — wi strongly in L>°(R?) as n — oo, i=1,2,3, (1.24)

(2

where €,, = a3 —ap > 0, and v := Z?:l |w;) (w;| is an optimizer of a3. Furthermore,

we have

1. If either a5 > a3, or a3 = a3 and Rank(y) = 3, then (w;,w;) = 0;; holds for
iji=1,2,3.

2. If a5 = a} and Rank(y) = 2, then (w;, w;j) = 0;; holds fori,j = 1,2, and ws(x) =0
in R3.

Remark 1.2. (1). As for Theorem 1.3 (1), the similar proof of Theorem 1.2 can further
yield the H'-strong convergence of {w{"} defined in (1.24) as n — oo, where i = 1,2, 3.

(2). We expect that the argument of Theorem 1.3 can further yield the following
general results: For any given N > 3, if v, = Zfi 1 [ui™) (ug™| is a minimizer of E,, (N),
where the orthonormal system (uf,--- ,u%) is a ground state of (1.14) and a, /" a} as
n — oo, then there exist a point y, € {y1,--- ,yx} and a minimizer v := SN | Jw;) (w;|
of ajy such that, up to a subsequence if necessary,

an
i

an
%

3
wi™(z) == €2, ul" (€q, + Yp.) — w; strongly in L®°(R?*) as n — oo (1.25)

holds for i = 1,2,--- | N, where Rank(y) = dim(span{wl,--~ ,wN}) := Ry € [2,N],
and wry41(z) = -+ = wy(x) =0 in R3.

We next explain, totally by five steps, the general strategy of proving Theorem 1.3,
which can be summarized as the blow-up analysis of many-body fermionic systems. The
first three steps of proving Theorem 1.3 are similar to those of proving Theorem 1.2,
which then yield the L*-uniform convergence of (1.24) in view of (1.11). Moreover,
since Theorem 1.3 (1) focuses essentially on the cases where dim span{w{", wy", ws"} =
dim span{wy, wa, w3}, and 35, |w;)(w;| is an optimizer of a}, where w; is as in (1.24),
the above analysis procedure also yields that (w;, w;) = di5, 4,5 = 1,2,3, holds in this
case. This proves Theorem 1.3 (1).

Since Theorem 1.3 (2) is concerned with the case where a$ = a} and Rank(y) = 2,

we first note that
3 = dim span{fwf", wy", wgn} > dim span{wy, wy, w3} = 2, (1.26)

where w; is given by (1.24), and v := 327, |w;)(w;| is an optimizer of a}. This implies
that there exist two different cases:

either w; Z 0 holds for all i = 1,2, 3, (1.27)

or there exists exactly one i, € {1,2,3} such that w;, =0 in R3. (1.28)



The fourth step of proving Theorem 1.3 is to exclude the above case (1.27). Actually,
similar to the proof of Theorem 1.2, one can establish the following convergence:

3 3
Z lwi > — wa strongly in Lg(]RS) as n — 0o, (1.29)
i=1 i=1

where w{™ is as in (1.24) and satisfies

2
3

3
)
—Awi™ + €2 V(eq, o + yp, Jwi™ — gan<z ]w;‘"|2> wit = ez pmwi™ in R, (1.30)
j=1

and pi™ < pg" < pgm < 0. Following the facts that [ps wi™wi"dz = 0 for i = 2,3, we
shall prove in (4.20) that for the case (1.27),

wp and w; are linearly independent for i = 2, 3, (1.31)

which further yields from (1.26) that wy and ws are linearly dependent. On the other
2
hand, since the first eigenvalue of the operator —A — %a:’; ( Zj’: L wj2) * in R3 is simple,

and 37| Jw;)(w;| is an optimizer of a}, we shall prove that once wy and w3 are linearly
dependent, then
o : 2 an _ 2 o an
00 < nhﬁn;() €q, o nl;ngo €q, 13" < 0. (1.32)

However, the same argument of (1.31) gives from (1.32) that we and ws are linearly
independent, a contradiction. This finishes the fourth step of proving Theorem 1.3.
The fifth step of proving Theorem 1.3 is to complete the proof of Theorem 1.3 (2).
Since it necessarily has (1.28) in view of the previous step, the challenging point of this
step is to further show that wy(z) # 0 and wy(x) # 0 in R3. We shall prove this result as
follows. Similar to the proof of Theorem 1.2, one can establish the following convergence:

\Vwi™| — |Vw;| strongly in L*(R3) as n— oo, i=1,2,3. (1.33)

By contradiction, we next suppose that w;, () = 0 in R? for some i, € {1,2}. By
deriving some energy estimates of u;" and p;™ as n — oo, we shall derive from (1.24),
(1.29), (1.30) and (1.33) that

3 3

: 2 an __ 12 2 an : 2 an

A 2ot = fim Dty Jiy ol <0 (134
1= 1FTx

a contradiction, which yields that w;, (z) #Z 0 in R? for any i, € {1,2}. This completes
the proof of Theorem 1.3 (2). For the detailed proof of Theorem 1.3, we refer the reader
to Section 4.

This paper is organized as follows. Section 2 is devoted to the proof of Theorem
1.1 on the existence and nonexistence of minimizers for F,(N). In Section 3, we shall
address Theorem 1.2 on the limiting concentration behavior of minimizers for F,(2) as
a / a%. The proof of Theorem 1.3 is given in Section 4, which is concerned with the
limiting concentration behavior of minimizers for E,(N) in the case N = 3.



2 Existence of Minimizers for E,(N)

In this section, we mainly prove Theorem 1.1 on the existence and nonexistence of
minimizers for E,(N) defined by (1.5), where N € N7 is arbitrary. Towards this purpose,
we need to introduce the following general minimization problem

N/
Eq(A) :=inf {&1(7) =D ) (il 4 (A= N)Juye) (unel,
=1

u; € HY(R3R), (ui,uj)p2 = 6ij, 4,5 =1, ,N’}, a>0, A>0, (2.1)

where the energy functional £,(7) is defined by (1.6), and N’ is the smallest integer such
that A < N’. One can note that when A = N’ € N*, (2.1) coincides with E,(N’) defined
in (1.5).

We first address the analytical properties of F,()). Denoting B(L?(R?)) the set of
bounded linear operators on L?(R3), we then have the following equivalence of E,()).

Lemma 2.1. Suppose the problem Eq(\) is defined by (2.1) for a >0 and A > 0. Then
we have

E,(\) = nf Ea(), (2.2)

where the functional E4(7') is as in (1.6), and Ky is defined by
Ka={y e€B(L*R%): 0<+ =) <1, Tr(y) =\, Tr(—AY) < oo}. (2.3)
Moreover, if inlg E.(Y') admits minimizers, then Eq(\) also admits minimizers.
v ERA

Since Lemma 2.1 can be proved by a similar approach of [7, Lemma 11] and [1, Lemma
2.3], we omit the detailed proof for simplicity. The following lemma, whose proof is due
to Mathieu Lewin, shows that even though the minimization problem (1.8) is defined in
the complex-valued range, it is essentially attained by the real-valued operators.

Lemma 2.2. For any N € N, suppose W(N) is an optimizer of the problem (1.8). Then
we have yN) € B(L2(R3,R)).

Proof. For any N € NT, since ’y(N) is an optimizer of the problem (1.8), we obtain
from [4, Theorem 6] that (™) = ||4(M)| Zf‘Nl |Q;)(Q;] holds for some positive integer

Ry € [1, N], where the orthonormal family Q1,--- ,Qgr, € H'(R?, C) satisfies

Rx 2
HooQe= [~ 8= 20y (D10F) @k = im@u i B, k=1, Ry (24)
j=1

Here fi1 < fig < --- < firy < 0 are the Ry first eigenvalues (counted with multiplicity)
of the operator H, v in R3. In order to establish Lemma 2.2, we only need to prove
that for any j € {1,--- , Ry},

either Re(Q;) = 0 in R®, or Im(Q;) =0 in R®. (2.5)

We next address (2.5) as follows.



If Ry < N, then it follows from [4, Theorem 6 (ii)] that the operator H_(v) in R3
has exactly Ry negative eigenvalues, counted with multiplicity. This thus implies from
(2.4) that

RN
dim( | ker(H, ) — ﬂkI)) — Ry, (2.6)
k=1

where I denotes the identity operator on L?(R3,C). On the contrary, suppose (2.5) is
false. Then there exists some ky € {1,---, Ry} such that Qr, = Q1x, + 1Q2, holds,
where Qqk,, Qor, € H'(R3 R)\{0}. We thus deduce from (2.4) that Qq, is also an
eigenfunction associated to iy, , where @1, and @y are linear independent for any k €

{1,--- ,Ry}. This further implies that dim(Uﬁj1 ker(HWv) — ,EL;J)) > Ry, which
however contradicts with (2.6). Therefore, (2.5) holds true for the case where Ry < N.

