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Abstract

We construct traveling wave solutions with a stationary or traveling vortex helix to
the inhomogeneous Gross-Pitaevskii equation

i = AV + (W(y) - 9P)w,

where the unknown function V¥ is defined as ¥ : R? x R — C, € is a small positive
parameter and W is a real smooth potential with symmetries.

1 Introduction

In the present paper, we consider the existence of solutions with vortex helices to the
nonlinear Schrodinger type problem

iU, = AT+ (W(y) - \\11|2)xp, (1.1)

where the unknown function ¥ : R* xR — C, A = 92 40z, +0;, is the Laplace operator in R?,
€ is a small positive parameter and W is a smooth real potential. The equation (1.1), called the
Gross-Pitaevskii equation [74], is a well-known mathematical model to describe Bose-Einstein
condensates.

Interest in quantized vortices has grown in the past few years due to the experimental
verification of the existence of Bose-Einstein condensates (cf.[9], [34]). Vortices in Bose-Einstein
condensates are quantized. Their size, origin, and significance are quite different from those
in normal fluids, as they exemplify superfluid properties (cf.[35], [10], [11]). In addition to
the simpler two-dimensional point vortices, two types of individual topological defects in three-
dimensional Bose-Einstein condensates have attracted the attention of the scientific community
in recent years: vortex lines [87, 84, 43] and vortex rings. Quantized vortex rings with cores
have been proven to exist when charged particles are accelerated through superfluid helium [76].
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The achievements of quantized vortices in a trapped Bose-Einstein condensate [93], [67], [66]
have suggested the possibility of producing vortex rings with ultracold atoms. The existence
and dynamics of vortex rings in a trapped Bose-Einstein condensate have been studied by
several authors [8], [48], [49], [37], [78], [42], [80], [47]. Vortex rings and their two-dimensional
analog(vortex-antivortex pair) have attracted much attention by playing an important role in
the study of complex quantized structures such as superfluid turbulence [11], [10], [55], [46].
The reader can refer to the review papers [38], [40] and [11] for more details on quantized
vortices in the physical sciences.

In the present paper, we are concerned with the construction of vortices by rigorous math-
ematical methods. We review some results on vortex structures.

1.1 The vortex structures for homogeneous cases

For the steady state, (1.1) becomes the problem
EAT + (W(y) - \\1:|2)x11 — 0, (1.2)

where the unknown function ¥ is defined as ¥ : R® — C, € is a small positive parameter and
W is a smooth potential. The study of the problem (1.2) in the homogeneous case, i.e. W =1,
on a bounded domain with a suitable boundary condition began with [14] by F. Bethuel, H.
Brezis, F. Helein in 1994, see also the book by K. Hoffmann and Q. Tang[45]. Since then, many
references addressed the existence, asymptotic behavior and dynamical behavior of solutions.
We refer to the books [2] and [81] for references and background. Regarding the construction of
solutions, we mention two works which are relevant to the present one. F. Pacard and T. Riviere
derived a non-variational method to construct solutions with coexisting degrees of +1 and -1
in [72]. The proof is based on an analysis of the linearized operator around an approximation.
M. Del Pino, M. Kowalczyk and M. Musso [29] derived a reduction method for the general
existence of vortex solutions under Neumann (or Dirichlet) boundary conditions. The reader
can refer to [56]-[58], [60], [86], [95], [25]-[26], [50]-[53], [82] and the references therein.

Traveling wave solutions are believed to play an important role in the full dynamics of (1.1).
More precisely, when W = 1, these are solutions of the form

U(y,t) = ﬁ(yh Y2, Yz — 6025).

Then, by a suitable rescaling, @ is a solution of the nonlinear elliptic problem

o ou _ 2> _

Zc@gjg AU + <1 |a|” ). (1.3)
In the two-dimensional plane, F. Bethuel and J. Saut constructed a traveling wave with two
vortices of degree £1 in [18]. In higher dimensions, by minimizing the energy, F. Bethuel, G.
Orlandi and D. Smets constructed solutions with a vortex ring [17]. See [23] for another proof
by Mountain Pass Lemma and the extension of results in [16]. The reader can refer to the
review paper [15] by F. Bethuel, P. Gravejat and J. Saut and the references therein. See [24]
for the existence of vortex helices.



1.2 The pinning phenomena in inhomogeneous cases

Before stating our assumptions and main result, we review some references on the pinning
phenomena of vortices.

We start the review by mentioning the pinning phenomena in superconductors, as described
by the well known Ginzburg-Landau model, which is relevant to the topics for Gross-Pitaevskii
equations. When a superconductor of type II is placed in an external magnetic field, the field
penetrates the superconductor in thin tubes of magnetic flux called magnetic vortices. This
will cause the dissipation of energy due to creeping or the flow of magnetic vortices[88]. In the
superconductor application, it is of importance to pin vortices at fixed locations preventing their
motion. Various mechanisms have been advances by physicists, engineers and mathematicians.
These methods include introducing impurities into the superconducting material sample or
changing the thickness of the superconducting material sample so as to derive various variants
of the original Ginzburg-Landau mode of superconductivity.

We first mention the results for the modified Ginzburg-Landau equations for a supercon-
ductor with impurities

AU+ AP -1D)P + W(2)T =0 in R?
VXV XA+Im(Psy,0) =0,

where W : R? — R is a potential of impurities, \/4 = 7 — 94 is the covariant gradient and
Ay = Ja - Va. For a vector field A, 7 x A = 01As — 0, A;. Numerical evidence shows
that fundamental magnetic vortices(degrees of 1) of the same degree are attracted to maxima
of W(z) and can be found in works by Chapman, Du and Gunzburger [21], Du, Gunzburger
and Peterson [36]. Strauss and Sigal [85] have derived the effective dynamics of the magnetic
vortex in a local potential. Gustafson and Ting [44] have shown dynamic stability/instability
of single pinned fundamental vortices. Pakylak, Ting and Wei show the pinning phenomena of
multi-vortices in [73]. Ting [89] studied the effective dynamics of multi-vortices in the external
potentials of different strengths.

As an extreme case of impurities, the presence of point defect or normal inclusion in some
disjoint, smooth connected regions contained in the superconductor sample will also cause
the pinning phenomena. Let D C R? be a smooth simply connected domain. For functions

U e H(D;C), A € H(D;R?), N. Andre, P. Bauman and D. Phillips considered the minimizers
of the energy in [1]

E(V,A) = /{ (V —iA)W ‘ 12(|\11|2_a(x))2}dx
+/§(V><A—hme3)2dx.

The domain D represents the cross-section of an infinite cylindrical body with es as its gen-
erator. The body is subjected to an applied magnetic field, h.,e3 where he, > 0 is constant.
If the smooth function a is nonnegative and is allowed to vanish at finitely many points, the



local minimizers exhibit vortex pinning at the zeros of a. Later on, for functions ¥ € H'(D;C),
A € HY(D;R?), S. Alama and L. Bronsard consider the minimizers of the energy in [5]

E(U,4) = /D{%‘(V—iA)\IJ‘Q + 4%2[(|\If|2—a(x))2—(a_)2]}dx
—I—/%(VxA—hw)zdx

where h,, is a constant applied field. They assume that

a € C*(D), {reD:a(r) <0} = U _ wn,
Va(x) #0 forall ze€odw,, m=1,...,n,

with finitely many smooth, simply connected domains w,, CC D. For bounded applied fields
(independent of €), they showed that the normal regions acted as ”giant vortices” acquiring
large vorticity for large (fixed) applied field h.,. Note that these configurations cannot have any
vortices in the sense of zeros of ¥ in } =D — U}, _,w,,. Nevertheless, they do exhibit vorticity
around the holes w,, due to the nontrivial topology of the domain 2. For h., = O(]loge|),
the pinning effect of the holes eventually breaks down and free vortices begin to appear in
the superconducting region a(z) > 0 at a point set, which is determined by solving an elliptic
boundary-value problem. The reader can refer to [6] and [3].

Work has also been done on non-magnetic vortices (A = 0) with pinning (see [7], [13]). For
example, in the model for the variance of the thickness of the superconducting material sample
considered by [7], a weight function p(x) is introduced into the energy

& =3 [ [plv P+ - wer] (149)
with a bounded domain and A — oo. They show that non-magnetic vortices are localized
near minima of p(x) in the first part of [7]. In the second part of [7], they also analyzed the
“interaction energy” between vortices approaching the same limit site by deriving estimates of
the mutual distances between these vortices. In fact, they showed that the mutual distance
between vortices(approaching the same limit site) is of order O(1/4/|log A|). See also the paper
by Lin and Du [59].

In 2006, experimentalists succeeded in creating a rotating optical lattice potential with
square geometry, which they applied to a Bose-Einstein condensate with a vortex lattice [90].
They observed the pinning of vortices at the potential minima for sufficient optical strength
and confirmed the theoretical prediction by Reijnders and Duine [77]. See also the papers
[3] and [68] for pinning phenomena of vortices in single and multi-component Bose-Einstein
condensates.

Note that the above results we mentioned are two-dimensional cases and the location of
the vortices (as in the sense of zero of the order parameter) was determined by the properties
of the potential. However, we are concerned with the existence of vortex lines to (1.1) in
three-dimensional space.



To the leading order, the vortex lines in the Ginzburg-Landau theory move in the binor-
mal direction with curvature-dependent velocity [75]. Moreover, the motion of vortex lines in
quantum mechanics is essentially determined by four factors [19]: the shape of the vortex line,
the shape of the back ground condensate wave function, the interaction between vortex lines
and possible external forces. By formal asymptotic expansion, A. Svidzinsky and A. Fetter
[87] gave a complete description of qualitative features of dynamics of a single vortex line in a
trapped Bose-Einstein condensate in the Thomas-Fermi limit. To be specific, we shall consider
a trapping potential W (y) = m(w? r? +w?2?)/2 in the cylindrical coordinates (r, 6, z), with as-
pect ration defined by A = w, /w, . In Thomas-Fermi limit, the density profile of the condensate
is given by the positive part of

p(y) = po (1 —1*/R — 2*/R2),

where R = \/2p/mw? and R, = \/2u/mw? are the radial and axial Thomas-Fermi radii of the
trapped Bose-Einstein condensates respectively; u is the chemical potential and py = um/4wh?a
is the central particle density. Then the velocity of a vortex line at y in nonrotating trap is
given by (cf. (38) in [87])

V= A(E, k) (%m + k:B) (1.5)

where T" and B are tangent vector and binormal of the vortex line. In the above,

A(E, k) = (—h/2m) log (g R72+ k2 /8)

and k is the curvature of the vortex line. For more details, the reader can refer to [87] and the
references therein.

Note that there are two important cases of vortex lines: vortex rings and vortex helices.
Recently, by rigourous mathematical methods, T. Lin, J. Wei and J. Yang [63] construct solu-
tions with a single stationary (and also a traveling) vortex ring for (1.1) with inhomogeneous
trap potential. More precisely, from (1.5) we see that the shape parameter(the curvature), the
wave function and the gradient of the potential will determine the limit site of the stationary
vortex lines, i.e. the potential will pin the vortex rings. We will call the role of the gradient of
the potential as the effect at first order of the potential. In [91], the authors studied the
role of the factor of interaction between vortex rings by adding one more vortex ring. It was
found that the interaction between vortex rings will be balanced by the second derivative of
the potential. We will call the role of the second derivatives of the potential as the effect at
second order of the potential. Hence, it is natural to construct the vortex helices, which is
not torsion free.

1.3 Main results: the existence of single vortex helix

In the present paper, we are concerned with the construction of vortex helices by rigorous
mathematical method. We are looking for solutions to problem (1.1) in the form

qg[(?j?t) = eiVeta<g17 g27 g3 - H€2| 10g6|t>7
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which has a vortex helix traveling along the y3 direction with velocity
9 1
C =relog—. (1.6)
€

Here € is any small positive real number. x and v, are two constants to be determined later (cf.
(1.12), (1.16) and (1.23)). Then @ is a solution of the nonlinear elliptic problem

ou
—ie?|1 — =N ; W(g) — |a|?)a. 1.7
iellogelr 5 = ¢ i+ (ve+ WG - laf)a (1.7)

Note that we need the trapping potential W of the form
W (i1, G2, G3) = W (01, G2, Us + ke’| log elt), (1.8)
see the assumption (A1) below.
1.3.1 A traveling helix
We first consider (1.7) for the case k # 0 provided that the real function W in (1.7) has the

following three properties.
(A1): W is a smooth function in the form

(A2): There is a number 1 such that

ow d ow
— 0 d — 0. 1.9
or = * 71 7 aw or li=m < (1.9)
Here d is a positive constant defined by (cf. (7.3))
1
d = — ! d 0 1.10
= [ ws Dy as > o (1.10)
where w is defined by (2.1). We also assume that W is non-degenerate at 7 in the sense that
OPW d
- — . 1.11
or? li=i, 72 70 (1.11)

Then we set the parameter x by the relation (cf. (7.5))

ow d d
e ¢ e (1.12)
or li=r 71 27y
where v is a geometric parameter of the vortex helix given in (3.7).
We assume that the vortex helix is directed along the curve in the form
a € R+ (Fcosa, 7 sina, 5\a) € R3, (1.13)



where 7. = 71 + f with the parameter f of order O(e€) to be determined in the reduction
procedure, \is any nonzero constant.
(A3): There also exists a number fo. with foc—71. = 1o + O(€) for a universal positive constant
To independent of € in such a way that

1+ (W(f) . W(f1€)> >0 if 7€ (0, Fa),
L+ (W) = W (1)) <0 if 7€ (i, +00), (1.14)

L (W) = W(R)) =0 if 7= 0,7

Moreover, we also assume that

Lt (W) = Wiio| =i + 06), if 7€ (0, 7).

