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ABSTRACT. We study the large-time asymptotics of global solutions to the semilinear heat equation in R"™

with critical Sobolev exponent
ut = Au + \u|ﬁu in R™ x (0, 00),
u(-,0) = ug in R™.
We show the existence of positive solutions for a class of initial value ug(z) ~ |z|~7 as |z| = oo with v > ”772

such that the time decay rate of HUHLDC(RTL) depends on v in a precise manner, motivating by a program

proposed by Fila and King [10]. We construct several global solutions in dimensions 4 and 6.

1. INTRODUCTION

The semilinear heat equation

ug = Au+ |ulP~lu  in R™ x (0,00)

u(+,0) = o in R" (L1

with p > 1 has been widely studied since Fujita’s seminal work [13]. The power nonlinearity plays a crucial
role, producing rich phonomena concerning singularity formation, long-time dynamics and regularity prop-
erties. It is well known that (1.1) admits a global nontrivial solution v > 0 if and only if p > pp = ”T—fz
The stationary version of (1.1) does not have positive classical solutions if p < pg, where

22 for n > 3,

ps=14 """
00 for n=1,2.
See [16] and [2]. For p = pg, up to translations and dilations, the positive solution to the Yamabe problem

n+2 .
Au+un—2 =0 in R", n>3

is the Aubin-Talenti bubble

n—2

U() = an(1+[e) 7, ap=[n(n-2)]7,
and it serves as a natural candidate for the profile of singularity formation for (1.1).

For (1.1) in the subcritical case p < pg, Poldc¢ik and Quittner [24] proved the nonexistence of positive,
radially symmetric, bounded entire solution, and they showed that the global nonnegative radial solution of
(1.1) decays to 0 uniformly as ¢ — oo. Optimal Liouville-type results have been achieved by Quittner [29]
for the case 1 < p < pg in the sense that no further decay or decay assumptions are made. See also Polacik,
Quittner and Souplet [25] for a general scheme that connects parabolic Liouville type theorems with universal
estimates of solutions.
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In this paper, we are interested in the global positive solutions to

w =Au+ui?  in R"x (to,00), (1.2)

U(‘,to) = Uo in Rna '
and aim to understand their possible dynamics at large time. (Problem (1.2) is simply a shift of (1.1) in
time.) A solution is called global if its maximal existence time Tinay = 0o. The underlying motivation of this
is due to extensive investigations of threshold solutions.

For any nonnegative, smooth function ¢(z) with ¢ # 0, we define
o = a*(¢) :=sup{a > 0: Thax(ad) = o},

and u* := u(x,t;a*¢) is called the threshold solution associated with ¢. The threshold solution can be
viewed as the borderline between global solutions and finite-time blow-ups, as the nonlinearity dominates
the Laplacian for o > o* and vice versa. At the threshold level, all the possibilities can happen for the
dynamics of u* in the L°°-sense, and depending on p and the domain, the solutions could be global and

bounded, global and unbounded, or blow up in finite time. There are innumerable studies in related literature,

and we refer the readers to Ni-Sacks-Tavantzis [22], Lee-Ni [20], Galaktionov-Vazquez [15], Poldcik [23],
Quittner [28], and the monograph by Quittner and Souplet [30] for the state of the art of threshold solutions.
See also [11,12,17-20,25-27,32,33] and their references.

Define

IET
Li:{f€L2| /Rn\ﬂze i dz < 0o}
For (1.1) with pr < p < ps and ug > 0,ug # 0 in Li N L, the asymptotic behavior of the nonnegative
solution was studied by Kawanago [19], and in particular, he proved that

_1
[u(,t; a*@)||poe ~ 77T
for t > 1. For p > ps and radial, positive initial data ug with decay

Hm ug(z)|z|7 T =0,

|z| =00
Quittner [27] proved the nonexistence of global solution with self-similar rate ¢t~ #1. For p = ps and radial
initial data ug satisfying
. n—2 2
lim rYug(r) = A for some A>0 and v> —— = —,
r—00 2 bs — 1
Fila and King [10] carried out interesting formal analysis and predicted the possible long-time dynamics of

threshold solutions to (1.1). They conjectured that the threshold solution u of (1.1) with initial value ug
must satisfy
[, ) Loo (mm)
im ———————=
t=oo p(tin,7)
for some positive constant C' = C(n, ug), and ¢(t;n,v) depends on v and n in a precise manner:

=C
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2 oy<2| y=2 |y>2

n=3 te t2(Int)~t | t2
n=4| t =" Int 1 Int
n=5| % (Int)=3 | 1

If n > 6 and v > (n — 2)/2, then ¢(t;n,v) = 1.

