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Abstract We consider the following quasilinear Schrodinger equations of the form

Au—eV(z)u+ulu? +uP =0, u>0in RY and lim u(z) =0,

|z| =00

where N > 3, p > %, e > 0 and V() is a positive function. By imposing appropriate

conditions on V(z), we prove that, for ¢ = 1, the existence of infinity many positive

solutions with slow decaying O(\x|_P%1) at infinity if p > ¥+2 and, for e sufficiently small,

N—2
a positive solution with fast decaying O(|z|*™) if %2 < p < 37£2. The proofs are based
on perturbative approach. To this aim, we also analyze the structure of positive solutions
for the zero mass problem.
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1 Introduction

The nonlinear Schrédinger equation
iz = =Nz +W(x)z — [Al2)*]z — |2)P 2, (t,2) € (0,00) x RY, (1.1)
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where W : RY — R is a given potential, has been introduced in [1, 2, 3] to study a
model of a self-trapped electrons in quadratic or hexagonal lattices (see also [4]). In those
references numerical and analytical results have been given.

Here of particular interest is in the existence of standing wave solutions, that is,
solutions of type z(z,t) = exp(—iEt)u(x), where E € R. Assuming that the amplitude
u(z) is positive and vanishing at infinity, it is well known that z satisfies (1.1) if and only
if the function u solves the following equation of quasilinear elliptic type

Au—eV(r)u+ulu? +uP =0, v € RY;
u>0and lim u(z) =0,

|x|—o00

(1.2)

where V' (z) = W(x) — FE is the new potential function. In the rest of this paper we will
assume that V' (z) is a bound and positive function.

Because of the presence of the quasilinear term uAu?, we can see that p = %Vf; is the
critical exponent for the existence of solutions from the view of variational methods. For
the subcritical case, that is, 1 < p < 3]]VV_+22, construction of solutions to this problem by
variational methods has been a hot topic during the last decade. A typical result for the
equation (1.2) is, up to our knowledge, due to Liu, Wang and Wang [5]. The idea in [5]
is to make a change of variable and reduce the quasilinear problem (1.2) to a semilinear
one and the Orlicz space framework is used to prove the existence of positive solutions
via the mountain pass theorem. Subsequently, the same method of changing of variable
is also used in Colin and Jeanjean [6], but the usual Sobolev space H!(RY) is used as the
working space. Recently, Shen and Wang in [7] study the following generalized quasilinear

Schrodinger equation:

—div(g?(u)Vu) + g(u)g (u)|Vul|? + V(z)u = h(u), z € RY, (1.3)

where ¢?(s) = 1 + 3(I(s?)')?. By introducing the variable replacement

v = Gu) = /0 " ghdt, u = G (v) (1.4)

and imposing some conditions on V' (z), the authors obtain the positive solution for (1.3)
with a general function [(s) when h(s) is superlinear and subcritical. But under the
condition

lim |2[*V(z) =0, (1.5)

|z|—o00

the solvability of the equation (1.2) with 1 <p < %Vf; still remains open.

Subcriticality is a rather essential constraint in the use of many variational methods
devised in the literature and many papers [8, 9, 10, 11, 12] focused on the subcritical
case. Very little is known in the supercritical case since a major technical obstacle in
understanding such problems stems from the lack of Sobolev embeddings suitably fit to a
weak formulation of this problem. Direct tools of the calculus of variation, very useful in
subcritical, and even critical cases, are not appropriate in the supercritical. In the critical
case, Liu et al. in [5] asked the following open question: are there solutions for (1.2) in the
case of p = %? However, generally speaking, except some results relate to the critical
exponent, see, for instance, [13, 14, 15, 16, 17, 18, 19, 20], there are still no conclusive
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results about the existence of positive solutions for the problem (1.2) with p = %

p> 5N+2

or

In all the papers mentioned above variational methods are used. In this paper, we
shall explore the distinctive nature of this problem for having two critical exponents, one
being p = 3N+2 (from the quasilinear term uAu?) and the other being p = N—J_’2 which
is H! crltlcal (from the term Aw). We shall concentrate in the problem (1. 2) when the

exponent p is H'-supercritical, that is, p > Y2 (which includes p = %), and we

N—2°
establish a new phenomenon from the viewpoint of singular perturbations. Noticing that
(1.2) is a quasilinear problem, we adopt the change of variables which enable us to convert

the original quasilinear problem (1.2) into a semilinear problem

AU—&?V() ()—l—f()—O,xERN;
v > 0 and 11m v(x) = (1.6)
|x]—o00
where f(v) = g( E?U and g(s) = V1 + 2s2. Thus, if v is a solution of (1.6), we have

u = G7(v) is a solution of (1.2).

A solution v to (1.6) is called fast decaying if v = O(|z at infinity and slow
decaying if v >> O(]z|>~"). Then, to describe our result about the fast and slow decaying
solutions, our starting point is the zero mass problem

P)

Au+ ulu? +uP =0, o € RY;
u>0and lim u(z)=0.

|z|—00

(1.7)

Applying the change of variables (1.4) again, the quasilinear problem (1.7) can be reduced
to the equations of the form

Av+ f(v) =0, z € RY;
v>0and lim v(z)=0.

|z| =00

(1.8)

Our first result concerns with the structure of positive radial solutions of the zero mass
problem (1.7).

Theorem 1.1. Suppose that p > 1. Then

(1). there exist no fast decaying solutions to the problem (1.7) if p > 342 or 1 < p <
N+t2.
N=2’

(2). there exist a unique fast decaying radial solution to the problem (1.7) if 12 < p <

3NA2.
N-2"

(3). there exist a one-parameter family of slow decaying radial solutions to the problem
(1.7) if p > %

Remark 1.1. Some cases of the results of Theorem 1.1 are contained in [25, 26]. More
specifically, similarly to the standard Liouville theorem, if 1 < p < %, the authors proved
the nonexistence results of fast decaying solutions to (1.7) (See [25]). In [26], the authors
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showed the existence of a unique fast decaying solution and a one-parameter family of

slow decaying solutions to (1.7) if 372 < p < 322 wia the results introduced in [27].

Moreover, the authors in [26] also pointed out that they did not know whether there are
solutions for the equation (1.7) with p = % Particularly, in Theorem 1.1, we draw the

definite conclusion about this case by using the Pohozeav identity.