If Ry = N, we denote by finy+1 to be the (N + 1)th min-max level of the operator
H_(x) in R®. Note from [4, Theorem 6 (ii)] that the function 2ay ( Zjvzl \QjP) o is an
optimizer of the Lieb-Thirring inequality (1.21). We then deduce from [5, Theorem 3]
that finy < fiy41, where iy is the Nth negative eigenvalue (counted with multiplicity)
of H () in R3. This further yields that (2.6) holds true for Ry = N. Thus, the same
argument as before also gives that (2.5) holds true for the case where Ry = N. This
therefore completes the proof of Lemma 2.2. O

Applying the equivalent version (2.2) of E,(\), one can obtain the following properties

of Eq(N).

Lemma 2.3. For any fited N € Nt suppose the constant 0 < a’y, < oo is defined by
(1.8). Then the energy E4(\) defined in (2.1) admits the following properties:

1. If 0 < a < aly, then —oco < Eq(\) < 0 holds for all X € (0, N].
2. If 0 < a < a}y, then Eq()) is decreasing in A € (0, N].
3. If a > a}y, then E4(N) = —oc.

Proof. 1. For A € (0, NJ, set

N/
vi= Y |ua)(uil + (A= N)un Y un|, ui € H'(R?), (i, u5)2 = 6y, (2.7)
=1

where N’ is the smallest integer such that A < N’. Since A € (0, N], we have N < N.
By the definition of a}, defined in (1.8), we then get from Lemma 2.2 that

5
Tr(-89) 2 [ 3Te(-a9) 2 a [ plda, (2.8)
RB

where p,, representing the density of v, is defined by (1.4). By Hardy’s inequality, we
have

lz| 7t < e(—A)+ 471, where € > 0 is arbitrary. (2.9)
It then yields that
K
Viz)=— Z |z —yp| ! > —eK(—~A) — 4¢ 'K holds for any £ > 0. (2.10)
k=1

10



For simplicity, we denote ny = --- =np/—1 =1 and ny» = A — N’ + 1, so that

N’ N’
= anluzﬂuzl, py = anu? (2.11)
i=1 i=1

By the definitions of (1.3) and Trace, it then follows from (2.10) that

’

Tr( — A+ V(x))'y = an« — A+ V(x))ui, Uz)

N’ (2.12)
(1-¢eK) an Aul,ul —4e™ 1KZnZ Ujy Uj)
i=1
=(1- 5K)Tr(—Av) —4e7'KN, e>0.

For 0 < a < a}, taking € > 0 so that e K = %(1 — & ) > 0, we further obtain from (2.8)
N
and (2.12) that

&) =Tr(= A+ V@)y—a [ pida

> (1= eK)Tr(=Ay) = —~Tr(=A9) — 4=~ K (2.13)
N
1 AK2a% AK?a}
L Y ay) - B, AR
2 a an —a Ay —a

Since « is arbitrary, we obtain from (2.13) that E,(\) > —oo holds for any 0 < A < N
and 0 <a < ajy.
Associated to (2.7) we define

Zt i () (ui ()] + (A = NOE une (8)) (une (£)], ¢ > 0. (2.14)

Similar to the first identity of (2.12), one can calculate from (1.7) that

5 K
Ea(ye) = t*Tr(—Ax) — at2/ pydx —t Z/ |z — tyr| ' pde, (2.15)
R3 1 /RS
where v and p, are as in (2.11). Since

lim/ |z — tyk\flpyd:c = / ‘xrlpvda: >0, k=1,---,K,
R3

t—0 R3

we obtain from (2.15) that if 0 < a < aj and 0 < A < N, then &,(y;) < 0 holds for
sufficiently small ¢ > 0. This further implies that E,(A) < 0 holds for any 0 < a < a}
and 0 < A < N.

2. For any given 0 < A\; < A < N, consider any operators ; and 7o satisfying the
following constraint conditions

Ny
=Y lead(eil + (= Nl M eow |, @i € H'(R), (2.16)
=1 |

-/

(C)Oi’@i’)Lz :51'1'” ivl = 1)2)"' 7N17

11



Na
vo = D[ (Wil + (A = A = No)[bw, ) (o, |, by € HY(R?),

pt (2.17)

(¢j7¢j’)L2 = 6jj/7 j)j/ = 1727"' 5N27

where N1, Ny € NT are the smallest integers such that A\; < Ny and A — A\; < Na,
respectively. For any fixed 7 > 0, we define

1/’;@) = ¢J(‘T - ’7'61), .7 - 17 >N27 €1 = (17070)7

and consider the Gram matrix G; of the family o1, -+, on,, ¥7, -+, ¥}, Le,
Iy, A
GT = (A;. ]I]\;) ) AT = (CLZ})N1><N27 aZj = (9027w;-)7 (218)

where I, denotes the N;-order identity matrix.
Since
ar 1= max (i, )] = 0(1) as T — oo, (2.19)
Z’J

it yields that G is positive definite for sufficiently large 7 > 0. Hence, the identity

_% ]IN1 A _%
vine =Gr* (0 7| G (2.20)
T 2

holds for sufficiently large 7 > 0. We next set

D=

T

(9517"'7 9571—\717 J};a 7@]7\&) = ((Ply"'a ¥ N1 w‘lry 7¢}—V2)G; , T>0, (221)

and

N1
Ve 1= IBIHBT| + (A — N1) 3R, ) (B, |
=1
N, o (2.22)
Y CWD@T+ (A= A = N[, (R, |, 7> 0.

j=1

It then follows from (2.20) that the system (&7, -+, @}, Y7, ,1%\,2) is an orthonormal
family in L2(R3) for sufficiently large 7 > 0, and hence ~, € K defined by (2.3) holds
for sufficiently large 7 > 0.

We now calculate £,(7,) as 7 — oco. Since it follows from (2.18) and (2.19) that

1 I 0 0 A
G2 = ( ]gl . ) _ % (A* 0 ) —i—O(az) as T — 00, (2.23)
N2 T

one can calculate from (2.21) and (2.22) that

N1 N3

Ve =+ = > > af; (le) (WF | + [¥7) {@il)

i=1 j=1
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N2
= SO0 = NS oy (lom )51+ 7o) (224)

=1
1 ] Al
— 5 (A=A = N2) > afy, (lei) (W, | + 17, ) (i)
=1

+0(a?) as T — oo,

where v; is as in (2.16), and 73 = Z;le WD WT ]+ (A — A — No) |9, ) (¥R, |- We thus
deduce from (2.19) that

Tr(—Av;) = Tr(—=Ay) + Tr(—Av) +0o(1) as 7 — oo, (2.25)

and
/R3 ‘p% — Py — Pya (T — Tel)|dx =o(l) as 7T — o0, (2.26)

where p., (r—7e1) = pyg(z). Recall (cf. [10]) the following Hoffmann-Ostenhof inequality

Tr(—Ary,) > /]1@3 IV /P 2da. (2.27)

Applying Sobolev’s embedding theorem, we then get from (2.25) that {p,, } is bounded
uniformly in L"(R3) for all » € [1,3] as 7 — oo. Combining this with (2.26), one can
deduce from the interpolation inequality that

e (2) = poy () — poy(x — Te1) — 0 strongly in L"(R%) as 7 — 00, 7€ [L,3),

which further implies from (1.7) that

lim V(x)p,y,dx = lim V(z) (P% (@) + pyo(x — Tel))dac

T JR3 T—=00 JR3

(2.28)
— [ V@
RB

and
5

lim p3.dx = lim (p71 () 4+ pry,(x — T€1)> dx

T—00 R3 T—00 R3

= / (/0’51 + p%)d.%‘.
R3

Applying Lemma 2.1, we now conclude from (2.25), (2.28) and (2.29) that

wlot

(2.29)

. / .
Ea(N) = nf Ea(7) < lim Eu(77)

5 (2.30)
=Eu(m1) + Tr(—Amy) — a/3 pdx.
R

Since v; and 72 are arbitrary, the above inequality further implies that

Eq(A)
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No
<FEq(A1) + inf {Tr(—A’y) - a/ Sdr: y = Z lui) (ui| + (A — A1 — No)|un, ) (uns,|,
=1
uiEHl(R?))? (ui7uj)L2:5ij7 Z7.7:17 7N2}
:=Ey,(A\1) + EX(A — A1) (2.31)

holds for any 0 < A\ < A < N.
For fixed 0 < a < a}, it then follows from (1.8) that E°(A — A1) > 0. Similar to
(2.14) and (2.15), where v is replaced by (72):, we obtain that