Table 1. Fila-King [10, Conjecture 1.1]

Motivated by the program of Fila-King, there are a series of rigorous constructions via the gluing method.
The case v > 1, n = 3 was answered affirmatively by del Pino, Musso and the first author [8]. The cases
n =4 with v > 2 and n = 5 with v > 3/2 were solved respectively in [35] and [21]. The relation between
(1.2) with n = 4 and the 1l-equivariant harmonic map heat flow (HMHF) has long been known, and related
trichotomy dynamics for HMHF were constructed in [34]. The current known examples can be summarized
as

n—2 o
ey <2 y=2 > 2

n=3|[8if1<y<2 B B

n=4| HMHF [31] | HMHF [31] | [35], HMHF [31]

Table 2. Examples of global solutions

For the Cauchy-Dirichlet problem of (1.2), global unbounded solutions have been constructed by Galaktionov-
King [14], Cortédzar-del Pino-Musso [3], del Pino-Musso-Wei-Zheng [9], and Ageno-del Pino [1], where the
Dirichlet boundary plays an important role in the blow-up dynamics.

Based on previous works, this paper aims to extend the study for the cases n = 4 with 1 < v < 2 and

n = 6 with v > 2, and we construct global solutions with rates predicted in Table 1.
Theorem 1.1. Forn =6 in (1.2), if v > 2 and to sufficiently large, then there exists a positive solution of

the form
2
u(t) ) (x—é(t)>
u(x,t) =24 + h.o.t.,
0 =2 (o) (5
where p(t) ~ 1 and £(t) — 0 as t — oo. Here, n(x) is a smooth cut-off function with n(x) =1 for |z| < 1,

n(x) =0 for |z| > 2.
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Theorem 1.2. Forn =4 in (1.2), if 1 < v < 2 and for ty sufficiently large, then there exists a positive
solution of the form

u(z,t) = 2\@&” (x) + h.o.t.,

P2 () + |22 7\ Vit
where
2—y
(Int)"1t7=, 1<y<?2
p(t) ~
1, vy=2
ast — oo.

Theorem 1.1 and Theorem 1.2 thus provide examples of global solution in the remaining cases for n = 4, 6
in Table 1. The approach of deriving the desired asymptotics is to balance the bubble and the contribution
from the initial data with decay like ug(z) ~ (x)~7. Here (z) = \/|z[2 + 1. We combine Fila-King’s formal
analysis with gluing technique to complete the rigorous construction. The gluing method, developed in [3,7],
turns out to be versatile and can be systematically used to detect singularity formation for a lot of evolution
PDEs with precise blow-up dynamics captured. We refer to [3-8,31] and the references therein. We finally
remark that the constructions for n > 7 with v > ”772 and for n = 3 with % < v <1 in Table 1 will be very

similar to those carried out already. See also Remark 4.1.

The rest of this paper is organized as follows. In Section 2, we present the basic ansatz and necessary
ingredients for general dimension n > 3. In Section 3, we focus on the case n = 6 and prove Theorem 1.1.
For the four-dimensional case, substantial change will be made in the ansatz of approximate solution, and
the non-local nature is due to the lack of decay in lower dimensions. We shall only point out the key parts

and omit other details in the proof of Theorem 1.2, as this case is similar to those done in [35] and [34].

2. BASIC SET-UP

The global solutions for the critical semilinear heat equation
up = Au + \u|ﬁ u in R"™ x (tg,00) (2.1)

with n > 3 are built on its ground state. Recall that the positive solution, called Aubin-Talenti bubble, to

the stationary equation
n+2

Au-+un—=2=0

is unique up to translations and dilations:

n—2

U@) = an(l+|2)" 7, an=[n(n-2)]7 ,

and it is non-degenerate in the sense that the corresponding linearized operator A + Z—EU 72 has only n+1
bounded kernel functions
-2
Zi(2) = 0,U(), i=1-n, Zun(e) =

Moreover, the linearized operator A + Z—'_"%U 772 has only one positive eigenvalue vy > 0:

n -+ 2
n—2

and the corresponding eigenfunction Zy € L>°(R™) is radially symmetric and has exponential decay at spatial

U(z)+z-VU(x).