Theorem 1.1 shows that the structure of solutions changes along with the variations
of the power p and we remark that the solvability of the equation (1.7) heavily depends
on the power p. Let us explain the main reason for such a rich phenomenon. On one
hand, f(v) — v? as v — 0. On the other hand, f(v) — 2"7°v" as v — +oo. That is, the
nonlinearity f is not a pure power of v but f has both H'-subcritical and H!-supercritical
growth in v > 0. In [28], the authors consider a similar model

ul u <1,
where 1 < p < % < ¢ and give an almost complete description for the structure of
positive radial solutions by a shooting argument.
The following result is about the fast decaying solutions of the equation (1.2).

Theorem 1.2. Assume that
V>0, VeL®RY) and V(z) = o(|z|™?) as |z| — 400 (1.9)

hold. Then for e sufficiently small the problem (1.2) has a positive fast decaying solution
A < < a2

Compared with Theorem 1.1, it is natural to ask whether the nonexistence of a fast

decaying solution remains true for (1.2) when p > 282 This may be in general a difficult

question to answer if no other conditions imposed on V'(x). For the special case z-VV (z)+
2V (x) > 0, the authors in [29] show the nonexistence results of fast decaying solutions by
a Pohozeav identity for the equation (1.2) in the case p > % and € = 1.

Our final result concerns the existence of slow decaying solutions.

Theorem 1.3. Assume that ¢ = 1. Then the problem (1.2) has a continuum of solutions
ux(x) such that /l\inéu,\(x) = 0 uniformly in RN provided that either N > 4, p > % and
*>

the condition (1.9) holds or N > 3, % <p< %—fé and there exist C' > 0, up > N such
that
V(z) < Clz|™ for x € RY. (1.10)

3N+2

Remark 1.2. In this theorem, we answer the question raised in [5] for p = 575

The proofs of Theorems 1.2 and 1.3 are based on perturbative approach, introduced
by Dévila, del Pino, Musso and Wei [21, 22, 23, 24| in the study of fast and slow de-
caying solutions for second order or nonlinear Schrodinger equations and exterior domain
problems. Some of our ideas are motivated from these papers.

In the fast-decaying case, we consider the problem (1.6) as small perturbation of the
problem (1.8) when € > 0 is sufficiently small. For a point £ € RY used as the reference
origin, the function vs(z + ) is considered as an initial approximation, where vy is a
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solution of (1.8). This function will constitute a good approximation for small . By
adjusting &, we prove that the solutions we want can be achieved.

As for the slow decaying solution of the equation (1.2), we set € = 1 and consider the
equation with a parameter A\ by means of replacing the variable v in the equation (1.6)

by ArTo(Az + €)

2 — E D 2
Av — V,\(a:))fpfl% + )\Wﬂ%lf()\ﬁv) =0, v € RY;
(G (AT ) (1.11)
v >0 and ‘l|im v(z) =0,
T|—00

_2
where A > 0, ¢ € RY and Vj(z) = A2V (%2). We observe that AT GO T g and
(G-I (AT )

AT f ()\P%lv) — vP as A — 0. Thus the problem may be regarded as small perturbation

of the problem
Av—Vyv+0P =0

when A > 0 is sufficiently small. Consequently, infinitely many positive solutions with slow

decaying O(|$\7Til) at infinity can be constructed similar to the perturbative procedure
introduced by Davila, del Pino, Musso and Wei [21].

In this paper, we make use of the following notations: the symbol C' denotes a positive
constant (possibly different) independent with A\. A ~ B if and only if there exist two
positive constants a,b such that aA < B < bA. vy denotes the unique fast decaying
solution of (1.8).

2 Proof of Theorem 1.1

In this section, we analyze the structure of positive decaying solutions (1.7). We first

prove the nonexistence of fast-decaying solutions for p < % or p > 3}{,\[—_*22 by using the

Pohozaev identity. Then we show the existence of fast decaying solution for (1.7) by
using the classical Berestycki-Lions condition in [30] for % <p< 3]{,\[:“22. Finally we use

a perturbative approach to prove the existence of a family of slow-decaying solutions for

N+2
P> N5

To prove the nonexistence results for the equation (1.8), we recall the following Po-
hozaev identity.

Lemma 2.1. (Pohozaev identity) Suppose F(z,u,r) € C* (RN x R x RY) satisfies
divF,(x,u, Vu) = F,(z,u, Vu), (2.1)
where

FT(J/’,U,T) = (FTI(ZE,U,T),FTQ(I',U,T),'" 7FTN(I'7U,7”)>, r= (Tlar27"' 7TN)7

OF (x,u,r)

F’r' , Uy = a5 .:1a27"'aN
Az u,r) ar, 7
and oF( )
T, Uu,T
Fu ) Wy :é'
(x,u,r) 50



Then, if F(x,u,Vu), x - Fy(z,u,Vu) and F.(x,u,Vu) - Vu € L*(RY), there holds the
following identity

N F(z,u, Vu)dx—i—/

RN RN

x - Fy(x,u, Vu)dr — / F.(x,u,Vu) -Vuder =0. (2.2)

RN

We omit the proof of this lemma, since it can be mainly found in [31].
To present the Pohozaev identity associated to (1.7), we rewrite the equation (1.7) as

div (¢*(u)Vu) — g(u)g' (u)|[Vul* + v’ = 0. (2.3)

Thus, the integrands in (2.2) can be expressed as

1 1
F(z,u,Vu) = 592(U)|VU|2 - mupﬂ,

z- Fy(x,u,Vu) =0

and
F.(z,u, Vu) - Vu = ¢*(u)|Vul>.

Consequently, we achieve the following lemma based on Lemma 2.1 under the conditions
|Vul?, u?|Vul? and vP™ € LYRY).

Lemma 2.2. Suppose that u € C*(RY) is a solution of (1.7). Then

N —2 N
- - 1+ 2u? 2dr = —— g 2.4
[ e X[ e

if [Vul?, v?|Vul? and uP™ € LYRY).
Equations (1.7) can be rewritten as
—div(g*(u)Vu) + g(u)g (u)|Vul* = v, x € RY, (2.5)

where g*(u) = 1+ 2u?. By Lemma 2.2, the Pohozaev identity associated to (2.5) is

N —2 N
—/ |Vul*dx + (N — 2)/ | Vul*de = —— [ uP™da. (2.6)
2 RN RN p +1

RN

On the other hand, the classical solution u € DV?(RY) of (2.5) satisfies

/RN [*(u)VuV o + g(u)g (u)|Vul*¢]dr = /RN wPpda.