EX(A—X\) < limt2(Tr(—A72) - a/ pfygd:l:> =0, 0<A\ <A<N,
t—0

and hence E3°(A — A1) = 0. Together with (2.31), this shows that if 0 < a < a};, then
Eq(X) < Eq(A1) holds for any 0 < Ay < A < N. Therefore, if 0 < a < a}y, then Eq()) is
decreasing in A € (0, N7

3. Following (1.9), let 4V = Zij\i |Qi)(Qi| be a minimizer of a},, where N > Ry €
N*, and the system (Q1,---,Qry) satisfies (Q;,Q;) = d;;. Since the above analysis
gives that Egx ()) is decreasing in A € (0, N], we have

N
Eus, (N) < By, (Ry) < lim € (7 (M)

< — lim t/ |x|~ p,y(zv)dx =

t—o00

where
Ztm = y))HQi(C = w)

and y; € R? is given in (1.7). By the definition of E,(N), we then deduce from above
that
Eo(N) < Eqy (N) < —00, Va>ay,

which completes the proof of Lemma 2.3. O

Remark 2.1. Consider any fixed N > 2, so that 0 < a}; < af holds in view of [4]: If a > 0
satisfies (a}y <)a < aj, then it follows from Lemma 2.3 (1) that —oo < E,(X\) < 0 holds
for A =1 < N; If a > 0 satisfies a > a} > a}y, then it follows from Lemma 2.3 (3) that
E4()\) = —o0 holds for A =1 < N. On the other hand, consider N = 3 and let a > 0 be
fixed so that aj < ay < a < aj: We obtain from Lemma 2.3 (1) that —oco < E4(\) <0
holds for any 0 < A <1 < N; it however follows from Lemma 2.3 (3) that E,(\) = —o0
holds for A = 2 < N. These examples show that for any given N € Nt  if a > a¥
and A € (0, N), then E,()\) can be either bounded or unbounded, which depends on the
exact values of a and A € (0, N).

Applying Lemmas 2.1 and 2.3, one can obtain the following analytical properties of
minimizers for E,()).

Lemma 2.4. For any fired N € NT, let E,(\) be defined by (2.1), where a € (O,a*N),
A€ (0,N], and V(z) < 0 is as in (1.7). Suppose v is a minimizer of E4(\). Then we
have

14



1. The minimizer v can be written as vy = Zf\ﬂl Jui)(ui| + (A = N")|uns) (un|, where
N’ denotes the smallest integer such that X < N, and (uq,--- ,un+) is a ground
state of the following system

2

Nl
5 =
[—A#—V(m)—ga(g u?—l—()\—N/)u?V/)S}ui:uiui in R® i=1,---,N.
i=1

Here py < po < -+ < un» < 0 are the N’ first eigenvalues, counted with multiplic-
ity, of the operator

wiN

Hy =-A+V(x —fa(Zu + ( uN,> in R3.

2. (uy,--- ,unr) decays exponentially in the sense that

C 1+ |z te Vimllel <y (2) < C(1 + |2)) i o= lllel gy, R3,  (2.32)
and
‘ul( )’ < C(l + ‘$|) lub ~Vlnillel mn Rg? 1= 27 e 7N/7 (233)
where the constant K > 0 is as in (1.7), and C' > 0 depends on ||py | 13(rs)-
Since the proof of Lemma 2.4 is similar to that of [1, Lemma 2.3|, we omit the details
for simplicity.
2.1 Proof of Theorem 1.1

This subsection is devoted to the proof of Theorem 1.1, for which we shall make full use
of Lemmas 2.3 and 2.4.

Proof of Theorem 1.1. In view of Lemmas 2.3 and 2.4, we only need to prove the
existence of minimizers for F,(N), where N € Nt and 0 < a < a¥.

Consider any fixed N € NT and 0 < a < a}. It follows from Lemma 2.3 that E,(N)
is finite. Let {y,} be a minimizing sequence of E,(N) with v, = SN | [u?) (u?|, where
(ul',u?)p2 =85, 1,7 =1,2,--- ,N. The inequality (2.13) yields that the sequence

i Uy . |
{Tr(-Aw)} = {;/}RS V| dx}

is bounded uniformly in n, and thus {u?}°°; is bounded uniformly in H'(R?) for all
i=1,---,N. Hence, one can assume that, up to a subsequence if necessary, there exists
u; € H'(R3) such that

ul' — u; weakly in H'(R®) as n —o00, i=1,---,N, (2.34)

and

N N
:Z [u)? — py = Zu? strongly in L] (R3) as n — oo, 1<r <3, (2.35)
i=1 i=1
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where v = SN Ju) (ug).
We first claim that if

P — py strongly in LY(R3) as n — oo, (2.36)

then ~y is a minimizer of E,(N). Actually, using the weak lower semicontinuity, together
with the fact that (uf,u}) = d;5, 4,5 =1,--- , N, we deduce from (2.36) that

ul' — u; strongly in L*(R%) as n — oo, and (u;,u;) = &ij, 4,5 =1,---,N, (2.37)
which yields that
N
Ea(y) > E4u(N), where v = Z lwi) (ugl.
i=1

Using the interpolation inequality and the boundedness of {p,,} in L3(R3), we derive
from (2.36) that

Py — Py strongly in L(R3) as n — oo, 1 <7 < 3.
Therefore, we have

E,(N) = liminf & (vn)

n—o0

> Tr(—Ay) + /RB V(x)pyda — a/

5
psdx
R3
= ga(’y) > Ea(N>v
which implies that 7 is a minimizer of E,(N).

As a consequence, in order to prove Theorem 1.1, the rest is to prove (2.36). Applying
the Brézis-Lieb Lemma (cf. [17]), we note from (2.34) that if [3 pydz = N, then (2.36)
holds true. Therefore, the rest proof of Theorem 1.1 is to prove by two steps that the
case A := [p3 pydx € [0, N) cannot occur. We shall denote p,, := p,, for convenience.

Step 1. We first prove that the case A := ng pydz = 0 cannot occur. On the contrary,
suppose A = 0. It then follows from (2.35) that

n—oo R3

K
li V(z)ppdr = — li — yp| L opdz = 0.
im () pnda ;nggo/m & — yi| ' puda

We thus get from (1.8) that
Eo(N) = nh_{Iolo Ea(m)

5
= lim [Tr(—Afyn) - Q/R3 pﬁdm} + lim V(z)ppdz

n—00 n—o0o Jp3

> (1 — i*) lim inf Tr(—A~,) > 0,

ay n—00

which however contradicts with Lemma 2.3 (1). Thus, the case A = 0 cannot occur.
Step 2. We next prove that the case 0 < A := fR3 pydx < N cannot occur, either.
By contradiction, suppose 0 < ng pydr = XA < N. By an adaptation of the classical
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dichotomy result (cf. [15, Section 3.3]), up to a subsequence of {p,} if necessary, then
there exists a sequence {R,} with R,, — oo as n — 0o such that

0 < lim ppdx = / pydx < N, lim pndx = 0. (2.38)
R3

Choose x € C§°(R3, [0, 1]) satisfying y(z) = 1 for |z| < 1 and x(z) = 0 for |z| > 2, and
define xg, () == x(z/Rn), 1R, () == /1 = x% (2),

uzln = XR,U;, uf” =R, Ui, t=1,---,N, (2.39)
and
N N
Yin = 3" ™, yan =Y " (. (2.40)
i=1 i=1

We now follow above to estimate the energy &,(v,) as n — oo. It is easy to verify
from (2.34) and (2.39) that

ul™ — u; weakly in HY(R?) as n — o0, i=1,---,N. (2.41)

Using the weak lower semicontinuity of norm, together with the Brézis-Lieb Lemma
(cf. [17]), one can deduce from (2.38) and (2.41) that

lim inf Tr(—A~v1,) > Tr(—A%), (2.42)
n—o0
and
Pin i= Py, — py strongly in LY(R3) as n — oco. (2.43)
Moreover, we have
P = XhoPr + N, X3, P+ MR, P (2.44)
and
Nh. X3k, Pn — 0 strongly in L'(R?) as n — oo, (2.45)

due to the estimate (2.38). Following the uniform boundedness of {p,} in L}(R3) N
L3(R3), we derive from (2.43) and (2.45) that

Pin = Py, = Py TR X3, Pn — 0 strongly in L"(R*) as n — 0o, 7€ [1,3). (2.46)
We thus obtain from (2.44) and (2.46) that for pa, := p,,,.,

V(x)pndx = /R3 V(z)pindx + /R3 V(z)pandx o)

:/ V(xz)pydr +o0(1) as n — oo,
R3

R3

and

5 5
/ pidx =/ (X%, Pn + M3R, Pn)° dz + o(1)
R3 R3

wlot

2 3 2
(X&, pn)® + (W3R, Pn) ]d:r:+o(1)

(2.48)

5 s
Py + p§n>d$ +o(1) as n — oo.