L+ [W@:) _W<7215)} >y, if 7€ (Fo, Poe — 1),

) ) o A (1.15)
1+ [W(T) — W(Tle)] S —Co, Zf T e (TQE + T2, +OO)7
ow OPW
- — <
OF =y <0, OF? li=pye — 0

for some positive constants 7o, co, C1, Co, T1 and T2 with T < 79/100 and 7y < 7.

Some explanation is in order to explain the physical and mathematical motivation of the
assumptions in (A1)-(A3).

Remark 1.1.

We will need the symmetries in (A1) to transform (1.18) into a two-dimensional case in
Section 3 in such a way that we can use the mathematical method from [62]. Moreover,
we will use these symmetries to determine the locations of the vortex helices, see Remark
3.1.

To determine the density function(i.e. the absolute value |u| of a solution u) with decay by
the classical Thomas-Fermi approach in outer region of vortices, we impose the conditions

in (1.14).

The first condition in (1.15) will help us deal with the singularity caused by the skew
motions described in the formulation of problem in Section 3.1, see Remark 4.1. There
are solutions with vortex rings to the homogeneous cases such as Gross-Pitaevskii equation
[24] and Klein-Gordon equation with Ginzburg-Landau type nonlinearity [94]. It is an
interesting problem to construct helicoidally symmetric solutions with vortex helices to
these two equations.

It is also worth mentioning that we assume that W satisfies (1.15) in the region 7 >
Toc + To. This is because it is a vortezless region and we do not care about the effect of the
potential W there. Moreover, the assumptions in (1.15) will be helpful for dealing with
the problem in mathematical aspect and then determining the density function with decay
at infinity, see part 5 of the proof of Lemma 6.1. O

7



By setting
ve=1—W(71), (1.16)

to problem (1.7) and then defining V(7) = W (r) — W (#1), we shall consider the following
problem

i

N+ (1 V() — |a|2)a n ’i62|10g6|/<;a—}t — 0. (1.17)

Ya
Here is the first result.
Theorem 1.2. For e sufficiently small, there exists an axially symmetric solution of problem
(1.17) with the form @ = a(|7|,73) € C>(R3,C) possessing a traveling vortex heliz of degree
+1
eR— (fle cosf, 71.sinb, )\9) € R3,

where 71, ~ 71. @ 1S also mvariant under the screw motion expressed in cylinder coordinates
X <T79783)'_>(T70+05;33+5\06), VOCGR

More precisely, the solution u posses the following asymptotic profile

( w(£> e | §j € Dy ={l < 75/100},

(i1, o, ) ~ VIF V(@) e®, §eDy={F <y —ei )\ Dy,

561/3C]<661/3 F—Toe > eigaarj jeDy= {f > fo. — E%_)‘},
\

€

where we have denoted

~ > 9 . 5 A _ S oV
I=\R+B+B-%  T=REB. d=—| >0
T=T2e

and @f (U1, 72, U3) = g (T, 3) is the angle argument of the vector (T — 71, 93) in the (T,7s3)
plane. Here q is the function defined by Lemma 2.4. O

Remark 1.3.

e Due to the assumption (A3), in the region Dy we use the classical Thomas-Fermi ap-
proximation to describe the wave function. The reader can refer to then monograph [7/]
for more discussions. For the asymptotic behavior of u in Ds, there are also some for-
mal expansions in physical works such as [6]] and [39]. Here we use q in Lemma 2.4 to
describe the profile beyond the Thomas-Fermi approximation.

e The results in Theorems 1.2 and 1.4 can be extended to higher dimensions for the existence
of solutions with vortex heliz submanifolds in RY with the odd integer N > 5, see Remark
3.1 1n [92].

]



1.3.2 A stationary helix
We now consider the stationary case k = 0, i.e.
NG+ <u€ W) — |a|2)a — 0, (1.18)

by assuming that the real function W has the following properties (P1)-(P3). In other words,
the vortex helix will be completely pinned at a fixed site due to the role of the potential.
(P1): W is a symmetric function with the form

(P2): There is a point 7 such that the following solvability condition holds

oW d
— — = 0. 1.1
= + 0 (1.19)

F=iy 1

Here d is a positive constant defined by (1.10). We also assume that W is non-degenerate at
71 in the sense that

02w
o

=71

_ % 40, (1.20)

We assume that the vortex helix is characterized by the curve
a € R +— (7 cosa, 7 sinq, 5\04) € R3,

where 7, = 71 + f with the parameter f of order O(e) to be determined in the reduction
procedure.
(P3): There exists a number 7o, with Foe — T1e = 7o + O(€) such that the following conditions

1+ <W(f) _ W(f16)> >0 if 7€ (0, 7).
1+ (W(F) - W(fle)) <0 if 7€ (Far +00), (1.21)
L (W@ = W()) =0 if 7= 0,7,
with a universal positive constant Ty independent of €. Moreover, we also assume that
Lt W) = W] =& +0G), if 7 € (0, o).

*W

Feiae or?

<0,

Frae (1.22)
1+ [W(F) _ W(fk)] > &, if 7 € (Fo, Fa — 71),
<

1+ [W(f) —W(fle)] Gy, fT € (Fae + T, +00),



for some positive constants 7o, o, C1, Ca, T1 and T with 7 < 7p/100 and 7o < 7.

By setting
ve=1—W(T1), (1.23)

to problem (1.18) and then defining V(#) = W (#) — W (#y.), we shall consider the following
problem

A+ (1+ V(F) — |a\2)&= 0. (1.24)
The second result reads:

Theorem 1.4. For e sufficiently small, there exists an axially symmetric solution to problem
(1.24) in the form u = a(|7'|,y3) € C*(R3,C) with a stationary vortex heliz of degree +1

0eR— (fle cosf, T1.s8in b, 5\9) e R3,
where 71 ~ 7. U 1S also invariant under the screw motion expressed in cylinder coordinates
¥ (r0,s3) — (r,9+a,33+5\a), VaeR.

The profile of u 1s the same as the solution in Theorem 1.2. [

Some words are in order to explain the methods for the results. By using the screw invariance
of solutions, we transform the problem to a two-dimensional case (3.8) with boundary condition
(3.10) on the infinite strip & (cf. (3.9)) and then show the existence of solutions. Problem
(3.8) is degenerate when x; = 0 due to the terms

o
ox3

1 Ou A2

Lot ()

1 011 anc- + a3
The new ingredient is the second term, which does not appear in [63] and [91] for the existence
of vortex rings. Here, by using the first condition imposed in (A3) we shall make careful
analysis to deal with the problem near the origin, see Remark 4.1.

The remaining part of this paper is devoted to the complete proof of Theorem 1.2 by the
reduction method, see [29] and also [62]. The proof to Theorem 1.4 is similar and we omit it
here. The organization of the paper is as follows: in Section 2, we review some preliminary
results. Section 3 is devoted the formulation of the problem and outline of the proof. For the
convenience of readers, we collect notation in the end of Section 3.1. More details of the proof
of Theorem 1.2 will be given in Sections 4-7.

2 Preliminaries

By (¢, ¢) designating the usual polar coordinates s; = £ cos ¢, sy = {sin , we introduce the
standard vortex block solution

Uop(s1, 89) = w(l)e™?, (2.1)
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with degree +1 in the whole plane, where w(¢) is the unique solution of the problem

1 1
W'+ jw' = pwt (L= wfw=0 for €€ (0,+00), w(0)=0, w(too)=1

The properties of the function w are stated in the following lemma.

Lemma 2.1. There hold the following properties:

(1) w(0)=0, w'(0)>0, 0<wl) <1, w(l)>0forall>D0,

(2) w(l) =1— 55+ O(3) for large £,

(3) w(l) =kl — £65 + O(%) for { close to 0, where k is a positive constant.
(4) Define T =92 — 2 then T < 0 in (0, 400).

Proof. Partial proof of this lemma can be found in [22] and the references therein.

We introduce the bilinear form
Bloo) = [ 1vof - [ 1-wdlof +2 [ [Re(Cio)l
]RZ ]RQ R2

defined in the natural space H of all locally-H' functions with

el = [ 1908 = [ @=u?iof +2 [ [Re(Ciu)f <+
R2 R2 R2
Let us consider, for a given ¢, its associated 1) defined by the relation

¢ = iUot).
Then we decompose ¥ by the form
GRS
m>1

where we have denoted

Yo = o1 (€) + ivhoa (€),

Vg = P (£) cos(md) + ity (£) sin(md),

U = V1 (£) sin(md) + ity 5 (€) cos(m).

(2.2)

(2.5)

(2.6)

This bilinear form is non-negative, as it follows from various results in [14, 20, 69, 70, 83], see
also [28, 71]. The nondegeneracy of Uy is contained in the following lemma, whose proof can

be found in the appendix of [29].

Lemma 2.2. There exists a constant C' > 0 such that if ¢ € H decomposes like in (2.5)-(2.6)

with Yy = 0, and satisfies the orthogonality conditions

Re/ q‘s%:(), 1=1,2,
B(0,1/2) dsy

then there holds

¢2
Bo.o) =0 [ T

11



The linear operator Ly corresponding to the bilinear form B can be defined by
0? 0? 9 _
Lo(6) = (5 + 5)¢ + (1= lwP)o — 2Re(To0) Ui

The nondegeneracy of Uy can be also stated as following lemma, whose proof can be found in
[28].

Lemma 2.3. Suppose that Lo[¢] = 0 with ¢ € H, then

ol ol

=c + Cco——,
b=ag T,

(2.7)
for some real constants cy, cs. O

To construct a approximate solution in Section 3, we also prepare the following lemma [63].

Lemma 2.4. There exists a unique solution q to the following problem
q" — q(ﬁ + q2) =0 onR, (2.8)
such that the following properties hold:

q(l) >0 foralll € R, q) <0 foranyl >0,
qil) ~vV—t asl — —o0, q(0) ~ exp (—0*?)  as { — 4o0.

3 Formulation of the problem and outline of the proof

As stated in Section 1, we will only give the proof to Theorem 1.2. By using the symmetry,
we will first transform (1.17) into a two dimensional case in the form (3.8) with conditions
(3.13) and then give an outline of the proof.

3.1 The formulation of problem and notation

Making rescaling § = ey, problem (1.17) takes the form

0
Au + <1 + V(ey) — \u|2)u + i€l loge\/ﬁa—? =0. (3.1)
Y3
Introduce a new coordinates (1,60, 93) € (0,400) x (0,27] x R in the form
1 =1rcosl, g =rsinf, Y3 =7ys. (3.2)
Then problem (3.1) takes the form

(5+2 18_2+32)

ou
ﬁ+0_g]§+_2892 ™ + (1+V(er) — |ul )u+ze|loge|/<a = 0. (3.3)

s

12



For problem (3.3), we want to find a solution u which has a vortex helix directed along the
curve in the form
0 € R+ (ricosf,risinfd, \0) € R?,

with two parameters
re=7f1/e, A= \e. (3.4)
Moreover, u is also invariant under the screw motion
X (r,0,93) = (r,0 +a,y5 + Aa), VaekR. (3.5)

Then u is a solution to

02 10 A2\ 02 ) , ou
2 + - + (1+ T_2>_gj§ U+ <1 + Ver) — |u| >u+ze|10ge|ma—g3 =0, (3.6)

which will be defined on the region {(r,7i;) € [0,00) x (=M, A7) }. Recall the parameters in
(3.4) and then set

A 1 1
o= , vy =V1+o?2, §= = (3.7)

T1e /|7215|2+ |;\|2 Y T1e

Hence we consider a two-dimensional problem

a_2+ii_|_ —2<1+/\_2)a_2
dx?  x1 0xy 7 2?2/ 0x3

By using the symmetries, in the sequel, we shall consider the problem on the region

9
ut (1 +V(e|za]) — \u|2)u +ie|log €] g a_;; —0. (3.8)

S ={z=mz 41z : 71 €R, 25 € (=I1/7,A1/7)}, (3.9)
and then impose the boundary conditions

lu(z)| = 0 as |z1] = +o0,
0
—u(O,xg) =0, Va3 € (=A1/v,A1/7),
8x1
u(zy, —Am/y) = u(xy, A\r /), Va, €R,

Uy (T1, —ATT/7Y) = Uy, (1, AT /), Va; €R.