By taking ¢ = u, we achieve

/ ]Vu]de—l—él/ uQ\Vu\de:/ uPtdz. (2.7)
RN RN RN

Consequently, combining (2.6) and (2.7), we have

N -2 N ) AN , _—
{ 7 —pH}/RNIWI dw+[(N—2)—p+J/RNu|W| dz = 0. (2.8)
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If p > 372 then (N —2) — 2% > 0 and 2 — & > 0. Therefore, (2.8) implies that

p+1

u=20 under this situation. Slmllarly, if p < B +2, it follows that (N —2) — 1% < 0 and

N-2 == 2 _ AL - < 0. Thus, (2.8) also shows that v = 0. So there are no nonzero solutions for
N2 3N+2
(17)1fp< S orp > s

This proves ( ) of Theorem 1.1.

Next we prove the existence of fast decaying solutions to (1.7). By the change of
variable u = G~!(v) we only need to consider (1.8). To this end we recall the following
classical proposition by Berestycki and Lions [30].

Proposition 2.1. Suppose that the following assumptions hold:

F-1). f(0) =0 and hm 18 <0, where | = M42;
st N—-2

(F-2). There exists ¢ > 0 such that F() > 0, where F'(¢) = foc f(s)ds;

(F-3). Let ¢o =inf{¢: ¢ >0, F(¢)>0}. If f(s) > 0 for all s > o, then lim L& = 0.

s—+oo

Then the problem (1.8) has a positive, spherically symmetric and decreasing (with 1)
solution v such that v € D“?(RN) N C*(RY).

We now show that f(s) satisfies the conditions (F-1)-(F-3) in Proposition 2.1.
By the definition of f(s), we know that (F-2) is trivial. Noticing that 1i1%@ =1,
s—
we have Gl )
tim £ gy Gy 8
s—0+ 8 s—0t g(G71(s))st  s—ot st
which shows that f(s) satisfies the condition (F-1).
To verify the condition (F-3), it suffices to show that
lim _f(s) =0

s——+00 Sl

since (y = 0 and f(s) > 0 for all s > 0. Combining the fact lim G ) 21, we deduce

S—+400 Vs
that ,
G1(s)” 2" 5" T
TGO T ) S T I '
s—+oo S s—>+oog(G_1(s))sl s—+00 sl

This proves (2) of Theorem 1.1.

Finally we prove (3) of Theorem 1.1. To prove the existence of slow decaying solutions,
since we are considering the autonomous case, that is, V(x) = 0, we can restrict to the
radially symmetric case. For this reason, we take v(z) = v(r), where r = |z|.

We first consider the problem in the entire space

Au+uP =0, x € RV;
u(0) = 1.

It is well known that this problem possesses a unique positive symmetric solution w(]|z|)
whenever p > N +2 . Then all radial solutions to this problem defined in RY can be ex-
pressed as

wr(jz]) = A Tw(Aa]), A >0
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and, at a main order, one has
2
w(r) =Cynr 71T +0(1) as r = |z| = 400,

which implies that this behavior is actually common to all solutions wjy(r).

Since the problem (1.8) does not carry any parameter explicitly, for A > 0, we can make
parameters appear by means of replacing the variable v in the equation by )\P%v()\hﬁ]),
in such a way the problem (1.8) becomes

{Av F AT F(ATT0) = 0, 1 € (0, +00); 29)

v >0 and limv(r) =0.
T—>00
Then, jointly with the properties of G™(v) = v+0(1) and g(G~'(v)) = 1+ 0(1) as v — 0,
2p
if v is uniformly bounded, we observe that A\™»-1 f (A%v) — v as A — 0. Thus the
problem may be regarded as small perturbation of the problem

Av+1vP =0

when A > 0 is sufficiently small. Consequently, a positive solution with slow decaying
O(]x\_%) at infinity can be constructed by asymptotic analysis and Liapunov-Schmidt
reduction method. To be more specific, the idea of the proof of Theorem 1.1-(3) is, for A
small, to consider the function )\ﬁw()\|x|) as an initial approximation. This scaling will
constitute a good approximation under our situations for A sufficiently small. Then, by
a classical fixed point argument for contraction mappings, we prove that (2.9) possesses
solutions as desired. Similar idea has been used in [21, 23].
Under appropriate norms

9]l = sup|z|”|p(z)| + sup|z|>T|p(x)] (2.10)
lz|<1 |z|>1
and ,
12| = sup |z**7|h(z)| + sup [z[*T77T |h(z)], (2.11)
lz]<1 |z|>1

where o > 0, we first consider the solvability of the linear problem

" MLl opwPlg = h, 1€ (0, 400);
{¢ —¢'+p ¢ ( ) (2.12)

lim ¢(r) =0

r—-+00

and thus we need the following lemma which is Lemma A. 1 proved by Davila, del Pino,
Musso and Wei [21].

Lemma 2.3. Assume 0 <o < N —2 and p > % Then there exists a constant C' > 0

such that for any h satisfying ||h||. < 400, equation (2.12) has a solution ¢ = T (h) such
that T define a linear map and

ol = IT (W)l < Cl[Rl.



Let us look for a solution to (2.9) of the form v = w + ¢, which yields the following
equation for ¢ = ¢(r)

A¢+put~id = S(w) + N(¢), r € (0, +00);
. (2.13)
lim ¢(r) =0,
r—+00
where ” ,
S(w) = —Aw — X" 71 f(ArTw)
and 2p 2 2p 2
N(¢) = A7 1 fA7Tw) + puP~l o — X751 f(AFT (w + ¢)).
We first estimate the error ||S(w)||.« of the approximate solution. The fact
[Sw)| = A Tw) —
and the properties of the change of variables (1.4) show that, for C), > 0,
S(w) = Cp)\ﬁwp+2 +0 <)\ﬁwp+2> as A — 0.
Thus, it follows that
4
[S(w)] < CAPTw[PH.
We then conclude
supl[**7|S(w)| < ONFT [lw][23* sup |« < CAZT. (2.14)
|lz|<1 lz|<1
On the other hand, recalling that w(x) < C(1 + |x|)_P%1 for z € RY, we obtain
’ | 2(10;!—12)
sup]a:|2+p%1]5(w)| < C)\p;il sup ( i ) < C’)\pz%l, (215)
jaf>1 je>1 \ 1 + ||
From (2.14) and (2.15), we have
1S ()| < CAFT. (2.16)

In what follows, the proof relies on the contraction mapping theorem. We observe
that ¢ solves (2.13) if and only if ¢ is a fixed point for the operator

¢ =T(S(w) + N(9)),

where 7T is introduced in Lemma 2.3. That is to say, ¢ solves (2.13) if and only if ¢ is a
fixed point for the operator

A(9) = T(S(w) + N(9)).