-
3 5
.
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Since it follows from [2, Theorem 3.1] that
—A = xR, (~A)XR, + MR, (= A)NR, — [VXR.* = VIR,
we have
Tr(=9n) = Tr(=A01) + Tr(-A0) = [ (V. P+ nm, Plpude

> Tr(—Avp) + Tr(—Ave,) — C’R;2N,

(2.49)

where C' > 0 is independent of n > 0. We therefore conclude from (2.42) and (2.47)-
(2.49) that

5
E,(N) = lim &/(yn) > &u(y) + liminf <Tr(—A72n) — a/ pg’ndac). (2.50)
n—o00 n—o00 R3
Note from (2.35) that v = Zf\il lui)(ui| € Ky, where A = [z pydx and Ky is defined

by Lemma 2.1. We thus get from Lemma 2.1 that

€a(7) 2 _inf Ea(Y') = Ea(N). (2.51)

Applying Lemma 2.3 (2), we further obtain from (2.50) and (2.51) that

5
E,(\) > E4(N) > Eu(7) + lim inf (Tr(—A’ygn) - a/ pé"ndx>
R3

n—o0

5
> inf &,(7') + liminf (Tr(—Anyn) — a/ pg’ndx)
n—oo R3

T yeka
5
= Eu(\) + liminf (Tr(~A9,) - jude)
(A) + lim inf ( Tr(—Avyz,) a/Rgpznx (2.52)
2
L al[vznll3
> Eq(A) + lim inf (1 - CL}FV>TF(AW2n)
> E.(\) + (1 - i) lim inf Tr(— Aqan),
a7y n—00
where the last inequality follows from the fact that ||y2,| < || = 1. Thus, if

lirr_l> inf Tr(—A~2,) > 0, then we get a contradiction from (2.52), and thus the case
n oo

0 < X := ng pydx < N cannot occur, which therefore completes the proof of Theo-
rem 1.1.
If lim inf Tr(—A~s,) = 0, we derive from (2.52) that

n—00

Eq(X) = Eo(N), (2.53)
and v is a minimizer of A/lél’g . Ea(7'). This further implies from Lemma 2.1 that E,()\)
possesses minimizers, where 0 < A := fRS pydx < N. We next consider two different

cases.
Case 1: N = 1. For the case N = 1, since ng pydr = fR3 u?dr = \, we deduce from

(2.53) that for ¢ := A2y,



:/ (|Vu1\2+V(1:) —auy® )daz
R3

:)\/RS (]Vg0|2+V( )? —a)\3<p3)d:z:
“éullo)el) +ax(1-28) [ ¥

>AE,(1) +aX(1 - Ai)/ 03 dr.
R3

If 0 < X := [ps pydz < 1= N, then one has Eq(1) > AE,(1), which however contradicts
with the fact that E4(1) < 0. Therefore, if N =1, then 0 < X := [z; pydz < N cannot
occur.

Case 2: N > 2. As for the case 2 < N € N there exists an integer N’ € [1, N] such
that A € [N' — 1, N’). Let

"= Z l0i) (@il + (A = N")|onr) (on] (2.54)

be a minimizer of Eq(\), where (¢;, ¢;) = 6;;. Consider

N—-N'+1

g 1= Z [Vi) (5] + (N = X = Don—nr1) (ON—Nr1,

j=1
where the functions ¥y, ,¥n_nr41 € CF°(R3,[0,1]) satisfy (¢;,1;) = &;;. Denote
U7 (x) =72y 2), where 7>0, j=1,-,N—-N +1. (2.55)

Since 71 is a minimizer of E,()), it follows from (2.54) and Lemma 2.4 that there exist
constants C' > 0 and € > 0 such that

lpi(z)| < Ce™*l in R i=1,... N (2.56)

which yields from (2.55) that
3

0 < ar :=max {[(ps, Y])|} <C1772 as 7 — o0, (2.57)
]

where C7 > 0 is independent of 7 > 0. We thus can define the same operator v, € Ky
as in (2.22), where 7 > 0 is sufficiently large.
Similar to (2.24), one can get that

N’ N—-N'+1

Ye=m+7— Z Z 7 (loay (W71 + 9] (il

1 NfN’+1
—5A=N) D0 aky (few) g |+ 1)) ewel) (2.58)
j=1
1 ol
- §(N/ —A-1) ZGZN—N/H (|%’><¢JTV—N'+1‘ + WJTV—N/+1><%|) + O(ai)
i=1

19



=71 +75 —7YA. as T — 00,
where af; := (gpi,q/;;.), ar := n}z;xﬂ(%ﬂ/};)!} and
N—N'+1
W= Y D@+ (N = A= DRy ) (Oh— |
j=1
Applying Lemma 2.4, we thus deduce from (2.56)—(2.58) that

Tr(—=A + V(2)yr = Te(=A + V(2))(n +93) + O0(a)

= Tr(—A 4 V(2))y + 7 2Tr(—=Ay)

K
~r 1S [ o= pde 4 O(a)
1R

<Tr(-A+ V(@) — Cor™! as 7 — oo,

(2.59)

and

5/3
5/3
/RB /3 da 2/&3 (pm - Ime|> dx
)

— 5/3 2/3

_/]R3 p,Y{ dx — 5(1 + 0(1)) /]RS p,Y{ P a, |d (2.60)
:/ p’5y{3dm — O(af) > / p§{3dx — O3 as T — o0,

R3 R3

where Cy > 0 is independent of 7 > 0, and the operator 74, is defined in (2.58). As a
consequence, we conclude from (2.2), (2.59) and (2.60) that

C
Eo(N) = _inf £u(7) < €a(7) < Ea(A) — ?27—1 < E4(\) as T =00,  (2.61)
v EKN
which however contradicts with the identity (2.53). This shows that if N > 2, then
0 < X := fR3 pydxr < N cannot occur, either. The proof of Theorem 1.1 is therefore
complete. O

3 N =2: Limiting Behavior of Minimizers as a " aj

In this section, we address the proof of Theorem 1.2 on the limiting concentration be-
havior of minimizers for E,(/N) with N =2 as a / a3, where a} > 0 is defined by (1.8).
Towards this purpose, we shall employ the first three steps from the so-called blow-up
analysis of many-body fermionic systems, which is described in Subsection 1.1.

Throughout the rest part of this paper, we follow Lemma 2.2 and [4, Theorem 6 and
Proposition 11] to suppose that

2
Y =3"1Qi)(Qi| with (Qi,Q;) = 3y (3.1)

=1
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is an optimizer of a}, where Q; € C°°(R3,R) satisfies
IVQi(z)], |Qi(z)] = O(eVIAllFl) a5 |z| = 00, i=1,2, (3.2)

2/3
and (f1;, ;) denotes the ith eigenpair (counted with multiplicity) of —A—gag < Z?:l Q?)
in R3.
We start with the following energy estimates of E,(2) as a / a3.
Lemma 3.1. Suppose v, is a minimizer of Eq(2) defined by (1.5), where 0 < a < a3.

Then there exist some constants 0 < My < My, 0 < M{ < M}, 0 < M{ and 0 < M},
independent of 0 < a < ab, such that

My < —€,E,(2) < My, Mj < —ea/ V(z)py,dz < My as a /a3, (3.3)
R3
and
5
0 < ETr(—Ay,) <My, 0< 62/ pi.de < M{" as a /S aj, (3.4)
R3

where €q := a3 —a > 0, and the potential V (r) = — Ziil |z — yr| ™t < 0 is as in (1.7).