(3.10)

Before finishing this section, some words are in order to explain the strategies of solving
problem (3.8) with boundary conditions in (3.10). It is easy to see that problem(3.8) is invariant
under the following two transformations

u(z) = u(z), u(z) = u(—2). (3.11)
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Thus we impose the following symmetry on the solution u

.= {u(z) = w(2), u(z) = u(—3) } (3.12)
This symmetry will play an important role in our analysis. As a conclusion, if we write

u(zy, xe) = uy(x1, T2) + tug (1, x2),
then u; and wusy enjoy the following conditions:

lu(xy,22)] = 0 as |x;| — 400,

U1($17$2) = U1(—$1, IEQ), U1($1,$2) = U1($1, —$2),
U2($1,372) = Uz(—xbfcz), U2($17$2) = —Uz(l‘l, —372)7
8U1 . 8u2 .
a_xl<07 x2> - 07 8x1 (07 x?) - 07 (313)
0 0
wilan, =Am/7) = wlm, Mefy). G, —Aw/y) = 52 (e M)
aul 8Ul

8_1,2(']:17 _)‘77-/7> = a_ZL'Q(SEh )‘71-/7) = 07 uQ(xb —)\71'/’}/) = U’2(‘r17 )\ﬂ-/fy) =0.

Problem (3.8) becomes a two-dimensional problem with conditions in (3.13). The key point
is then to construct a solution with a vortex of degree +1 at &, and its antipair of degree —1
at &, where & are defined in (3.16). Additional to the computations for standard vortices in
two dimensional case, there are two extra derivative terms

1 Ou A2\ O%u
—2Z and 1721+ 5) 5.
x1 01y e N 2?2/ 0x3

These will lead us to further improve the approximate solution to satisfy the conditions in (3.13).

Note that the potential V' in (3.8) possesses the following properties due to the assumptions
(A1)-(A3):

oV
57, =0 0<1+ V() =cr* +0() if 7€ (0, ),
T l7=0
oV d d 0%V d
Y + == KV—, Yoy — 5 #0,
or li=m 71 2 or? li=i |71]2
(3.14)
ow oPW
1+ V() =1, 14 V(f)=0 o <0, . <0,
+ V(i) + V() OF |izro. 072 i=ro.
1+ V(7)) > e if 7€ (fo, Poe —71), 1+ V(F) < —cy if 7€ (foe + 7, +00).
Notation: We have used x = (x1,22) = (r, y3/7) and also write ¢ = |x|. We may write
z =x1 +1xy. In this rescaled coordinates, we write
Toe = To/€, e =T1/e+ [ =T1c/€ withf:f/e, Toe = Tac /€, (3.15)
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Figure 1: Decompositions of the Domain &

where the constants f, #1. and Po, 7o are defined in (1.18), (1.14) and (1.15). By setting,
&+ = (116,0) and & = (—ry,0), we introduce the translated variable

s=x—§& or S=x-—-&, (3.16)

in a small neighborhood of the vortices. For any given (x1,72) € R2, let o (z1,72) and
0o (T1,x9) be respectively the angle arguments of the vectors (x1 — r1e,22) and (1 + rie, T2)
in the (x1,xa) plane. We also let

61(371, LUQ) = \/(371 + Tle)2 + 37% s gg(&ﬁ, .TQ) = \/(]71 — 7’1€>2 + x% s (317)

be the distance functions between the point (x1,z2) and the pair of vortices of degree +1 at the
points £ and £_. We decompose the region & in (3.9) into different parts Dy, Do, D3, Dy and
Ds in the following forms, see Figure 1

D, E{(i[fl,l'g) €6: 4 < e**l},

Dy, = {(ZEl,JIQ) €G:ly< e’*l},

Dy z{(xl,@) €6 || < 7o —e_’\Q} \ (DU D), (3.18)
€6 1‘1>7’2€—6_A2},

)
D5 = { (%1,332) €6 1 < —To¢ +€7/\2 }
Here \y and \y are two constants, independent of €, with 0 < Ay, Ay < 1/3, see (4.22) for the
choice of A\1. To the end of construction of vortex pairs locating at &, and £_, we write locally
82u+<1+)\2> _,0%u ((92 N (92) Lo
R R - - R — Ju
o3 x? 7 013 ox?  Or3 7
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Finally, we decompose the operator as
Slu] = Sp[u] + Si[u] + Salu] + S3[u] + Saful,

with the explicit form

2 0 )
Solu] : = (a—ﬁ + a—x%)u, Sifu] i= (14 V(elaa]) = Jul?)u,
(3.20)
ou

A2 A2 | 9% 1 Ou K
! L R
SQ[U/] = [— ]— Sg[’d] = — 84[u] = ZE/}/ ]loge[ 5

2 2 )
xi  |ref? | 023 x1 01y

We will use these notation without any further statement in the sequel.

3.2 Outline of the Proof

Step 1. To construct a solution to (3.8)-(3.10) and prove Theorem 1.2, the first step is to
construct an approximate solution, denoted by Us in (4.52), possessing a pair of vortices with
degree £1 locating at & = (r1,0) and £ = (—71,0). The heuristic method is to find suitable
approximations in different regions and then patch them together. So we decompose the plane
into different regions Dy, Ds, D3, Dy and D5 as in (3.18), see Figure 1. Note that the components
of Dy and D, center at £ and &,.

The first approximation U is a solution which has a profile of a pair of standard vortices
in Dy U Dy, which possess the degrees +1 and centers &, and £_, see (4.1). Then in D3 we set
U, by Thomas-Fermi approximation in the form (4.2) and make an extension to the regions D,
and Ds. In fact, by some type of rescaling, in D, and D5 we use ¢ in Lemma 2.4 as a bridge
when |z| crossing 9. and then reduce the norm of the approximate solution to zero as |x| tends
to oo.

Now there are two types of singularities caused by the phase term of standard vortices and
the Thomas-Fermi approximation, which will be described in Section 4.1. In fact, to cancel the
singularities caused by Ss[po] and S3[pg] with the standard phase ¢g in (4.1), we will add one
more correction term ¢y in (4.33) to the phase component. Finally we get the approximate
solution Uy in (4.52), which has the symmetry

Z/{g(fﬁl, Ig) = UQ(Z'l, —I'Q), Z/[Q(Z‘h Z’Q) = Z/{g(—$1, ZE‘Q). (321)

These are done in subsections 4.1 and 4.2. The Section 4.3 is devoted to estimation of the
errors in suitable weighted norms. The reader can refer to the papers [29] and [62].

Step 2. To get explicit information of the linearized problem, we then also divide further D,
and D, into small parts in (5.10), see Figure 2. In Section 5, we then express the error and
formulate the problem in suitable local forms in different regions by the method in [29]. More
precisely, for the perturbation ¢ = 1; + ity with conditions in (5.5), we take the solution u
in the form (5.3). The key points that we shall mention are the roles of local forms of the
linearized problem for further deriving of the linear resolution theory in Section 6.
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e In Dj, the linear operators have approximate forms, (cf. (5.32))

- 0? 0? 1 0 2
Ly(yn) = <693§ + 072 +:1:_18x1>¢1 + EV&'V%,
0? N 0? N 1 0
or?  0x%  x,0x

2
A

Ly(vz) = ( e = 2P + 7 e

The type of the linear operator Ly was handled in [62], while L3 is a good operator since
|Us| stays uniformly away from 0 in D3 by the assumption (A3), see (5.30).

e In the vortex core regions D;; and Dy, we use a type of symmetry (3.21) to deal with
the kernel of the linear operator related to the standard vortex.

e In D,,, the lowest approximations of the linear operators are, (cf. (5.35))

0? 0?
Ly (¢n) = <8_x% + a—x%>¢1 - (f + q2(€))@/}1 )

0? 0?
Ly (2) = <W + @)% — (04 3¢%(0)) 1)y
1 5

By Lemma 2.4, the facts that Ly1.(¢) = 0 and Lj1..(—¢') = 0 with —¢’ > 0 and ¢ > 0 on
R will give the application of maximum principle.

e The linear operators in the region D, can be approximated by a good linear operator of
the form, (cf.(5.40))

s 92 O\ - .
Lua|d] = (— —> 14+ V)4,

with (1 + V) < —cy < 0 by the assumption (A3). For more details, the reader can refer
to the proof of Lemma 6.1.

Step 3. After deriving the linear resolution theory by Lemmas 6.1 and 6.2, and then solving the
nonlinear projected problem (5.42) in Section 6, as the standard reduction method we adjust
the parameter f to get a solution with a vortex helix in Theorem 1.2. It is showed in Section
7 that this is equivalent to solve the following algebraic equation, (cf. (7.5))

ov
or

1 d Pt f d
log — + logrl—i_f "

C(f) == —2me =
(/) F=f1+f € P+ f € 2y

=0,
where O(e) is a continuous function of the parameter f. By the solvability condition (1.9) and

the non-degeneracy condition (1.11), we can find a zero of C ( f ) at some small f with the help
of the simple mean-value theorem.
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Remark 3.1. Similarly, to prove Theorem 1.4, we need to solve the equation,

1 d f1+f
og

+ Of(e)

where O(€) is a continuous function of the parameter f By simple mean-value theorem and
the_solvability condition (1.19) and the non-degeneracy condition (1.20), we can find a zero of
C(f) at some small f. O

4 Approximate solutions

As we stated in Section 3, in the rest part of the present paper, we shall solve the two-
dimensional problem (3.8) with conditions in (3.10) by finding a solution with a vortex of
degree +1 at &, and its antipair of degree —1 at £ . The main objective of this section is to
construct a good approximate solution and evaluate its error.

4.1 First approximate solution

Recalling the definition of the standard vortex of degree +1 in (2.1) and notation in Section
3.1, the construction of the first approximate solution U, can be roughly done as follows:

(1) If (21, 22) € Dy U Dy, we choose U; by
U (21, 32) = Us(zy,10) = pe°, (4.1)
where p = w(f3)w(¢;) and the phase term ¢y is defined by po = ¢f — ¢; .
(2) If (21, 22) € Ds,, we write

U (21, 79) = Us(zy, 1) = /14 V(e|zy])e™. (4.2)

The choice of Us; here is well defined due to the assumption (A3), see also (3.14). It is
the standard Thomas-Fermi approximation, see [74].

(3) By the assumption (A3), there exists a small positive ¢y such that for 0 < € < ¢, we can
set

de 1= —ea—v > 0. (4.3)

Or |i=fs.
Let g be the unique solution given by Lemma 2.4. Choose
Us(z1,29) = Cf(xl)ewo on Dy, Us(z1,29) = (j(—xl)ewo on Ds, (4.4)
where the function ¢ is given by

G(z1) = 53/3Q<5§/3(x1 - rze)). (4.5)

It is obvious that the approximation on & will vanish at infinity.
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For further improvement of the approximation, it is crucial to evaluate the error of this
approximation, which will be carried out in different regions as follows. Obviously, there hold
the trivial formulas

w'({y)
2

($1 + Tle, 5132)7

Vm,zzw(EZ) = )(1'1 — T1e, .ZCQ), Vxhxzw(el) =
(4.6)

—X2 Ty Ty —Tie T1+ 7”15>

Vo P0(T1,T9) = <(€2>2+ (51)2’ (05)2 B (01)2

We may work directly in the half space R2 = {(z1,z2) : 21 > 0} in the sequel because of the
symmetry of the problem.

4.1.1 The error term: S[U,]

Firstly, we estimate the error near the vortices. Note that for x; > 0, the error between
1 and w(¢;) is O(¢;?), which is of order €2, we may ignore w(¢;) in the computations below.
Note that

SolUs] = Afw(t)]w(ls)e + Alw(ly)]w(ly)ee — Uy|Vipo|”
+ 2"V w(ly) - Vw(ly) + 2iei“0°V(w(€2)w(€1)) Vo + iA[po]Us.

In fact, Alpo] = 0. Then, there holds

Alw(ty)] w(ts)e” + Alw(ly)] w(ty)e” — U2|Vg00

‘ 2

= [w’/(fl) -+ %w’(ﬁl) — @w(fl)} ’wl(ng)
y 1, 1 U,

— U,

Veo|” - |Veg|” - \wgy?],
where for x; > 0

I’% + (xl - Tle)(xl + rle)

Uy ‘VS00’2_ ‘VSO(HQ_ ’V<P6|2 = —20; ze
. 1 2(1’1 — 7”15)7”16
= —2U2[E+—€%€% ]

The next term in Sp[Us] can be estimated as

+ <$1 — 7”16)(131 + ’/’1€> w’(ﬁl) w’(&)
2% w(ly) w(la) .

2
20V w(ly) - Vw(ly) = 2U, =

Note that Vw(ly) - Viog = 0 and Vw(l;) - Vi, = 0. By the formulas in (4.6), we get
2ie"° V (w(la)w(tr)) - Vipg
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= 2ie"”w(l)Vw(ly) - Vg + 2iew(ls)Vw(ly) - Vi
TaT'1e w/(gl) 4l TaT1e w,(@)
01(6)% w(t) 20(0)? w(ls)

Now, we will turn to the computation of S;[Us]. In a small neighborhood of the point

~

= —4ilU,

7 = 1. = €ry,, by Taylor expansion we also write V(e|z1]) as the form
oV
V(e|z1]) = € 5l (71 — 1) + 0oy —ric?).
=€T1e

It is easy to derive that, in the region D,

Si[Us] = <1+V— |U2|2>U2
= (1= (@) Ve + (1= (@) )Us + (jw(@)P + w(e) - |V = 1),

oV
+ €Uy — o7 | (551 — i) + ¢ O(|zq — 7’1e|2)U27
where
(@) + (@) = 022 = 1)Uy = = (ju(t) 2 = 1) (Ju(ta) = 1)U,

1
O
(1+02)(1+63)

Us.