We define \
Y= {¢:RN—>R| 161 gmm}

and we will prove that A has a fixed point in X.
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For any ¢ € ¥ and o € <0, min {2, %}) , according to the arguments given in [21],

we have

IN (@)l < CllIBIIE + [|0]12] (2.17)

since
N(¢) = w? + pu? ' — (w + ¢)P +o(1) as A — 0.

Therefore, combining (2.16), (2.17) and Lemma 2.3, it follows that

MA@+ < CTIS (@) [[ex + [[N(@)]]s]

4 8 dp_ 4 (2.18)
S CAPT + AT 4 X1 < OAv T

which implies that A(X) C 3.
We still have to prove that A is a contraction mapping in 3. Let us take ¢, o € 3.
Then we have

[ A(¢1) = A(2)[l+ < Cl[N(d1) = N(¢2)]lx- (2.19)

Moreover, noting that

IN(¢1) = N(p2)| < C (wP2(|¢1] + |¢2]) + [1]7~" + |gof” ") [61 — ¢,

we have the estimate

| A(d1) — A(da) ]« < C|IN (1) — N(d2)|lss
< O [l [[Pmtr=1 4[| o221 Iy — o,

1
< Z||o1 — @]

for suitable small A. This means that A is a contraction mapping from ¥ into itself, and

hence a fixed point ¢ in this region indeed exists. So the function vy(|z|) := AP (w(\|z])+
#(A|x])) is a continuum solutions of (2.13) satisfying }\imovx(|x|) = 0 uniformly in R" and
—

ux(|z]) = G~ H(v(|x])) is our desired solution. This complete the proof of Theorem 1.1.

3 Proof of Theorem 1.2

In this section, we will construct a fast decaying solution to the problem (1.2) when
% <p< % by the reduction method. The idea of the proof of Theorem 1.2 is,
for ¢ € RY and e small, to consider the function vs(z 4 &) as an initial approximation,
where vs(z) is the unique positive radial solution of the zero mass problem (1.7) stated in
Theorem 1.1. These functions will constitute good approximations under our situations
for suitable £ € RY and ¢ sufficiently small. Then, by adjusting &, we prove that (1.2)
possesses a solution as desired.

At the beginning, we state some notations which will be used in the following. We

consider the initial value problem

(3.1)

v+ %v’—l— f(v) =0, r € (0,400);
v(0) =d >0, v'(0) =0,
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where f(s) = RBCuy By Theorem 1.1, there exists a unique d* > 0 such that the

9(G=1())
corresponding solution vs(r;d*) is the unique positive fast decaying solution. Moreover,
2o(r) = %(r; d*) satisfies the following initial value problem

(3.2)

¢" + 2= + flup)p =0, 7 € (0,400);
$(0) =1>0, ¢(0) = 0.

Then by Lemma 4.4 in [26], we have that vy is non-degenerate in D}?(R™)-radial functions
in D2, Our next lemma shows that it is nondegenerate in the class of bounded functions.
Let Z; = % for 1 <i < N. Then we have the following result.

Lemma 3.1. If ¢ satisfies |¢p| < C and
NG+ f/lup)b =0, z € RY, (33)
then ¢ € W = Span{Zy,Za,- - , Z,}.

Proof. If ¢ is bounded and satisfies (3.3), by bootstrapping, we achieve ¢(z) = O(|z|*~)
as |x| — +oo. Expanding ¢ as

o(x) = Y dw(r)Ox(v),
k=0
we see that ¢ is a solution of

/!
kT

N -1 A
o + (f’(vf) - —5) ¢r =0 for all r > 0 and k& > 0. (3.4)
r r
For mode 0, noticing that A\g = 0, we know ¢o(r) is a solution of (3.4) and, by Lemma 4.2
in [26], ¢o(r) satisfies

™ ¢o(r) — —oo as r — oo,

Nobif N> 4
where \* = ¢ 2 1 = 7 Thus, if ¢o(r) € D%(RN), we conclude that
e O(r’="), if N > 4;
™ 2o(r) = 1
O(r—z), if N =3,

which is a contradiction. For mode k with k& > 1, according to Lemma A. 3 in [21], we
conclude that the solution ¢y to (3.4) is zero by the maximum principle. Consequently,
jointly with the nondegeneracy in radial class, we have

¢ =¢1 € Span{Zy,Zs, -, Zn}.
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We introduce appropriate norms

@]l = sup <z —§& > |@(z)| (3.5)
xRN
and
[Alline = sup <@ —& > |h(z)], (3.6)
zERN

where < - >:= (1+] - |2)% and 0 < o0 < N — 2. We first solve the linear problem

Ag+ f(vp)d=h+ X8 cif (vp)Zi, © €RY;
Jon f'(0f)0Z; =0, i=1,2,--- | N; (3.7)
lim ¢(x) =0.

|z| =400

Lemma 3.2. Let A > 0 and |¢| < A. Assume Y2 < p < 322 gnd 0 < N — 2. Then

N—2 N=2
there is a linear map (¢,c1,--- ,cn) = T(h) defined whenever ||| < oo such that
(p,c1,- -+ ,cn) satisfies (3.7) and
N
19]lce + Y leil < Cllhllne. (3.8)

=1

Moreover, ¢; =0 for all 1 < i < N if and only if

an .
= 1 <i<N. .
/Rhaxi 0 for1<i< (3.9)

Proof. We will divide the proof into two steps.