Proof. Take a cut-off function ¢ € C§°(R?,[0,1]) satisfying ¢(x) = 1 for |z| < 1 and
¢(x) =0 for || > 2. Define for 7 > 0,

QI (x) == Alm2p(x —y)Qi(r(z — w1)), =12, (3.5)

where @Q; € C*®(R?) and y; € R? are given by (3.1) and (1.7), respectively, and AT > 0
is chosen such that [gs |Q7 (2)|*dz = 1, i = 1,2. The exponential decay of Q; in (3.2)
then gives that

AT =140(r") and a,:=(Q], Q) =o(r™™) as T — oo, (3.6)

where o(77°°) means li_}rn o(t7%°)7® = 0 for any s > 0. This implies that the following
T—00

Gram matrix

oo (D) @@=y GEE]-[L ] 6o

is positive definite for sufficiently large 7 > 0.
We now define for 7 > 0,

N|=

(@7, Q3) == (Q,Q5)Gr *.
It then follows from (3.7) that for sufficiently large 7 > 0,

Similar to (2.23), one can obtain from (3.7) the Taylor’s expansion of G, as 7 — oc.
Thus we also derive from (3.8) that

(3.8)

(GF. Q%) = (Q, Q) — 50 (@3, QF) +O(a?) as 7 oo, (3.10)
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Setting
2
7 =3 1R,
i=1

we can compute from (3.6) and (3.10) that

5

Ea3P) =Tr(— A+ V(2)3? —a /]R Pl da

2 9 ) .
=§/}R |vczz|2dx+i§:;/w V@i —a | (1)
2 2 9 5
= [ waita+ 3 [ vareite o [ (3iQir) s

_ QaT/ VQ7 - VQidr — 2a7/ V(r)Q1Q5dx
R3

R3

2 2
10 712\ 3 AT T 2
+ganr [ (S 1Qi?) " Q1esas + 0

2 2 2 5
= [ waita s 3 [ veneiPe o [ (Si@ir) s

+o(t7°) as T — o0,

where the second identity follows from the orthonormality of (3.9).

(3.11)

To estimate the right hand side of (3.11), we calculate from (3.2) and (3.5) that

2 2
;/RS VQI fPdz =) |A7 7 /R3 ’Qi(T(w — 1)) Vel — 1)

i=1

Frp(e —p)VQi(r(z — )| do

:7‘5;/]1{3 (,02($_yl)‘VQi(T(x—yl)){2dx+0(7_700)
2

:7—22/ |VQZ($)‘ dr+o(17%°) as 7 — oo,
=1

and

2 2
> [ vt <= [ ol QP
i—1 /R i—1 /R

2
> [ IR Qe
=1

2
:TZ/ 12| 7 Q% (z)dx + o(T7%°) as T — oo.
i1 /R

22
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(3.13)



As for the nonlinear term, one has

— [ i:m Q¥ a)) o+ o)

R
2

Q/RS ZQ? dm+o(7'_°°) as T — 00.

Consequently, we obtain from (3.11)—(3.14) that

2 2
~(2) 2 (P de — -102
a6 <y [ Vel 13 [ Qi
2 2
~ar? /R (; Q) do + o7~

5
—r2Tr(—A~?) — 7'/ \$|71p7<2)dx - CLT2/ P2y dr + o(77)
R3 R 7

5
=7%(a3 — a) /11{3 p3(2>dx — T/]R3 \x!flpv(z)dx +o(1t7) as T — o0,

where the last identity follows from the fact that 42 given in (3.1) is an optimizer of as
Taking

(3.15)

T=te;l i=t(a —a)"l, t>0,

we then conclude from (3.15) that

i B < i, e 68) < [ (Pl =l )t

(3.16)
— i(/R dex) 1(/}@ \x|71p7(2)da:>2 = —2M; <0,

-1
—Mie,

=2 wlu

and hence,

> B2 =& 2 [ V@p,@de ws o S (31)
R3
where 7, = 222:1 |ud) (uf| is a minimizer of E,(2). Moreover, similar to (2.13), we have
B2+ [ V@pde=Ean) + [ V(s
R3 R3
a

6420 (3.18)

*
* as a " as,
al—a

*
CL2—
- 2a

—Tr(=Av,) —
2
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where K € N is given by (1.7). It then follows from (3.17) and (3.18) that

M 2 [ Vi doz B+ [ V(s
R3 R3

> €a Tr(—Av,) — 64K2a%e, !
; (3.19)

> ea/ péadx —64K2a§e_1

R3

— 64K%ake,t as a a3
Together with (3.16) and (3.17), this completes the proof of Lemma 3.1. O
Let 7o, = ooy [uf™)(u"| be a minimizer of E,,(2), where a, / aj as n —
co. Note from (3.4) that the sequence {€2 Tr(—Avq,,)} = {€2, 2 Jgs [Vu 2da}
is bounded uniformly in n, where ¢,, := a5 — a, > 0. This yields that the sequence
{e " (€q, T }0021 is bounded uniformly in H!(R3), which thus admits a weak limit

w; € H Y(R3) for i = 1,2. The following lemma shows that, after suitable transforma-
tions, the operator |w;)(wi| + |wa)(ws] is actually a minimizer of aj.

Lemma 3.2. Let 7., = .oy [uf™)(u"| be a minimizer of E,,(2), where the system
(ui™, uy™) satisfies (1.14), and a,, /a3 as n — co. Then there exist a subsequence, still
denoted by {ui"}22,, of {ui"}52, and a point yi, € {y1,--- ,yx} gwen by (1.7) such
that fori=1,2,

wim(x) = 3/2u“"(6a z+yp,) — wi(z) strongly in HY(R?) as n— oo,  (3.20)

(2
where €q,, = a} — an >0, and v := Y7, |wi)(w;| is a minimizer of aj.

Proof. We shall carry out the proof by three steps.

Step 1. In this step, we mainly establish the weak convergence (3.26) of {u;™}>2;
after transformations, where ¢ = 1, 2.
Note from (1.7) and (3.3) that
€an, Z/ % — Y| s, dr = —ean/ V(2)py,, dz > M >0 as n— oo.
=1 R3 R3
This gives that there exists some point yi, € {y1, - ,yx} such that
M/
ean/ |2 — Y| oy dr > =L >0 as n— oo (3.21)
R3 " K
Set
an 3 an an e %
wi (‘T) - eanul (ean‘r + yk* /yan . Z |w ’7 ean T a2 —Qan > 07 (322)

Qn

where the point yy, € {y1, -~ ,yx} is as in (3.21). We then have (wj",wj") = d;;,
2
Tr(—Aa,) = > / IVwi™|2dz = €2 Tr(—Anv,,), (3.23)
i=1 /R
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and

5 2 5 5
5 odr = ( %2)3d:2/ 3 g 3.24
[ohda= Solut) e =, [ plde (3.24)

By the uniform boundedness of the sequence {€2 Tr(—A~,,)} in n > 0, we obtain from
(3.23) that

{w?"}zozl is bounded uniformly in H'(R?), i=1,2. (3.25)
Hence, up to a subsequence if necessary, there exists w; € H'(R3) such that
w™ — w; weakly in HY(R3) as n — o0, i =1,2, (3.26)
and
Pia. — Py i=wi + w3 strongly in L, (R*®) as n — o0, 1 <7 <3, (3.27)

where v := Y27 | |w;)(w;]. We thus deduce from (3.21), (3.22) and (3.27) that, up to a
subsequence if necessary,

0 < lim ean/ 7 — Y| Py, da = lim/ ]w|1p:yandx:/ lz| Lo dz,  (3.28)
R3 R3 R3

n—o0 n—oo

which indicates that [s ,02/ Sdz > 0.
Step 2. This step is to prove that

P3., — Py strongly in L%(R?)) as n — 0o, (3.29)
By the Brézis-Lieb Lemma (cf. [17]), we only need to prove that nh_)rrolo Jgs pgé idx =
Js Pg/sdx :
We first claim that
{Wp}:= {gc@pgi i} is a maximizing sequence of the best constant L3, (3.30)
where

L s | st NCA-T)
T ocwersn@noy  Jr W (2)da

is attainable (cf. [5, Corollary 2]). Here A\;(—A — W) < 0 denotes the ith negative
eigenvalue (counted with multiplicity) of —A — W (x) in L?*(R3) when it exists, and zero
otherwise. Recall from Theorem 1.1 that the function u;" satisfies

(3.31)

2

5 2
Hpu = [ = A+ V() - gan(z g ) Jugm = i R, 0= 1,2,
j=1

where 7™ < 0 is the ith eigenvalue (counted with multiplicity) of the operator Hy". We
thus deduce from (3.22) that w;™ solves the following system

2 2
5 a2
—Aw" + fgnv(ﬁanx + Yp, )W — gan( g ]w?"|2> S = egnufnw?" in R® (3.32)
Jj=1
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where i = 1,2. Applying Lemma 3.1, we derive from (3.32) that

2

Tr(— Aa,) — ga2/ p%n Z as n — 0o, (3.33)

where 7, = 327 [w®)(wi| is defined by (3.22). Moreover, it follows from (3.3), (3.23)
and (3.24) that

o) =&, (Bau) = [ Vialor,,do)

] (3.34)
:Tr(—A%n) —an/ pg dxr as n — oo.
R3S "
We thus conclude from (3.33) and (3.34) that
.. 2 o 2 ... 5 5
lim inf ( - 2 € ) = 505 lim inf /RB pi dx>C P dr > 0, (3.35)
1=

where C' > 0 is independent of n > 0. Thus, up to a subsequence if necessary, by the
min-max principle of [12, Sect. 12.1], we deduce from (3.33) that

where W), = azpi/ is defined by (3.30). This further indicates that

TIaWCA W] 5y i (A=W

2al
Jgs w2z 3 Jxs /)5/‘3 dx
2/3\5, -3
> 2(2) @) F o)

=L5+0(l) as n— oo,

where the last identity follows from (1.22). By the definition of L% in (3.31), we then

obtain that {W,,} = {3a2pw } is a maximizing sequence of L3, and the claim (3.30) is
thus established.
We now denote

o= lim pgéid:v and f:= 3,02/3da:,
R

n—oo R3

where o« > 8 > 0 holds true in view of (3.28). To establish Step 2, on the contrary,
suppose that « > § > 0. By an adaptation of the classical dichotomy result (cf. [15, Sect.
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3.3]), there exist a subsequence, still denoted by {p5, }, of {ps, } and a sequence {R,}
with R,, — oo as n — oo such that

5 5
0 < lim pgan dx = f, lim p};an dx = 0.