AZy + Uns Zy = YoZo,

infinity.
The first approximate solution of (2.1) is chosen as

_n—2 - ,’I,'—f - x—€
ui(x,t)=p 2 U(y)n(y) + Yo(x,t), where y:=——=, ¢:= ,
1(,1) () n(9) + Yolz, 1) . 7
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= p(t) >0, £ =£(t) € Clltg, o0) will be determined later, and
KW= AV, Yo(,0) =1h ~ (z)77,

namely

_le—z)?

Wo(z,t) = (4mt) "2 / e~ T aho(2)dz.

For later purposes, we need the following estimate for Wy(0,1).

Lemma 2.1. Assume vy € R, t > 1. Then

(4rt)” / e~ (y) Y dy = vpr ()(Cny + heort),

where 2
3, y<n (4m)7% fpne 5 |z dz, y<n
Un,'y(t) = t‘%ln(l_i'_t), y=n, Cn,,\/: (4’/T)7% %‘S’ﬂ*1|’ Yy=n
78, v>n (4m)"F feu () dy, v

Proof. See [21, Lemma 2.1].

Hereafter, we always assume to > 1 is sufficiently large and ¢ > tg. By Lemma 2.1, we have

o(0,8) ~ vy (t) (Crpy + gy (1)) -

For v > 0, by similar calculations as in [35, Lemma A.3], we have

Vo (- )] Lo mry S 20, (t).

Here the notation a < b means that there exists a constant C' > 0 independent of ¢ty such that a < Cb.

By [35, Lemma A.3], we get
5 .
-3 -5
Uo(x,t) St 1‘93'9% + |z 1|$|>t%,

where 7 is defined as

4 :=min{vy,3-}.

(2.2)

Here, for any ¢ € R, the notation ¢— means a constant less than ¢ and can be chosen arbitrarily close to c.

Define the error of f as
_a_
Elf]:===0f + Af+[fI72].
Straightforward computation implies

n42 n+2

Elw] = 1 2 iZyr (y)n (§) + 1 5E- (VU) (9)1(§) + & + fua|7 2w — p~ "5 U (y) "2 (),

where

n 1

(2.5)

&y =T U(y) (2‘1t‘1ﬂ+t‘%$)~(vn) (§)+2u" 2672 (VU) (y)-(Vn) () +p~ "7 71U () (An) (§) - (2:6)



6 J. WEI AND Y. ZHOU
3. THE CASE n =6

We look for an exact solution u of (2.1) in the case n = 6 in the form

u=uy + ¢Y(x,t) +pu 29 <ﬂ7uf,t) MRy TR =1 (IMRf) ., R=R(t)= 41/1000

We assume that
2uR < Vt/9. (3.1)
We compute
Elu] = (u‘S/lZnH(y) +uE - (VU) (y)) 1(9) + &+ n ' U(y) (@) —n (D))
+ N[, 6,1, €] +2p2U (y)n(5) (Yo + ¥ + 1~ 26(y, t)nr)
=0 + A — 7200y, )nr A 1 Ay by, g + A [0, 1, ] + Az [6, 1, €]

where
M6, 0,€] = nT R0 (1) (An) (F) + 20 BV, (y.1) - (V) ()
: (3.2)
F00,0) (V) (L) (jR + ;%m) ,
Ao [, 1, €] i= ™2 (20(y,t) +y - Vyd(y, 1) nr + 1€ - Vyd(y, g, (3.3)
and
N[, b, 1, €] = lulu — p= U (y)n?(§) — 202U (y)n(G) (Yo + o + p 26y, t)nr) - (3.4)

The assumption (3.1) gives n(j) = n(x—\;f) =1if |z — ¢ < 2uR, ie, nrn(y) = nr, In order for Efu] =0, it

suffices to solve the coupled system for ¢ and 1, as well as the parameter functions p and &:
o) = AP+ G, ¢, 1, €] in R® x (tg,00), (-, t9) =0 in RS, (3.5)
and

/'LzatfyZS = Ay¢ + 2U(y)¢ +H ['l/)a N»g] for ¢ > to, Y€ B4R(t)a (36)

and the former is called the outer problem and the latter is called the inner problem. Here

g W}a ¢5 Hy g] = Al [d)a Hy g] + A2 [¢a Hy 5] + (NiS,LLZ7(y) + qudé- ' (VU) (y)) n (y) (1 - 77R) + 57]