Step 1. A priori estimate

By taking h = hW+h® in (3.7), where kY € Wy = {f'(vs)Z1, f'(vf) Zay -+, f'(vs) 2N}
and h® € Wi, we have

N
Ap+ f(v))p =hD +h@ +> " eif (vy) 2 (3.10)

=1

If we take h1) = — Zf\il cif'(vg)Z;, that is,

hvZ,
¢ =— fRN, ~fori=1,2,-- N, (3.11)
Jan [/(v1)| Zi]
it follows from (3.10) that
N+ f'(vp)¢ = b (3.12)

and ¢; = 0 for all 1 <7 < N if and only if

havf

=0forl1<i<N.
r O
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So, in what follows, we consider

A¢+ f'(vp)p =P, z e RY;
fRNf,Uf)¢Z':O>2.:1727"'aN; (313)
lim o(x) =
|x| =400
We first prove the priori estimates (3.8) by using the contradiction argument. Suppose
that there exist ¢,, % such that |onlle =1 and ||h$12)\|**7£ = o(1) as n — 4o00. By the

definition of ||¢,||.¢, we can take z,, € RY with the property

= &£>7 |on(zn)] 2 (3.14)

2
Then, we again have to distinguish two possibilities. Along a subsequence, it follows that
z, — xo € RN or |z,| — +oo.

If z, — x¢, standard elliptic estimates show that ¢,, — ¢ uniformly on compact sets
of RY. Moreover, ¢ is a solution to (3.13) with h(?) = 0 satisfying

(3.15)

N —

<@ — &> |¢(xo)| =
and |¢(z)| < 4o00. Thus Lemma 3.1 shows that

¢ =¢1 € Span{Zy,Zs, - ,Zn}.

Then the facts f]RN Vo -VZ; =0 fori =1,2,---, N show that V¢ = 0. We achieve a

contradiction to (3.15) since | ‘lim o(z) =
T|—+00

If 2, — +00, We consider ¢, (y) = |2|”dn (|Zn|y+ 2, + ) and observe that ¢, satisfies

Aén + |xn|2f/<vf,n)¢n ]En , Y€ RN

where vy (y) = vg(|zaly + @, + &) and 1 (y) = |oa* B2 (|2aly + @ +€). Noticing that
|onllse = 1, we have

|¢n(y)| < Vy € RY \ {_iﬂn}7 (3.16)

(y + @n)"’

where ,, : So ¢, is uniformly bounded on compact sets of RY \ {—2Z,} . Similarly,

considering ttat

- 1
W (y)] < Wt

e Il Yy € B\ ()

we obtain hYY) — 0 uniformly on compact sets of RY\ {-2,} as n — +oo0. Thus, by
elliptic estimates, we have ¢,, — ¢ uniformly on compact sets of RV \ {¢} and ¢ satisfies

{Aﬁ:O y € RV \ {é};
B < i, Wy € RV {6},

13



where ¢ = — lir+n é—"l By the maximum principle, we conclude that ¢ = 0 which is
n——4oo 1"

impossible since ¢ (—¢&) # 0.
Step 2. Existence
We first want to solve (3.7) on a bounded domain Bg(§). Let us consider the subspace

X = {gb S Dé’Q(BR(ﬁ)) and Vf'(vp)Zi =0, i=1,2,--- ,N} )
3)

Br(
Then, according the arguments in [32], finding solution to (3.7) in this case is equivalent
to finding ¢ € X such that

/ VoV — f'(vp)oy + / hiy =0 for all ¢ € X. (3.17)
Br(§) Br(§) Br(§)

Now, for h satisfying ||h|..e < 400, let us denote by ¢ = A(h) the unique solution of the
problem

v¢vw+/ hy = 0 for all ¢ € X.

Br(§) Br(£)

Thus, (3.17) can be written as

¢ — A(f'(vf)¢) = A(h) for ¢ € X

and, by the compactness of Sobolev’s embedding, the map ¢ — f'(vs)¢ is compact.
Hence, we conclude the existence of the solution by the Fredholm alternative since the
priori estimate (3.8) implies that the only solution of this equation is ¢ = 0 when h = 0.
Finally, thanks to the priori estimate again, we can let R — +o00 and obtain the existence
in the whole space. [

Now we begin to prove Theorem 1.2. We look for a solution of the form v = vy 4 ¢ to
the equation (1.6) and thus acieve the following equation for ¢

Ad+ f'(vg)d = E(vy) + F(¢) + M(¢), v € RY;

|I|ILIEOO¢($) ~0, (3.18)
where G1(0y)
_ r— vf
E(vs) =eV( g)g(G—l(vf))’
F(¢) = f(vp) + f'(vf)p — flvy + @)
and

vl [ Gt Gy
M) =V =0 | 0G0, 1 0) ~ 9@ )

However, the problem (3.18) may not be solvable under our situation unless £ can be

chosen in a very special way. So instead of solving (3.18), we consider the following
projected problem

A+ f'(vp)p = E(vy) + F(¢) + M(¢) + Xiry cif (vy) Zi, @ € RY;

lim ¢(x) =0,
|z| =400

(3.19)

14



where ¢; are constants.

For pzl < 0 < N — 2, we first estimate the error ||E(vf)|w¢ of the approximate

solution vy. Considering that

G (vy) ‘
- 47 S v
‘9<G-1<vf>> !
and
lvg] < C(1+ |z])>™ for all » € RY,
we have

IE(Wp) e = sup <z — &> |E(vy)|

zeRN
<esup <x—&>*TV(r— &yl
zeRN
<z—&>\’
< Cesup <x—§) (14 |z])>~ N+
z€RN 1—F|$|
< Ce.

In what follows, by applying the Banach fixed point theorem, we can prove that (3.19)
is indeed solvable and achieve a solution (¢, ¢, - -+ , ¢y ). We then obtain a solution of the
problem (3.18) if ¢; =0 for all : = 1,2,--- | N.

Based on the description of Lemma 3.2, solving (3.19) reduces now to a fixed point
problem. Namely, we need to find a fixed point for the map

(¢,c1,¢0,++ yon) = A, c1, 02, ,en) = T (Ni(@) + Na(9)).