Thus, the argument of [5, Lemma 17] yields that there exists some s € {0, 1, 2} such
that

2 s
Z X (—=A = W,)| :Z X (—A=Walp, )|
=t L (3.36)
+ Z |/\j( —A— WanS\Ban)‘ +o(1) as n— oo,
j=1

where W,, = ga’z‘pg/ ® for all n > 0. Recall from (1.21) that the best constant L¥ of the

a

finite rank Lieb—Thi;ring inequality is defined as

N (EA=-W
D B ]

5 , VseN.
0<WeL5/2(R3)\{0} fRS W5/2(~’C)d$

According to the above definition, it is obvious that L is increasing in s > 0. Together
with (3.36), one hence gets from the claim (3.30) that for some s € {0, 1, 2},

3 5
(§a§> ‘all = L} lim Wi (z)dx

n—oo R3

2
:nli_)rglo'z; A (—A—W,) (3.37)
]:

5

[SIle)

< L; lim | (Wylgy )?de+ L, lim (WanS\an)%dm

n—oo R3 n—oo R3

= (g%) [LSB+L2_S(04 —5)} < (gaz) alLs,
where the last inequality follows from the fact that L5 . < L3 and L} < L3 hold for
s € {0, 1, 2}. Since o > § > 0, we obtain from (3.37) that L} = L3 . = L%, where
s € {0, 1,2} is as in (3.37). However, recalling from (1.12) (or see [4, Theorem 6])
that af > a3 > 0, one can conclude from (1.22) that 0 < L] < L3, which gives that
s # 1. Moreover, because L = 0, it further yields that s # 0,2. These thus lead to a
contradiction, if a > 8 > 0. This implies that nh_)rglo = pgé i dr = [gs pi/ 3dx, and Step 2
is therefore established. .

Step 3. Since Step 2 gives that ps, — p, strongly in L3(R3) as n — oo, we derive
from (3.26) and (3.34) that

5 5
as /R3 pidr = a3 lim ps, dx = liminf Tr(—A%,,,)

n—0o0 Jp3 an n—o0

|l —2 5
> T(=89) > a3l [ plda (3.38)
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5
> ay / p5dz,
R3

where we have used the definition of a}, together with the fact that ||| < liminf ||7,, || =
n—oo

1. This further shows that ||y|| = 1, v is an optimizer of a3}, and
|Vwi™| — |Vw;| strongly in L*(R?®) as n — oo, i =1,2. (3.39)

Since v is an optimizer of a3, using again the fact (cf. [4, Proposition 11]) that
0 < a¥ < aj, we obtain that Rank(y) = 2. This further implies from (1.9) that

/R oz = ||| Rankfy) =2 (3.40)

We thus deduce from (3.26) and (3.40) that

2 2

P, = Z [wi? — py = Zw? strongly in L'(R3) as n — oo, (3.41)
i=1 i=1

where v = 37| |wi)(w;| is a minimizer of a%. Using again the Brézis-Lieb Lemma
(cf. [17]), one can deduce from (3.26) and (3.41) that

wi™ — w; strongly in L*(R*) as n — oo, i=1,2. (3.42)

Together with (3.39), this proves the H'—convergence of (3.20), and we are therefore
done. O

3.1 Proof of Theorem 1.2

The main purpose of this subsection is to complete the proof of Theorem 1.2. We first
establish the following uniformly exponential decay of the sequence {w;"}°°; as n — oo
fori=1,2.

Lemma 3.3. Suppose that the system (wf”,wgn) s given by Lemma 3.2. Then there
exist constants 6 > 0 and C(6) > 0, which are independent of n > 0, such that for
sufficiently large n > 0,

|wi™ (z)| < CO)e 1 uniformly in R®, i=1,2. (3.43)

Proof. By the uniform boundedness (3.25) of {w{"}5, in H'(R3) for i = 1,2, and the
strong convergence (3.29) of {ps, } = { Z?:l \w;-‘"|2} in Lg(R?’), we first claim that, up
to a subsequence if necessary,
2

sup || p5,, [loc := sup || Z ]w?"|2HOO < 400, (3.44)

n>0 n>0 i—1
and

2
lim p;, (z) = lim Z lwf™|?* =0 uniformly for sufficiently large n >0, (3.45)

|z| =00 |z| =00 =1
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n

where Jq, = 37 [w") (w

a
7
Actually, note from (3.32) that the function w;™ satisfies

(—A—co (@)™ =€ pimwi™ in R? i=1,2, (3.46)

K3 7

where
'+ an(ZIw“"I )"

and pi™ < p5™ < 0 holds for all n > 0. We then obtain from Kato’s inequality (cf. [16,
Theorem X.27]) that

Can (T) = €q, 5 |£U — €q, yk — Yk.)

(—A—ce,(2)wi"| <0 in R i=1,2. (3.47)

Following the uniform boundedness (3.25) of {w{"}°°; in H'(R3) for i = 1,2, one can
verify that
l|ca,, (Q:)HLT(BZ(y)) < C holds for any y € R3,

where r € (3/2, 3), and C' > 0 is independent of n > 0 and y € R3. Thus, applying De
Giorgi-Nash-Moser theory (cf. [9, Theorem 4.1]), we immediately conclude from (3.47)
that

[wi™ | oo (By () < Cullwi™ | L1o/3 (B, (y))
12 . (3.48)
S CIHP%n HL5/3(BQ(y)) fOI' any y € R ’ 1= 17 27
where ps, = S22 | Jwi|?, and Cy > 0 is independent of n > 0 and y € R®. By the
strong convergence (3.29) of p5, in L3 (R3), we thus obtain from (3.48) that both (3.44)
and (3.45) hold true, and the above claim is therefore proved.
Furthermore, it follows from (3.46) that

Z 2 a ~ ) s
€antti” = Tr(=A%,,) — 3dn /RS p,:;andaz

—GanZ/ ‘33—6 (k= Yi)|

=1 (3.49)

1
p"?an df];,

and

wy' /G“":U— [eanZ}y—e (i — k)|
k=1

where p5, = 232.:1 wi™ 2, and G¢"(x) denotes the Green’s function of the operator

o ga"% (y)]w?"(y)dy, (3.50)

—A — ¢ gt in R3.

Using again the uniform boundedness of {wa" ® | in HY(R3) for i = 1,2, we derive
from (3. 49) that the sequence {ZZ €2 pim} is bounded uniformly in n > 0. Since
py™ < ps™ < 0, this implies that

an,uZ }n , 1s also bounded uniformly in n >0, i=1,2. (3.51)
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Thus, up to a subsequence if necessary, we can assume that

lim 62

n—oo

g™ =1 < 0.

Passing to the limit on both hand sides of (3.46) as n — oo, we then obtain from Lemma
3.2 that
5 /e~ o2
~Aw; — gaz(Zw?) fw; = jw; in R, i=1,2, (3.52)
j=1

where w is the strong limit of w{" in H'(R3). Recall from Lemma 3.2 that the functions
wy and wy satisfy (w;,w;) = d;j, and v := 37| |w;)(w;| is a minimizer of aj. We then
conclude from (1.10) (or [4, Theorem 6]) that i; < 0 holds for i = 1,2. As a consequence,
employing the fact (cf. [12, Theorem 6.23]) that

e~VIE Tl gy RS,

Gt () =

47T|ac]

we deduce from (3.50) that for any sufficiently large n > 0,

i (z)| < © / & — el uin ()| (3.53)
K
-1 ) * % . 3 .
< Z - ean yk - y’m) + §a2p§/an (y)>dy in R y L= 17 27
k=1

where 6 := 2 min {\/WT M} > 0, and C' > 0 is independent of n > 0.