Whence, we can write

So[Ua] + S1[Us] = Qa1

where
o - -} 2=y e ) 1
—Wz;:;z 0~ e @
+ €U, %‘; m(xl —71e) + €0z — 1)Uy — O i +£%)1(1 e Us.

The calculation for the term Sy[Us] is proceeded as

A2 A2 | 02 ,
s = - 5] ]
Q[UQ] Y l’% |r16|2 ax% pe
BY 2 2~ o|
2 A_Z_ A 5‘§+2 dp Do pé’sao‘ 020
x|l | | O3 Oxe 014 Oy (4.8)
)\2 )\ 62(,00
U -9
ity QB% |7“15|2 8x

= Qg + 1 Uz Soipo).
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Here we need more analysis on the term i Us Sy[pp]. Note that

9%y _ %o B 2oy _ —2(x1 — 71e) X2 B —2(x1 + 710) T2
3 03 3 15 Iz :
There also hold
2 )‘_2_ % _ 20 (1= 710) + 0% 3ri(my —rie)? + 2(xy —11)?
! [E% |Tl€|2 T1e 72 ' e T1e ’)/2 x%
20?2 ) )
- 2 (w1 —71e) + O((xl_rle) /|71l ) for x ~ &4,
le
and
- A A’ 20° o’ 3rie(z +re2_21' +Te3
72_2_ 5| = 2($1+T’1e)+ 3 1(1 1)2 (1 1)
Ty |71l T1e Y T1e Y x]
20 ) )
o (21 +7116) + O((1 +710)*/|r1el?) for x ~ &
le

Whence there is a singularity in the form, as x ~ &,

202 (xl_rl)a%ag 20 D¢y 40® sisy
r1e ‘

- r = S]_ —
2 2
ox3 T1e Y2 0s3 rey? |s|t

with variable s = x — &,. A similar singularity exists in the neighborhood of &_

o (21 + 1) (=1) Doy _ 202 5 Py _ 402 §23,
T1e Y2 ! ¢ 013 T1e Y2 053 rey? | S

with the variable § = x — £_.

The term S3[Us] obeys the following asymptotic behavior

1 0U2 T + e w’(ﬁl) 1 — T1e w’(fg) . 1 8@0
T 8;1:1 Qilgl ’LU(gl) 2+ .Tlgg w(ég) 2+ 1 T 8x1

= Qg3 + ZUQ 83[300].

We here also need more analysis on i Us S3[go]. By the computation

1%_18@{ 18@5_1(—@ xg)

T1 81’1 T 5’x1 T 8x1 T1 6% é%
we find that it is a singular term. More precisely, the formulations
1 1 — T
— = — < for & ~ &,
T T'le T1e 21
and ] N
L7
— = — + < for z ~ &_,
Ty T'le T1e X1

21
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will give that, in the neighborhood of £, with variable s = z — &, there is a singularity in the
form

1 doi 1 O 1 Oy 1
1 0¢s _ [ _ s } Yo with Poo _ L %2 (4.15)
z1 Oz re  Tie(rie +s1)d s re 081 r1e |s]?
and a similar singularity exists in the neighborhood of £_ with the variable s =z — &_
1 9¢g 1 $1 ] deq : 1 Oy 1 5
St R - |(-1)=E th —_— = ——— . (4.16
x1 01y [ T1e + T1e(81 — T1¢) ) 051 A r1e 08 T1e | § 12 (4.16)
For S4[Us], there holds
xo w(ly) . xo w'(ly) 2(23 — 23 — |r1e*)rie
SulUs] = Zelloge| Uy | i22 1— —
iU v [ og ¢ U 0 w(ty) l w(ly) (010,)? (4.17)

= 924.

By combining all estimates above and using the equation (2.2), we write the error, near the
vortices, in the form

S[Uz] = le + FQQ. (418)

In the above, we have denoted the combination of the singular terms as F5; and also Fys in the
form

F21 = ZUQ (SQ + Sg)[(po] and FQQ = ZQQJ'.

Whence we need a further correction to improve the approximation. On the other hand, we
collect all terms in Fy; and then get

Re F22 . ToT1e w’(él) i 4 ToT1e U),<€2) -2 )\_2_ )\2 gaﬁ 3@0
—ZU2 61(82)2 w(ﬁl) €2<€1)2 w(ﬁg) " Z‘% ‘7’16|2 ,58562 8x2 (4 19)
T /(61) T2 w/<€2) .
— Zeloge| | 22 + — ,
- €lles ’[e w(ly) |l w(ly)
and
Fo 1 2z — rie)rie 234 (21 — r2) (2 +112) W () W' (£)
I = — 2 2
R [42 LT |+ 0l w(fy) w(ty)
ov 9 9 1
+ S oo (:cl —r1e) + € O0(|lzy —r ") + O (EYEEYE)
(4.20)
i _9 )\2 2 162 aQOO 2
7 2 |re| | posE 0wy

2(9(:% — 23 — \r16|2)r16

x1 + 11 W' () N x1 — rie w'(ly)
(£12)?

$1€1 U}(€1> 131€2 "LU(€2)

22
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By careful checking, we find that F, is a term defined on the region D, with properties, for
¢y >3and ¥y >3

Re( Fy ) - O(e'=7) N O(e'=7)

—iUs/ | = (1+41)3 (14 4)3
Foo O(e'7) O(e'™7)

I <

o (—z’U2> T (1+ )T (14 ly)tHo]

and
F:
| _?5 < Ce|logel, (4.21)

et L ({0 <3}uita<s})

where o and p are some universal constants. In fact, we have for example

ov oV (-
_ J— c —_ —O o 1 g 240
= oo™ | T il [T e O L EPT)
0(61—0)
= 11/ \1to D
ETARCAE A
by choosing
2\
0<X<1/3 and - ; <o<l (4.22)
— A

4.1.2 The error term: S[Uj;]

Secondly, we compute the error for Us in Ds. It is easy to check that the error of Us is
S[Us] = So[Us] + S2[Us] + S3[Us] + S4[Us].

The above components can be computed as follows.

The computations

0 € —172 0V
— N - (1 bl
VI Vdal) = 5 (1+V) ™ 2,
0? €2 _g2 |0V 2 € _12 O*V
o 1+ Viela|) = _Z(1+V) i 5(1+V) VR
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give that the first term in S[U3] is

So[Us] = A[\/1 n V}ew“ + 26 VIV - Vg — VIT Ve | V|

1, oV} eivo 1,82V %o 2
= — — _ — — _U
1€ |5 (1+V)3/2 + 5€ P2 (1+V)1/2 3|V800|
. Us
VvV .V
R 7o
—Qu + i YV
=13 11V ¥o-

Note that 1+ V will tend to zero as x; approaches 0 or r9. due to the conditions in (A3). We
shall do careful analysis in this region. By recalling these conditions rewritten in (3.14), there
holds if z1 € (0, roe — 71 /€),

Q31 = O()e™ + 10(e(t) ™ +e(la)™ ") e + O((L) >+ O(l) %) Us.
On the other hand, if 21 € (19 — 71 /€, T2c — € 2), we get
Q= O(e¥2T/2)e0 4 O((0) 2+ O(bs) %) Us + i e 20((6)7" + (62)71) e,
where 0 < Ay < 1/3.

Explicit computations give that

)\2 )\2 8@70 2
— 72 —_— — )y
SQ[Ug] = Ug’}/ x% |T‘16|2] 81}2 —+ ’lUgSQ[QOo]

= 932 -+ ZUgS2[(pO]

We then write the term 882;020 in Sy[po] in the form
2

82@0 . —2(1E1 — T16)$2 —2(1'1 + T16>ZE2

03 N 1% 5
o Armems Smordri(b+by)
(Jriel® + 23)? 0165
21’255%7’16 4 2 2 2 4 2 2 2
— Ci([rel” + a5+ 05) + 6(|re|* + x5+ £
(e + 22)? 1 ([r1el 2 5) o ([71e| 2 1) (4.23)
161’2.1’%7"%6 <£2+€2)(|7‘ ‘2+$2)+€2£2
le
s+ |17 )0
4711 T
=_ "l .9
(Ir1el? + 23)?
then obtain
5 | A2 A2
U3 S = ¢Usy | — — C) Us S t .
i Us Sa[po] (X% :1:% ESP + 1 Us Sy[arctan(zy/71c)] (4.24)

= Q33 + i Uz Sylarctan(zy /r1c)],
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due to the relation

i Us Sylarctan(xo/71.)] = iUy 2

_ 4.25
2 P (4.25)

)\2 )\2 47”16 )
(Ireel® +23)*

In the next section, we will also introduce a correction in the phase term to get rid of the
singular term in i Us Sy[po]. Hence, there holds

So[Us] = Q2 + Qa3 + i Us Sylarctan(za/r1c)].
Moreover,
Qo = O(E2(01) 2 + €(L2) 72) €',
due to the facts that
Us(21,m9) = [Go 2t + O(lexy[/?)] e for |ex| < 7o,
and
2 Ty —T1e X1+ 71 2

62 - €2 == O((fl)_z + 0(42)_2) in D3.
2 1

90
8;52

Remark 4.1. We pause here to remark that we need the assumption
0<1+ V() =co* +OF°) if 7€ (0, fo),
in (5.14) (see also (1.15)) to cancel the singularity caused by N\?/x?3 at x1 = 0. O

Similar calculations hold

1 eiPo 10V

S;(U5] =€ — v - ——  Us S
sl = s ey o a7 T Vs Ssleol (4.26)
= Qg4 + 1 Us S3[eo].
If z1 € (0, roc — 71 /€), We get
Qg4 = 0(62)€i¢0 .
If 21 € (roc — 11 /€, Toc — €72), we get
Q34 = 0(6(3+/\2)/2)6w0 .
On the other hand
. ‘ 1 Opo . 4o 11,
UsS =i ——— = —jUs ——F— 4.27
tUs 3[900] tU3 71 Oy tUs (62)2(&)2 ( )

is not a singular term.
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The last term in S[Us] can be estimated by

2(xf — 23 — |riel*)rie

(£1€2)?

K
S4[Us] = — ;e|10ge|U3

935.

In summary, we write
S[Ug] = F31 -+ F32. (428)
In the above, we have denoted the combination of the terms as F3; and also Fj3y in the form

VV -V

F3 = iU T v

+ 1 Uz Sylarctan(za/r1c)] + i Us Sz[wo],

and

5
F32 = Z Q3j.
j=1

By careful checking, we find that F3s is a term defined on the region D3 with properties,

e )| = T+ 6)F " (1+6)°

Re ( F3o )‘ < O(e'=9) O(e'=)

(4.29)

O(e'=7) O(e'79)
(14 4y)tte (1 + lg)tte

I < F3o )
m(—
1,e¥P0

4.1.3 The error terms: S[U,] and S[Us]
Finally, the errors on D, and D5;. We begin with the error of Uy

S[U4] = So[Us] + S1[Us] + S2[Us] + S3[Us] + S4[Ud],
where
SolUa] = 8.q" (8% (@ = ra) ) 70 + 20V Vo — 4| Veao|

By the conditions in (A3)

oV
1+ V(e|lzy|) = 1+ Viers) + o F:mee(azl — 7o) + 0(62(331 — 7~2€)2) (@.30)

= —(56(1’1 — 7"25) + 0(62(.T1 — 7”26)2).
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We also write S;[Uy] of the form

S1[U4] = 0. [ — 561/3(x1 —79) — ¢ (561/3(1‘1 — 7“26))] q<53/3(a:1 — r26)>ei‘p0
+ [(1 + V) + c(z1 — 7“26)] Ge'#o.

The equation of ¢ in Lemma 2.4 implies that there holds

. P )
So[U4] + Sl[U4] = 2¢e'%0 562/3 q/ <561/3(371 — 7‘25)>ﬂ — qABZ@O|Vg00|2
833'1
+ [(1 + V) — (a1 — 7"26)] Ge'vo
= Q41.
We proceed with the calculations
)\2 )\2 8(,00 2 (92@0
So (U] = U~ 2|5 — — — —‘ ]
2[ 4] a7 x% |7"16!2] ( O + 2 61’% )
)\2 )\2 8@0 2
A —) U, S
| !m!?] 3, T iU 2[¢o]
= Qo + 1 Uy Solpo),
where
89002 T —1T 1+ 2
= - I =0(1/f3) in D,.
e 17 17 (1/65) in D
Similar calculations hold
1 . .
Ss[Us] = ;53/3 q (551/3($1 — 7”26))62@0 + 1 Uy S3]po]
1
= Q43 + ZU4 Sg[@o]
The last term is
K 2(:5% —z2— |7“16|2)7’1e
S4|Uyl = — — €]l U,
il VEI &<l Us (£1€2)?
= Q44.
In summary, we write
S[Us) = Fu + Fa, (4.31)

where

4
Fy = iUsSs[po] + 1 UsSslpo), Fyp = 294]‘-
=1
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By careful checking, we find that Fjs is a term defined on the region D, with properties,
l1—0o l1—0
‘Re ( F42 )‘ < O(E ) O(E )

iewwo )| = (14461)3  (1+4y)%
(4.32)
Fio O(e') O(e7)
< :
’Im (z‘ewo> ‘ T (14 (14 )t

Similar estimates hold for Us on Ds.