Here, we will restrict ¢ to be small enough such that the function vy + ¢ is always positive
and we define the set

N
o7 {(¢’ cryen,oen) €RV | [@llg+ Y lail < C“:} |

=1

We now prove that A has a fixed point in ©.
For any (¢, c1,ce, -+ ,cn) € O, we first estimate M (¢). Note that

Gl(s) \ 1
(stc0m) = e < Hor s 20
We have
‘ Gluy+¢) Gy |_ 9
9(GHvr+9¢))  g(G(vy)|
and then
M (@) [|sg = sup <@ —¢ >27 | M(¢)]
<esup <z — &> V(r— )|l (3.20)
zeRN
< Ce|| @] xe-
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To estimate F'(¢), we need the following fact: if 1 < p < 2, then
|f'(s1) — f'(52)] < C|s1 — so|P~" for all 51,85 >0 and |s; — so| < 1. (3.21)

Indeed, since

Gl (st | G (P!
P(G7H(s)) - g{(GH(s))

fi(s)={@-1)
we have

G '(s)P! G (st

g (G~ (s1)) g% (G (s2))

[f'(s1) = f(s2) < (p— 1)

G s ) G (o) (3.22)
g4 (G (s1)) M (G (s2)) |
Then, noticing that |s; — so| < 1, we have

G5 G (s

(G (s1)) (G '(s2))

_ 1A +2G7(s ))G Hs)P = (142G (51)?) G (s2)

g*(G71(s1))g* (G (s2))
|G~ (s)P ! = G (s2)P +2|G H(52)?G7 ()P = G (51)’G T (s2)P
~ A(GT(51))g2 (G (52)) (G 1(s1))9* (G (s2)) (3.23)

2G 7 (s)P G (5P ) 3-p _ (—1(g, )37

A G € ) = E ™

2(3 — )G (512)> PG (51)P LG (s9)P ! 51— 5ol
9(G~(512))9* (G (51))g* (G (s2))

< CIGH(s1) =G (o)l +

< Olsy — soP ™t +

< Clsy — 57!
since
2(3 — )G (s12)2 PG (51 )P LG (s9)P 7t
9(G71(512))9* (G (51)) 9 (G~ (s2))
where s1o belongs to the segment jointing s; and s;. On the other hand, by a similar
strategy as the proof of the inequality (3.23), we conclude that

G ()Pt GTl(s)n !

g' (G (s1))  g1(G(s2))

and thus show the inequality (3.21).
Since ¢ is small, based on the fact (3.21), we observe that

IF(6)] = |f(vg) + f(v5) — flvg + 8]
< |F/ ()¢ — f'(vy)d|
S{u%wmn—wnwuﬁpzz

< C for all s1,59 > 0,

< Cls; — 52‘%1

Cl(v1 — v,)10], i 1< p <2 (3.24)

{Clvzl”_2|¢|2, if p>2;

<
ClolP, if 1 <p<2,
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where v; lies in the segment jointing vy, vy + ¢ and ve = tvy + (1 — t)vy with t € [0, 1].
Thus, jointly with the fact |vg] < C(1 + |x])~7 for all z € RY, we have

IF(@)llsre = sup <z —& > [F(¢)|

z€RN
(Csup <@ — &> |, P26, it p > 2;
< zCRN
T | Csup <x—& > g, if 1 <p <2,
oeRY o) (3.25)
( p—2)0
Csup <z —&>2 1) (%) H¢Hfgy if p > 2;
< z€RN 7
Csup <z —&>2007 g, if 1 <p<2,
\ z€eRN '
< Cllollie
where v = min {2, p} .
Therefore, by (3.20) and (3.25), jointly with Lemma 3.2, it follows that
[A(D, c1, 2, -+ s en)llee SCUIEf) g + 1M (D)[ane + [[F(D)]1x,e)
< Cle+eldlle + [19111) (3.26)
< Ck,
which shows A(©) C ©.
We still have to prove that A is a contraction mapping in O. If we take
(¢1a C1,1,C21," " 7CN,1)7 (¢2a C1,2,C22," " 7CN,2) € @7
then we have
[ A(p1, 115015 senv) — APz, 12, Co, s Cn)|lue (3.27)
< Cll[M(¢1) = M(2)lsrg + [|1F(P1) — F(d2)]lng]-
To estimate || M (¢1) — M(p2)||4se, we note that
|M(¢1) = M(d2)| = |DyM(¢) (61 — ¢2)], (3.28)

where ¢ lies in the segment joining ¢; and ¢,. Moreover, a direct calculation shows

DM — eV(z—§) [ _2G 7 (vy + 9)? H
e S P TCrar) | AT R) 529)
— eVir —¢) ’ <eV(x—=9).
g (G v +0))| —
Then,
Sup < - £ > [M(¢1) — M(¢o)| < sup <& - £ > [DsN1(9)llf1 — o e
< Cellgr — ¢allwesup <z —€>*V(z—¢) (3.30)

z€RN

< Cellpr — ¢ol|ae-
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Thus, we have
[M(¢1) = M(¢2)[[4s g < Cellpr = Palue- (3.31)
Now we estimate || F'(¢1) — F(¢2)]|«e. We note that

|[F(¢1) = F(¢2)| = |DyNa(¢) (61 — ¢2)], (3.32)

where ¢ lies in the segment joining ¢; and ¢,. Moreover,

|DyNo(9)| = | f'(vy) — f(vf + @)
_JCliol, it p =2 (3.3)
ClolP~t, if 1 <p<2,

where vy = tvy + (1 —t)(vs + ¢) with ¢ € [0, 1]. Then, similarly as the proof of (3.25), we
have

1F(¢1) = F(¢2)re < ClOImE P61 — Gollue < Ce™@ 006, — goll, e (3.34)

Thus, under our situation, combining (3.27), (3.31) and (3.34), we have that A is a
contraction mapping in © and hence there indeed exists a fixed point (¢, ¢1,¢2, -+, cn).
In what follows of this section, we will complete the proof of Theorem 1.2.
We have found a solution (¢, c1,ca,- -+ ,cn) to (3.19) satisfying

N
H¢€”*,§ + Z |Cly < Ce.
i=1

To prove the result contained in Theorem 1.2, it suffices to show that the point £ can be
adjust so that the constants ¢y, o, - - - , ¢y are all contemporarily equal to zero. Combining
Lemma 3.2, we only need to show

/ (E(vy) + M(¢.) + F((bg))? =0forj=1,2,---,N. (3.35)
RN L

We first define

ov
R0 = [ (Blop)+ () +F<¢e>>a—f. (3.36)
RN $]
The subordinate terms in (3.36) are fRN (¢e) 5.t Uf and fRN ®c) Zj . Indeed, we have the
following estimates
—2—0 8Uf y
(¢e) SNE(@)[lre | <z —E&> 70| = 9" (3.37)
j RN Yj
and
—a—y |Ovy 2
N O B { -G I CED
J