Following (3.44), (3.45) and (3.53), the exponential decay of (3.43) can be proved in
a similar way of [1, Lemma 3.3], and we omit the detailed proof for simplicity. This ends
the proof of Lemma 3.3. O
Proof of Theorem 1.2. Let 7., = Yo, [u)(u?"| be a minimizer of E,,(2), and
suppose

2
VYan = Z |w?" an| = Ze " (€a, - +yk*)>< " (€an - +Uk,)
=1

is as in Lemma 3.2, where ¢,, = a5 —a, > 0 and a,, / a3 as n — co. The H'-uniform
convergence of (1.16) then follows directly from Lemma 3.2.

We now prove the energy estimate (1.17). Indeed, by the definition of a3, it follows
from (3.29) that

Ean Ean (2) :ean ga'n (fyan)

K
5
Zean(a§ —a) /R3 PY, AT — €q,, /R:’)Z|x—yk_1p%nda:
5
=/ p3, d / Z}CH-E% (k. — k)|~ Pwand$

:/ p%da:—/ 2|t pydz +0(1) as n — oo,
R3 R3

(3.54)
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where yp, € {y1,---,yx} and v = 32 |w;)(w;| are as in Lemma 3.2. Since v =
2?21 |w;) (w;| satisfying (w;, w;) = d;; is a minimizer of a3, we obtain from (3.16) and
(3.54) that

5
3

5
<p§ — ]a;|*1p7)d:c = lim ¢,, F,,(2) = inf <t2pV — t|x]*1p7>da:. (3.55)
R3 n—oo " t>0 JR3

Note that the right-hand side of (3.55) has exactly one optimizer

—1
tin = (2/ p2/3d$> / |$’71p,ydl‘.
R3 R3

We thus conclude from (3.55) that

—1
1= (2/ pir’/?’dx) / 2|t p,da, (3.56)
R3 R3

which further yields in turn that

. 1 -1 5/3 1
nh_}nolo €a, Ea, (2) = D) /RB |z| " pydae = — /]1{3 ,07/ dx = —a—ETr( - Ay). (3.57)
Here we have used ||7]| = 1 and the fact that « is a minimizer of a3. This proves (1.17).

We next prove the L>-uniform convergence (1.16) of wi™ as n — oo, i.e.,
wi™ — w;  strongly in L®[R3) as n— o0, i=1,2, (3.58)

where the system (w{", w5") is defined by Lemma 3.2. Note from (3.46) that w;™ satisfies

K
—Auwi" =¢,, Z |z — e (e — yr.)| wim
k=1
5/ 3
+ san( Yol ) Tt 4 €2, (3.59)
j=1

=fMz) in R3, i=1,2,
and the sequence {f"(z)}5°, is bounded uniformly in L? (R?) for i = 1,2 in view of
(3.25), (3.44) and (3.51). One hence gets from (3.59) and [6, Theorem 8.8] that for any
fixed R > 0,

et llwzaany < C (108 i (Bapn) + 17 z2Bmeny)> =12,

where C' > 0 is independent of n > 0. This implies that {w{™}>2, is bounded uniformly
in W22(Bg) for i = 1,2. Consequently, by the compact embedding theorem (cf. [6,
Theorem 7.26]) from W22(Bg) into L>°(Bg), we obtain that there exists a subsequence,
still denoted by {w;™}22,, of {w{™}>2, such that for any fixed R > 0,

i Jn=0D

wi™ — w; strongly in L°(Bg) asn — oo, i=1,2. (3.60)
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On the other hand, since S22, |w;)(w;| is a minimizer of a%, we get from (3.45) and
the exponential decay (3.2) that for any e > 0, there exists a sufficiently large constant
R := R(e) > 0, which is independent of n > 0, such that for sufficiently large n > 0,

()], |win ()] <Z in R3\Bp, i=12, (3.61)
and hence,
g .
sup |wi" (z) — wi(z)| < sup (Jwi" ()| + |w;(z)]) < 3 1= 1,2. (3.62)
|z[>R |z[>R

Together with (3.60), we obtain from (3.62) that the convergence of (3.58) is true, and
the proof of Theorem 1.2 is therefore complete. O

Remark 3.1. Generally, suppose there exists an integer 2 < N € N such that a},_, > aly
holds, which is true at least for N = 2. It then follows from (1.9) that any minimizer
YN) of a%, can be written in the form y(N) = ||V Zfil |Qi)(Qs|, where (Q;,Q;) =
dij, 1,5 =1,---,N. Since a} > aj, holds for any k € NT (see [4, Proposition 11]), the
same argument of proving Theorem 1.2 yields that Theorem 1.2 essentially holds true
for any Eq(N), as soon as 2 < N € N7 satisfies a},_; > a¥y.

4 N = 3: Limiting Behavior of Minimizers as a " a;

In this section, we prove Theorem 1.3 on the limiting behavior of minimizers for F,(3)
as a /* a}. Recall that the positive constants a3 and a3 are given by (1.8). The main
idea of the proof is called the blow-up analysis of many-body fermionic systems, which
is explained briefly in Subsection 1.1. We start with the following L°°—convergence of
minimizers as a  a3.

Proposition 4.1. Under the assumptions of Theorem 1.3, the L>—convergence (1.24)
holds true.

Proof. One can note from (1.8) that a5 > ai. If a} > a, then it follows from Remark
3.1 that
Theorem 1.2 holds true for E,(3). (4.1)

Thus, in the following it suffices to focus on the case where a3 = a3.

Suppose a3 = a}, and let 7., = Yoo, [uf")(u?"| be a minimizer of E,, (3) with
a, /" a} as n — 0o, where the orthonormal family (u{",u5",us") satisfies (1.14). Recall
from (3.16) that

5
. * . 2 3 -1 —
ah/r‘gg(% —a)E,(2) < %I>1£ /RS (t ,03(2) — t|x| p,y(2>>da: = —2M; <0, (4.2)

where M; > 0 is independent of a € (0,a3), and 4(?) is a minimizer of aj. Since we
consider the case where a5 = a3, by Lemma 2.3 (2), we obtain from (1.8) and (4.2) that

_Mle;nl > FE,, (2) > E,, (3) =4, (Va,) > / V(x)py,,dr as n — oo, (4.3)
R3
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where €,, := a3 —a, = a3 —a, > 0and p,, = S22 [uf 2. Thus, similar to (3.18) and
(3.19), we can deduce from (4.3) that the estimates of Lemma 3.1 are also applicable to
Ya,, a8 N — 00, and thus we particularly have

0< M < —ean/ V(x)py,, dex < My as n — oo, (4.4)
R3

where 0 < M7 < My are independent of n > 0.

Therefore, using again the fact (cf. [4, Proposition 11]) that a; > a3, holds for any
k € NT, the same arguments of proving (3.29) and (3.39) yield that, up to a subsequence
if necessary, there exist a point yp, € {y1,---,yx} and w; € H'(R3) such that for
€a, = a3 — ap > 0,

3
win = €2, ul" (€g, T + Yk, ) — w; weakly in H'(R?) as n — oo, i =1,2,3, (4.5)

3
P, = Z [wi? — py = wa strongly in L%(]R3) as n — 0o, (4.6)

and
|Vwi™| — |Vw;| strongly in L*(R3) as n — o0, i=1,2,3, (4.7)
where :Yan = Z?:l ‘wgn><wgn|7 and

3
Z )(w;| satisfying ||| = 1 is an optimizer of a3. (4.8)
=1

Similar to (3.45) and (3.58), applying the uniform boundedness of {w?”}zo:l in H'(R3)
for i = 1,2, 3, one can further derive from (4.6) that

2
lim ps, (z) = lim Z lwi™|* =0 uniformly for sufficiently large n >0,  (4.9)

|z|—o00 || =00 2
and thus
wi™ — w;  strongly in L(R®) as n — o0, i=1,2,3. (4.10)
This proves (1.24), and Proposition 4.1 is therefore proved. O

Applying Proposition 4.1, we are now ready to finish the proof of Theorem 1.3.