4.2 Further improvement of the approximation

To get rid of the singularities given in previous section, we formally add a correction term
to the phase component of the approximation in the form

pa(z) = @s(2) + @1(2) + ¥a(2). (4.33)
The components will be found explicitly in the sequel.

Recall the constants 71, 79 ad 7; given in Section 1.3.1, and set
T = min{ 71, 79, 71 }. (4.34)
By defining the smooth cut-off function n.(z;) = 7(¢|x1|) where 7 is in the form
n(¥) =1 for |¥] <7/10, n(W) =0 for Y| >71/5, (4.35)
we add the last component

w2 = —ne(z1) arctan(za/r1c), (4.36)

in the above formula to cancel the singular term in (4.25). Note that

2

Apy = — n(xy) Warctan(mg/ﬁe) + 0(62)
2

. 47"15 T2
R

(4.37)
+ O(é%).

To cancel the singularities in (4.11) and (4.15) rewritten in the form

S5 402 s3s9 S9 02(3s% — 53)s9

9

rlsP o ma? st s riey?]s[t
we want to find a function ®(sy, s2) by solving the problem in the translated coordinates (s1, s9)

0*®  9*® _ s 02(3s% — s2)s9
ds? 0s3 172 s|? r1ey?]s|*

in R?. (4.38)
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In fact, we can solve this problem by separation of variables and then obtain
1 or s 302
> = log |s|* — —2 . 4.39
(81, 82) 47“1 72 S9 10g |S| 27“1672 |S|2 + 87“16’72 59 ( )

€

After setting x a smooth cut-off function such that

x(¥) =1 ford <7/10, xX(¥) =0 for ¥ >71/5,

the singular part is defined by
T & o? 3 302
() = X T log p = o2 + )
#s(2) = x(et) 4rq v? ©8 1% 2r1 y2 02 + 8r1c 72@
| 1% o’ 3 N 302 )
0g—= — ———= x
¢~ 2r1 2 03 8ric7? 2

(4.40)

T2

+ x(et)(

47‘16

For later use, we compute:

D , T1 — T1e 02 o 3 30

= 14 1 2

011 X(et)e / 47‘16 52 €2 2r1 72 03 + 871 Y2 2
2

2o (1 — 7r1e) T (1 + 71¢) o? 3 (r — r16)>

el
+ x(et) ( 212 02 2117203 T1e Y2 o

L1+ T1e i) 62 02 x% 30’2
(el 1 _
+ X(eb)e s ( 47y 2 52 211,72 03 + 871 2 2

(cty) (1:2 (r1+711e) @ (w1 —110) N o? 3 (x + 7’16)>7

(4.41)

2r1e 7?43 2r el rey?

(4.42)

1 2 212 1 1 o 3z
/ log 2 2 ( _ _) 2
+ x(el2) [47“16 2 %8 2 dry 2 \02 2 2r1ey2 L
o? 213 302
2r172 05 81172



Hence, we obtain

1 14 ,
Vs = X(eﬁl) [W@, log é) +0() | + x (561)0(5] loge|)
(4.43)
1 s ,
+ X((’fgg) W(O, log Z) + 0(6) + X (€€2)0(8|10g8’)

Note that the function ¢ is continuous but Vg is not. The singularity of ¢ comes from its
derivatives.

While by recalling the operators S, S3 in (3.20), the region & in (3.9) and its decompositions
in (3.18), we find the term ;(2) by solving the problem

1
A48+ 85+ m——=VV V42V Vg
Ve (4.44)
:—[A+SQ+Sg+n31+Vvv-v+2vn3-v}(¢o+¢s+¢2) n e,
Y1 = —¢o — s — pa on 06. (4.45)

We derive the estimate of ¢ by computing the right hand side of (4.44).

We begin with the computation on the ball B/ 0c(£+). Recall the formulas (4.9), (4.11),
(4.14), (4.15). For z € B:10¢(&+), there holds

(A Sy + Sg)% + Ap,

= Aps + (SQ +S3>900

T — 71 Opg 0_2 3ric(ry — 1r1)? 4+ 2(x1 — r1)® O]

= = ¢ O(€?
T1e L1 81‘1 +’)/2 7”lex% am% - (6)
T1— T X 202 3ric(ry —r1)? + 2(xy — r1)? (21 — ri)x
_ M 1_22_ i 1e(x1 1) 2(1 10)” (21 41)2+O<€2)
rexr A5 v T1e T3 %

due to Agy = 0. Similarly, by recalling (4.9) and (4.42), we obtain for z € B, 10.(£+)

20?2
SQ[QDS] = [_ r 72 (xl - Tle) + O((xl - r16)2/|rle|2>]
(1- 302)2:132 (=14 701)1’% B 402:626 Lo
2r1e 720, T1e Y25 r1e V28
= O(¢%),
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and by recalling (4.41)

Sslps] = 1 1 [xQ(xl —7T1e)  T2(T1 + T1e) ]

33_127416’}/2 f% - é%
1 o? ra3(x; —ri x3(xy + 7rie
Bl 2[2(14 1) 2(14 1)]+O(62>
X1 T 45 &
= O(é?).

We also get for z € B-/10c(&+)

1
: 2 ) ] s) — Y,
VYV V42V V(90 £ 0) = 0

due to n3 = 0 in this region, and also

1
1+V

due to ¢, = 0 in this region. For z € B;/10c({-), similar estimates can be checked.

By recalling (4.23), (4.25) and (4.27) and (4.37), we do the computation on the region

A48+ 8+ m7 YV -V 42V - Vg =0,

So={z€& : |z] <7/10€ }.

There also hold ¢; = 0 and 13 = 1, and so by the expression of ¢, in (4.36)

1
A+Sg+Sg—|—ngl+VVV~V+2V7;3-V](900+g05+902)
1
= A S S - )
©2 + Sslwo] + Salpo + 2] + 1+VVV Vo
47’16$2 47’16 i) 2
= — - )
e aa O
A2\ 8y 1311 (ly + £1) 1625 22 13
2| A AT _ 171 _ 171 22 4 02\ (r2 2 6262)
R H 401 e, 7 (6 + Do+

227 x% T'le 42 2 2 472 2 2
- 6‘2%‘11(7*% I x%)g <€2<7’1e + a5+ 6) + (7 + rp + 62))

€ 6V 47”16 T2 I
1+Vor GF

In the region

(Brjae(&) \ Bojuae(€)) U (Boyael6-)\ Brjnael€)) U { (r.2) = 7/106 < [an] < 7/5¢ },

similar estimates can be derived.

For z in the region

S\ (BT/5€(£+)UBT/5€(§_)U{(Il,xg) ] §7/5e}>,
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we have ¢, = o = 0 and then

1
[A+S,+&44BL+VVV-V+2vm-Vhwﬂw%+¢g
1
f[&+sy+%1+vvv-v+2v%~jpo
A2 A2 | 9% 10 1
_9 0 Y0
= SO T [ T V. 2 .
BRE: \7“16\2] 0c7 Tz om T BTy Yy Ve T2V Ve (4.46)
-2 )\_2 _ )\2 21‘2(1’1 —7”16) _ 2.172(371 +7”16> _ 43727”16
R PR TE a a 30
. 1 a_V4iU1$27”1e a773 4127971
SRS or,  GE
due to Apy = 0.

Whence, going back to the original variable (r,¢3) in (3.2) and letting @(r, 73) = ¢1(z) we
see that

5 . . 1 . . C
Argap + Sald] + Sld] + 75, VV - Vo +2Vi - Vo < oo (4.47)
(VI+r7+150)
Thus we can choose ¢; such that
1
2 =0 ).
Vv 14 r2+|ys|?
The regular term ¢; is C! in the original variable (r,¥s3).
We observe also that by our definition, the function
Y=o+ P = Po t+ Ps T P1+ P2, (4.48)

satisfies

1
At Sy +Ss+n-———VV-V+2Vy-V]|p = 0 S,
MR e v eV Ve ot (4.49)

=0 on 06.

From the decomposition of ¢4, we see that the singular term contains z,log|z — .| which
becomes dominant when we calculate the speed.

By defining smooth cut-off functions as follows
. 1 s|<, _ 1, s>, . 1, s<1,
Ta(s) = { 0, |s|>2 M= { 0, s<-2 s(s) = { 0, s>2 (4.50)
we choose the cut-off functions by
= 77]2 (6)\161/30) + 772 (6/\162/30),
= 774(6)\2(131 - T2€))7

)

( )
15 (€21, exa) = 75 (€3 (21 4 72¢)),
( ) = 1= —na—s

T2 (6331, )

N4\ €T1, ET2

(4.51)
773 €EX1, €Ty
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We then choose the final approximate solution to (3.8) by, for (z1,xs) € R?

Us(z1,29) =+/1+ V(e|lai|)nz e + w(ly)w(ly) ny e

) Ve | (4.52)
+ q(w1)nae” + G(—w1)ns €.

By recalling the definition of Uy, Us, Uy and Us in (4.1), (4.2) and (4.4), we also write the
approximation as

Z/[Q :U2 T2 €i@d + U3773 ei“"d + U4T]4 ei“"d + U5?75 €w‘i. (453)

4.3 Estimates of the error

We shall check that Us is a good approximate solution in the sense that it satisfies the
conditions in (3.13) and has a small error. It is easy to show that

UQ(Z) = ﬁ, Z/{Q(Z) = Z/{Q(—Z), g—ilf(o,xg) = 0.

Recall the boundary condition in (4.49). It is obvious that

ImUy = [ L+ V(elzi)ns + w(le)w(li)ne + 4(z1)m + d(—h)%} S
=0 on 06,

(4.54)

and

0 Rell: 0 ) )
a; > _ 8:702{ [ L+ V(elzi])ns + wllo)w(ly)na + q(x1)na + q(—xl)n5} Cosgp}

. . .0
= [\/1 + V(elz1])ns + ¢(x1)na + ¢(—x1) 05 s1ng08—;; on 06, (4.55)

which is of order O(e?) due the fact

It can be checked that Uy satisfies the conditions in (3.13) except

oU,

=2 = . 4.
oy, =0 on 06 (4.56)

For the computation of errors, we work directly in the half space R% = {(z1,22) : 21 > 0}
in the sequel because of the symmetry of the problem. Recalling the definitions of the operators
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in (3.20), let us start to compute the error E = S[ls] in the form

E = S[UQ] T2 ewd + Ug (So + SQ + Sg + 84) [n26i‘pd}
A2 N | 0U, O(ae)
22 |riel? | Oze O

+ 2VU, - V<ﬁ2€i¢d> + 2")/_2

+ S[Ug] UR] ewd + U3 (So + SQ + Sg + 84) |:773€in:|
A2 N2 ] 9Us (')
22 |rel? | Oze Oz

‘ - - (4.57)
+ S[U4] T4 e'¥d + U4 (SO + SQ + Sg + 84) |:774€u‘0di|

+ 2Vl - v(ngewd> 42y

AN OU, O(nae™?)
23 |r?| Ore  Owo

+ 2V, - v(me%) + 272

+ S[Us| 55 €°* + Us (So + Sz + S5 + S4) [7}5€W}
_)\_2 . )\2 ] 8U5 8(775€i(pd)
22 |riel? | Oze O

+ 2VU; - v(nsewd) + o2y + N,

where the nonlinear term N is defined by
N = 772|U2|2U2€i(‘pd + 7’]3|U3|2U36i¢d + 774|U4|2U4€i<pd + 775|U5|2U5€i(pd — |Z/{2|2L[Q. (458)

The main components in the above formula can be estimated as follows. It will be shown that
the singular terms in S[U,] will be canceled by the relation

Apa + Salpd] + Sslpa] = —Sa[poe] — Sz[po]. (4.59)

Here we have used the relation Agg = 0 and the equation in (4.49).

Recall Fy and Fy in (4.18). Using the equation (4.59), the singular term Fb; in S[Us] is
canceled and we then get

S[Us] nz €%t + Uy (So + Sz + Ss + Su) [1n26"#]
= S[Us] n2 e Uy npe'?d (So +Ss +S3 + S4) [pa] + 2iUsVin, - Vg

A? A2 ;
(2iUg% 9¢a Us 1 €59 O

al’g

— Uymye'#d |Vg0d|2 + 472

x% N frle\Q

22 81’2 . 81’2

)
+ U2 ei‘p‘i (SO + SQ —|— S3 —f- 84) [772]

= F22 72 Gin + €2O(|£2|2).

The formulas in (4.41)-(4.42) imply that

. o AT1To T T2 [I% — x5 — T%e}
2VU; -V (1peet) = 2mpUne’
2 n2€ M2U2€ (£105)? 20
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T1 — T1e wl(€2) T2 [‘I% - I’% - T’%J

2% 0
ey AT ar

xy W' (ly) 27122

+ 2inyUye’P1 ==

T [ac% — x% — T%J 1 K%
— 4nyUye'¥e log =
22 (5152)2 4ry. gﬁ
1 1 €2
+ 2ipyleiea 22 W0 =+ O(e)

62 (fg) 47“1E 62

o (@ 1) () — 1)
= 21U, log 71
n2U2€ (0105)? 0gT1
. v 2 Wl) 1) log ¢
inUse 7 w(6) . ogrie + O(elogls).
Similar estimate holds for
A2 A2 | OU, O(mpe'#e) -
—92 2 72
— — d U,S Wd |
i [x% 71| | Oxa Do an 2 4[7726 ]

It is worth to mention that, in the vortex-core region

D, = {(xl,xg) Ay < e_kl},
we estimate the error by

T1 — T1e w/(fg) 8\/
Ilgg w(ﬁg) + 6( Tk) 87“

2(z1 + 11e) (1 — 710)

E = U27]2€wd[

r= €T1e ]

+ T]QUQ@iLPd log T1e + 0(6263)

(£1€2)?
_ ipg L2 W '(62) 1 1o log ¢
inaUse T wily) 1. ogrie + O(elogly).