18



Noticing that there exist ky € (0,1) and k; > 1 such that kovy < % < kyvy,
the dominant term in (3.36) satisfies

c% . G 1(Uf) anN _ ’U%
[, e 2k [ ve- )@ 0y) oy, [ vo s 3,

(3.39)

Combining (3.37), (3.38) and (3.39), we achieve
a .
Fi(g,€) ~ 28§J/RNUfV(y_§)+O(€)for]:l’Z"”’N'

Thus, if we set G(§) = [pn v7V (y — &), then G(0) > 0 and lim G(§) = 0. This implies

|z| =400
that G attains a global maximum point £ € Bj;(0) for some M > 0. By the definition of
stable critical point (Musso and Pistoia [33]), G has a stable critical point in By, (0) and
as a result, we deduce that, for € small, F'(¢,§) = (Fi(e,§), Fa(g,€), -+ , Fn(£,€)) has a

zero point in B)/(0). Consequently, ¢; =0 for j =1,2,--- | N.

4 Proof of Theorem 1.3

In this section, we will construct slow decaying solutions to the problem (1.2) with ¢ = 1.
The results of Theorem 1.3 are based on a suitable linear theory devised for the linearized
operator associated to the equation (1.2) at u = w in the entire space RY and in the
application of perturbation arguments. We consider w as an approximation for a solution
of (1.2), provided that A > 0 is chosen small enough. To this aim, we need to know the
solvability of the operator A — Vy + pwP~! in suitable weighted L space.

Let

Zi :1727"'7N7

_ Ow
= na—xZ’ 7
where n € C5°(RY) satisfies 0 < n < 1. Moreover, n(z) = 1 if |z| < Ry and n(x) = 0 if
|z| > Ry + 1 for a fixed number Ry > 0 large enough.

Under appropriate norms

_2
[9]le = sup |z —¢&[7]@(z)| + sup |z — |7 T[o()] (4.1)
|lz—¢|<1 |lz—€|>1
and ,
[l ane = | sulp |z — &7 |h(z)| +| Sggllx—flﬂf”lh(ﬂfﬂ, (4.2)

where o > 0 and & € RY, we first consider the solvability of the linear problem

A¢ — Vi(x)o —i—pwp*lgzﬁ =h+ Zf\il c;Z;, v €RN:
lim_¢(z) =

|z| =400
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and thus we need the following lemma which is proved by Davila, del Pino, Musso and
Wei in [21].

Lemma 4.1. Let |{] < A. Suppose V' satisfies (1.9) and ||h||«e < co. Then, for X > 0
sufficiently small,

(1). if N >4, p > £ equation (4.3) with¢; = 0 for 1 <i < N and = 0 has a solution
¢ = Tr(h) which depends linearly on h and there exist a constant C' independent
with \ such that

T3 (P) w0 < CllAllss 05

(2). if N >3, 822 <p< T and V also satisfies (1.10), equation (4.3) has a solution
(¢, c1,09,-++ ,cn) = 7}( ) which depends linearly on h and there exist a constant C
idependent with A such that

9l + mavxlei] < Cllhllwe

Moreover, ¢; =0 for all 1 <1 < N if and only if

/ ha =0 for1 <N < N. (4.4)
R

N 8%

Based on Lemma 4.1, we can prove Theorem 1.3. We look for a solution of the
form v = w + ¢ to the equation (1.11) and, for S(w), N(¢) defined in Section 2 and

I(s) := g(%—l(( ))), we achieve the following equation

Ag — Vy(2)o +pw"‘1¢ = Si(w) + N(¢) + P(¢), x € RY;
lim ¢(x) =

|x| =400

(4.5)

where

Si(w) = S(w) + Va(z)A\ 71 1(ArTw)

and
P(¢) = VA(@) N 7T (AT (w + ¢)) — I(A7Tw)) — g].
The case p > Yl

In this case, we rescale v(x) as )\%v()\w), that is, £ = 0 in the previous paragraph.
Computations show that

ATTI(ATw) = w+ o(1) as A — 0.
According to the arguments in [21], we know
IVAZ)A 7T UATTW)| a0 := 6(A) = 0(1) as A — 0.
Thus, for o € <0, min {2, z%}) , the error of the approximate solution in the norm (4.2)
is
1(@) v = 15 (w) + Va(@)A 7T 1A Tw) Lo < Cp(N). (4.6)
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where p()) := AT 4 d(N). Consequently, for the operator Ay(¢) := TA(S1(w) + N(¢) +
P(¢)), where T, is given in Lemma 4.1-(1), we can use the contraction mapping theorem
on

Sy ={¢:RY 5 R| |¢]l.0 < Cp(N)}

and we will prove that A, has a fixed point in X,.
For any ¢ € 3, we first give the estimate of | P(¢)||.«0. We observe that, for a number
C3 >0,

NI (w0 + 9) = I Tw)) = 6 = —Cadr T[(w + 9)° — w]

4.7
+0<)\P4f1> as A — 0. (A7)
Thus, we have
4
sup [z[*"7| P(¢)] <C'sup |[z[**7Va(2)A»~7 (lw’e| + |¢]*)
lz|<1 lz|<1
<O sup o7 (Jus] + o) (4.8)
|z]<1
_4
SCAT[¢]]+0-
On the other hand, combining
|o()] < Cla|"7=7][]]. 0 for |z] > 1 (4.9)
and ,
w(r) < O(1+ |z])" 7 for z € RY, (4.10)
we have
2 4 2
suplel 7T P(8)] SCNE sup VA (0] + Iof)
x|>1 x|>1
4 4 _ 4
<CXFTsup (14 |o) 7T 6llo + o 7T 0l120)  (411)
j2]>1
4
<CAT([|8]]s0 + lI0]130)-
Consequently, combining (4.8) and (4.11), we have
4
1P(0)ls0 < CAFT(I0]]0 + [IS]120)- (4.12)
Thus, jointly with the estimate of || N(¢)||.x0 in Section 2, we conclude
[AX(@)][«0 < CllS1(w) + N(&) + P(0)[[+x.0
< Clp(A) + p(A)* + p(A)" + p(X) + p(A)’]
< Cp(N) for any ¢ € ;.
That is, Ax(X)) C X
For any ¢y, ¢2 € X, we want to estimate ||P(¢1) — P(¢2)]|+x0. We note that
|P(¢1) = P(¢2)] = [DyP(¢)(¢1 — o), (4.13)
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where ¢ lies in the segment joining ¢, and ¢. Then, it follows that

‘1"2+U|P<¢1> . P(¢2)‘ < ’x|2’D¢P((E)|HQ§1 — (bQH*,O for ’:C‘ <1

and
2|71 |P(¢1) — P()] < |22 Dy P(B)|lld1 — sl for o] > 1.