(3.7)
+ a0 (y) (0P (@) — 0 (@) + N[, ¢, 1. €] + 20720 (y)n(5) (Yo + ) (1 = nr)
and
H Y, 1, €] = nisZnsa(y) + p€ - (VU) (y) + 267U (y) (Po(py + &) + 0 (ny +&.1)) - (3.8)
Problem (3.6) can be expressed in a new time variable
t
T=7(t):= /t p2(s)ds + Crtop™2(to), 70 := 7(to), (3.9)

with a sufficiently large constant C; independent of ¢y, such that

0r¢ = Dyo(y,t(1)) +2U (y)d(y, (7)) + H [, 1, €] (y,t(7))  for 7> 79, y € Bap(i(r))- (3.10)

The parameter functions p and & are certainly not arbitrary, and their asymptotics are determined by

orthogonality conditions that ensure a good solution to (3.6) with fast enough decay. In fact, if one considers

{&qﬁ =Ap+2U(y)¢p+h for 7>70, Y€ Barr),

(3.11)
(Y, 70) = e0Zo(y) for y € Bapr(t(ry))
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and uses the norms

1]l == sup ()2 h(y, 7)), v>0, 0<a<l,
T>70, YEB2R(1(r))
[9lin :== sup TR ()T (W) IVoly, )| + 6y, 7)), (3.12)

T>70,YE€BaRr(t(+))
then the following estimates hold.

Proposition 3.1. For (3.11), assume that ||h||« < co and
/ h(y,T)Zj(y)dy:O, VTG (70500)7 .] = 172a"' 77' (313)
Byr((r))

Then for 1y suffciently large, there exists a solution (¢,e0) = (Tmlh|, Teo[R]) linear in h, that satisfies the
estimates

Il S I1Blls,  leol S 7o "R~ (t(70))l| -
Proof. See [3, Proposition 7.1]. O

Then the desired long-time asymptotics is given by (3.13). The leading term of u, denoted by pg, will be
determined by the orthogonality condition

/B (0iin Z2 () + 23U (4) o (0. £)) Zs(y)dy = 0, (3.14)
yielding |
fto = C(R)po¥o(0,1), (3.15)

where

2[5, VW Zi(y)dy 2[5 UP(y)dy

C(R) := = 1+ 0 (R™? (3.16)
Ton 220y~ Joe 22y O )
for t > M sufficiently large. We take a solution of (3.15) as
fio(t) = eJar C(R(5))¥0(0,5)ds
By (2.3) and the fact v > 2, for ¢y > 9M sufficiently large, we have
po(t) ~1, fuo(t) ~t™", 1< k<3, (3.17)
and clearly the range of x depends on . We now make the following ansatz
. v
= o+ p1, where pg = (t) € Cltg,00), |l < po/9, |in] < 9 (3.18)

which yields %,uo <pu< % o and realizes (3.1) for tg sufficiently large. Here we assume that 1 < v < 2. The
relation (3.9) then gives
T(t) ~t. (3.19)
By (3.18), H [¢, u, ] is controlled by
1o Z ()] + [202U (y) @ (0,1)| S 77 (y) ™" (3.20)

By Proposition 3.1, we will solve (3.10) in the space
Bin = {¢($,7) | ¢(~,7‘) S Cl (B2R(t(7—))) for ™ > 70, ||¢||1n < 1} .

For ¢ € Bj,, we solve the outer problem (3.5) first. In what follows, e will be denoted as a positive small

constant, whose value might change from line to line.
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Proposition 3.2. Assume that ¢ € By, p1, £ € Clltg,00) satisfying

el S5, | <tV <t gl <t

(3.21)

for small € > 0. Then for to sufficiently large, there exists a unique solution ¥ = [¢, u1,&] for the outer

problem (3.5), which satisfies the following estimates:

6] St R (10 s+ Hal 2100 ) -
V(- )] oo (rey S tTVRTIT®
for some 0 < ay < a.

Proof. We only need to find a fixed point for

=T (G [, 6, 1, €],
where G [¢, ¢, u, €] is given in (3.7), and

7Eiout [f] = /tt /R6 [47T(t _ S)]_3 e‘%f(z,s)dzds.