(4.60)

The singularity of the last formula will play an important role in the final reduction step.

We then consider the error in the region
D3 = {([El,l’g) . |ZL‘1| < T9e — €_A2} \ <D2 U Dl)
From the relation (4.59), there holds

S[Us] ns ¢ + Us (So + Sz + Ss + Su) [n3e'#]
= S[Us]n3 €™ + i Uz nze’® (So + Sy + S5+ 84) [pa] + 2iUsVins - Vg

i 2 o[ N A? ons aSDd i
— G [Vou" + 77| 5 = 70 (2 s gy oy~ D3
1 le 2 2

+ U3 ei(’p‘i (So + SQ + Sg + 84) [773]
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= F32 N3 €i¢d + 620(|€2|2).
In this region, | 7 ¢o| = O(€) and | 7 ¢a| = O(€). Whence, by using (4.28), we obtain
n3€"?*S[Us] + Us (So + Sz + S3) [3€"9%] = n3e"*U30(€?).

Using the formulas (4.41)-(4.42), we obtain

2W@V@Wﬁ:ﬂ@%ﬁd

1 -1 8V ,4[[‘11727’16
—(1 V - - "
YY) eor i ]

Ty — T1e V2
X ( en (662) A : 10g£—§
1

4T1€
n(ets) T (2} — 2% — (r1)?) N O(€)>

G0

1 1 OV 211, [x12 - x% - 7’% ]
2n3Use™d | —(1+V — — -
+ b 5LHV) ey, a6

To 52 1 02
X [47“16 en (652)6 log gQ 4 (e&)logé

le

n(efg) 20123 + O(e)

6262
; -1 -1 15)% 41’11‘2 T1e 87’}3
2 194 | 1 -
+ 2Use 2( —|—V) € ER ) an X A
. -1 1 OV 271 [x12 —z2— T%e} ons
Uz | = (1 +V — —
+ 3¢ 2 ( + ) ‘ 6y3 EEE% % 8ZE2
== ngUgeiSDdO(Ez).
Similar estimate holds for
A2 A2 | OU. ( ei‘Pd) -
) 30(N3 [ i ]
— — d S #d |
i [x% |r1e]? | Oxe O and Uz Sa |11se

Whence we conclude that, in D3, the error is estimated by
E = (ngei(’deg)O(€2).
In the region
D4 = {(Il,l'g) T X1 > Toe — 6_/\2 },
by using the equation (4.59) and the similar computations as before, we now obtain

N4 €PIS[U,] + Uy (So + S, +SS>[7746i¢d] = me? Fiy + nie¥0(€%) = me?O(e%).
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In the above, we have use the relation (4.49). Hence, there holds

E = n4e%0(e?).

Similar estimate holds on the region D5 = {(Jcl, To) 1 Ty < —Tge + €2 }

For a complex function h = h; 4+ ihy with real functions hq, ho, define a norm of the form

2 2
[1Alle = Z 1Allzoe;<3) + Z||hj||LP(D4UD5)

) " e (4.61)
318 () D+ 150 e |
where we have denoted
D= (DiUDy)\{t <3 or £, <3}, (4.62)
for ¢, and (5 defined in (3.17). As a conclusion, we have the following lemma.
Lemma 4.2. There holds
HEHLP({€1<3}U{€2<3}) < Celloge|.
As a consequence, there also holds
1Bl < Ce™7,

for some o € (0,1) independent of €. O

5 Suitable decompositions of the perturbations

We look for a solution u = wu(zy,x2) to problem (3.8) with additional conditions in (3.13)
in the form of small perturbation of Us. Define cut-off functions

ﬁ £2) + ﬁ(€1>7

(w1, 25) =i

Xae(Z1, 22) :77(5/\161/2) + 77(8162/2)’ (5.1)
(1, 22) =i(€"01/8) + 7(Er/8), |
(21, 25) =i

7i(e01/100) + 7(eM€,/100),

with 7 in (4.35). Recalling (4.50)-(4.53) and setting the components of the approximation Uy
as ) ‘
Vo1, w2) = Uz e, w3(wy,22) = n3 Uz e™?

vi(T1,29) = MaUse™, w5z, 02) = 15 Us e

(5.2)

in such a way that
Uy = vy + v3 + vy + Vs,
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we want to choose the ansatz of the form
u = (o i) + (L= x| 4 (4 oa o) Hill—xe)e ] (53)
where ¢ is defined in (4.48) and ¢ is an unknown perturbation term. The above nonlinear

decomposition of the perturbation in the vortex core region was first introduced in [29].

To find the perturbation term, the main objective of this section is to write the equation for
the perturbation as a linear one with a right hand side given by a lower order nonlinear term.
The conditions imposed on u in (3.10) and (3.12) can be transmitted to v

oY

8.@1 (0 l’g) = 07 ¢<$1, _)‘71—/’7) = ¢($1> /\W/7)7 (54)
3?/12 32/{2

+ ilhy Yy, + WUy Yy, .
Oy oy } R oy } (z1,27/7)

More precisely, by the computations in (4.54) and (4.55), for b = 11 + it)y, there hold the
conditions

V1(z1, 72) = i (=21, 29), Y1z, 02) = =i (71, —29),

Ya(z1, 02) = tho(—1,29), Ya(z1, 02) = (w1, —229),

g—lﬁi(o, xg9) = 0, g—ff((),:@) =0,
o —Naf2) = e M) =0, S, -daf) = S e,
Sonton =) = S —dmp), SR w/) = 22 (o, A,
Ya(x1, —=Am/7y) = a(x1, AT /7).

Let us observe that

w— [v2 v+ (1— x)va(e® — 1 — w)] + (vg oy oy il — Xge)e%)

=Us + ivgt) + i(1 — x2 )Y + T,
where we have denoted
I'=(1-x)va(e” —1—1iv). (5.6)

A direct computation shows that u satisfies (3.8) if and only if ¢ satisfies the following equation

iUgAw + iUZSQ[w] + iUQSg['QD] + iUQS4[¢] + 27 \VAYE v¢ (57)
A2 A2 ] ow 0 _
2 -2 11 . 2 9 .
' . [.T% ’7“16‘2] 81’2 6332 + Z[ + v |Z/{2| }Uﬂ/} Re(u2Z02¢)u2

+ iAvgY + iSy[vatp + iSs[va]t) 4 iSy[va]
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+ (1 — X20) €AY + (1 — x20)eSa[th] + i(1 — x2c)e"S3[t)] + (1 — xac)e"’Sy[t)]

‘ ; o[ A AT | O(1 = xae)e™ O
_ ipy . 212 €
+ 207 (1= x20)e™) - Vo + 2iy [ > ] 9. O

Ty B |7dle’2

+ (1 — xe)€™ [ 14V - \L{2|2}w - 2(1 - Xge)Re(L_{gei‘pw)Ug
+ i [ (1-— Xze)ew}w 4+ iSe[(1 — x20)e]t + iS3[(1 — xac)e™?] + iS4[(1 — xae )€™t
= —FE+ N inG.

In the last formula, the error term F is defined as E in (4.57) and N is the nonlinear operator

defined by
N = — AT — iS,[I] — iS3[I] — iSul] — (1+V — |tho]*)T
+ [ZRe(i Usvat)) + 2Re(iU(1 — Xge)ei“’w)} X (z’vgz/z + (1 — xoc)e“P1h + F)
+ [ 2Re(@T) + fivats + (1 = xa )y + T |
X (uz Fivgth +i(1 — xal)e¥ + F).
Note that £ and N can be written as
E = xs B + (1 —xs)FE, N = xgN + (1 — xse) V.

Whence, we decompose (5.7) into

iU2A¢ + Z"UQSQ['(M + iUgSg[Q[J] + 7;U284[1p] + 21 \WVA%SE vw
A2 N2 ]8112 O
’2

+ 2y S 0z, 01 + z'[l +V - ]Z/{Q\Q]ww — 2Re(Usivat))Us

x? - |71c
+ ?;Avgw + iSQ[UQ]w + 7;83['1}2]1/1 + iS4[U2]w
= —Xsell + XxscNN, (58)

and

i(l - X26)€Z¢A¢ + i(l - XQE)QWSQWJ] + i(l - X26)6wS3[w] + i(l - X2€)ei‘PS4[¢]

. . | A A 1Ol — x2e)e™ Oy
_ i . 15— :
+ 207 (1= x2)e™) - V¥ + 20y L% [71e]? Oy Owy

F (1 — yoo)et® [ 14V — |u2|2]¢ — 2(1 = X )Re (i) Uy
+ A [ (1- X%)eﬂqp 4 iSo[(1 — xa )€Y + iS5[(1 — xo)e]e + iSa[(1 — X))
= — (1 —xs)F + (1 —xs)N. (5.9)

Note that we, here and in the sequel, follow the gluing method from [30]. The application of
further analysis to obtain a resolution theory relies on suitable local forms of (5.8) and (5.9)
and the properties of the corresponding linear operators, which will be done in the following.
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Figure 2: Further decompositions of the domain &

Before going further, we pause here to give some notation. By recalling the notation ¢; and
(5 in (3.17), and also Dy, Do, D3, Dy and D5 in (3.18) (see Figure 1), we set, see Figure 2

= N N AN N

D5z

{(ZL’l,{L'Q) €6 £1 < 1},

{(xl,l'g) €6 62 < 1},

L1, T2
X1, T2

(21, 7) € &
( )eG:
(1,22) € S
(1,22) € &
(x1,22) € & :
(x1,22) € & :

(x1,29) € & :

: |$1| < T0e },

1T —67/\2 < x1 < T9e+

DLQ {(3?1,1‘2) €6 41 < 6_)\1} \Dl,la

D272 {(.’131,1‘2) G 62 < 67)\1} \DQJ,
(5.10)

—T2¢ + 6_/\2 < ) < —T0e } \ D17

. —A
TT0e <X < T9e — € 2}\D2,

TQ}
(>
€

2

-
$1>T25+? )
—T2e—?<l’1<—7”25+€ 2}7

T2

JY

1 < —Toe — —

Here 11, T, 71 and 79 are given in the assumption (A3).

Part 1:

Recall that Uy = vy =

Use'® in the sets {¢; < 30e ™} and {f, < 30e™}. vy

supports on {f; < 60e 1} and {f, < 60}, and g supports on the sets {/; < 16e~*1} and
{fy < 161}, We first consider (5.8) and transform it into the following form by extension
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method

A + [1 — |U2]2]¢ + 2Re(UsiUs%) + X1006S2[] + X100eS3[¥] + X100eSa[¥/]

VA% A2 A2 ] 1 81}2 O@D

+ 2X1ooev— 7Y+ 2X100eY 2
2

o

(1+V — [th]?)

V2

e s X100eV ) (5.11)

¢ = _XSeE + XSeN in R27

FE
+ X100e—% + X100
(%

with constraints for ¢

V1(w1, 22) = Yr(—21,m2), Y11, 22) = =1 (21, —12),

Vo(1, T9) = Yo(—1, 72), Ua(@1, 2) = (21, —22), (5.12)
%(01‘):0 %(Om)zo
Oxq ? ’ Owy " ? .

Consider the linearization of the problem on the vortex-core region D;; or Dy;. Here we
only argue in the region Dy; = {(xl,xg) : by < 1}. Tt is more convenient to do this in the
translated variable (y1,y2) = (x1 — ¢, 2) and then denote ¢ = {5 for brevity of notation. Now
the term 1 is small, however possibly unbounded near the vortex. Whence, in the sequel, by
setting

¢ =191 with 1 = 1y 4 1o, (5.13)

we shall require that gz~5 is bounded ~(and smooth) near the vortices. We shall write the equation
in term of a type of the function ¢ for £ < d/e. In the region Dy, let us write Us, i.e. vy, as
the form

vy = BUy  with B = w(l;)e "o Tid (5.14)
where Uy, ¢, and ¢, are defined in (2.1), (3.17) and (4.33). We define the function

o(s) = iUnthfor [y| < 3/e, (5.15)
namely
b= B9, (5.16)
Hence, in the translated variable, the ansatz becomes in this region
w= B + 8(5)0 + (1= 08V (e 1 ). (5.17)

We also call

o1 = (1—x)Up (eWUo 1 U%)

The support of this function is contained in set |y| > 1. In this vortex-core region, the problem,
written in (si, so) coordinates, can be stated as

Lg,l(l/)) = Fs1+ Naj. (5.18)
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Let us consider the linear operator defined in the following way: for ¢ and 9 linked through
formula (5.15) we set

L) =Lo(@) + 2|5 = 2|20 L2 o0 ap)Re(U0)
2! - K 22 |riel?| 023 sp+ 1 dsy 0¥/=0
oV \V4°] Ey . K ¢
— 1—|B? 2. = —|loge|=——, (5.19
where ¢ is a small constant. Here we also have defined L, as
0? 0?