Thus, we have

1P(¢1) = P(¢2)llaxo < C'sup (|z[*|DsP()]) 61 = ¢2llo- (4.14)

rzeRN

Moreover, a direct calculation shows
_2
1 _%G%@www+@»?_g
(4.15)

PRGN (w+ ) gHGIATT (w + ¢)))
— Vi(2) {1 AT (w0 + 6)2 + oA (w + ¢)?) — 1} as A — 0.

Dy P(¢) = Vi(x) (

To go a step further, based on the arguments in the previous paragraph, we conclude that

sup (22| DyP()]) < CAFT. (4.16)

zeRN

Consequently, combining (4.14) and (4.16), it follows that

1P(61) = P(62)llv0 < -6 — dalluo (4.17)

for A sufficiently small.
It is straightforward to show that

[ AX(¢1) = Ax(d2)l[+0 < ClIN(d1) = N(@2) w0 + [[P(P1) = P(d2)lx0]

1 (4.18)
< —||¢1 — P2l|s0 for @1, P2 € Xy

since we can achieve that

IN(1) = N(@2)lleo < =161 — bllo

according to Section 2 for A sufficiently small. This means that A, is a contraction
mapping from Y into itself and hence a fixed point ¢, indeed exists. So the function

up(z) == )\Tzl(w()\m) + ¢x(Ax)) is a continuum solutions of (1.11) satisfying }\ii%v)\(x) =0

uniformly in RY and uy(x) = G~ (vy(z)) is our desired solution to (1.2).

The case %<p<%—f3

In this case, the problem (4.5) may not be solvable under our situation unless ¢ is
chosen in a very special way. So, instead of solving (4.5), we consider the following

projected problem

D¢ = Va(2)d +pur~'¢ = Si(w) + N(¢) + P(6) + 3.1, ciZi, & € RY;
lim ¢(x) =0,

|z| =400

(4.19)
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where ¢; are constants. Moreover, we will slightly change the previous definition of the
norms as

0 2
16]1L = sup |z —€f|o(x)] + sup |o — &7 |o()]
lx—=¢€|<1 [>1

|lz—

and

_2
IR = sup |z — PP |n(@) + sup |o— &5 |h(x)).
lz—¢]<1 lz—¢&|1>1

Just as the case p > %—fé, we can prove that (4.19) is indeed solvable and achieve a

solution (¢(\, £), c1(A,§), ca(A€), -+, en(A €)). We then obtain a solution of the problem
(4.5) if ¢;(N\,§) =0foralli =1,2,---  N.
Here, we also fix o € (O, min {2, %}) and find the error of the approximate solution
is
11 ()7 < Cp(N), (4.20)
where p(\) = o(1) as A — 0. So we can define

N
S = {<¢>, renesox) €RYH | 1019+ 3 o < cpm} .
=1

Similarly, as the proof of the previous case, jointly with Lemma 4.1-(2), we conclude that
the operator (¢a C1,C2, " " 7CN) = A)\(¢7 C1,Coy 7CN) = 7;\(’Sfl(u}) + N(¢) + P(Qb)) is a
contraction mapping in ) , and hence achieve a fixed point

(AN 6),c1(N ), c2(N, &) -+ ,en(N§)) € B,

which satisfies the equation (4.19). Moreover, under the condition (1.10), we observe that
p(A\) can be taken as A\’ in (4.20) for any 6 € <0, ﬁ) . That is,

IV TAIOATTw)| Y, < ON for 6 € (0,N —2), (4.21)
1S()]| ) < O for 6 & (0, —— (4.22)
and
4
(9) ) < 0 _ -
oA, E)lse + lrélié%>]<V|cl()\)| < CN for e (0, - 1) . (4.23)

Thus, to complete our proof, by Lemma 4.1-(2) we need to find £ = &, such that
[ (Stw)+ X 0te) + V@) + PO ) 90, 1< <N (424)
RN J

Combining the arguments in [21] and noticing that p%l < N — 2, we know

/ AP w) 2 Z o(A7T) as A — 0 (4.25)
RN a

Lj
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and 5
N(gzﬁ()\,g))a—; = o(AF1) as A — 0. (4.26)

RN J

Moreover, noticing that

IP(3(X, €))] < CAFTVA(lwd(, )] + 6N, ),

we have
ow 4 2 2 ow
P(QS()\,f))a_ < CAp—T1 V/\¢<>‘7£)<w + ¢ (>\75)>_
RN T RN 8:vj
< O / Vio(h, ) o (4.27)
RN (%cj
= O()\ﬁ) as A — 0.
Now, we claim that the dominant term in (4.24) is
ow
S(w)—=—. 4.28
| sgs (1.28)
Note that A \
S(w) = CoAFTwP? + o(AFTwP™?) as A — 0.
We have
ow 4 42 ow 4
S(w)=— = CpArT WPz + &) =—(x + &)dx + o(AP-1) as A — 0. (4.29)
RN aiL'j RN 8:16]-
If we define
- _2 2 ow
FO© = [ (S)+ P07 ) + NO(L€) + POOE) 5o
RN Lj

and Fy(€) = (FV(€), F2(€), -+, FM(€)). Then, by (4.25), (4.26), (4.27) and (4.29), we
achieve that

ow

FO(€) = Cam / W (@ + )5 —(r + E)dz + o(ArT) as A — 0

RN 8%

and so we can show the existence of a solution &, to (4.24) since 0 is a critical point of w.
Thus, we conclude that

(Fx(£), &) <0 for [¢] =,

where 0 is a fixed small constant. Using this fact and degree theory we obtain the existence
of &, such that F)\(£,) = 0 in Bs. This complete the proof of Theorem 1.3.
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