(3.22)
(3.23)

We assume in the sequel f:; -+-ds = 0 if t; < ty. Clearly, the assumptions (3.18) and (3.1) are ensured by

(3.21). Combining these with (3.17), there exists a constant C,, > 9 sufficiently large such that

90, < pu < Cu/9.
Recall Aq [¢, u,&] in (3.2). Using (3.1) and (3.21), we have

i Oh(pR)| _ i
uR uR | |pR

1 R
PR
uw R

<t

Since ¢ € B;, and t ~ 7, one has
W)Vl + ¢ StV R y) T,

and thus
A1 [, 1, €]l SETVRTP Apeyy<or < VR <0,k
Then . )
T [tV R L <0, )
3 _lel? 3 4
<t e*T/ sTVR*%(s)ds
to
Y —2_ a4 _l=?
+tVR2 e l:R21w|<R+|JJ| 4~ Tor R61w>R:|

St we(x, 1),

where

wo(fli,t) =tTVR™*" (1\z|§\/f + t|x‘_21‘w‘>\/{) 5
and we have used [35, Lemma A.1, Lemma A.2]. Then
|76 (A1 [, 1, €]]] < Cowo(, 1) /2

for a sufficiently large constant C, > 2. For this reason, we define the norm

—1
[fllows == sup  (wo(z,t)) " [f(z,1)],
t>to, zERS

and we solve the outer problem (3.5) in

Bout = {f | ||fH0ut < Co}~
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For Ag [¢, 1, €] in (3.3), we have
Ao [, 11, 8]l SR y) Lg<cor SEVR> 1p1<0,R-
By (3.1) and (3.21), one has
(120 Z2(y) + 126 (VU) (1)) n @) (1= )| + €3] + [~ 0% () (P(3) — 0 ()]

+ 202U (y)n(§) %o (1 — nr)

- —4 —1) \—4

ST  Vpcog<avi 1 W) Lico—gj<avi
_ —4 -3

SN o pejaicavi T Lk agia <avi

and if v < 2, we obtain

t 4= —4
7?30u [t V|x| 10;1RS|93|§4\/Z:|

=2

2 |z|?
< f%*ﬁ/ s'TTVds 4+t <R21|x§R+ |x21R<r<\/f+t|x|4616t1|m>\/{>
to
St wol(x, t),
t [,—3 -2 -2 -
76" [t 1ﬁ/2§\x|§4ﬁ:| St (1\z|g\/z+t|$| 1|x\>\/z) St wo(, 1)

for some € > 0.

For any ¥1,%s € By, we have
20 () (@) (6 — 2) (1= )| S )~ 6n — o lontwo(@s )L, e <ot

< pvpar) 4 (3.24)
SR |33‘ 1cglR§|m|§4\/{le - 7/}2H0ut~
Then
7'60111; |:t_yR_a1|x|_410;1RS‘w‘S4\/E:|
22 [3 o2
S t_3e_%/ sTTVRTM (s)ds + TV RT™ (R_21|z|<\/g +t|$|_46_16t11|>ﬁ> (3.25)
to -

< R 2w, (z,t).
The nonlinear terms N [, ¢, i, €], in (3.4) with ¢ € Boyt, can be estimated as
IV [, 6, 1. €] S [0+ ¢ + u20(y, |
SEH TR (1, el 7 )
) L N es T
and as before, one can easily check that
T IV [, 6, 1, €] 1) St wo(z, t).
Putting all these estimates together, we conclude that for ¢y sufficiently large, 7" [G [¢, &, 11, €]] € Bout,

and it is a contraction mapping in By, by similar estimates as (3.24) and (3.25). There then exists a unique
solution ¢ € Boys. The gradient estimate (3.23) follows from a scaling argument and parabolic regularity
estimate. 0

In view of Proposition 3.1 for the inner problem, our next step is to find suitable p;, ¢ such that the
orthogonality conditions

4R
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are satisfied, where v = 9[d, u1,&] is solved in Proposition 3.2 (with p, € fixed within proper spaces), and
H [, p, €] is defined in (3.8).