Lo() = (a 5+ 5 2)¢+(1 — [w[2)¢ — 2Re(To) U
Here, by writing the error E in the translated variable y, the error Es; is given by
E,y =E/p. (5.20)

Observe that, in the region Dy ;, the error Ey; takes the expression

) — '(ls) ov
Jo—- ot | ¥1 T e W ( 2 oV
21 = wilp) e [ x1ly  w(ls) e 7 li=erie

(21 —Tle)]

o+ 2(x + 1) () — 1)
iod 1+71 1 (5.21)
+ w(£2> (& (€1€2)2 08 T1¢e
. + l‘Q w (62) To W (E )
— qw(ly) e —lo 7“5—1—2—610 U- + O(elog¥ts),
(£2) e T wily) . 08" |log e[ Uz~ 0 wily) (elog ls)
while the nonlinear term is given by
ABT _
Naa() = = 2 4 (14 v 0 )Ty — 218 Re(Ci) (6 + Ta)

- <2|5|2RQ(UDF2,1) + \/6|2|¢ + F2,1|2> (Uo + o+ F2,l) + (x — 1)&(? (5.22)

Taking into account to the explicit form of the function 5 we get

VB=0(), AB=0(), |Bl~1+0(), (5.23)

provided that |y| < d/e. With this in mind, we see that the linear operator is a small pertur-
bation of Lj.

In the region Dso far from the vortex core, directly from the form of the ansatz v =
(1 — X)nge“/’, we see that, for /5 > 2, the equation takes the simple form

0? (92 1 2 0% VU
L = (L -2 g VA2
22(¢) (81:% T o (91:2 T 8331>w L 72 \r16|2] 3 * Us vy
A2 >*Y K oY
7 xf ]7”15‘2 8x2 el e + 267’ Ogdaxg

= By — i(VY)? + i’ (1 — €72 + 2¢),

42



where Ey 5 = iE/Us. We intend next to describe in more accurate form the equation above. As
before, let us also write

Uy = BUy  with B = w(f;)e o1, (5.24)

where Up, ¢f and ¢4 are defined in (2.1), (3.17) and (4.33). For ¢, < 2, there are two real
functions A and B such that

f = et (5.25)
furthermore, a direct computation shows that, in this region, there holds
VA =0(e), AA = O(e), VB = O(é%), AB = O(e"). (5.26)
The equations become
Los(t1) = B+ Nao, Lys(1h2) = Esp + Nas. (5.27)

In the above, we have denoted the linear operators by

~ o 82 82 1 0 ,2 )\2 82¢1
Lap(n) = (3 8x2 )wl [x% |r16|2] 8x%

(f ) y K
—11
) 2 2 1 0 I DD C N o2 >
(L L -2 22 |22
Laa(¥s) <8$% * o3 * Ty 8$1>¢2 +t a3 |r15|2] 3 el
w'(ly) y
+2<VB—|— (52)44) V@/J2+6—|loge|

where have used y = (x; — 71, x3). The nonlinear operators are

Noop = —2(VA+¢d) - Ve + 2V ¥V Yo,
Nop = =2(VA+ ) - Vi + [Uaf (1 — e+ 209) + [V ] — |V el

Part 2: We consider (5.9) and make an extension to get

AP 4 (1= x20)Sa[t0] + (1= x26)Ss[10] 4+ (1= x26)Su[t)] + 267 7 ((1 — x20)€™?) - V¥
+ 27_26—14.9 [/\_2 )\2|2] 8(1 B XQE)BMP a¢

(1= e[ 14V = b |v

J}% B |7’1€ 8%2 8x2
— 2(1 — xa)e”Re(Unie?P) Uy + e PA[(1 = xad)e™ [1 + 7Sy [ (1 = xac)e™? |9
+ e %S, [ (1-— Xge)ew]w + e_i“”S4[(1 — XQE)ei‘p]w
= i(1 - xg)e ™E — i(1 — xg)e N in &, (5.28)

with constraints for ¢ in (5.5).
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In the region D3 far from the vortex core region, directly from the form of the ansatz
u = U, + ie*°1) with the approximation as

Up(z1,22) = V1+ Vi eilvotea) 4 w(le)w(ly) ne ilpotea)

we see that the equation takes the simple form

2 * 10
L= (2 4+ & L L 9,00 ) 2| A o
3 <ax§+ax;+ P Jo+25 6 78 =2 + 7 Z |02 T mom

)\2 /\2]621/; 10w

0
= B3 — i(yyY)* + i]UQ\2(1 —e W2 4 21/12) + EE\ loge|—¢ ,
Y 0wy

where F3 = i E/U;. We intend next to describe in more accurate form the equation above. Let
us also write

Uy = eB with B1 = V1+ Vs + w(lo)w(ly) n
For |z| < ryc — €1, there holds,

and hence, by using the assumption (A3), we have

U =14V > 1 for ro < |z1] < roe — €,
(5.30)
’Z/{Q‘Z =1+ V = 60(6%1)4 -+ O(‘El’l‘S) for ‘.Z'll < TQe-
Direct computation also gives that
VU2 2 ,
vy = Vﬁ1'le—2V<P'V¢2+Z—V51‘V¢2+22V90'V¢1
Uz B I
= (A1,0) - VY1 — (Ag, By) - Vo +i(A1,0) - P2 + i(Az, By) - V1,
where Ay = O(e|loge|), Ay = O(e), B = O(e). The equations become

In the above, we have denoted the linear operators by

- 7 0? 0? 1 0
Ls(¢n) = (8_:cf+8_:cg+x18 >¢1+—Vﬁl AVAU

b
o | A’ 0%
2 —_— — —
T [ w] 923"
- 02 02 1 0
= (8_x%+8_1:§+x18x1) 2 — 20U Py + ﬁ—V@'V%
¥ ]
|7ﬂ16|2

2
x] o3

+ 7_2
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The nonlinear operators are

. 10
Ny = =2V via + 2961 T + Sllogel 5 + -2,

K 0
Ny =27 ¢ V1 + Wl (12 +202) + [V — |V + €;|1ogela_2

For 19 — 27 /€ < |x| < roe — 71 /€, similar estimates hold.

In the region
Dy ={ (21,22) : 12— /e < [a] < rac + 7a/e |,

the approximation takes the form
Uy = w(ly)w(ly) € + Gy e’

We write the ansatz as

u=Uy + i + Ty, (5.32)
where I'y; is defined as
L1 =ine (w(él)w(&) — 1) e + muw(ly)w(ly)e™? (ew -1- z¢> (5.33)
The equation becomes
Lialy] = Ay + 77 i—;— | ﬁ +2iv e v — | Vel + iAely

. . 0
+ (1 +V — yu2|2)¢ + 2ie "’Re(tyie’ 1)) Uy + z’eguogey(%

= Fy1 + Ny,

where Ey; = ie”?E. The nonlinear operator is defined by

. 1 0
N4’1(w) = 1€ <p|: A F471 + _—F471 + (1 + V — |Z/{2|2)F4’1i|
T 81’1
- Z'G_icp [2Re(ﬂ2F4,1) — |Z.61¢¢ + F471|2:| (Z/IQ + iewz/) + F471)
— 2ie”"Re(tigie™? ) (ie"?1h + Ty ).

More precisely, in the region D, ;, the linear operator L is defined as

Lia[Y] =20 — (8.(0 = r2e) + §°)tp + 2ie”¥Re(taie¥ ) Us + 77>

22N |y
v [l | 03

| 9
Vo= + 27 00 + Alpld — | ol + i log e 2L
7 0z
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where we have used the definition of ¢ in (4.5). We shall analyze other terms in the linear
operator Ly ;. For roe — 71 /e < |z| < roc + T2/€, there holds Uy = Ge'?. Tt is obvious that

2ie”"Re(Ugie ) Uy = —2i G* 1. (5.34)
For 1y + o /€ < |x| < roc + 273 /€, there holds
Uy = w(lo)w(ly) my e’ + Gnye.

Whence we decompose the equation in the form

~ 0? 0?
Lyiln] = P — — T )+ G )Y + |1+ V + 6.0 — 1) |
uli] = (g + 5) 9 = Gl=ra) +@)on + | (6= 720)| 1
1
—a—% — 27 ¢V + Alpl — |V<P‘2¢1
X1 0T
K oYn s )\2 A2 82w
+ 67|10ge|8$2 + 2 \7"16]2 83:2
= E4,1+N4,1>
LWJ]:(—éi m)w — (0c(£ = m2c) + 3¢ M}+[1+V+ﬁ(ﬂ— ﬂ¢
4,1\Y2] = 8x% 2 T2¢ q 2 € T"2¢ 2
o ¢2+2V90 Vi1 + Alpls — |7 e

-2

K Oy >\2 32¢2
2 log | 222
i Efy‘ og ¢l 0y i x? |7’16]2 02
= E4,1 + N4,1-
If roe — 11 /€ < |x| < 19 + To/€, by using (4.3), we then have

2 92
14V o (l—r) = SOV

3 g )OS ).

The other terms with ¢, are also lower order terms. Whence the linear operators f/471 and [7/4,1
are small perturbations of the following linear operators

02 82
oz? 6x2
0? 02

L41**[¢2] = <a 2 >¢2 - ( ( - T2€) +3q )77Z)

Linetr] = (55 + 55 )1 = (00 =12 +¢) o,

(5.35)

In the region D, 9 the approximation takes the form

Uy = G(z1,72)e",
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and the ansatz is
u = Uy + ie"1).

The equation becomes

L =A -2 —
4,2 W’] ,l/} + Y fﬂ% ‘7"15‘2 8x%

X ]a?w

. . . K o
— |Vl + APl + 27 @ TP + ie—|log €|
Y Oy
=F42 + Ny,
where Fy9 = ie”E . The nonlinear operator is defined by
Nyo(¥) = —ie " (Uy + ie ) [|* + 2iRe(ugie b))
More precisely, for other term, we have

— Uy + 2ie"¥Re(uie™ ) Us = —G° 1 — 3iG* o.

A2 A2
x_% - |7’16|2

The equation can be decomposed in the form

o2
3x1
1

£4,2[1P1] = < 82 )% + (1 +V>1/11 —qi +772

+ 90_1_1/)2_ |7 @1 +ilp by — 257 0 - e + e—|10ge|—

= Fy9 + Ny,

Lys[t] = (8—214‘88—3;)1/12‘1‘ <1+V>¢2—€?¢2+7_2

)\2
Ea Iﬁel2

1

- E472 + N472.
The assumption (A3) implies that, for any sufficiently small e there holds

S0 = 14+V < —cy for |z| > re + /e

0 , K 0
+ — = — | Vol e+ il + 2 o 1 + E—|10g€|—w2
1 01 v ox

£ (14 V)0 — el + 2ie P Re(mic )k

(5.36)

(5.37)

(5.38)

(5.39)

The other terms with g are lower order terms. From the asymptotic properties of ¢ in Lemma
2.4, v and G, are also lower order term. Whence the linear operators L42 and L42 are

small perturbations of the following linear operator

0* 02

Linld] = (G + )0 + (L4 1)0
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We now come to the conclusion of this section. Let x be the cut-off function defined in
(5.1). By recalling the definition of /5 in (5.14), we define

Uy x|z~ &c1/€) +x(lx — E|/e)
o g

In summary, for any given f in (3.15), we want to solve the projected problem for 1 satisfying
the conditions in (5.5)

A=

: (5.41)

L) =N(@) + € + CA, Re [ ¢A =0, (5.42)

RQ

where have denoted

,C(@/}) = Ll,j<w) in Dl,j fOl" j = 1, 2, ﬁ(@/}) = L2,j<w) in DQ’]' fOl" j = 1, 2,
L(¢) = Ls(¢) in Ds,

£<¢) = L4,j<w) n D4?j fOI' j = 1, 2, £<¢) = L5,j<w) n D5?j fOI' j = 1, 2,
with the relation
¢ =illyt) in D (5.43)

As we have stated, the nonlinear operator A and the error term £ also have suitable local forms
in different regions.

6 The Resolution of the projected nonlinear problem

6.1 The linear resolution theory

The main objective is to consider the resolution of the linear part in previous section, which
was stated in Lemma 6.2.

For that purpose, we shall firs get a priori estimates expressed in suitable norms. By recalling
the norm || - ||.« defined in (4.61), for fixed small positive numbers 0 < 0 < 1, 0 < v < 1, we
define

2
il = 37 [I0llwascees) + 181 o + 11654 T 1l

i—1
+ WZHUQ/&HLOO(BUD@ +ET V| oo (BuDS)
+ [[llw2esups),

where we have use the relation ¢ = ilfyt) and the region D is defined in (4.62). We then consider
the following problem: finding ¢ with the conditions in (5.5)

L)=h inR?*> Re [ ¢A =0 with ¢ = ildyt), (6.1)
R2
where £, A are defined in Section 5, (5.42), (5.41).
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Lemma 6.1. There exists a constant C, depending on y,c only, such that for all € sufficiently
small, and any solution of (6.1), we have the estimate

191 < 1Al -

Proof. We prove the result by contradiction. Suppose that there is a sequence of € = ¢,
functions ™, h,, which satisfy (6.1) with

19"« =1, ||l = (1),

Before any further argument, by the assumptions (5.5) for ¢ = 1 + 1)y, we have
Y11, —x2) = =1 (21, 22),  Y1(—21,22) = V1 (21, T2),

6.2
Vo(21, —22) = to(z1,22), 2(—21,22) = Ya(x1, 22). (62)

We may just need to consider the problem in R2 = {(x1,22) : &1 > 0}. Then we have
oA = 2Re [ ¢, A = 0, (6.3)

2
R2 RY

for any ¢,, = ilday)™. To get good estimate and then derive a contradiction, we will use suitable
forms of the linear operator £ in different regions, which was stated in previous section. Hence
we divide the proof into several parts.