Proof of Theorem 1.3. In order to complete the proof of Theorem 1.3, we follow
Proposition 4.1 to get that the rest proof is to address the limiting function (w;, wa, ws).
If a5 > a3, then the same argument of Theorem 1.2 yields that Theorem 1.3 (1) holds
true. If a3 = af and v = 2?21 |w;) (w;| is an optimizer of aj, then we conclude from
(1.11) that either Rank(y) = 3 or Rank(y) = 2. We next discuss separately the following
two different situations:
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1. a5 = aj and Rank(y) = 3. In this situation, we deduce from (1.9) and (4.8) that

3 3
/[ P3,, dT = Z/ ]w?”|2d:c = Z/ \u?"[de
R? i=1 /R i=1 /R

5 (4.11)
= 3= ||| Rankt) = [ prde =3 [ wid.
RS i=1 /R®
We thus obtain from (4.5), (4.7) and (4.11) that
wi™ — w; strongly in H'(R?) as n — oo, i=1,2,3, (4.12)

which then implies from (1.5) that the functions wi,ws and w3 satisfy (w;, w;) = ;5.
This therefore proves Theorem 1.3 (1).

2. a3 = a3 and Rank(y) = 2. In this situation, recall from Theorem 1.1 and (4.5)
that u/™ satisfies

3 2
Herufn = [—A+V(m)—§an(z\u§.‘"|2)3]u‘;n = pfmu® in R®, i=1,2,3, (4.13)
j=1

and hence for i = 1, 2, 3,

2
3

anin R, (4.14)

an __ 2 an
Wy~ = €q, My "Wy

3
5
—Aw™ + egnV(eanaz + yk*)wf” — gan(z ]w?“|2>
j=1

where pi™ < p5" < ps™ < 0 are the 3-first eigenvalues (counted with multiplicity) of
H{ in R3.
Similar to (3.35) and (3.52), we then deduce from (4.5) and (4.14) that

2

3

A 5 a

How; == [— A - gag( ) w?) d}wi — pw; in R3, i=1,2,3, (4.15)
=1

where [i; satisfies, up to a subsequence if necessary,

3
fii= lim e pé for i=1,2,3, j1<fa<fi3g<0 and » fi; <0. (4.16)
As a consequence of (4.15), we conclude that for any i € {1, 2,3},
cither w;(z) =0 in R® or (fi;,w;) is an eigenpair of H.,. (4.17)
Since
3
2 = Rank(y) = Rank( Z lwi)(w;]) = dim (span{w1, wa, w3}), (4.18)

i=1

we next proceed the proof by the following two steps:
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Step 1. We prove that there exists exactly one i, € {1,2,3} such that w;,(z) =0 in
R3. Arguing by contradiction, we suppose from (4.18) that

w; 20 in R foralli=1,2,3. (4.19)
We first claim that
w1 and w; are linearly independent for ¢ = 2, 3. (4.20)

Actually, note from (4.16) that i1 < 0. Using this fact and a similar argument of [1,
Lemma 3.3], we can deduce from (4.9) and (4.14) that there exist constants 0 < 6 <
V|f1] and C(0) > 0, which are independent of n > 0, such that for sufficiently large
n > 0,

lwe ()| < C(0)e~%*  uniformly in R®. (4.21)

Thus, if wy = t;,w;, #Z 0 in R3 for some i, € {2,3} and t;, € R\{0}, then it follows from
(4.5), (4.10) and (4.21) that

0= lim lim wimwi" dx
R—o0on—00 Jp3 *
= lim lim wimw;"dr + lim lim wimwi"dx (4.22)
R 1 Tx 1 Tx
—00 N—>00 Br R— o0 n—o0 Blc%
=t; / w? dz # 0
T Yk Tx 9
R3

a contradiction. This proves the claim (4.20).
Since ui™ is the first eigenfunction of the operator Hy" defined in (4.13), and it
follows from (4.5) that
3

wi(z) = nll)nolo €2 ul™ (€a,® +yp.) ae. in R3

we derive that wy(z) > 0 in R3. Since the first eigenvalue of the operator ﬁv defined in
(4.15) is simple, we deduce from (4.15) and [12, Theorem 11.8] that (j1,w;) is the first
eigenpair of ﬁv in R3. Using again the simplicity of fi;, we then conclude from (4.15)
and (4.20) that

(wl,wQ) = (wl,wg) =0. (4.23)

We thus obtain from (4.18) and (4.23) that under the assumption (4.19), we have
w3(z) = twe(x) Z0 in R3 for some t € R\{0}. (4.24)

Setting
wy = wi, W :i=V1+ t2 wa, (4.25)

we then derive from (4.8) and (4.23) that

2
=Y l@d] and 1= |y = max {13, @3 - (4.26)
1=1
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On the other hand, since Rank(y) = 2, we further deduce from (1.9), (4.8) and (4.26)
that

2 = ||y|Rank(y) = /RB prd :/ (w3 + w3)dz. (4.27)
We thus derive from (4.26) and (4.27) that
1= |l = llowll3 = [lael3, (4.28)

which yields that (w;,w;) = d;; for 7,5 = 1,2. As a consequence, since y = Z§:1 |0y ) (]|
is an optimizer of a3, together with [4, Theorem 6], we deduce from (4.15) and (4.25)
that

1 < o = fi3 < 0. (4.29)

Similar to (4.22), we therefore derive from (4.24) and (4.29) that

0= lim lim wy"ws"dx
R—oon—00 Jp3
= lim lim wirwirdr + lim lim wIrwirde
o Wg 2 W3
R—oon—o0 Jp R—oon—o0 [pe
R R
2
:t/ wydx # 0,
R3

a contradiction, which indicates that (4.19) cannot occur. Because Rank(y) = 2, this
completes the proof of Step 1.

Step 2. We prove that (w;,w;) = d&;; holds for i,j € {1,2}, and w3(z) = 0 in R3.
Since Step 1 gives that there exists exactly one i, € {1,2,3} such that w;, (z) = 0 in R3,
we derive from (1.9), (4.5), (4.8) and (4.18) that

3
0 < ||lwi||3 <1 for i+#i,, and Z/ widx —/ pydz = ||| Rank(y) = 2,
iti, TR RS

which yield that ||w;]|3 = 1 holds for all i # i,. Together with (4.7), one gets that
wi™ — w; strongly in H'(R?) as n — oo, i # i,
and hence
(wi,wj) = (5,‘]‘ for 1,] € {1, 2, 3}\{1*} (4.30)

We now prove that i, # 2 holds for (4.30). On the contrary, suppose i, = 2. Then
it implies that we(z) = 0 in R3. This implies from (4.18) that v = |w1)(w1| + |ws) (ws]
is a minimizer of a} and satisfies (w;, w;) = d;; for 4,7 = 1,3. We thus obtain from [4,
Theorem 6] that i1 < i3 < 0, and fi;, fi3 are the first two eigenvalues of the operator
. 2/3
H, = -A— ga:’g(Z?ﬁ wjg) in R3. Together with (4.16), we further derive that
1o < 0, and hence

3 3
> fi <) (4.31)

i=1 i#£2
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On the other hand, we calculate from (4.4), (4.14) and (4.16) that
3 3
z;u = lim Zeinu?
e . 3. N3
:nlggo ;/RJ]Vw " dx_a”/g(;‘w¢"’2> d:):},

(4.32)

and

3 3
D = lim » e i

72 7

:=J£23[§;u4;IVﬂf"Fdxganjgg(§2|ufw2)§0uqnﬁ+u§"|)dx}

= lim_ [i/R Vg Pz~ /]R (i|w?n|2>gdx (4.33)
o [ (S )

Since wo(x) = 0 in R3, applying (4.6) and (4.7), one can further derive from (4.32) and
(4.33) that

3 3 3 5
5 2
N 2 * 2)\3
i = il “de — 5 ( ) dz, :
Z,u Z/RS|Vw\ x 3a3/R3 Zwl x (4.34)
i=1 1#2 1#£2
and
3 3 3 5
Z'EL’_Z/ Vwi]2dx—a§/ <Zw2)3daz
i#2 i#2 PNk
5 : 2
MR E an |2 an |2
+ 3n11_>n;oan /R3 (Z; |w;™ | ) |wg™ |“dx (4.35)
3 5 3 5 5
::2/ |Vw; |*dx — a§/ (wa) “dr + S A.
i;ﬁQ R3 3 R3 i;ﬁQ 3

Note from (4.10) that
wi" — we =0 strongly in L®°(R®) as n — oo,

which yields that

2

OSA:zliman/ \w”]dm
n—oo

2
<a Jim 03" [ o3, fus7lde (4.36)
<aj lim [w§" (oo (05, 175 l[w5" 12
n—oo
:(),
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i.e., A =0, where the last identity follows from the uniform boundedness of the sequence
{ps5..} ={ PO lwi™?} in LY(R3) N L3(R3). We thus conclude from (4.34)—(4.36) that

which however contradicts with (4.31). This proves that i. # 2.

Repeating the above argument, one can obtain that i, # 1 holds for (4.30), too.
Hence, it necessarily has ¢, = 3, and Step 2 is proved in view of Step 1. This completes
the proof of Theorem 1.3 (2), and we are done. O
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