Proposition 3.3. For ty sufficiently large, there exists a solution (u1,€) = (u1[@], &[@]) for (3.26) satisfying
| S il SV S €S (3.27)

Proof. From (3.8), we can write (3.26) as
L= —2p (/B Z?(y)dy> i /B (Wolpy + &) +(py + &) U(y) Z2(y)dy, (3.28)
£ =S, ¢ = (Salm, &), -, Sl €]) (3.29)

—1
Silp, €] = —2p (/ Zf(y)dy> / [\Ifo(uy +&1) = Wo(0,1) +v(py +&,t) — ¥(0,1) | U(y) Zi(y)dy,
B4R B4R
fori=1,2,...,6. By = po + 1 with pg chosen in (3.15), we rewrite (3.28) as
fu + B = Flu, €] (2), (3.30)

B(t) =2 ( /| ; Z$<y>dy)_l w(0.1) [ V) Zrw)y.

Flun, (1) = —2 ( /| . Z$<y>dy)_l [u / W+ € DU Z1 )y

where

and

‘HL/B (Wo(uy +&,t) — Vo(0,1)) U(y) Z7(y)dy | -

Solving the system (3.29)-(3.30) is reduced to finding fixed point (f1,€) of

d ¢ s
fu = Srlm, €] = (/ Flua, €)(s)e Bw)d“ds) = / Flua, €)(s)el P @deqs 1 Fluy, €](t),
D (3.31)
o = i) = [ jn(@da, €= Slmn.g), / £a
and we will work in the space
By, = {f € Clto,o0) | Iflw <1}, Be={f=(fi,.... f5) € Clto,00) | Iflls <1}
with the norm
£l o= sup <[ F@O], 1 fllg = sup 7| f(2)]- (3.32)
t>to t>to
By (2.3) and (3.16), we have
B(t) ~ —t7%, 1 <k < 3. (3.33)
For any (ji1,£) € By, x B, one has
] ST ST (3.34)

Therefore, pu1, fu1, &, € satisfy the assumption (3.21) in Proposition 3.2. By (2.4) and (3.23), we obtain
3| -1 _x —vp—1—a
S 8l] S 1 (1920 Ol ey + IV ) e ey) (] + I S 4757 47 R7= (3.35)
Using (3.22), (2.4), (2.3) and (3.34), we get

1 Y(py + &, t)U(y)Z7(y)dy‘ StVRTY,

1

‘u/ (Wo(juy + £.1) — Do(0,1)) U(y)Z (>dy]5t2 ,
Bur
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and thus
| Flua, §l() StV R™™. (3.36)

Therefore, we have

S tlfufanal )

B(t) / F (11, €] (s)eli Alrdags

oo

Combining (3.35) and (3.36), one has

(el €l SR (ST, @) S VR (3.37)
vielding (S7,8)[u1,€] € By, x Be.
For any sequence [LM,SU] i>1 C By, x B, denote um = [ /QL[J] a)da, €U = ! ém a)da. We set
! J> i ¢ i oo M1 o
b= S [l el €U = S[ul €U, Similar to (3.37), we have
A < opptrrRma ) < OV RTIM forall > 1 3.38
Ky

for a constant C; > 0 independent of j.

For any compact subset K CC [tg,00), by the equation (3.31) and the Holder regularity for the outer

solution %, for all j > 1, [z[f I and 5 Ul are uniformly Holder continuous in K. Then up to a subsequence,

ﬁ[lj] — g, E[ﬂ — g in L®(K) as j — o0
for some g, § € Clto,0). By (3.38), we have

gl < Cat!™"T"RTM . |g] < CitTVRTITO
Thus, for any €; > 0, there exists t; sufficiently large such that for all j > 1,

sup £+ LR < (1) | (V) = g) (8)] + sup 7RI (2) | (69— ) ()] < e,

t>t t>t

and moreover, one has

hm[ sup ¢t LR e () |(AV - g) (1)) + sup ¢ RMe(r) | (€0 - ) (t>|] 0,

J=oo | te<t<ty to<t<t;
ie., Jli)n(r)lo (||/1[1]] — glla + |EV! - §'||f) = 0, which implies that (Sr, g) [111, €] is a compact mapping on By, X Bg.

Then Schauder fixed-point theorem ensures the existence of a solution (m,f) € By, x B for the system
(3.31).
O
The last step is to solve the inner problem (3.10). By (3.27), (2.4), and (3.22), we have
‘ué -(VU) (y) +26°U(y) (‘Po(uy +&t) = Uo(0,1) + Y(uy + &, t)) ’ STTVRT(H(n)){y)
We write H|[¢] := H [0]0, 11[0), €[], o + pa (9], €[¢]] for simplicity. From (3.20), we have
HIGl S 7"y~
We now apply Proposition 3.1 to the inner problem (3.10), and it suffices to solve the fixed-point problem
Indeed, for any ¢ € Bi,, given t( sufficiently large (so does 1), by Proposition 3.1, we have
W) [V T [A16])| + [T [H10]) | S 777 R™) 7, |Teo (0] | S 757 B2 (t(70)),

which implies i, [f{ [QSH € Bj, in particular.