Part 1. In the vortex-core region, we here only derive the estimates Dy; near £,. Since
||| [+ = 0(1), 9™ — 4%, which satisfies

Laa(the) =0, |[0°]. < 1.
Whence, we get Lo(¢o) = 0. By the nondegeneracy in Lemma 2.3, we have

ol ol

=c + co—.
oo 1al QayQ

Observe that ¢ inherits the symmetries of ¢ and hence ¢y = ¢o(z1, —22), while the other
symmetry is not preserved under the translation y = x — &,. Obviously, the term 2 8U° does not

enjoy the above symmetry. This implies that ¢g = ¢; %UO On the other hand, takmg a limit of
the orthogonality condition Re fR2 énA = 0, we obtain
+

¢o 8y1
Thus ¢; = 0 and ¢g = 0. Hence, for any fixed R > 0, there holds

|1l zooe<ry + ||P2||zoo(e<r)y + || V P1llzooe<r) + || V P2l Loe<r)y = 0(1).

Part 2. In the outer part Dy o, we use the following barrier function

B(ﬁ) = Bl(l') + BQ(I‘),
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where
Bi(x) = |z — &% |za|” + |o — & |° |22, By(z) = Ci(1 + |z[*)/2,

where o +v = —0,0< 0 <7 <1, and (] is a large number depending on o, o, only. Trivial
computations derive that

ABy < —Cle—& P+ lz—¢ )77

1 0B
ABy+ ——2 < —CCy(1 + |z) /2.
x1 011
On the other hand,
1 0B xa|Y _ _
x—la—xll < |x21| [|$—€+|g 2ar =) + |z =& (@ =) |-

Thus for |z — &, ] < ¢,71e, Where ¢, is small, we have

1 0B —1-0/2
——=1 < CCU[|1'—§+|2~I—|:L"—§_|2 :
T 8x1

For |z — &, | > ¢,r1e, where ¢, is small, we have

1 0B,
——— <1 2)=l=a/2
SOl faf)
By choosing C large, we have
1 0B —1-0/2
AB+——— < —Cle—& P+ o —€ )72
I 8w1

For the details of the above computations, the reader can refer to the proof of Lemma 7.2 in
[62].

In the region D, 5, we have

w'(ls) y
w(&) 62

(L+ L+ L) 1 (vB+

- + -
or?  0x3  x01y

) V1 + o(D)|[Yh] = A,

where have used y = (1 — 71, 22). By comparison principle on the set Ds o, we obtain
[tq] < CB(HhH** + 0(1)), Vo € Das.
On the other hand, the equation for vy is
( 0? 0? 1 0

w'(lz) y
s T332t A
Oxs  Ox5 w101

U)(gg) 62

)i = 20hfP +2(v B+ ) - s+ o(Dlus| = h.

For © € Dy, there holds |Us| ~ 1. By standard elliptic estimates we have

[¥2llzi>3) < ClltballLmqe=s) (1 + [l Lo1 + &+ £2) 777,

50



|V ol < Clivalloee=m (1 + [[0ILIAI (L + €+ €2) 72
Part 3. In the outer part D3, we still use the following barrier function
B(z) = Bi(z) + Ba(x),
where
Bi(x) = o — & | ao]” + |z — & |za]",  Ba(x) = Cu(L+|af?) =7,

where o +v = —0,0< 0 <y <1, and C is a large number depending on o, g,y only.
In D3, we have

(3_2+8_2+1 8)

Y1 + EVﬁl VY1 + o(D)|er] = ha.
By comparison principle on the set D3, we obtain

1| < CB(||h|l« 4+ 0(1)), Yz € D;.
On the other hand, the equation for vy is

<82 0? 19

dx?  Or3  x10

>¢2 — 2|y + 5—V51 Yy + o(1)[the]| = ho.

For x € Ds, there holds |Us| ~ 1. By standard elliptic estimates we have

2]l Lo (e,>3) < Cllva]|Looems) (1 + [0 1AL + €1 + €2) 777,
|V Vo] < Clldhall oo imry (14 [[0[ )[Rl [ (1 4+ €1 + €2) 72~

Part 4. In the region D,;, we have

2 2
L471[’(/)1] E<882 9 >¢1 — ( ( —T2€)+q )¢1 + |:1+V+66(€—T26) 77/11
1 a
+ o = 299 Vi + Alelin — | Vel + oLl
1021
:hlla

2 2
Ly 1 [to] E<882 882>¢ (6e(€ = 12e) + 3G°) Yo + [1+V+55(f—7‘2€) ()

1
+ x——@bg +2V ¢+ Alplts — |7 el + o(1)|¢s|
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By defining a new translated variable z = st/ 3(€ — T9¢), the linear operators Ly, and Lyj. in
(5.35) become

0? 0?
Ly (Y1) = <8x1 (9:102)1/}1* - (Z + QQ(Z))?M* ;

62 82
L41**(1/}2**) = (8_1’% + a_x%>¢2** - (Z + 3(]2(2))1,02** .

From Lemma 2.4, —¢/(z) > 0 for all z € R, and L3y..(—¢) = 0. We apply the maximum
principle to —5/¢" and then obtain

2] < Cl¢|([[A]]sx +0(1)), V€ Day.

On the other hand, ¢(z) > 0 for all z € R, and L3;.(q) = 0. We apply the maximum principle
to 11 /q and then obtain

1] < Cq([lhllen +0(1)), V& € Dy

Part 5. In D, 2, we consider the problem

0? 0?
Lyp[n] = (8 5 )% (1+V)¢1 — 4
1
+ m_(?_% — |V ol + Dl — 27 @ Ve + o(1)|¢]
1071
= h17
0? 0?
Lyo[1)s] = (8 2 )% (1 + V)% — q(|z1])1)2
+ ia—wz — | P + il + 290 T + o1t
1 0T
= hy.

By using the properties of 245 in (5.39), i.e
2472 = (1 + V) < —cy In D4,2>
we have

[¥allLi>3) < ClltballLmie=s) (1 + 1G]l 1 + €+ £2) 777,

|7 %ol < Cllvbal e ei=my (L + [[OILIAL L (1 + €+ €2) 72

Combining all the estimates in the above, we obtain that ||¢||. = o(1), which is a contra-
diction. ]
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We now consider the following linear projected problem: finding ¢ with the conditions in
(5.5)

LY] = h+CA, Re [ ¢A =0 with ¢ = ildyt). (6.4)

R?

Lemma 6.2. There exists a constant C, depending on y,c only, such that for all € sufficiently
small, the following holds: if ||h||.. < 400, there exists a unique solution (Ve f,Cer) = Ter(h)
to (6.4). Furthermore, there holds

1911« < ClIA] |-

Proof. The proof is similar to that of Proposition 4.1 in [29]. Instead of solving (6.4) in
R2, we solve it in a bounded domain first:

L] = h+CA, Re | ¢A =0 with ¢ =ilhyy),

R2
=0 ondBy(0), 1 satisfies the conditions in (5.5).

where M > 10ri.. By the standard proof of a priori estimates, we also obtain the following
estimates for any solution 15, of above problem

191« < CllA] |-

By working with the Sobole space Hj(By(0)), the existence will follow by Fredholm alterna-
tives. Now letting M — 400, we obtain a solution with the required properties. O

6.2 Solving the Projected Nonlinear Problem

We then consider the following problem: finding 1) with the conditions in (5.5)

L] + Np] = € +CA, Re [ ¢A =0 with ¢ = ildyt). (6.5)

R2

Proposition 6.3. There exists a constant C, depending on 7, o only, such that for all € suffi-
ciently small, there exists a unique solution . s, ce s to (6.5), and

1]l < Ce.

Furthermore, 1 1s continuous in the parameter f.

Proof. Using of the operator defined by Lemma 6.2, we can write problem (6.5) as

v ="Ter (- N+ &) =Gc(v).

Using Lemma 4.2, we see that

[€]]w < Ce.
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Let

Y eB={|[Yll. <Ce},

then we have, using the explicit form of N (1)) in Section 5
V(@) < Ce.

Whence, there holds

1)1 < O(IN L + ]| ) < O

Similarly, we can also show that, for any 1, zﬂ cB

By contraction mapping theorem, we confirm the result of the Lemma. O]

7 Reduction procedure

To find a real solution to problem (3.8)-(3.10), in this section, we solve the reduced problem
by finding a suitable f such that the constant C in (5.42) is identical zero for any sufficiently
small e.

In previous section, for any given f in (3.15), we have deduced the existence of ¥ with the
conditions in (5.5) to the projected problem

L) =N(@)+E+CA, Re [ oA =0, (7.1)

RZ

with the relation
Qb = lugl/J in DQ.

Multiplying (7.1) by A and integrating, we obtain

CRe/RQ AA — Re/RQ AL — Re [ AN(@W) — Re/ AE. (7.2)

R2 R2

Hence we can derive the estimate for C by computing the integrals of the right hand side.

We begin with the computation of Re fRQ AE. The term A has its support contained in
the region {(z1,22) : €1 < 1p/€ or {3 < 7y/e}. It is convenient to compute Re [, AE on the
variables (s1, s2). Note that, in the vortex-core region {(z1,xs) : f2 < 79/€}, there holds

W - w(ﬁg) 62 + Zg

82/[2 [ _ ’UJI(KQ) L1 — T1e To

o4



which implies that

w'(lg) 1 — 71e iﬁ
w(ﬁz) 62 g%

A= X(]x—§+|/e)[ - ]w%)ewé + 0(&).

By using of local form of £ in the formula (5.21), we obtain

Re AEdz = 2Re AE dx

R2 R?
_ / 2 (xl - 7015)2
+
_ QGaa_Y B / X(KQ/E)/LU(€2)'LU/(£2) (551 - 7“15)(1‘1 - 7"15) dz
T 17=r1¢ Ri £2
, 2 + 7)) (21 — T1e 2
_ 2logr16/ X(Eg/e)w(&)w (43) (21 12)<3 ! 1) dz
R2 (6,
+
1 LT
—2—logric [ x(la/e)w(ly)w (52)5—3 dz
T1e RZ 2
1 ., T3
L ofielloge| [ (/o) (52)75? dz + O(e).
+

By the translation in (3.16), we further derive that

Re/RQAEda: = _2/RQX(|S|/E)[w,<|8|)]2(31+7i)|s|2 ds

= 2G| [ st ut s s s

Or =i,
2(sy + 271)s?

- 210gr1€/ (151 /w( s /(| s ]) ds
R2 [(51 +2r1)% + 35] | s |2
1 , s5
—2—1logrie [ x(|s|/e)w(]sw'(|s|)—5ds
T1e R2 |S|

2

rellog | s |/ )w(| s Dw'(] s |)—2— ds €
# 25 EB (s s (s D5 ds + Of0).

|s?

We compute the first two terms in above formula

2

2 [ (s 19 [l5 )] e ds = 06

S1 +7“1€) ‘ S ’2

and by the asymptotic behavior of w in Lemma 2.1

— 268_\{ - /IR?X( |s ] /e)w(] s w'(] s |)——

aTr

+ O(e).

T="1¢

= —2me |log €| %—‘f
7

%)



On the other hand,
~2togn [ (15| full s Dur(] ] |

2(sy + 2r1c)s?

ds
(51 +2r10)2 + 53] | 5

1 , s
_ 2—10gr16/ X(|s|/e)w(|s|)w(|s|) 2‘3 ds
RZ

T1e | s

——togn. [ ull s Dw'(ls )y ds + 0

T1e ’ S ‘
2nd
S logre + O(e),
T1e
where
1 , 1
d=—[ w(]s)huw'(]s]) ds > 0. (7.3)
T JR2 | s |
While the last term can be estimated by
kel log e s3
2B [ (s 1wl s (s D ds
v R2 | s |

= mebogel [ s (] s ) ds + O(e)

Y R2 |5’

= %dﬁd loge| + Ofe).

Hence, there holds

Td Kk

o S €| loge| + O(e). (7.4)

Re/ AEdr = —2n —
R2 87"

d
€lloge| — 27r7a—10g7"16 +

T=T1e¢ le

Using Proposition 6.3, and the expression in (5.22), we deduce that

Re | AN(¥) = Re/RZ ANy (1) = Ofe).

R2
On the other hand, integration by parts, we have

Re /R L) = Re [ o) = 00

Combining all estimates together and recalling 7. = 71+ f , we obtain the following equation

1 d i+ f d, 1
og— + ——log nrs o Fd—log— + O(e), (7.5)
€

ov
. 1og
F=f1+f € ™+ f € 2y

or

C(f) = —2enm

where O(e) is a continuous function of the parameter f. By the solvability condition (1.12) and
the non-degeneracy condition(1.11), we can find a zero of C( f) at some small f with the help
of the simple mean-value theorem.
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