12 J. WEI AND Y. ZHOU
For any sequence (¢;);>1 € Bin, denote QNSj ‘= Tin [ﬂ'[qu]], €j = Tey [ﬁ[gﬁj]], which satisfies

0:0; = Nyd; +2U(y)p; + Hlp;]  in Dag:={(y,7) | T € (T0,00), Y € Burqe(r)}
i (-, 70) = ;Z0 I Byp(t(ry))-
One sees similarly that there exists a constant C; independent of j such that
Al5) < Oty ) |[Vuds| + |3 < Cur R T el < G R (). (339)

For any compact set K CC D3pU(Bsg(t,) X {70}), parabolic regularity theory gives that ||¢; ‘|Cl+£’12ﬂ(K) < Cy
with a constant Co independent of j and a constant £ € (0,1). By Arzela-Ascoli theorem, up to a subsequence,

there exists a function g € C} such that
bj =g, Vybj = V,g in L¥(K) as j — oco.
By (3.39), we have
W) [Vygl + gl < CLr7"R™%y)™" in Dsg.
The compactness of the mapping Ty, [H [gb]] is a consequence of modifying the constant measuring the weighted
space for inner problem. By the Schauder fixed-point theorem, there exists a solution ¢ € Bj,.

The desired asymptotics of global solution to (2.1) are thus captured, and based on the space that the
solution lies in, it is a positive solution by maximum principle. The proof of Theorem 1.1 is complete.

4. REMARKS ON THE CASES n =3, 4

The constructions for the lower dimensional cases n = 3, 4 consist of almost the same steps as in the
previous section. But substantial modifications have to be made in the ansatz for the approximate solution.
Recall that in the error of the first approximation g, (2.5), the spatial decay is not fast enough in lower
dimensions, namely

Znia1(y) ¢ L2(R™) for n =3, 4.
Also, correction is also needed for &, in (2.6) in the self-similar region. This suggests that modifications must
be added to improve the decay of the error.

We add two global corrections ¢, and ¢gs that solve respectively
Bimt — A1 = ™ % 1 Zp 1 ()1 (7)
at¢ss - Aqbss = gn~

For instance, assume that n = 4, the term ¢y, expressed by the convolution form

o (,1) = / [ amte = )2 T i)z (LY (L) asas

has leading term in non-local form in

t—pl -
bon(,t) ~ —27 % / )

t/2 t—s

while ¢4 can be approximated by a neat self-similar form. Indeed, the leading term in &, is

3 _ . - — - — - - X
E=25ut™2 (27 @) - 570 @) + 7 "), §:= N

We take

qbss:u(ﬁl’ E:ME,
then ¢ satisfies
8@1 = A@l + E.
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Writing ¢; = ¢t~ 1 A(7) implies
A"+ (3+g) A+ A+ h(f) =0,
Y
~\ o2 ~-2 ")~ 1, . Y g
b =247 (') - 5 @)+ @)
Then

|z]2

bun(,1) = 2% |2 ( £ _ n@)) ,

and in particular,
bes(0,8) = =272 it 1.

The terms ¢y and ¢ will create new errors, making the reduced problem of the scaling parameter ()

non-local also. Similar computations as in [35] and [34] eventually lead to the non-local dynamics for u:
t—p(t) ¢ t
[ )
t/Q t — S t

with v4 , defined in (2.2). Above non-local equation can be solved by approximation

(plnt) ~ —vyg .,
yielding the trichotomy dynamics
(Int)~11=7, vy <2
p(t) ~ <1, y=2.
(Int)~1, v>2
However, the remainder needs to be controlled using Holder properties of solution, which is subtle and has

been dealt with in [35, Section 4] and [34, Section 5]. We omit the lengthy details here.

Remark 4.1. For the case n = 3, the non-local dynamics read

/0 uf(j))l/z (1- e ) ds = s (1),

where ((t) is an explicit function of u(t), M is a large constant, and h~ depends on . The resolution of the
Abel-type operator is achieved by the Laplace transform and its inverse. See [S, Section 6] and [1, Section 8].
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